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ON THE APPROXIMATION OF WEAK SOLUTIONS OF LINEAR PARABOLIC

EQUATIONS BY A CLASS OF MULTISTEP DIFFERENCE METHODS

BY

Pierre Arnaud Raviart

We consider evolution equations of the form

(1) w + A(t)u(t) = f(t) , 0 St < T , f given ,

with the initial condition

(2) u(0) = u. , u. given ,

where each A(t) is an unbounded linear operator in a Hilbert space H,

which is in practice an elliptic partial differential operator subject

to appropriate boundary conditions.

Let Vh be & Hilbert space which depends on the parameter h,

Let k be the time-step such that m = $ is an integer. We approxi-

mate the solution u of (l), (2) by the solution uh k
9

("h k = EYllk(Pk) E 'h, r = o,1,-o,m-13) of the multistep difference
9

-scheme

(3)
\ kbk) - \ k(b--‘)k) p

k
-I- r-a)k) uh k(b-l)k)

.,

.

= 71 fh k((r-L)k) t
f

r = Prooo,m-l
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where each +.pd is a linear continuous operator from V
h into V

h'

fh k(rk) (r = 091,aoo,m-1) are given, and 7L(kC,...,p) are given
9 . .

complex numbers,

Our paper is mainly concerned by the study of the stability of the

approximation. The methods used here are very closely related to those

developed in Raviart [7] and we shall refer to [7] frequently, In $1,

2, we define the continuous and approximate problems in precise terms,

In $4, we find sufficient conditions for uh k to satisfy some
9

a priori estimates. The definition of the stability is given in $5
-=.

and we use the a priori estimates for proving a general stability theorem.

In 56 we prove that the stability conditions may be weakened when A(t)

is a self-adjoint operator ( or when only the principal part of A(t)

is self-adjoint), We give in 9 a weak convergence theorem. $8 is

concerned by regularity properties., We apply our abstract analysis to

a class of parabolic partial differential equations with variable coeffi-

cients in $pO

. Strong convergence theorems can be obtained as in Raviart [7]

(via compactness arguments) or as in Aubin [110 We do not study here

the discretization error (see [l]).

For the study of the stability of multistep difference methods in

the case of the Cauchy problem for parabolic differential operators,

we refer to Kreiss [3], Widlund [8].
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1, The continuous problem.
1

We are given two separable Hilbert spaces V and H such that V c H,

the inclusion mapping of V into H 'is continuous, and V is dense in H,

If X is a Banach space with norm 11 11 x, we denote by L'(O,T;X) the

space of (clai;s$s:~f).",~nct~~n8:  f. which are LP over [O,T] with

values in X, provided with the usual norm (15 p < 00):

and the usual modification in case p = 00

on

For every -t E [O,T], we are given a continuous sesquilinear form

v x v:

(II' IlfMlP, dt)llp

u> v + &;ud 9 (WV G v) .

We assume that:

i) t + a(t;u,v) is measurable b-w (2 v>,

ii) there exists a constant K such that

(1.1) la(w,v) I 2 K Ilullv Ildlv (u,v E v, tdO,Tl) 0

iii) there exist constants h, a (@> 0) such that

(102) Re ahv,v) + 4vll~ 2 dlvll~ (v G V, t 6 [O,Tl) .

Then we have the following result (cf. Lions [4])

Theorem 1.1:

Given:

(1.3)

(1.4)

f e L2(0,T;H) ,

uoeH .



There exists a uniaue function U satisfying

(1.5)

(1.6)

u (5 Z(O,T;V) (1 L-(0,T;H)

/

T

0
(ah; dt>, dt>> - hi& 6(t))H)dt =/

0
T (f(t), q(t)), dt

for every f u n c t i o n  Cp sa*isfyine;

(1.7) qJ a L2(0,T;V), 9'~ L*(O,T;H), #q(T) - 0.

Remarks:

1) The derivatives are taken  In the ease of distributions.

Ii)  We may aswme that )(, I 0 In Hypotherlr (1,s) (Replace u(t)

b y  u  ( t )  e&t),  X a real  n u m b e r  shown eufflclently  large),

III) W e  define V’ to b e  t h e  antidual  of V, Since v + a(t;u,v)

is a continuous conjugate linear form on V, vwmay mite:

a a(t;u,v)  - <A(t)u,v> for all v B VI ,J

2
where A(t) B [(V;V'). Then u' B L (0,T;V') so that ti Is equal a,e.

to a’ continuous f!mction from [O,T] to H (cf. Lions [5]) and

equation (I.. 6) may be replaced by

(1.8) u'(t) + A(t) u(t) = f(t), for a.e. t B [O,Tl >

(1.9) u(0) = u. 0

.2 -



In the following, we shall assume that the function t --) a(t;u,v)

is once continuously differentiable for every u, v E V. Then, because

of the uniform boundedness principle, there exists a constant L such,

that

(1.10) I& a(t ;l-bv) I 5 L Ibll, lIdlv (u,v E v, t E [O,Tl).

For the study of the approximation of the solution u of equation (1.6)

when the function t + a(t;u,v) is only measurable, we refer to Raviart [71.

2. The approached problem.

Let (Vh) be a family of Hilbert spaces where the parameter

h = (hp a0.,hn) is a strictly positive vector of Rn such that

I Ih = h
1

+***+  h < h
n- 0

ho> 0 being a fixed number. We provide each Hilbert space Vh with

two scalar products denoted by ( , )h and (( , >), respectively.

a We assume that the corresponding norms 1 Ih and \I Ilh are equivalent

and verify

(?.l)

where C(h) may tend towards + O" when h tends towards 0.

Let Oh be an operator belonging to <(H;V,) with

(24 I I
I I

Oh h = sup Oh" h < C

II II 1 '
ueH UH

( UhEvh) >

where C
1

is a constant independent of h.



For every t E [O,T], we are given a family of continuous sequilinear

forms on Vh x Vh:

uI?h + s(t;u,,v,) .. bj& ' 'h, '

We assume that:

b.1 t +y.#t;\‘vh) is once continuously differentiable (%'vh ' 'h> ;

(ii) there exist constants M, P independent of h such that

(2.3)

(2.4) --.

1 ah(t;uh’vh) 1 5 M ll\lih l&,.)l,  9

(t ;un9vh) 1 5 ’ /bh(lh ib&h ;

(iii)

(205) Re y$bvh9vh)  >, Q ilvhi~ ( vh ’ ‘h> 9

where a is the constant involved in inequality (1.2).

From (2.1), (2,3) and (2.4) we deduce that

lah(t;\9vh) 1 _< M(h) b$.m)h  Ivh Ih9

(207) h#;uh’vh)  1 _< N(h) /b-j)h  lvh Ih9

1 (2i8) I & “hh”h.‘“h _,I < ‘ch) k$), b,l, 9

Where M(h), N(h) and P(h) may tend towards +m when h +O,

Moreover M(h), (N(h))2, P(h) have the same order of magnitude when

h +O. We denote by p(h) and v(h) respectively the principal parts

of M(h) and N(h) when he+ 0,

4



Let us introduce now a set of consecutive integers co 19 9’9.9 r9 . . ‘9 m3

and the "time-step" k = i . We define. Ek( rlk9 r2k; Vh) to be the

space of sequences
%,k

of the form

7-l ,k
= (ul,k(rk), r = r19.."'r2 - 13

where each ulk(rk) belongs to VhO We provide s(O,T;V ) with the
h

two following sequences of equivalent norms:

I I
h9k9P  and

II IIh,k>p (l< p < +a)- -

defined by

+h9k'h,k,p = mc 1% kbk) 1; l/P

r o 9 (15 P < +=I  9=

ll”h II
l/P

9k Ww = Uh
9
kbk) 11;

hl I9k bbm
= sup

KKm-1a -

lly, II,k h9k,- = sup
CKKm-1- -

If
Uh,k e rlk9 r2k; Vh) 9 we may define

-
CVk\,k r 9 r = 'l+l ) 0-9 '2 -( k)

. + ‘jk9 r2k,vh)

5



(2.9) vky, k(rk) = i [u, k(rk) - uh k((r-l)k)l o
9 9 9- ^

For every t E [sk, TI (s >, O), we define for all u ,v E V :
hh h

. .

(2.10)
-cv sk 8.$ (t;\,v,) = & ☯~(t;uh�vh)  - %(t-sk;uh9vh)1  l

We introduce now
fh,k ' ~(">T;vh) bY

(2.11) 1
s

(r+l)k

fh,k '( k) =Tt rk Ohf(t) dt.

The following inequality is easily verified:

(2.12)
Ifh9k'h,k,2  5 'l&T Ilf(t)$ dJ* l

Let us consider now the "approached" problem

Problem I:

= Uh9k E
~(09T;vh) satisfying

(2.13) (vkuh &-k)+& + j. YQ y,$bdk; Uh k((r-P)k)9vh)
9 = 9

= E YQ cfh k((r-i)k)9 vh>h  9 r = p9 -9 m-1  9I=0 9

for all vh E Vh 9- -

(2.14) \9k(o)9 \9k(k)9 *. •9~9k((P-l)k) given & vh Yo9T19 e. .,,  yp

are chosen complex ntibers.

6



Theorem 2.1:

Assume that r. -_is a real number >, 0. Then Problem I z 2 unique
. .

solution.

Proof:

Note that the theorem is trivial for r. = 0. Let us assume r. > 0,

Then equation (2.13) may be written

(2.15)
A
%,k bk;\ kbk)9  “h) p (Fh,k(rk)9 vh>h

9

where A% bk;'h'Vh)
9k

is a continuous sequilinear form on
'h ' 'h

which verifies for all vh E V
h

(2.16) k$,kbk;vh9vh)  1 >, Re ~,k(rk;vh>vh)  2 lvh( + ‘kr, a ihhli:,
2

>_ I Vhh 'I

and F
h9k r( k) is an element of V

h
which does not depend on Uh,k(rk)'

Then (2.16). is a sufficient condition for equation (2.15) to have a

unique solution.

In the following, we shall always assume that y. is > 0.

hemarks:

(i) We could slightly generalize by choosing other complex constants

than ~~9-9~  9 in the left-hand side of equation (2.13).

(ii) Let Ahyt) E <(Vh;Vh) be the operator defined by

Then equation (2.13) may be written on the equivalent form

7



C-7) .- r>kb$k(b - l)k)
,

= E 7l fh,k u r-‘- 1 M9

3. Some Lemmas.

r = P9 . . ..m - 1*

Lemma 3.1:

We denote b2 E fi linear space and by b(.,.) g sequilinear

hermitian form on E X E.-v Let cp be g mapping from Zk into I E. Then

(3.1)

Lemma 3.2:

2Re b(cp(rk), vk P(rk)) - k b(vkq(rk)#Vko(rk))
,

2Re b((p((r-l)k)9Dk(P(rk))  + k bflkq(rk)jVk+k))

. Let Cp be any scalar function defined on Zk, Then

(3.2)
r2

k c
s=rl+l

vk 9bk) = cP(r2k) - (Pbp) .

Lemma 3.3:

Let Cp be any real function defined (rlk, (rl+l)k,...,r2k). we

assume that the following inequality holds for all integer r- - - - ('1 5 r $4

(3.3) 'Ip(rk) + a(rk) <,‘C + $ r$ q(sk) 9 a(& 2 0 9
0 s=r,

where C 2 0 and k. > 0 are givenxonstaMs.  Then

(3.4) Cp(rk) + a(rk) < C(l + A-)
r-r1

kO
5 Cexp(

(r-rl)k
1

ko '

8



If we replace for all r inequality (3.3) &-- --

r
(3.5) cp(rk) + a(rk) 5 C +k

kO
c cpbk), a(rk) 2 0 9

s=r,+l

Then ,, for, k < k. 9

(3*6) '5 C exp (
(r-rl)k,

kO
> .

All these lemmas are obvious.

4, A priori estimates for the so,lution ,of Problem I.

Before establishing an energy alnequality for the solution uh k of
9

Problem I9 we shall put equation (2.13) into a more convenient form.

a) Another form for e,quat,ion (e.13),w-

Equation (2.17) may be replaced by

(4.1) vkuh kbk) + (
9 !=O

7)) \bk) Uh,kcrk)

where

+ k
1=1

p, ~k$$(r-~+l)k)uh  k((r-O+l)k]
II,

I E= la,** p .

Assume that the operator
%A )

t is consistent with the operator A(t)

in a certain sense which Mill be precised later in $7. Then the operator

is consistent with A(t) if and only if

9



In the following, we shall assume that equality (4.2) is always verified.

Then equation (4.1) may be written: -.

(4.3) vk% kbk) + sbk) [Uh,kbk)  + k
9

pl 0, Uh k(b-e+‘)k)l
9

+ f t$ b-$r-e+l)k) - q,(rk)3 \,k((r-P+l)k)
1=2

--.

= E
Lo

71 fh k(b-')k) '
9

We define

(4.4) Vh k(rk) = Y,,,(rk) + k a
9

E=1 p, 8, uh9k((r-P+1)k)

=
f
=. 71 \,k(be jk) 9 r = P9 ...9m- 1 .

Hence another form for equation (2.13) is given by

10



(4.5) (& \,,bk)9 vh>h + %bk;  vh,k(rk)9 “h>

-k E
a=2

(i-1) 61'fv(p-l)k "h] (rkj uh,k(b-'+1)k)9 vh)
LA

+ k uh
9
k((r-l  Jk9 "h>

= E 71 cfh ,(bh), vh)h 9 r = P9

a=0 9

b) The energy-inequality.

.,m- 1 .

In the following, D19D29... will be positive constants independent

of h and k.

We replace vh in equation (4.5) by vh k(rk). We obtain
9

-<vk Uh,k r ' Uh,k( k) (rk).>,+ k E @,
L=l*

(D,"h k(rk);pkuh k((r-'+l)k))h
9 9

+ 9-l0r; vh,k r( k) 9 vh,kb-k))

-k E (a-1) B, co
1=2

(I-l)kh'k;~ "h,k(b-L+1)k)9 vh,$-k))

E
-

+ k
I=1

tf+ 1 vlk %I (rk; uh,k(b-' jk)9 vh,k(rk))

= rl cfh k((r-l)k)9 vh k(‘k))h  9 r = p9 l **9m-1 .
9 9

Taking real parts and applying lemma 3.1 gives:

11



(4.7) '&h k(rk)!: +
9

klvkuh k(rk)li
9

+ 2k Re[ f pi ( vk%9k(rk), Pkuh,k( b-'+l)k) IhI
&=I . .

+ 2Re %(rk;vh k(rk)9
9

vh k(rk))
9

5

-

= $k ReC bk) >I
a=2

(e-l)@, 1 '(f-l)k* yj (rk;uh,,((r-.e+l)k)9v,,k

- 2k Re( f I$, (Plk %)
I=1

(rk;uh  k((r-‘)k)9
9

vh kcrk))'
9

+ 2Re( E 7~ (fh k((r-e)k)9 vh k(rk)) 1 1 ' =
a=0 9 9 h

Note that p, = r. - 1 is a real number. Then it follows

Cauchy-Schwarz  inequality and Hypotheses (2.5), (2.8) that

P9 ...9m-1 e

from the

- 2kf b,iiB

1=2 l

k% k(rk)\h
9

lvkUh k((r-'+l)k)lh * 2a
9

Ilvh k(rk)llE
9

5 2k P(h)
I=2

(i-1)0,\ ly, k((r-l+l)k)lh  Iv, k(rk)lh
9 9

+ 2k P(h) E
1=1

'It+1 b-~&~b~)~)l~ bh,$k)lh

+2 E
I=0

Ir,l Ifh k ((r-1)k(
9

lvh k(rk)l ., r = p90009m-1  o
hi ' h

12



2 2
We deduce from the inequality 2ab 5 a + b (a,b real numbers):

(4*9) v&$&k)i2
h
+ (1 + 28, - * E bil) k 1 ‘$-h&(m)12

-. 1=2 h

r = p,...9m-l  .

Multiplying equation (4.9) by k and summing from r=p to r = s

(p < s < m-l) gives:- -

(4e1?) ly, kbk)j2 +
9 h

(1+281-2 f b, 1 ) k2 t lvk\,k('")l;
1S2 3&p

+ 20!kk Ilv,,kbk)lle
rap h

-1

1
r=p-l+l

1 'kl$k(rk) I:,

+ (DlkP(h) + D2) k f PC' l\9kbk)12
14 r=p-& h

+ D3k f ';
adI r=p-a

Ifh k(rk)12
9 h

s-l
+ (DlkP(h) + D2) k j. zp i"h9k(rk)1: '

13



Let us assume that there exist two constants K
1 9 K2 independent of

h and k such that

(4.11)

(4.12)

l\9k(rk)lh  <, K1 ’
. .

r 0,...9 p-l=

k2
-IL.- -

k IV
r=l

k”h9kbk)( <, K2 l

We consider now two different cases according to the sign of

1--. + 28, 3 2 Ein2 IP Ia

( )i 1 st Case: 1 + 28, - 2 E IP I > 0 .
as2 if -

Let us assume that

(4.13) kb(h>)2 <, P 9

-where p is an arbitrary > 0 constant independent of h and k.

Note that (4.13) is equivalent to

(4i3)' k P(b)- 2 P' 9 p' > 0 arbi-@rary cans-km% ixkkpendent

of h and k. Thegj because of (2.12), we obtain:

S = p9..., m-l



By applying lemma 3,3., we find for kD5 < 1 and for every s (p < s < m-l)
- -

the following energy inequality

. .

(4.15) l"h k(sk)12 + 2m St
9 h r=p

Ilvh k(rk$h <, D4 exp(D5(s-p+l)k)
9

5 D-4 w(D5(T - pk)) .

(ii) 2,nd Case:

-

IV
2

We give an estimate for k Uh,k r h 9 r = p9.rn.9 m-1, which is( k)l--.

obtained as follows: We replace vh in equation (4.5) by Blruh,k(rk).

Applying inequalities (2.7) and (2.8) gives:

(U6)

.

Then

(4.17).

-

IVk"h9k bk)l < N(h)h - lbh kbk>ll
9 h

+ k P(h) E
1=2

(' - d@,i iUh k((r- i + l)k)l
> h

+ k P(h) if? ‘k$I l%,k(b’)k)lh + f I$ Ifh k((r-t)k)l
, le x.1 &Q 9 h'

-

IV
2

kuh,k' h( k)l 5 cNch) I2 ( ’ + ‘1 Ilv, kbk$
9

-I- (D6 + 2 ) k2(P(h))2  f IUh ,(brn )k) i26 1=1’ 9 h

+ 0 D9 > f If8 + s l=. h9k
(b-l)k)i2

h '

where 6 > 0 may be chosen as small as we please. Assume that Hypothesis (4,131)

is verified. H;ence we deduce from (4.10) and 4.17):

15



(4.18) IYn,kbk)  i:,

+ a-(2 (2 f IB, I -
132

28y1) k@(h) I2 (1+s)$
9. . r=p

Ilv, kbk) 11;
s

S

1. D10 + Dll k c Iu ( aI
2

r=p h9k r h l

Let us assume now that

(4.19)
a2

k@(h) I2 <

- 2 f IPJ - 28, - 1 (l - 6) a
azi--.

Then

(420) l$,kbk) I2
h

+ r&e2 k k Ilvh k(rk)l12
r=p 9 h

<D + D
- IlO 11 k e /uh,khk( *

r=p

a
By applying lemma 3.3,, we find for k Dll< 1 and for every

s(p(s<m- 1) the energy inequality

(421) luh k(Sk)12 + 2c1E2 k t
9 h

Ilv, k(rk)\\2
r=p 9 h

< D_ 1o exp(Dllb-p+l)k) 5 D10 exp(Dll(T-pk)) 0

Note that (4.19) implies (4.13). When k is small enough, we may replace

condition (4.19) by

16



(4.22) k@‘(h) I2 5
2a - 6/

2 El
1=2

% 1 - 2B, - 1

. .

where 6' > 0 is arbitrarily small.

Thus, under some appropriate assumptions, we have obtained an

energy inequality for any value of 1 + 28, - El 1
a=2 4. * Let us assume

that there exists a positive constant
K3

independent of h and k such

that

(423)
--. P-l

k c h-$.&k)li; <, K3 l

r=O

We define vh k E Ek (O,T;Vh) by
9

(4.24) vh,k = cuh,k r( k) 9 r = 09..., p-l, vh,k r ,, r = p9.**,( k) m-l) .

Then we have proved the following result:

Theorem 4.1:
s

Assume Hypotheses

(4,ll)

(4.12)

(4.23)

Iuh kbk) 1 < Kl 9
9 h-

r 09.b.9 p-l 9E

There exist positive constants E E- - 1' 2
independent of h and k such

that

17



(4.25)

(4X) .

in the two following cases- - -

(i) lSt Case: 1 + 28, - 2 El 1B, ’ 0,
a=2 -

(4913)

( 1ii 2nd Case:

(4.2 1

1 + 28, - El 1
ar2

B, <* 0 9

k(v(h))2
ax

55- " 9 S'>O arbitrarily

2 kl b 1 - 2B, - 1
&=2

small, k small enough,

Remarks:

( 1i It is easy to determine {u, k(rk), r=O, . . ., p-13 ; verifying (4,11),
9

- (4.12) and (4.23) by two-level difference schemes: see Raviart 171.

(ii) If the operator s(t) is independent of t, P(h) s 0 and

Hypothesis  (4,13) may be suppressed.

18



5.

<I Ih
such

uh,k

The Stability Theorem.

Let X be a Banach space with norm II 11,. For every {h,k)

5 ho 9 k 5 ko) let Ph k
9

be an operator of<(Ek (O,T;Vh); Lm(O,T;X)),
1

that 'h,k uh,k (t> is defined in X for all t E [O,Tl and all

E Ek(o,T;Vh) : Ph k is called a prolongation operator.
9

Definition 5el:

Let uh,k be- the, solution of Problem I.Ph kuh k i s  s a i d  t o  b e- - - -
9 9

Lm(O,T;X)-stable  if there exists 2 constant C >, 0 independent g h- -

and k such that:- -

II'h,k Uh,k WI\ < cX - 9 for all t E [O,Tl,

for all Ch,k} ([hi 2 ho9k <, ko)

Let F be a Hilbert space such that H is a closed subspace of F.

Let fi denote the projection operator from F onto H. For every

h,k~, let Ph k be a prolongation operator of
9

< (Ek(O,T;Vh);  LO)(O,T;F)  > l

Then Qh 9k =
' ' 'h,k

is a prolongation operator of decqc O,T;Vh); La(O,T;H)).

We assume that

:(5.1)

(5.2)

II'h,k"h,k 2II
L @9w)

5 5 ll"h kllh,k,g 9
9

sup
t&,TI

llQ-h9, “h9k(t)‘iH  5 ‘3 Iuh,klh k 00 ’
9 9

for all \,k e %(09T;Vh) 9 where C2 and C3 are positive constants

independent of h and k.

Then the following result-can be deduced from theorem 4.1.
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Theorem 5.1:

Assume Hypotheses (4,11), (4.12), (4.23), (5.1) (5,2). I;et uh k &
9

s o l u t i o nthe Problem I. Then gzl
.

,k"h,k =
LOO(O,T;H)-stable and

Ph,kWVh,k  remains g& bounded set of wL2(09T;B)
in the two following- - - - -

cases:

(i) lst Case: 1 f 28, - 2 El
A!=:2

5 I 2 0 9-

(4.13) IMo restriction if A.&t) 2 independent of t>:,

(ii) 2nd Case: 1 -b 28, - 2 E IP
1=2

a I < 09

(422)

--.
k@(h) j2 <

2a
C/9 6/ > 0 arbitrarily

small, k small enough,

6. The Hermitian Case:

Let us assume now that for every t E [O,T] the sesquiiinear

form a(t;u,v) is hermitian (i,e. a(t;u,v) = a(t;v,u)). so we

- choose the family of sequilinear forms y(t;\,vh) such that

61) s(t;Uh'vh) = "h(t;vh9"h> (uh9vh E Vh9 t e[O,Tl)

Then it is possible to weaken condition (4.22) in case

1 + 2B, - 2 E I@
1-2 4 I < 0
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First we give a new estimate .for k t i&& k(rk(  9 .
9

rqP

p 5 s <, m-l. We replace vh in equation (4.5) by vkuh k(rk):
9

(6.2) Ivk\ i(r + ah(rk;'$k(rk), &h,k(rk))
I

+ k Vk% &b-'+l)k)9 vk%,k(rk))I

+ k E
a=1

tp, Iv!, ahI (rk; Uh k((r-')k), vk%,&k))
9

=t E
a=0

yt (fh k((r-i)k), vkuhk(rk))h 9 r=$',.**,m-1  l

9

From (2.1) and (6.1), it follows that

(6.3)
s

2Re %(rk; %9k('k)9 vk\9kbk) 1'

=
'k h(

a rk; Uh k(rk)9 \,k(rk))
9

+ k a&-k; vkuh kbk)9 vkuh,k(rk))
9

- tvky.) (rk; Uh k
9
(b-lb), \ k(b-l)k)‘) .

9

Taking real parts in equation (6.2) and applying identity (C&gives:
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(6.4) Iv
2

k"h,kr h( k)l + 1
!2

-
V
kah

\,kbk) >

+ $ (1+@,-)  t(rk; vkuh kbk),
9 vkuh k(rk))9

. .

<, k P(h) E
!=2

--.
d- k P(h) 1E

14

n

&I) lpi1 I”, k (ba+l)k).,

-
IV

h k"h,k(rk)ih

+ f (71114 Ifh k(b-‘]jdl9 h
Iok\ &k)l9 h '

Hypotheses (2.5) and (6,l),itiply  that

a

Hence

By using (6.6), (0) becomes:
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- k E IB, 1 \bk; vk\,k (b-R+l)k),
l-2

vksjk( (r-a+l)k))

- {8,~3 (rk; %,k( bdk), uh Y kc bdk))

--.

<, J-7kuh,k(rk)lL  + % k2(p(h))2jljuh,k((r-1)k)lE

D13+- IE LO
fh,$b-e )k)12 2

h
r = p,..., m-l I

where E > 0 may be chosen as small as we please.

Using (2.6), multiplying (6e7) by k and summing from r = p to r = s

(p <, s 5 m-l) gives:

(6,8) . @-m(h) c2 5 bl 1 - 'pl - 1) - E) k L 1 vkuh,kb-k)i2h
&=2 r=p

+ ybk; \,kbk), %,kbk))

- k ~'ky.) (rk;Yh k((r-l)k)yY
\ k((r-l)k)

r=p
Y
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<, ah((P-l)k;  Uh k((p-lb),Y \
3
k( bdk)

+ D14 kM(h)k 'ff- 1 vkuhk(rk)f
r=l h

D
+ + k2(P(h))2 k 5 5 j", ,((r-a)k)12

14 r=p ' h

D13 k S
f- E c

k0 r=p

Let us assume th&

k Mb)

I fh ,((r-n)k)lz aY h

<
2

(IA- q Y

where 6 > 0 is arbitrarily small

We can choose E = 6 o Then equation (6,8) becomes

2

(6.10) k t 1 vkuh k(rk)'h
- r=p Y

+ + ~(sk;\,k(sk)Y  l-$&(sk))

<, & %((P-dk; “n k((p-l)k),Y \ Y k( bdk)

p-l -
+ D15 k & ! CTky, kbk) I2

r-1 Y h

+D Iuhk(rk)!; * D17 k 5 Ifh k(rk)/2r o ,
=

h' '

where D
15’ D169 Dl~ depend on 6 0
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We deduce now from (4.10) and 6.10):

(6.11)
h

+ 2 ak k IIvh k(rk)ii2
r=p Y

h

28, - 1) k a&(p-=l)k;uhk((P-l)k),  uhk((p-l)k))

P-l
+ D15 k c I i

r=l

s-l
+ D16 -& c

r=O

2

Uh ,(rk)12 + D17 k eY h r=O
Ifh kcrk) I2Y

I
h

+ ly, ,((P-l)b)12  + k2 f b,IY h 1=2 r=p-1 +l
1 f;i,y,,,bk)l;

+ (Dl kP(h) + D2) k f 'F b-h ,oi2
1~1 r=p-l ’ h

+ D3k E SC Ifh kbk(
1~0 r=p-1 ’

.

S-l

+ (Dl kP(h) + De) k 1k 2 '"h,k(rk)l; l

But

a$p-l)k; \
3
k((p-l)k), \,k( (pdk)) 5 M(h) I%,,( (p-l)k) 1; ,
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Thus because of Hypotheses (&.ll), (4.12), (6.9, we may write:

6.W

5 D18 + Dig k f psssrn-1.

_ r=P
1% kik)i; ,

Y

Hence for D
19
k<l

(6.13)’ l,"h k(sk)); .f 2m ; \\vh,k(rk)$ 5 D18 exp(Dlg(s-p'+l)k)
Y r=p

5 D18 edD19(T-pk))  l

Note that we may replace condition (6.9) by

(6.14) k P(h) 5 n
2 *-8’ ,

2 =
GI=

IP,\ - 28, - 1

where 6' > 0 is arbitrarily small and k is small enough. Then we

have proved the following result

e
Theorem 6.1:

Assume Hypotheses of Theorem 5.1 and, in addition, Hypothesis (6.1).- -  -

Assume that 1 ‘+ 28, - 2
P

IB Il <o. Then a sufficient condition- -

for &h kuh k to be L=(O,T;H) - stable and for- -Y Y
Ph'kvh k & r e m a i n

Y Y .

in 5 bounded set of L2(0,T;F) is given ti- - - -

(6.14) k p(h) 25 - If, 6' > 0 arbitrarily small,

p2 &2 lBl\ - 28, 7 1 k small enough .
=
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Remark:

We could slightly generalize by replacing a(t;u,v) by a(t,u,v)

+ a'(t;u,v) where "l(t;u,v) is a continuous sesquilinear form on

V x H and the function t -+ a'(t;u,v) is once continuously differentiable.

It is easy to see that the results given above remain valid in this case

(cf. RAYIART [73).

74 A weak convergence theorem.

We examine now the convergence of the solution uh k of Problem
Y

I towards the solution of equation (1.6) when h and k tend towards

0. We shall only prove a weak convergence theorem.

Let m be an operator of C(V;F). Let v denote a dense subspace

of V and let rh be a linear mapping from v into Vh. Under the

assumptions of Theorem 5.1 or Theorem 6.1, we may extract a subsequence

(uh k ) from
1' 1

(uh k) such that
Y

(74

(7 -2)

'hl,kl Vhl,kl +' weakly in L2(0,T;F) ,

Qhl’ kl Yll’kl + u weakly in Lrn(OYW I

when h and k tend towards 0.

Now clearly Ph k +U weakly in L2(0,T;F) and u= J-C. U. Then we
1' 1

assume that:

(7.3) u E L2(0,T;V) , U =mu .



Let q(t) be a scalar function once continuously differentiable in

[O,T] with q(T) = 0, We assume the following consistency Hypotheses:

If 'h,k"h,k +m weakly in. L20wFL then

m-r

(7.4) k c 2
r=r

1

ybk ; \,kbk), @((r+r2-1)k)rhw)  + /
T
a(t;u(t)&(t)w)dt

0

where
rl

and r2 are positive arbitrary integers independent

of k; ((7.4) means that %(t) is consistent with A(t). Then a

necessary and suff-icient condition for

with A(t) is F y, = 1)

t-lk) to be consistent

If Qh,k"h,k + u weakly in L%Y w-0, then

(7@5)

- (7.6)

(7 17 >

m-r

k x2 (\ k(rk), t&$~r+l)k)Phw)h +
T

;
r=r Y /0

bb > ,+b jw)Hdt

1

m-r

k x2
T

cfh kY
( (r+r2-l)k), t+-k)rhdh +

r=r /
(f(t),Jr(t)w)Hdt  ;

1 0

for all w e 2p'.

(\,k( (p-l)k), J’(pk)rhw)h + (uo,q(0)W)H y

Theorem 7. 1:

Assume Hypotheses (7el),..e,(7.7). Then Ph kuh k +Eii weakly in

L2(0,T;F), C+ku,k + u weakly & Lm(O,T;L), 'where ulk denotes
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the solution of Problem I and u denotes the solutiona- equation (1.6).

Proof:

We deduce from (2.13):

(74 k mfl (&j@b-k), qkk) rhw)h +
r=p *

+ k ;$ f. Y1 y&b-l)k= ; \.ak( b-lb), +bkbhw)

P
=r-'k mil z. YJ cfh,k( b-r)k),+(rk)rhw)h  '

r=p

It is easy to see that

(7*9) k mc (ukuhk(rk),q(rk)rhw)h =
r=P

-k mil
r =P

(uh k(rk), rk*((r+l)k)rhw)h
I

- (�h k((P-l)k),  ☺�bkbhw)h  l

Y

Then (7.8) may be written

(7.10) - k mF
. r=p

(% k(rk)Yvk$((r+i)k)rhw)h
Y

1 = k ik ‘1 ;;t-; (fh,k(rk),Jr((r+‘)k)rhw)h + (ynyk(  (P-l)k),‘t(Pk)rhw)h.
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If h and k +O,
Phl,kl Yll'kl

-Cih weakly in L2(o,~;~) and

+u weakly in LCO(O,T,H). So u satisfiesL

T
(7*=) {-("(t),dt)w)H --+ a(t ; u(t),Ww)ldt = (f(t),*(t)w)Hdt

+ bo,w>H do) ,

for all w E '2p'. It follows from the density of win V that (7.11)

is true for all W e V. Moreover the space of functions c $@w

(C denotes a finite sum), 9 E C1(O,T) with \Ir(T) = o, w E V, is--.

dense in the space of functions cp satisfying (lo7) provided with the

norm (JT (lllp(t)ll~ + [lcp'(t)$ dt)1/2 (cf. Lions [4]). Then u satis-

fies (1.06). We deduce from the uniqueness of the solution u of (1.6)

that Ph,ku.,k +E'u weakly in L2(0,T;F) and \,kulk +u weakly

in Lm(0,T;H).

8, Regularitv theorems:

a) The Hermitian Case:

For every t E [O,T], we are given a continuous sesquilinear form

a(t;u,v) on V X V with the following hypotheses:

( >i t -+ a(t;u,v) is once continuously differentiable in [O,T](u,v E V);
*

( >ii a(t;u,v) = a(t;v,u) (u,v e V);

CX > 0, V e V .

Then we have the following regularity theorem (LIONS [4])
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Theorem 8.1:

Given:

. .

(8.1) f E L2(0,T;H) ,

(8.2) U cv .
0

There exists a unique function u satisfying

(8.3) u E LCD(O,T;V) ,

(8, 4) --' u' E L2(0,T;H) ,

(8.5) u'(t) + A(t)u(t) = f(t) , for a.e. t E [O,T] ,

(8.6) u(0) = u. .

Remark:

For a slight generalization see the remark following Theorem 6,l.

-
For every t E [O,T], we are given a family of continuous ses-

quilinear forms al(t;uh,vh) on Vh x Vh as in 66 (i.e. satisfying

Qpotheses (i), (ii), (iii) of $2 and Hypothesis (6.1)). Let

E E
Uh,k k

(0,T;V )h
be the solution of Problem I and let us assume now

that there exist two positive constants K4' K5 independent of h and

k such that

(8.7) h-h+bk) lh' ibJQ(Pk)/lh 5 K4' r = o,oeoem*,P-l  O
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p-l -
(8.8) k c 1 vk\,,(rk) 1; 5 K5 l

r=l

Theorem 8.2: . .

Assume

(8.8).

and k

(8.9)

(8.10)

in the-m

( >i

(4.13)

( 1ii
.

(6.14)

Proof:

( 1i

Hypotheses (i), (ii), (iii) of $2 and Hypotheses (6.1), (8.7),m--

There exist two positive constants E- - - 3, E4 independent of h

such that- -

--. k mfl
r=l

lvk\ kbk) 1; 5 E4 ,Y

two following cases

1
st Case: 1 + 'B, - 2 f \Br I 2 0 ,

1=2

k(v(h))2 5 p (No restriction if %(t) is independent of t),

nd P
2 Case: 1 + 23 - 2

6
I@ II= po Y

h-dh)  5 2
- &, 61> 0 arbitrarily small,

2 ,\ I@1 1-2@1-1= k small enough .

1st
P

Case: 1 + 28, - 2 b I >o :I -

Theorem 4.1 gives:
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(4.25) kh 1,k h,k,a 5 E2 '
-.

Inequation (6.4) is true and we deduce for p < s < m - 1:a -

S

(8.11) k c
r=p

+k(1+2y p
A=

b I>I k

lPllk i y.$rk
r=p

; isk4nyk( b'+l)k)Y vksyk( ba+l)k) >

5 $ a,.$ (p-l)k ; \ k ((j&& Yl,k( b?-lk))  + ; k i jl\,k((r-l)k)/l;Y r=p

+ k P(h) ' @-l) Ipi 1 k f l\,k(('rl+l)k)  1, l&j.q+k) I,
r=p

+ k P(h) I"h k((r-l)k) I, 1 ~$+Q,&rk~~~
Y

If, k((‘-l)k)lh l~$-h&k)lh ’Y

:But

rk ; vk%,k(( r-l+l)k), ~$$.#r-l+l)k))

= y( b-l+l)k  ;‘vk4nyk(  (r-l+l)k)y vkYlyk( (r-a+l)k)  >

-
+ (‘dk f v(,_,),$ bk ; &\,k ( b-l+l)k),  !&-$& (r-‘+l)k) >,

and
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Hence we deduce from (8.1~1)~ Hypotheses (4.13), (8*7), (8.8) and (4.25)

that for p < s 5 m - 1 and k small enough.

(8.12)

Then applying lemma 3.3 gives the first part of the theorem.

(ii) 2nd Case:
P

1 + 23 - 2 b II <o :

The second part 'of the theorem can be easily deduced from inequality

(6.10).

. Remark:

It is easy to determine b-$Q$-k), ' = o,...,p-11 verifying (8.7)

and (8.8) when u. E V. See RAVIART [7].

Let us assume now that (cf. $5):

(8.13) sup lip, k\,k(t)llF 5 c$$,k~lh, k, aa 9
t E [O,T] '



for all uh,k E Ek(O,T;Vh), where C4 and C5 are positive constants

independent of h and k.

Theorem 8.3:

L e t  Uh,k - -be the solution of Problem L. Under the assumptions of

Theorem 8.2 and, in addition, Hypotheses (8.13), (8.14),--B Ph k\ k is
Y Y

La(O,T;F)-stable and

in the two following- - -

( >i

(4.13)

( >ii

(6.14)

1
st

Case;,
--.

2nd Case:

& Qh kuh k remains in a bounded set of L2(0,T;H)- - -3-J Y

cases:

P
1 + 28, - 2

G
Ia II= 1 >,O ,

p (No restriction if %(t) is independent of t)

P
1 + 28, - 2

G
I@ II= 1 <o Y

N-44 25 - 6; 8' > 0 arbitrarily small,

2 k small enough .

If, in addition, the assumptions of Theorem 7el are verified, then-v

. 'h,kuh,k -,'!
weakly in LQ)(O,T;F)  ,

&Qhk%k-)U’ =$ weakly in- L2(0,T;H) ,
Y Y

in cases (i), (ii).- -

b) A general regularity theorem.

For every t e [O,T], we are given a continuous sesquilinear form

4WY d on V x V with the following hypotheses:
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c ’ <-i

,:

. ,r’

. ’

( >i t 4 a(t;u,v) is once continuously differentiable in [O,Tl b-v E Tp);

(ii) there exist constants h, a such that ;

Re a(t;v,v) + +ll~ 2 c+$ , a > o , v E v :

Let A(t) E x(V;V') be defined by

a(t;u,v) = < A(t)u,v > (U,VEV) .

We denote by D(A(t)) the set of all u in V such that A(t)u E H.

We provide D@(t)) with the norm

ibliD(n(t ) ) = ( lb-II;

Theorem 8.4:

f,uoLet be given satisfyingw-

(8.15) f E L2(0,T;H),

I

+ Iln(thll;P’”  .

f' E L2(0,T;H) ,

(8.16) u. E D(m)) 0

There exists a unique function u which verifies:

(8.17) u E LQ)(0,T;V)  ,

(Sll8) U'E L2(0,T;V) n La(O,T;H)

(8.19) u'(t) + A(t)u(t) = f(t) , for a.e. t E [O,T] ,

(8.20)

For every

quilinear forms

u(0) = u. e

t E [O,Tl, we are given a family of continuous ses-

aJt;\,vh)* on Vh X Vh as in $2 (i.e., satisfying
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Hypotheses (i), (ii), (iii) of 52). Let u.,k E El(O,T;Vh) denote the/

solution of Problem I and let us assume that there exist five positive

constants K6, "',Q) independent of h and k such that:

(8.21) I"h,khk) lh' il~,kbk& 5 K6’ r = �9� l l ,p-� 9

(8.22)

(8.23)

(8.24)

(8.25)

I+-#-k)uh,k(rk)  lh <, 5’

/~k\,k(rk)  I, 5 K8’

r 0= Y*YP-l I

r = l,...,.p- 1 Y

Moreover let us assume that:

if Ibh k/h k 2 is bounded by a constant independent of
Y Y Y

h and k (vh k defined by (4.4) and (4.24)), then

'llUh kllh k 2 has the same property. (1)
Y Y Y

. Theorem 8.5:

Assume Hypotheses (i), (ai), liii) of j2- and Hypotheses (8.21),...,(8.26).

There exist four positive constants_P-- E ,.....,E
5 8 independent of h and

k such that- -

(l) Hypothesis (8.26) is trivially verified when Theorem 7.1 may be

app1ied  and llwh kllh,k,2 5 C;liph.kwh  k\\ 2Y Y

wh k E Ek(O,T;Vh), where C;
9 L (o,T;F)'

for all

is a constant independent of h and
Y

k.
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(8.28) 1%.(+h,k ( )I* h,k,.= 5 E6 y

(8.29)

(8.30)

Ivkuhk(rk)\h  5 I+ , r = 1,60..0.,m-1 ,

in the two following cases2--m

( 1i 1
st

Case:
--.

. (4013)

(ii) 2nd Case:

(4.22) kbW2 5 2a - s; 6' > 0 arbitrarily small,

2
k small enough.

Proof:

First, we may apply Theorem 4,l and, in cases (i), (ii), we obtain:

(8,31)
. 1%  1,k h,k,a 5 El y

(8.32) b-h k/h k 2 5 E2 ’Y Y Y

We deduce from (8.26) and (8.32):

(8.33)
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Then a "discrete" differentiation of equation (2.13) with respect to t

gives:

k%] ((r-t)k; \ k((r-L+l)k),vh)Y

We put (8.34) into a more convenient form as in 54.b.
--.

(8.35) (is; “h,k(rk),vh)h  + %crk ; vkvh k(rk),vh)Y

+ k & &, [arkah} (rk ; vk"hk((r")k),vh)

+ ’ y1 {vk%] ((r-J)k ; \,k((r-L-l)k),vh)

= k Yp (~kfh,k((r-l)k),vh)h  , r = p + lY****�Ym-l  l

.

We replace vh in equation (8.35) by vkvh k(rk). We obtain:
Y
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- k lk 1~1 I IV: \,k((r-+f+l)k) 1: + 2a llvk vhyk,(rk)llEz

r = p+l,~..O.,m-l, where E > 0 may be chosen as small as 'we please,

Muitiplying equat,i.on (8.36) by k and summing from r = p+l to r = s

(~4-1 < s < m-l) gives:- -

(8.37) \@j-&k) 1; * b- + “p, - 2 A jp, Ilk2=: f @-$kbk) I:,
r=p+l

+ (D3kP(h) c D

+ D6 k f i Igbfhjk((r-!)k)\;
a=0 r=p+l

+ D5(c)k

+ (D3kP(h) + D4)k f '2' I vk"h k(rk)\; o
1=0 r=p+l 2
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It is very easy to prove (cf. RAVIART [7]):

(8.38)
m-l

k 1
r=l

Iv, fh,k(rk));  5 ‘“l /0
T Ilfwl; d-t ,

c8*39) If, ,I; k < $(+Y Y ,O”- /0T I]t6+$ d-t + T jT Ilf ‘(t)ll; dt) .
0

r
. Then, it follows from the inequalities (4,13), (8.21), (8.23), (8.25)

(8.33) and (8.38) that

+ Dgk i Ivk \,k(rk)\t , s = pfl,.....,m-1 .
r-p+1

An estimate for \&~,k(pk) I, is obtained as follows, Equation (2.13)

gives for r = p:

]~k\,@#; 5 - 7, Re %(Pk ; \,k(pk), &\,k(pk))



But

%(pk;uh k(pk), vk\,,(pk) = %(pk;x,k((p$)k)j  vkx9k(pk))
9 . .

and

Hence,

(8041) I&$&)“) I, - o< y I%( hdk) \,k( bdk) I,

+ A’ Ir,l (A&p-l)k)  \,k((p-dk)lh  + i, iy,l If, k((P-L)k)\h
=: = 9

Then the inequalities (8.21), (8.22), (8.39) imply that Ivk\9k(pk)\h

is-bounded independently of h and k. So (8.40) becomes:

S = p+l,,..,m-1,  O .
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(i) lSt Case:,
P

1 + 23 - 2
G

Ia I
I =

1 >O l

By applying lemma 3.3, we find for kDg<l andfor p+l<_s<_m-1

(8.43) IUk"h,k (Sk)\; + (2a-c) k i \jvkvh,k(rk)ll;
r-=p+1

5 D10 exp (Dg (T-(b+l)k))) 9

But

a\jvkVh h(,,/z-i Re
9

ah(pk;vkvh k(pk),vkvh k(pk) 5 M(h)
9 9 Ifik"h k(pk)li9

5 D1l M(h) ( I&&-&bk) 1; + $; 1 vk\,k(rk) I;) ’=

Thus, because of Hypothesis (4.13), k\\vkvh,k(pk)\li is bounded

independently of h and k.

Then we find

a
(8.44) 1 !&-&rk) 1; 5 D12 r 3: l,...,m-1 .

(8.45).

(ii) 2nd Case:
P

1 + 2@, - 2
A

Ip Ia <o .=

We deduce from (2.4) that

(8.46) 1% ah(t;~,vh)] 5 Q(h) ~~~\~, khl,
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where Q(h) has the same order of magnitude as N(h) when h-,0, To

obtain an estimate for \vi yl,k(rk)l$ r = p+&.,,m-1, we replace

vh in equation (8.35) byv: y,,,(rk) and apply inequalities (2,7),. .

(2,8), (8.46):

Using Hypothesis (4,22) and by the same device as in ghobp(ii), this

gives (8,44) and (8.45).

Now, we have:

This identity implies that

ll”h
9
kllh k ai 5 E5

I 9

'because of the inequalities (8,32),  (8,45) and (821).

It remains to show the inequality (8.28),  This is a trivial con-

sequence of equation (2.17) and inequalities (822), (8,3g)9 (8,44),

This completes the proof of the theorem,
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Remark:

It is easy to determine {u.lk(rk), r = O,...,p-l] verifying . o :
. .

(8.21)‘. . ., (8.25) by two level difference schemes when u. E D@(O):

We choose

and apply Theorem.8.5, with!, p = 1.

Let us assume now that

(8.47) SUP llph k"h,k(t)llF 5 Cg(l"h,kllh,k,m  '
t E [O,T] '

--.
(8*48) 11% ‘h kl-$ ,I1 29 9 L (0,T;F)

5 ‘7 (k I< Il&l+Q(rkjli$‘2  ’
=

(8.49) su?? suP
t E [O,Tl

11% &h k\,kct $.I <, ‘89 r=l, . . ..m- 1
&-$+(rk)lh 9

for all %,k E El(O,T;Vh), where C6' C7, C8 are positive constants

independent of h and k.

Theorem 8.6:

Let \,k m-be the solution of Problem L.Under the assumptions of

Theorem 8.5 and, in addition,-- - Hypotheses ,(&47), (8.48)’ (8.49)’

'h,k"h,k is La(O,T;H)-stable, 'h,kvh,k is Lm(O,T;F)-stable,

&ank"hk is LOD(O,T;H)-stable,9 9 $ 'h 9 kvh k remains inoa bounded' 1 - -

set of L2(0,T;F) in the two following cases:- - - -

(i) lSt Case:
P

1 + 28, - 2 P I1 >o 9

(4.13) - kb(hN2 5 P ’
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nd P
( ii 1 2 Case: 19 28, - 2 I@ 1 I <o 9

(4.22) k(v(h))2 5 p 2a ' 6'> 0 arbitrarily small,

2 lq-281-1 - -% k small enough.

? If, & addition, the assumptions of Theorem 7.1 are verified, then, &- -

cases (i), (ii),Ph kyn,k is La(O,T;F)-stable  a n d
9

'h,kuh,k -,URI
weakly ,& LCO(O,T;F)  ,

--.
d QE ' d" weak1 in L=(O,T;H) ,h,k"h,k4U=dt y-

,2-& ph kuh ,-,E'= E$ weakly &i L (O,T,;F)e
’ ’

Proof:

The first part of the theorem is trivial. We deduce, as in Theorem

%19 that Phykuhk +cUu weakly in LCD(O,T;F)  ,

& 'h,k"h,k + u'
weakly in Lm(O,T;H) .

. ik ‘h k% k-
+ Gu' weakly in L2(0,T;F) .

9 ’

Then ‘h, k%, k
remains in a bounded set of LOJ(O,T;F)  and gphkuh k' 9

remains in a bounded set of L2(0,T;F). But it is easy to see that

46



Thus,
'h,k"h,k is L=(O,T;F)-stable.

9. Applications to parabolic partial differential equations.

We shall study here a simple example. For other examples see Lions

[4]. Let $2 be a bounded set in&". We choose

H = L2@),

ihlv = d(n) = [u 1 u c L2($-l)' bx E L2(Q), i = l,...,n+J ,.
--.

n
a(t;u,v) =

c /
a

i,j=l R
ij(x't) i* q dx

j i

+ i$l I, ai(xY t, $* 'Cx> dX
i

+
/R

ao(x,t) u(x) 'W dx '

where a
ij'

aiY a0 E LOO(R x (O/T)).

e We assume that

Re f
i,j=l

in R x (0,T).

Then we may apply Theorem 1.1. There exists a unique function u which

satisfies:

&l a
at - f ax (ai,j(xYt)

i, j=l i
;+I + f ai(Xyt)  >&
j i=l i

+ +,t)u = f ,

*a. e. in R X ]O,T[, with the initial condition
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U(X’O) = uow ’

. .

and the (formal) boundary condition

n

c aij(xYt)
&A

i,j=l
cos (n,xi) r = 0 for x E F = &, t E ]O,T[ e

j

where n denotes the exterior normal to I' in x. This boundary

condition makes sense when r is smooth enough, see Lions-Magenes [6].

We examine now the approximation of the solution u.
--.

a) The spaces Vh:

Let 6, denote the set of points M egn such that

M = (elhl,...,enhn)

where the e 'si
are integers. Let ah(M,o) be the set of points

4
n

XE such that

.
h. h.

xi(M) - $ < xi < xi(M) + $ o

‘h., M denotes the characteristic function of ah(M,o). Let ah(M,l) be

defined by
n h.

ch(M,l) = u ch(M + 2 0)
i=l
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We define: Rh = CM 1 M '#h' 'h("'l) n 0 # $1 '

%\ :/ R(h) = U

ME:%

o;,(��oo)  l

Then Vh is the space of functions 3-l of the form
.1

If uh belongs to Vh, we ma$ define E$uh by

h. h,
~iyn(x) = + [\(X + $) - y1(X - -$)I a.e. in R ,

i

We set:

(“h’vh>h  = In(h) sex> p dx ’

(b/-h) )h =
/sz

"p.Jx) f$vh(x) dx .



We choose:

4
11,I u =

hl h c ( '. . . . . . .
n MeRh

d">wh M' for all u e L2(n),
'

where c = u in R

0 elsewhere.

Let F = [L2(n>]"*'. If U = (u,u,,..~,u,) belongs to [L2(S2)]n+1, we

set: u = ITU E L2(fl).

If u belongs to V = H'(n), we set:

a = (U’ 3U

ax,
,***y &I 4L2(n)]n+l ~

n

Now, we define the prolongation operator 'h k hf. 05>* If %,k
'

belongs to ~("'T;v& we may define:
.

\ ,b> = \,kbk)
'

+ (t-rk) vkuhk((r+l)k)  , rk < t < (r+l)k ,- -

uh ,b> = \,k((m-l)k)’

Then,

‘T- .k<_t<T .

‘h k\ ,b> = b-h ,bj’ “I~,k(t)‘“‘*‘“n~,ko) E [L2(QJjn+l.
' ' '

The verification of our Hypotheses is trivial and left to the reader.,

For other examples of spaces Vh, see CAA [2], RAVIART [71a

b) The forms a#;\,vh):

Let us assume that each aij (resp. ai, ao) has one continuous
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derivative in t which is bounded in $2 x (0,T) together with a
ij

(resp. aiY aoj itself. We choose:
. .

(9.1) "hb;%'+ =
I

aij(xYt) “j \Cx> Givh(x) dX

n
+
0i=

a. Cxyt> 'i yI(x) v,(x) dX
52 1

+
/

a (⌧,t)  yI(⌧)  v d⌧ l

R O

--.

We assume that Hypothesis (2.5) is verified (cf. Remark (ii) $1). NOW,

we compute N(h) and v(h):

1 %ct ;\Yvhj  1 5 21iall ( f Lj'y$l /, JGiyICxj  )26x)1/21vh'h
L=(R X (0,T)) i=l h:

+ Iboll I~(x)12dxj1’2  lvhi, ’

where a(x,t) is the euclidean norm of the matrix (aij(x,t)>i j=l, n'
. ' . . .'

Then,

(9.2) m-4 5 Plbll
Lm(Qx(O,T))

( 2 %y'2' ($lllaill>(,x(o,T)  ))1/212
i=l hi =

+ Ilaol12 v2
L%x(0,T)  >

- 1

’
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v(h) 5 2 llall
Lm(Qx(O,T))

We compute M(h) and p(h):

* 2 llai~l~~~Qx~o Tj)) '/'( f -$~'2\~lhlvhlh
' i=l h

i

+ Ila,ll
L=l~X(O,T) 1 b-hi, IvhI,  9

(94 Nh) 5 41141
L=(nx(b,r))

+ llaoll
LaD(nx(o,T)>

- (905)
n

CL(h) 2 4 lb\\ c
1

L03(Q~(),T))
2 "

i-l hi

aij(x,t) = ajio ,

the principal part of ~h$-&) is hermitian (see the remark

following Theorem 6.1),
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c) The initial values uh k(rk), r = O,l,...,p-1:
1

We define \,k(') by . .

907 \,k(‘) = o$o

where
O1: is a linear continuous mapping from L2(Q) (resp. f+(d'

D(A(0))) into Vh such that

(94 lo;uo \h 5 clboli
L2(n)

bespa (9’9) \“&oIh’ ll”~oll~  5 cbol~Hl(~j  ’

(9.10) lo&& l~“~OII,,  Iq,(“)o&o\h  5 clbollD(~(o))) ’

where C is a positive constant independent of h. If u. E L2(Q), we

set

(9.11) ok0 = 1

a hl
. . . ..h

c (1nMeRh ah("'o)
Go &jwh M ''

and (9.8) is true with C = 1,

if u. E H'(n) and if the boundary I? of 52 is smooth enough, there

exists an operator P ey(H'(n); H'($")) such that

Puo o in s2= u (cf. Lions [4]) .

Then we set

(9.12) oh0 = 1

hl* l -. l

h puo dx)wh M '
'

and (9.9) is true (cf. [7]).
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Let US examine now the case u. e D(A(O)), Generally we do not know

how to choose Oh such that (9JO) is true for all u. E D(A(0)).

However when u. 'belongs to an appropriate subspace W of D(A(O)),-.

it is possible to find Oh such that

For example, let SC 152 be the space of functions u such that

q& &L
x, 9 x, x,

E L2(n) , $3 = lyO-,n

We provide H2(Cl) with the following norm

II IIu 2 z

H (Q)
(II II

2
u L2(R) ‘+ ii1 ll~llL2(n) + !i ll&ll~2(J1’2  o":= ~j~~l

We define & )On
to be the closure in rs'c 152 of the smooth functions

with compact support in sZO Then if A(t) = =Q, H~(Q)CD(-Q) and

we can prove:

I’$, \h9 ll”>ollh’  IAh ‘$0 1 5 +011~2 (n > 9

w.h&e Oh is defined by ($11) (see [7])a

Then we define uh k(k),,eo,uh ,k((p-1)k) by one step difference
'

methods (cf, [7]). Now we can easily see that the consistency hypotheses

are verified,

It is very simple to state the stability theorems and the convergence

theorems corresponding to our example: this is left to the reader0
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