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ON THE APPROXI MATION OF WEAK SCOLUTIONS OF LINEAR PARABCLIC

EQUATIONS BY A CLASS OF MULTI STEP DI FFERENCE METHODS

BY

Pierre Arnsud Raviart

W consider evolution equations of the form

(1) %Q+A(t)u(t):f(t) , 0<t<T, f given,

with the initial condition
(2) u(o) = u . u given,

where each A(t) is an unbounded linear operator in a Hlbert space H
which is in practice an elliptic partial differential operator subject
to appropriate boundary conditions.

Let vV be & Hil bert space which depends on the parameter h.
Let k be the tine-step such that m= % s an integer. \& approxi-
mate the solution u of (1), (2) by the solution Uy x
(u,n,k = {u.h,k(rk) €V, r = 0,1,...,m-1}) of the nultistep difference
- schene

(rk) - ((r-1)x)
() R T mx ) i‘o 7y AR 1w ((r-0K)

b
= L) 71 fh, k((r_l)k) s r = P)°‘° .,m-l

(&) uh,k(O)',u-,uh,k((p-l)k) given






where each Ah(rk) is a linear continuous operator from Vh into Vh,
fh,k(rk) (r = 0,1,...,m-1) are gi ven, and 7,(4=0,...,p) are given
conpl ex nunbers,

Qur paper is mainly concerned by the study of the stability of the
approxi mation. The nmethods used here are very closely related to those
devel oped in Raviart [7] and we shall refer to [7] frequently, In §1,
2, we define the continuous and approxinmate problens in precise terns,
In §4, we find sufficient conditions for W to satisfy sone
a priori estimates. The definition of the stability is givenin §5
and we use the a priori estimates for proving a general stability theorem
In 56 we prove that the stability conditions may be weakened when A(t)
is a self-adjoint operator ( or when only the principal part of A(t)
is self-adjoint), W give in § a weak convergence theorem $8 is
concerned by regularity properties., W apply our abstract analysis to
a class of parabolic partial differential equations with variable coeffi-
cients in §9.

Strong convergence theorens can be obtained as in Raviart [7]

(via conpactness argunents) or as in Aubin [1]. W do not study here
the discretization error (see [1]).

For the study of the stability of nultistep difference methods in

the case of the Cauchy problem for parabolic differential operators,

we refer to Kreiss [3], Wdlund [8].







1. The continuous problem

W are given two separabl e Hilbert spaces V and H such that V C H,
the inclusion mapping of Vinto H'is continuous, and V is dense in H.

If X is a Banach space with norml || o We denote by 1P(0,T;X) t he

space of (classes:iof)” functiéns: £ which are LP over [0,T] with

values in X, provided with the usual norm (1< p < «):

<yTHﬂwﬁdt e
0

and the usual nodification in case p = o

For every t ¢ [0,T], we are given a continuous sesquilinear form

on VvV X Vi

u, v = a(t;u,v) , (u,v € V) .

V¢ assune that:
i) t - a(t;u,v) is nmeasurable (u,v € V),

ii) there exists a constant K such that

(1.1) la(tsu,v) | < K flully vl (wv eV, telo,T]) .

iii) there exist constants A, @ (&> 0) such that

(102) Re a(t;v,v) + Alvlg > dllvilg (veV telon]).

Then we have the following result (cf. Lions [k4])

Theorem 1. 1;
adven:
2
(1.3) f e L (0,T;H) ,
(l.ll-) u. € H .

0




There exists a unique function U satisﬁXing

(1.5) u € LQ(O,T;V) n L“(o,T;H)

T - T
(1.6) fo {a(t; u(t), 9(1)) - (u(t), 9'(t))glat =L) (£(8), @(£))y at

+ (g 0(0))y

for _every function ¢ satisfying

(1.7) Qe Le(o,T-;-V), o'e La(o,T;H): .@(T) = 0.

Remarks

1) The derivatives are tekeninthesense of distributions.

li) We may assume that A= O In Hypothesis (1.2) (Replace u(t)
b yu(t)exp(Xt),X a realnumberchosen sufficiently large).
111) We define V' to bethe antidual of V.Since v = a(tju,v)

is a continuous conjugate linear form onV, we may write:
a(tyu,v) = <A(t)u,v> for allve V, ’
/ / 2 / R
where A(t) e aC(V;V ). Then u' € L (0,T;V') 8o that u 1is equal a.e.
to & continuous function from [0,T] to H (cf. Lions [5]) and

equetion (1.6) may be replaced by

(1.8) w'(t) + A(t) u(t) = £(t), for a.e. t € [0,T],

(1.9) u(0) = u




In the following, we shall assume that the function t - a(t;u,v)
is once continuously differentiable for every u, v.eV. Then  pecause
of the uniform boundedness principle, -there exists a constant L such

t hat

(L1 12 et su) | <l Il (wvev, ©e o).

For the study of the approximation of the solution u of equation (1.6)

when the function t - a(t;u,v) is only neasurable, we refer to Raviart [7].

2. The approached problem

Let {Vh} be a famly of Hlbert spaces where the paraneter

h = (hl,,..,hn) is a strictly positive vector of R" such that

h| =h ++ R <ho,

h,> 0 being a fixed number. e provide each Hlbert space V, with
two scal ar products denoted by ( , )h and (( , ))h respectively.
W assume that the corresponding norns [Ih and || l\h are equival ent

and verify

(2.1) e(n) Juply < ol < cm) Il (o ev,)

where c(h) may tend towards + ® when h tends towards O.

Let 0o, be an operator belonging to "C(H3Vh) with

o, ul
h h<C

(2.2) lo.| - = sup —— :
we [l 1

ueH

wher e C1 I's a constant independent of h.
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For every t € [0,T], we are given a famly of continuous sequilinear

forns on Vh X Vh:

wovy = ey (tu,v) - (wovy € V) .

W assune that:

(1) t —»ah(t;uh,vh) is once continuously differentiable (uh,vh € Vh);

(ii) there exist constants M P independent of h such that

(2.3) | a, (5w 5v,) | < u HuhHh thnh ;

(2.4) T& e e <2 bl el

(i)

(2.5) Re ah(t;vh,vh) > «a th“f1 (vh € Vh) .

where o is the constant involved in inequality (1.2).

From (2.1), (2.3) and (2.4) we deduce that

- (2.6) la (3w ,v) |o<omm) hwly Twly s
(2.7) la, (b5u,v) | < m(n) by fl) lvh\h ,
(2.8) 18 (tsuuml < 2@ lul lvl .

Wiere M h), N(h) and P(h) may tend towards += when h - 0.
Mor eover M h), (N(h))2, P(h) have the sane order of magnitude when
h -0. W denote by p(h) and v(h) respectively the principal parts

of Mh) and N(h) when h - 0.




Let us introduce now a set of consecutive integers —coq . . .m

ERE

and the "tine-step" k = Ve define Ek(rlk, r k; vh) to be the

space of sequences LI of the form
2

Yk = {U’h,k(rk)’ ro=r,..

where each u, k(rk) bel ongs to Vi We provide E‘k(o’T.Vh) with the
) sV

two follow ng sequences of equival ent norms:

S LA (1< p <)
defined by

m-1 p \ 1/p

el = L, iy (20 (L<p<+)
r=
m-1 1) l/P

oy e = { Eo oy G2 L<p<),
r=

e =l (00l

IIy,kllh,k,«, _ sup Huh,k(rk)“h .

OLr<m-1
' Y,k © E (rk, ryk; V) , we may define

vku’h,k - {vkuh,k(lk) Tt e T - 1} e E ((r) + 1)k, 1k,V,)

by



(2.9) Viewn ) = § oy (o) - wp  (2-1)6)]

For every t e [sk, TI (s > 0), we define for all U pv € }4 :
(2.10) (Vg =) (u,v) o o ley(6u,w) - o (t-skiu,v)]

Vi introduce now fh,k € Eh(o,T;V ) by

(r+1)k
]

(2.11) fh,k(rk) = 0, £(t) dt.

==

rk

The following inequality is easily verified:

T 3
(2.12) A Cl@o le(e) 13 at> :

Let us consider now the "approached" problem

Probl em |:

Find Uy © Ek(o,T;Vh) satisfying

213 (Vo (0,%), * é} 7y a5y (()),,)
= E: 7y (fh ((r=2)K)s v ) T =Dje.., m-lg

for all v, €V

(2.18)  w (0), w9, sy ((p-1)K) given in V70,7ps +ens

are chosen conpl ex numbers.




Theorem 2. 1:

Assune that 7, is a real nunber > 0. Then Problem| has a unique

sol uti on.

Pr oof :

Note that the theoremis trivial for 7o = 0. Let us assume 70 > 0,

Then equation (2.13) may be witten

. X
wher e ah,k(rk,uh,vh) is a continuous sequilinear form on v, X v,

which verifies for all vy € V

h
. 2 2
(2.16) Iah,k(rksvh:vh) | > Re oy k(T v vy) 2 v I, + k7, @ v Il
2
2 Iy

and Fh,k(rk) is an element of Vh whi ch does not depend on u'h,k(rk)'
Then (2.16) is a sufficient condition for equation (2.15) to have a
uni que sol ution.

In the following, we shall always assume that 70 is > 0.

rRema.rks :

(i) W could slightly generalize by choosing other conplex constants
than 7.4,...,7 & in the left-hand side of equation (2.13).

(i) Let A(t)e "f(Vh;Vh) be the operator defined by

(0w, v))y = ey (b5 ,v,) (w v € V)

Then equation (2.13) may be witten on the equivalent form




(2.17) Vgm0 + £ 7y afle - O, (5 < 00

i zf;:o 7y T ((rom 1K), r=p...m- L

3. Sone Lenmss.
Lemma 3. 1:

We denote by E a linear space and by b(.,.) & sequilinear

hernmtian formon EXE Let ¢ be a mapping fromZk into E Then

(3.1) V. b(@(rk), o(rk)]

2Re b(@(rk), Vk o(rk)) - k b(vkcp(rk),vk@(rk))

2Re b(CP((r-l)k),vqu(rk)) + k b(vkwrk):v—kﬁp(rk))

Lemma 3. 2:

. _Let 9 be any scalar function defined on Zk, Then

T2 —
(3.2) K LV o(sk) = 9(rpk) - #(rk) .

=r.+
s rl 1

Lemma 3. 3:

Let @ be any real function defined on f{rk, (r;+1)k,...,rpk}. We

assune that the follow ng inequality holds_for all integer r (rl <r _<_~r2)

. r-1
(3.3) o(rk) + alrk) <C + = L ®(sk) s a(rk) > 0,

s=r,
L

where C > 0 and k, > 0O are given.constants. Then

0]

r-r (r-r. )k
(5.5) o) +atm) < QI+ ) TS Cem ()
(0]
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Lf we replace_for_all r inequality (3.3) by

[
(3.5)  e(m)+a(rk)<C  + £ T g(sk), olrk) > 0,
0 s=r +l

Then , for, k <k

O )

L rtr (r-r. )k,
(3:6)  9m) + alew) < ot - f—j-) I ¢ oexp (o1
0 6]

Al these lemms are obvious.

L., Aopriori estimites for the solution of Problem|.

Before establishing an energy dnequality for the solution W of
9
Problem I, we shall put equation (2.13) into a nore convenient form

a) Another formfor equation (2.13)

Equation (2.17) may be replaced by

(1) Ty (10 + (5 7)) hGem) (000
9 0 ’

+ k f} P, vk{Ah((r-Hl)k)uh k((r-£+l)k}
=1 ‘

]

wher e By = - i 7, L =100 p .
2=t

Assune that the operator Ah(t) is consistent with the operator A(t)
in a certain sense which will be precised later in §7. Then the operator
f‘, Y, Ah(t-zk) is consistent with A(t) if and only if

=1

9



(4.2) £

In the following, we shall assume that equality (4.2) is always verified.

Then equation (4.1) may be witten:

(4.3) vkuh krk Ah(rk u.hkrk) + k 21 B, Vk , k((l‘-“'l)k)l
+ z§:2 B, {Ah((r-l+l)k) - Ah(rk)} uh,k((r-£+l)k)

+ zil' By () = A (e} w , ((2-0)K)

= Y f
2=O£ h k

((r-£)k) .

W define

(b.b) v, . (rk) u.h,k(rk) +k li B, Vk uh,k((r-£+l)k)

20 7y wy (=2 )K) C b eresmel |

Hence another form for equation (2.13) is given by

10




(4.5) (Vi o (10, vy + ook vy L (5K), )

-k E (i-1) 8, '{V(z_l)k o) (5 uy ( ((r-241)k), v.)
& %
+ Kk é:l '8, {Vlk ah} (rk; uhgk((r-l)k, vh)

= lgo 7! (fhgk((r-z)k), vh)hg r =P;-..,m—1

b) The energy-inequality.

In the follow ng, D wi Il be positive constants independent

l,DQ’...
of h and Kk.

W replace v in equation (4.5) by v (rk) We obtain

(4.6) (_Vk u (K)y w () K i;‘, B, (“Vkuh k(rk);vkuh L (r=241)k))
) ) 1= . 9 9

+ a (rk; Vi, K (FE)s vy (7))
-k i (£-1) 8, {Vu 1)k (rk U x ((r-£+1)k), v i, k(rk))

+ k g%l 18, { Vtk a‘h} (rk; uh,k((r-l k), vh,k(rk))

- B oy (00, v @)yt e
Taking real parts and applying |ema 3.1 gives:

11



2 T 2
) Vb ol + &l Vi, @)l

+ 2k Ref ﬁ 5, (V,n, (%), vkuh o =14)%)) ]

+ 2Re o (rkv, L (TE)s vy (rk))

= 2k Ref § (¢-1)8, { v—(l_l)k- ah} (risu | ((r=£41)K), vy () )
=2 4 b

ceenel § gy 1V, o) G ((e0)6), v ()]
=1 o

+ 2Re{£i‘,o 7, (fhgk((r-!l)k), vhg (rk)l)1 }, r=7pre..om-l

Not e t hat By =751 is g real number. Then it follows fromthe

Cauchy-Schwarz i nequal ity and Hypotheses (2.5), (2.8) that

T 2 N 2
.8 Voluy, GOl o+ @res)x [V )l

<7 = 2
- Ekzézm‘el:lvkuhgk(rk)‘h lvkuhgk(<r'“l)k)lh + 20 ”vhgk(rk)Hh
<o) $ D)l ()l I,y 00l
=2 0 °
+ 2k P(h) f, tlg,l Iuh,k((r-l)k)lh Ivh,k(rk)lh

1=1

f -lk‘ k’ = © 00 -'l °
re Boingl i, (Goonl w00 0= e

12



2 2
W deduce fromthe inequality 2ab < a + b~ (ab real nunbers):

9) Vol 0l v (1= E gD x| Vi, (el

© 2 2
e B legl 1V (ol a0l

: 2 2
<(D,kP(n) + DQ}IEO oy ((z-£DK)| + Dy ;;:O | £, (-6

[ = Pyeeosym=1 .

Ml ti plying (;quation (4.9) by k and suming fromr=p tor =s

(p <s<ml) gives:

2 e & T 2
(k.10) luhgk(sk)‘hr + (142p -2 !_215}Z | ) K 'r=£p| kuh,k(rk)lh

s 2
+ 20k [ th’k(rk)nh
r=p

2

IN

-1
2 -—
RSP S ; s, | 2ﬂ |V (5) |

r=p- h

P T ,
* (Dp(n) + D) & 3 rgp-l ERCOIN

s-4

2
+ Dk Y |e (k)|
5l:o§ I‘=p-l hgk h

s-1 )
+ (DP(n) + D) k zi Lo oy ()

=0 r=p

13




Let us assume that there exist two constants Kl’ K, i ndependent of
h and k such that
(4.11) ‘uh,k(rk)th < Koo I =0yees, p-l

1

o BZ; 2

(k.12) K pz IV.u . (k)|” < K

= k h,k n — 2
V¢ consider now two different cases according to the sign of

1+25, 32 IE gl
=2
(i) 15% case: 1+28, -2 ﬁ lg,l >0
£=2
Let us assune that
2
(4.13) k(v(h))” < p
where p IS an arbitrary > 0 constant independent of h and k.
Note that (4.13) is equivalent to
: ! ’ /
(4,13) k P(h) < p° , p > O arbitrary constant independent
of h and k. Then, because of (2.12), we obtain:
2 2 S kS, 2

() oy (@l Gres, 2 F ol D 210,01,

8 2
Z luh,k(rk)lh )

- 2
+2e k] vy ()l < Dy + Dok
r=p ’ r=p

S = Pyreesy m |

1k




By applying |emma 3,3, we find for kD

<1 and for every s (p <s < ml)

p)
the followi ng energy inequality

2 s N 2
(4. 15) Iuhg k(Sk”W + 20k r;p I, k<rk)|lh < D), exp(Dg(s-p+1)k)
< D4 exp(Ds(T - pk))
(ii) 2" case: 1+231-2§ Iﬁzl < 0
=2

\\ give an estlrrate for |\7k uhlé k)l =Py...y m-1, Which is

obtained as follows: W replace v, in equation (4.5) by Vkuh k(rk)-
2

Applying inequalities (2.7) and (2.8) gives:

(.16) Vit @0y < 1)y 0l

kR B Dlay | ey (n s D0l

+ K P(h) i tleyl Ty, y (Ce-t)ie) | {_ﬁo 7yl 18, (G- |

Then
= 2
(4.17) IV i, 0y < @) (1 4 ) I, ol

+ (pg + %7- ) K5 (P(n)) f Iuh k((r- )k) |2h

D 2
9 3

where & > 0 may be chosen as small as we please. Assume that Hypothesis (4.13)

is verified. Hence we deduce from (4.10) and 4.17):

15



2
(4.18) oy, () |

s 2
v a2 %o, | - 28,-1) k(8n) ) (woN] v, ()|

. r=p

4=2

S 2
SPo ¢+ P krgp Iuh,k( =)l

Let us assume now that

2 e
(4.19) k(N(n) )° < a -

2 )y lg,l -28, -1
il L

Then

2 - s 2
(4,20) Iu.h’k(sk) |h +2ad° Kk rZ::p ”vhgk(rk)nh

S

2
< Dyt Py kr:p£ luh,k(rk)lh

By applying lemma 3.3, we find for k D, < 1 and for every

s (p<s<m-1) the energy inequality

2 s 2
(k.21) Iuhg k(Sk)L_ +2@[52 K rZ::p “vhgk(rk)uh

< DlO exp(Dll(s-p+l)k) < Dy, exp(Dll(T-pk)) .

Note that (4.19) inplies (4.13). Wen k is snmall enough, we may replace

condition (4.19) by

16

8) .
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6/

(4.22) k(v(n) ) <
) 5 18, - 28 - 1
1=2

where ' > 0 is arbitrarily small.

Thus, under sone appropriate assunptions, we have obtained an

energy inequality for any value of 1 +2p, - ﬁ Iﬂzl . Let us assune
£=2
that there exists a positive constant K5 i ndependent of h and k such

t hat

- P- | 2
(4.23) kr:Eo I GOl < ks

Ve define Vhok © E, (O,T;Vh) by

(4.24) ik T {uh,k(rk), ['= 05euey P-1, vh,k(rk), T = Dyeso, m-l}

Then we have proved the following result:

Theorem 4. 1;

Assunme Hypot heses

(k,11) luhg k(rk)hl_< K, [ =0yueey p-1
2 p-1 = 2

(k.12) k r>=:1 AACC. O N
p-1 2

(4.23) krgo Huh,k(rk)nh < Ky

There exist positive constants E ,E, independent of h and k such

t hat

17



(L.25) |uhg,k-~|h-,k;m < E

in the tw follow ng cases
(i) 1%% case: 1+2ﬁsl-2£:2 lg,| > o,

2
(4.13) k(v(n))” < p
Gi) 2°% case: 1+2sl-zf‘,2 lg,| < o,

2 2a 5’ / : .

(5.2 ) k(v(h))™ < - - , 8>0arhitrarily

zilﬁzl-eal-l

=2

smll, k small enough,
Remar ks:
(i) It is easy to deternine {uhg ((T8)s r=0,. .., p-13 ; verifying (4.11),

. (4.12) and (4.23) by two-level difference schenes: See Raviart [7].

(ii) If the operator Ah(t) i s independent of t, P(h) = 0 and

Hypothesis (4,13) may be suppressed.

18




5. The Stability Theorem

Let X be a Banach space with norm || Hx' For every {n,k}

(Inl < hy» k <kg)let P be an oper at or °f’<(Ek (0,73, )3 L"(0,T;X))

h,k
such that Pk uh,k(t) is defined in X for all t e [0,T] and all

Uk € Ek(o,T;VhA) : Ph K is called a prolongation operator.
9

Definition 5,1:

Let Uk be B2, _wution af Psoblensi.a i d t oo b e

9 9

L (0,T;X)-stable if_ there_exists a constant C > 0 independent of h

and k such that:

||Ph)k uh,k(t)ux _< C ’ fOI‘ all t € [O,T],

for all {nx} ([nl < 0k < x)

O)
Let F be a Hlbert space such that His a closed subspace of F.
Let = denote the projection operator fromF onto H For every
. ©
{h,x}, let Phgk be a prolongation operator of of (Ek(O’T;Vh‘)3L (0,T;F)) .
Then h,k = x o Ph’k is a prolongation operator of af’,(Ek(o,T;Vh); 17(0,T;H)).

W assune that

:(5.1) ||Ph’kuh’k||L2(O,T;F) < Cg Huhg k“h,k,Q 9
(5.2) teﬁgf)T] HQh’k uh,k(t)“H < G Iuh,klh ke

for all Uk € Ek(o,T;Vh) » where C, and C5 are positive constants
I ndependent of h and k.

Then the follow ng result-can be deduced from theorem 4.1.

19



Theorem 5. 1;

Assune Hypotheses (4.11), (k.12), (4.23), (5.1) (5.2). Let W, , be

®
tel ution of Problem!. Then § %, , 1is L (0,T;H)-stable and

. P2 . .
P -V remains 1N & bounded set Of- L (O’T;F) _I n the tV\p fOI I ow ng
h,k” Vh,k enas in & ded s¢

cases:

(1) 15 case: 1 +2p, -2 ie By > 0
£ =

(413)  xk(v(n))® < p (No restriction if A(t) is independent of t),

iy 2™ case: 1+2p -2 L l8f] < o,

Qa 1 . .
(k.22) k(\’(h))2 < - 8,8 >0 arbitrarily

2 ¥ lg,l-28 -1
zg:z £ 1

smll, k small enough,

b. The Hermitian Case:

Let us assune now that for every t e [0,T] the sesquiiinear
forma(t;u,v) is hernmitian (i.e. a(tju,v) = a(t;v,u)). SO W

" choose the famly of sequilinear forms ah(t;uh,vh) such that

(6.1) a (30,7 ) = oy (t5v,u) (u, vy, € Vp» t €l0,7])

Then it is possible to weaken condition (4.22) in case

1+251-2§2 Iad\ < 0

20



S —_— z
First we give a new estimte for g Iv ~(rk)|h,

a—

p<s<ml. & repl ace i in equation (4.5) by thk(rk)‘
p— 2 —
(6.0 1V (] + ey (e (1), Vi, (75))

S ARNCER SRNICU DI ANCY
=1

(RS (Vipay o) (s g ((r-442)K0, Vi ()
1=2 '

ik R o, 1Y, e ) (o wy (G-006), Vi (5)
=1

- By gy (G, Ty 0) el

1=0

From (2.1) and (6.1), it follows that

(6.3) ORe a.h(rk; u.h,k(rk), vkuh,k(rk) ).

= vkah(rk; uhgk(rk)’ u'h,k(rk))
bk e (g Vy (), Vo (r)

_ {Vkah} (kg w, (1)), w (1))

Taking real parts in equation (6.2) and applying identity (6.3) gives:
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(6.4) Ivkuh,k(rk)li 3 Vi (o (6), w () )
+ g (1428, ) & (rk; Vkuh k(rk), \V/ o L (7))
+ k Re {ﬁ ) elris Vo, (Gets)), Vi | ()]
- 3 V) G5y (1K), (1K)

< x B0 B ) gl fu, , (0] ¥ )|
+ e RhE eyl by (G0l 1Ty 0l
o Bl I, (00l 1T, 00

Hypotheses  (2.5) and (6.1)-imply t hat

(6.5)  lop(tsmsv)l < (o (b )2 (o (b3v, v )% 5 (apovy € )
Hence

(6.6) 2lay (tsu v )l < e (5w ou ) + ey (657 5v)

By using (6.6), (6.4) becones:
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— 2 —
(6.7) 2| Vi (01, + Vi (ks wy (), w | (k)

+ k(1428 - f; 18, 1) & (rk; vku’h,k(rk)’ _Vkuh,k(rk))

< B oley l e (o Vo (Gerrn), Vo ((ets1)i)

- Ve ) Gy (DK, (1K)

D12

— 2
< 1Vl ¢ 2 e Dy (e00]

2

D
13 _
= é}) EC )k)hl ; r=mp, ..., ml

where € > 0 may be chosen as snall as we please.
Using (2.6), nultiplying (6.7) by k and summing fromr = p tor=s

(p <s < ml) gives:

(6.8) . (2-kM(n) ( f)_ 1By | - 28, - 1) - ) k }: l Vkuh k(rk)lf1

t e (sky w (k) u ) (sk))

-k fj {Vkah} (ersuy ( ((2-1)k), wy o ((r-1)K)
r=p
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< e ((p-1)k; uy ,k((p-l)k), uhak( (p-1)k)

-l 5 °

+ D;), kM h)kr=§ | Vkuh,k(rk-)l‘ﬁ
2 2 2 ) -
. —‘]'é— k= (P(n))  k zg‘/l Er___l-,uh ,k((r-l )k)]h

i S 2
+ == kn:o ré)p \fh,k((r-z)k)lh

Let us assume that

2
(6.9) k M(h) < (L-38) ,

2), Il -2p8-1

where & > 0 is arbitrarily small

W can choose € = &, Then equation (6.8) becones

s 2
(6.00) kT 1 Vu WL 4 Lo (a0, (58)

- r=p 4
< § a,((p-1) (1)), o ((p-1)k)

E—I V* 2
+D)g k r=11 W k(rk) lh

fE ok D Ve Gy (-1, vy ((2-2)K))

r=p

ol ol s ok B le
+ D k rk + k f. r s
16 rgo Y,k 0 17 € & Pk Y

wher e Dl5’ D gs D17 depend on 5 .
2k



V¢ deduce now from (4.10) and 6.10):

(6.11)

But

y) 8 2
(sk)|  + 2 ak [ v, (zx)]
|uh,k h r=p h,k h

<@l lg,| - 28, - 1)k [% o, ((p-1)i5wy | ((p-1)k), o, 5 ((p-1)K))
=2

Pl = 2 S =
# Dypr k| Vi p ()l £ krgp-{Vkahﬂrk;%,k(<r~l>k>’uh,k<<r-l>k>)

s-| o s 2
+ Dig ;;ijO luh,k(rk)Lh Dy Kk L lfh,k(rk) lh]

r=0

T Vg ()|

2 2
+ -1)k + k I8,
luh, k((P ) )P|1’~ ‘é yi rep-f +1

p-1 2
+ (b, kP(h) + D,) kél T zluh ,k(rk)‘h

I‘=p—

T e ol
+ DJk i f rk)

s-1 2
+ (D, kP(n) + D)) k zi L luh,k(rk)lh .

=0 r=p

2
an((e-1)ks v ((p-1)K), w  ((p-1)K)) < M(B) fuy ( ((p-1)) |

=5 2
|V (s, (00, (200 < B0y ()]
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Thus because of Hypotheses (k.11), (4.12), (6.9), we may write:

| 12 ) :
uh,k(Sk) L + 20k 2; |hh,k(rk)“h
(6.12) r=p
. .
5D18+Dl9krz=:p Iuh’k(rk)lﬁ, p<s<m-1 .

Hence for Dl9 k<1l

(6.13) I,l.Lh,k(s,k)lf1 + eakrgp ‘Ivh’k(rk)\li < Dig exp(Dl9(s-p:+1)k)

< Dyg exp(D o(T-pk)) .

-

Note that we may replace condition (6.9) by

(6.14) k u(h) < 2 Y ,

2p|B|2B 1
Lo Pl - 28

where 6 > 0 is arbitrarily small and k is small enough. Then we

have proved the follow ng result

- Theorem 6.1:

Assume Hypot heses of Theorem-5.1 and, in_addition, _Hypothesis_(6.1).
P

Assume that 1 + 28 - 2 ZE |8,| <o. Then a sufficient condition

e - 1 = 2

@ . .
for Ry k% to be L (0,T;H) - stable aP 4 Vit 4 to T .e mal n

in a bounded.set _of L2(O,T;F) is given by

7

-8’, & >0 arbitrarily smll,

(6.14) k u(h) < 2
|Bl| - 2Bl - L k

2 smal | enough
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Remar k:

W could slightly generalize by replacing alt;u,v) by a(t,u,v)

+ al(t;u,v) wher e al(t;u,v) is a continuous sesquilinear form on

V xH and the function t - a“(t;u,v) is once continuously differentiable.
It is easy to see that the results given above remain valid in this case

(cf. RAVIART [7]).

7. A weak convergence theorem

W exam ne now the convergence of the solution Uk of Probl em
| towards the solution of equation (1.6) when h and k tend towards
0. W shall only prove a weak convergence theorem

Let = be an operator of L (V;F). Let ¥ denote a dense subspace
of Vand let r_ Dbe a linear mapping from} into X Under the

h
assunptions of Theorem5.1 or Theorem 6.1, we may extract a subsequence

{u,n k} from {u.h k} such that
1'"1 ’

. 2
(7.1) P v >U weakly in L (0,T;F) ,
hpoky hysky ’
(7 :2) Q . % . —u  weakly in L7(0,T3H)
"1 1L

when h and k tend towards O.

Now cl early P - U weakly in L2(O,T;F) and u = n. U Then we

1%
assune that:

(7.3) u e LE(O,T;V) , U=mu .



Let ¥(t) be a scalar function once continuously differentiable in

[0,T7] with ¥(T) = 0. W assune the follow ng consistency Hypotheses:

: 2
| f Ph,kuh,k_’mu weakly in. L (0,T;F), then

(
mr
2 T
(7.4) < kIZ_r a.h(rk; uh,k(rk), \&r((r+r2-l)k)rhw)—>‘l;J a(t;u(t),v(t)w)dt
1
\

wher e r, and r, are positive arbitrary integers independent
of k; ((7.4) means that A (t) is consistent with A(t). Then a
D
necessary and sufficient condition for z y Ah(t—lk) to be consistent
£=0 !

. . b _
with A(t) |SES;7£ -1)"

It Q KW ox = U weakly in Lw(o, T;H), then
) 2

(7.5)
me, _ T
k2 (g, (ok), Vi ((ea))r,w), - j{; (u(t ) Wt et
r=r, ’
me, T
- (7.6) k Z (fh k( (r+r2-l)k), w(rk)rhw)h _>‘/; (f(t),w(t)w)Hdt ;
r=r1 2
(7:7) (uh’k( (p-1)k), ¥(pk)r, w), - (u_,¥(0)w)y

for all we 2%

Theorem 7. 1:

Assune Hypot heses (7.1),...,(7.7). Then Ph,ku'h ey weakly in

2 . © '
L7(0,T;F), Qh,kuh’k - u weakly in L (0,T;H), 'where 0 g denot es
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the solution of Problem!| and u denotes the solution of equation (1.6).

Pr oof :

V¢ deduce from (2.13):

m-1
(7.8) k3 (Vi (mK), ¥(xk) nw), +
r=p ?
"t rz-:p =  ((r-2)k v, o ( (r-)K), ¥ (rk)r,w)
=k Z ,k( (r-!),k),\lf(rk)rhw)h
r=p [I=0

It is easy to see that
m-1 m-1 —
1.9) kT (Vi v Gdrg, = ok T Gy 4 (%), Vy((er))m),
=P r-p ?
- (o ((p-2)x), ¥(pk)r, ),

Then (7.8) may be witten

(7. 10) -k Z U’h . (rk), VW((Hl)k)r w)

r=p
m-£-1
+ k Zb 7, rzg_l a.h(rk,u.h k(rk), V((r+8)k)r w)

P m-2-1

= X z‘i:o 7, r=§_£ (fh,k(rk),\l’((rﬂ)k)rhw)h + (uh,k( (p-l>k)’¢(pk)rhw)h°
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— : 2
If h and k -0, Phl’kl uhl’kl ->mu weakly in L7(0,T;F) and

th,kl bk weakly in L7(0,T,H). So u satisfies

T - T
) [ ey + a5 uw v = [, v
+ (uO:W)H W(O) 3

for all we?2% It follows fromthe density of 2%in V that (7.11)
is true for all we V. Mreover the space of functions Z VvQ@W

(£ denotes a finig"e sum), v e Cl(o,T) with ¥(T) = o, weV, is
dense in the space of functions ¢ satisfying (1.7) provided with the
norm (fT (llcp(t)l|$ + Hcp’(‘c)l]fI d’c)l/2 (cf. Lions [4]). Then u satis-
fies (1.02). W deduce from the uniqueness of the solution u of (1.6)
t hat Ph,kuh,k - ou weakly in LE(O,T;F) and Qh,kuh,k - u weakly

in 1 (0,T;H).

8. Regularity t heorens:

a) The Hermtian Case:

For every %t e [0,T], we are given a continuous sesquilinear form

a(t;u,v) on V X V with the follow ng hypotheses:

(i) t - a(tju,v) is once continuously differentiable in [0,T](u,v € V);
(i)  altsu,v) = a(t;v,u) (u,v e V);

(iii) a(t;v,v) + MIVH?I > aHvH‘gf a>0,veV,
Then we have the following regularity theorem (LIONS [L4])
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Theorem 8. 1:

G ven:
(8.1) f e LE(O,T;H) :
(8.2) u eV

There exists a unique_function u satisfying

(8.3) u e L°(0,T;V) ,

(8. 4) i u' e L2(O,T;H) ,

(8.5) u'(t) + A(t)u(t) = f(t) , for a.e. tel0,T],
(8.6) u(0) = uj

Remar k:

For a slight generalization see the remark follow ng Theorem 6.1.

For every t ¢ [0,T], we are given a famly of continuous ses-
qui linear forns ah(t;uh,vh) on V,x Vv, as in §6 (i.e. satisfying

Hypotheses (i), (ii), (iii) of § and Hypothesis (6.1)). Let

uh,k € Ek(o,T;Vh) be the solution of Problem!| and let us assume now
that there exist two positive constants Ku, K5 i ndependent of h and
k such that

(8.7) luh,k(rk) lh’ Huh’k(rk)Hh < K, T = Oyeecces ,p-1 .
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(8.8)

Theorem 8. 2:

Assume Hypotheses (i), (ii), (iii)_of_§2 and Hypotheses (6.1), (8.7),

p"l — 2
K le Vien, i (%) I < Xs.

(8.8). JThere exist tw positive constants Eg E, independent of h

and k such that

(8.9)

(8. 10)

”“h,k“h,k,w ’ -lun,k‘h,k,wsEi, ’

m-1
€ L Vi () Iy < By

inthe two following cases

(i) 13! Case:

(4.13)  x(v(n))®

d

Giy 2"Y case:

1+251-2}If2\5,|20,
i=

< p (No restriction if Ah(t)

P
1+028 -2 |§e l8,1< 0

2 /

(6.14)  xu(h) <

Pr oof :

(i) 15! case:

Theorem 4.1 gives:

D
2 B, |-28.-1
2 1Py 128

P
1+28 -2 ; le, |=0

32

b4

i's independent of t),

-5, ®'>0arbitrarily smll,

k snall

enough .




(4. 25) N P

Inequation (6.4) is true and we deduce for p <s <m- 1

S —
(8.11) k Y lvkuh,k(rk) \i + 22‘- a, (sk 3 u‘h,k(Sk)’ uh,k(Sk))
r=p

roj =

+ l% (1 +2p, - li lBle r;pah(rk ;vkuh,k(rk),vkuh,k(rk))
L el s Vo il (002000, P ((eotene))

P
l; le, |k

. S
(oL 5w ((0-10), vy ( (0-1)) + 2 % T Jhy (1))
r=p

-

<
+ k P(h) li(l-l) lBl l k Z lu‘h,k((r'“'l)k) ‘h ‘ﬁku-h’k(rk) lh
= r=p

S .
T Ty (Gmtd) Ly | Vi, ()

r=p

+ k P(h) Iil tlg,lx
p 5 ¥

5 e ¥l (o0l 1Ty, @0l
=0 . r=p ’ ’

But

ah(rk ; vkuh,k((r-t+1)k), vkuh,k((r'Hl)k))

= o (Cr-pe1)ie s Vi (G-t01)x), Ty ((-251)6))

+ (£-1)k { V(,_l)kah} (rk ; ?kuh,k((r-ul)k),ﬁkuh,k((r-m)k)),
and
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i{ v(l-l)kah}(rk H \—7kuh,_k( (rr-l+’l)k), vkuh,k( (r-2+1)x)) ‘

< 2() |V, (G-pa)0) |

Hence we deduce from (8:11), Hypotheses (4.13), (8.7), (8.8) and (4.25)

that for p <s<m-1and k small enough.

(8.12) kY lvkuh,k(rk)hel * a”“‘h,k(SR)“fl
r=p
s-1 )
~ <D +Dk ¥ Huh,k(rk)”h =
r=p

Then applying lemma 3.3 gives the first part of the theorem

P
(i) EndCase: 1+251-2 22|52|<o
I=

The second part 'of the theorem can be easily deduced from inequality

(6. 10).

. Remark:

It is easy to deternine {u.h k(rk), r = O,...,p-1} verifying (8.7)
J

and (8.8) when u € V. See RAVIART [7].

Let us assume now that (cf. $5):

(8.13) 7 POl < el e
4 5 m-1 — 2
(8.14) “E‘E Qh’kuh’knLE(O,T;H) < 051{1;L Ivkuh,k(rth s

3L




for all u .
n,x € Ek(o,T,Vh), wher e C), and C

i ndependent of h and k.

5 are positive constants

Theorem 8. 3:

be the solution of ProblemI. Under the assunptions of

L e tY,k

Theorem 8. 2_and, _in_addi ti on,_Hypot heseP, (8.13), (u L), y is

© d . . 2
L (0,T;F)-stable and = Q.n’kuh’k remai ns i.n a bounded set of L (0,T;H)

in the tw follow ng cases:

P
- t
(i) 1% Caser, 1+ 28, -2 B,|>0
17 Case, 1722, P

(4.13) K(v(n))° <p (Norestriction if A (t) is independent of t)

P
(i) 2" case: 1+ 28, -2 Bl <o ,
_ 3

|&

(6.14) N-44 < 5, 8 >0 arbitrarily smll,

’) -
D
2 22 ‘51\'251'1 k small enough .

If, in_addition, the assunptions of Theorem7.1 are verified, then

Ph,kuh’k >3 weakly in L (0,T;F) ,

d . du . 2
4 - 1°(0,T;H
7 Yk Y <&@ weakl y i (0,T;H)

in cases (i), (ii).

b) A general regularity theorem

For every t e [0,T], we are given a continuous sesquilinear form

a(t;u, v) on V xV with the follow ng hypotheses:
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(i) t - a(t;u,v) is once continuously differentiable in [0,T] (u,v ¢ V);

(ii) there exist constants A, a such that
Re a(t;v,v) + x\lvlli > O‘HVU\E, , A>0, Vev.
Let A(t) e L(V;v’) be defined by
a(tiu,v) = < A(t)w,v > (u,v e V)

W denote by D(A(t)) the set of all u in V such that A(t)u ¢ H.

W provide D(A(t)) with the norm

elyags 1y = Clulle + llaco)alBY2

Theorem 8. 4:

feti be given satisfying

(8.15) f e LQ(O,T;H), f' e LE(O,T;H) ,
(8.16) u e D(AO)) -

There exists a unique function u which verifies:

(8.17) u e L7(0,T3V) ,

(8.18) U E 12(0,T;V) N L0, T;H)

(8.19) u'(t) + A(t)u(t) = f(t) , for a.e. t e[o0,T],
(8.20) u(o) = u

For every t e [0,T], we are given a famly of continuous ses-

quil'inear forns ah(t;uh,vh)’ on v, XV, as in § (i.e., satisfying
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Hypot heses (i)/, (ii), (iii) of §2). Let Uk © Ek(o,T;Vh) denote the
solution of Problem | and let us assume that there exist five positive

constants Kg,...,K i ndependent of h and k such that:

0]
(8.21) oy, (75 1yl )y <Kgy 2,000 @OTG
(8.22) |4 (), () |, < X r=0,..,p-1
(8.23) \—V-kuh’k(rk) |y, <Xgs r=1,..,p-1 ,
N >
(8.24) R ANNCIRE S A
(8.25) K Pzi Vs w01 < K

Moreover |et us assume that:

if th,k“h, Ko S bounded by a constant independent of
(8.26) h and k (vh . defined by (4.4) and (4.24)), then
2
1
‘ lluh,k\lh’k,z has the sanme property. (1)

Theorem 8. 5:

Assune Hypotheses (i),_(ii), (iii) of §2 and_Hypotheses (8.21),...,(8.26).

There exist four positive constants E5, ..... »Bg i ndependent _of h and

k such that

(1) Hypothesis (8.26) is trivially verified when Theorem 7.1 may be

applied and Hwh I < cille.w | , for all
k'h,kx,2 = 2" h.k h 2
o Y. e e ,kLt(O,tT;'F)d dent of h and
L (0,T3V,), where ¢/ is a constant independent o an
k.
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(8.27)

(8.28)

(8.29)

(8.30)

LN I NN AEAPIPIN LN
‘Ah(')uh,k('>‘h,k,9 < Bg o
l<7kuh,k(rk)\h < Eﬁ , Y =1,000000 ,m-1

m-1
k rgl Hvk"h’k(rk)ni S E8 ]

in the two followng casess

Y
(i) 1°° case 1+2e-2;2\3|>o,
_ - 1 - =

(4.13)

(ii)End

(4.22)

Pr oof

k(v(2)® <o

D
Case.: 1+28 -2 B, <O
__Gase: -2 ) Il <o,
x(v(n))” < 5 a -%, 6 >0 arbitrarily smll,
’ ;g; I8, 1-26,-1 k small enough

First, we may apply Theoremk,1 and, in cases (i), (ii), we obtain:

(8f51)

(8.32)

N I

I, il 5 2 < Bo -

W deduce from (8.26) and (8.32):

(8.33)

oy iy g, 2 < B2
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Then a "discrete" differentiation of equation (2.13) with respect to t

gi ves:

— p . -~ —
(8.34)  (Viu  (rk),m)y + &7 oGt s Gy (@-06), )
P —
+fz‘—v‘o 7y (Vieay} (Gr-0)k5 vy ((r-24201),v,)
p —
= IZO 7, (kah,k((r")k)’vh)h sy T ED A Llyeee.. ,m-1 .
W put (8.34) into a more convenient formas in §b.b,
(8.3) (Vg v (x)w)y + sy s vy L (1))
p = —
-k 3, U By IV ) (5 5 Vi, ((-242)K), )

7y ) (065w, (o120,
)Y —
= ;O 7, (kah,k((r-z)k),vh)h . T =D F 1,een.. ,m-1

W replace v, in equation (8.35) by vkvh k(rk). V¢ obt ai n:

h
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—_— — P —
(8.36) vklvkuh,k(rk)hzl +(L+2p) - zgz g, 1) k\Vi u.h,k(rk)li

jY — -—
RPN \va w  ((r-240)K) |2 4 20 |G v x
, &5 2 S 2
< (DBKP(h) + D’+) 1;) ‘vkuh,k( (:r'—!)k)lh + envkvh,k(rk)uh
+ D5(e) g;) Hu.h’k((rn!ul)k)uh + D¢ IZO ‘kah’k((rml)k)lh 5

T = Pptlyeseas ,m-1, where ¢ > 0 may be chosen as small as 'we please,
Multiplying equation (8.36) by k and summng fromr = p+tl to r = S

(p+l1 <s < ml) gives:

(8.37) \ﬁkuh 4 (5K) li t(1+2p -2 i& g, NS ﬁiuh 1 (7%) \;"31
’ = r=p+l )

S — . 2
+ (2a-¢) k r=§+1 HVth,.-k( k)\\h

= P P o=
= \vkuh,k(pk)\i + 2);2 I, | . Zz 5 lviuh,k(rk)li

p=- £+

| 2 D S 2
+ (DBKP(h) + D))k 121 r=p};z+1 |vkgh’k(rk)\h

S S

o _ p
+ D ko )} Y ‘kah’k((r—l)k)\i+D5(€)k zzb 3

=0 "Tr=p+l r=pt+l

oy 5 (o 2-1))

-4

2

0

+ (DBkP(h) + Dh)k

Y — o)
| Vou, (=) ]S
s Vi h, k h

r=p+l1




It is very easy to prove (cf. RAVIART [7]):

m-1 — o 2 T , 2
(8.38) k rgl \Vk fh,k(rk) |h <0 j; |\ (t)HH at

2 LR
(8.39) I8, ly ;es2C (-f @G at + Tf@ lle (o)l at) .

Then, it follows fromthe inequalities (413), (8.21), (8.23), (8. 25)
(8.33) and (8.38) that

= D N2 e =2 2
(8.40) lvku,ﬁ,’k(sk) \i + (1 + 2, - 2 A\th)k rr—%;l\vkuh,k(rk)\h

S S 2
20
+ (2a-¢)k r__;_lnvkvh,k(rk)“h

— P a—
<2 1T @01] #3318, 11T, 2015 + g

ST 2
+ Dk Y | Vi w, (), S = pHlyeenen ,m-1

r=p+l

Now,

21T w, 012 < 21V (@I + AT, (-0 |5

An estimate for \vku;h k(pk) lh is obtained as follows, Equation (2.13)
bl

gives for r = p:
Vi, B < - 7, Re (o 5wy o (01), Vi, o ()
3 ‘ P
+ [tgl 17| 14, (G-2)6)wy  ((o-20) |y, + ;O 7,115, ((o-23) |, ]
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But

ay (pksuy o (KD, vkuh"k(pk) = ap(pksy, | ((p-21)K), vkuh’k(pk))

T 00, T 00,

and
-Re & (pk;u, ) (oK), Vi, o (oK) < 18 ((-1)k w3 ((e-1)6) | | T, o (oK),

+ k P(h) Iluh,k(»(p—l)kllh\vi{uh,k(Pk)lh “

Hence,

(8.11) |V, (o) |, <y 18, (1) vy ((p-2)) |y
b
+ f:lhzl |4, ((p-2)x) v, (((-2)6), + t;o 7,1 |2, ((e=2)) |y

+ k P(h) Huh,k((p-l)k)llh .

Then the inequalities (8.21),(8.22), (8.39) inply that Ivkuh k(pk)‘h

i s-bounded i ndependently of h and x. So (8.40) becones:

(8.42) ‘vkuh’k(sk)li + (1%251_2 i lBlee ,Zl \Vi u«n,k(rl\:)"lfl

S S

= o) = 2
+ (2a-¢)k f=§+1 I vkvh,k(rk')"h < Dlo ‘+ Dg k r=§'+1 \‘Vkuh,k(rk)klhs

S = P+l,¢o-,m"l' o

42




0

(i) 1" Case: , 1+28 -2 |le20

4

By applying lemma 3.3, we find for kD9<l and for p+1<s<m-1

8.53) |V, ()2 + (20-6) k T [V, ()l

r=p+l
< Dy exp (Dg (T-((p*1)K))) .

But

-

Olllvl\:"hgk(lbk)Hfl < Re g, (9k; Vv, i (86), Vi, o (o) < (k) |vkvhgk(pk)|i

_ p-1 _
< D, M(n) ( |Vkuh’k(pk) Ii + rgl | Vkuh,k(rk) |}21> '

Thus, because of Hypothesis (4.13), k“vkvh,k(Pk)Hi i s bounded
i ndependently of h and k.

Then we find

(8. 44) | vkuh’k(rk) 5 <o, r=1,ee.,m-1 .
m-1 __ o

(8.45) k zl ”vkvh,k(rk)“h <Dy

(i) 2™ case: 1+251-2[i|31|<0

W deduce from (2.4) that
(8. 46) 1= ag(tsmy )l < Q) ol Mwly (o e w)
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where Qh) has the same order of magnitude as N(h) when h - 0. To

. . =2 2
obtain an estimte for \Vk u k(rk)lh, r = ptl,...,m-1, We replace
J

v

L, in equation (8.35) by -v-i ) k(rk) and apply inequalities (2.7),
(2.8), (8.46):

Wi Uh,k(rk)‘h < N(h) Hvkv‘h,k(rk)“h +k P(h) ti (2-1)]levkuh’k((r-£+l).k)‘h

+ k P(h) i I‘Blllvkuh,k((r-l)kﬂh + Q(h) ;—}‘o 7,1 Huh,k((r-l-l)k)nh

P
NEAIERICHBIN

Usi ng Hypot hesis (4.22) and by the same device as in §4.b,(ii), this
gives (8.4k4) and (8. 45).

Now, we have:
vy 1 (TK) = u ki(p-l)k) +k ) %"h 1 (5K)
3 s s=p 5

This identity inplies that

'because of the inequalities (8.32),(8.45) and (8.21).
It remains to show the inequality (8.28). This is a trivial con-

sequence of equation (2.17) and inequalities (8.22), (8.39), (8.k4),
This conpletes the proof of the theorem
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Remar k:

It is easy to determ ne {u.h k(rk), r = 0,...,p-1} verifying .
J ,

(8.21),. . ., (8.25) by two level difference schenes when u, € D(A(0):

Ve choose , (0) = Qu, with whe o Tl

oL Ry

; Hlo] lh’ “O/ uonﬁ’\l h(o) 7 u ‘ < Cl Hu HD(A(O)) s
and apply Theorem 8.5, with. p =

Let us assume now that

(8.47) t sup [O’T]HPh kuh,k(t)HF < C6“uh,kuh,k,co '

(8.48)

K (k i“vk%,k(rk)|li>l/2’

Hdt h, kuh k“ 2 (0,1;F )

(8.49)  sup . IS Q ()M <G su 1|vkuh,k(rk)|h )

t€ ) I‘=,...,-

for all W g € Ek(o,T;Vh), wher e 06, C C8 are positive constants
J

7)
i ndependent of h and k.

Theorem 8. 6:

Let w , be_the solution of Pr ophdem t e, assunptions of
J

Theorem 8.5 and, in addition, Hypotheses (8.47), (8.48), (8.49),

. - .
U,k 18 L (0,T;H)-stable, P v, . is L (0,T;F)-stable,

d Q is 17(0,T;H)-stable Lp V. renmai ns inua bounded
hik“hik == PEOMICI2TE2D i h 9k hok ——— T —/———

set qf L‘?(O,T;F) in_the two follow ng cases:

. st P
(i) 1°° Case: 1+251-2/§2‘52|20 9
(4.13) S k(vm)® < o,
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nd P
(i) 2__case: l+261—2£§?|51’<03

(4.22) k(v(n))? <3 20 -3, 8>0 arbitrarily small,
2 IZ? |5£|-251-1 k snmal|l enough.

If, in addition, the assunptions of Theorem 7.1 are yerified then, in

. 5.0\ o @® . -
cases P ), Wk 38 L (0,T;F)-stable a n _d

(o]
. F
Ph,kuh,k - Tu weakly in L (0,T;F) ,

d R ¢ du - ' m(o T'H)
Hch,kuh,k—éu?'d?WW_QMEI_l_L P )

_;‘-, , -/__,-'du 'AfO"F
T Pn, kU, k0= @ 3¢ weakly in (0,T3F)

Pr oof :

The first part of the theoremis trivial. W deduce, as in Theorem

; ©
7.1, that Ph,kuh’k »ou weakly in L (0,T;F) ,

d ’ . ® )
& %0, 5%,k = U weakly in L (0,T;H) .

- . ) 2
_I .
= Ph’kuh,k - @’ weakly in L1L7(0,T;F) .

. ] @ d
Then B, u  remins ina bounded set of L°(0,T;F) and gp By yum

remains in a bounded set of LE(O,T;F). But it is easy to see that

(8.50) sup |Ip, ,u  (8)5 <D [IT (B, oy (B
t e [0,7] MEBETE = 1y h,k h,k* /IF

+ g Py, () v
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a.

h is L°
Thus, Ph,ku.h,k is L (0,T;F)-stable.

9. Applications to parabolic partial differential equations.

W shall study here a sinple exanple.

For other exanples see Lions
[4]. Let @ be a bounded set in yfn. W\ choose

I
1

12(q),

Vv

() = fu] u e 1%(a), $& ¢ 1(a), i =

. = 1,.e.,n} ,

i,j=1 “ZQ

1
n
atsny) = L [ g nt) B 5va(;;5 ax
L >
+ Z a, (x, t) SREL F(x) dx
i) Jg * o

+-/; ao(x:t) u(x) m dx ,

wher e aij' 8, a_ € L™(2 x (0,T)).

W assune that
n

Re Z aij(x:t)§ £ >a
i, =1

Then we may apply Theorem 1.1. There exists a unique function u which

satisfies:
aéu §n: ~- (a; .(x,t) ou S du
b 31°F 1,50 5xj. * i;l 2, (x,t)

&T + ao(x,t)u =f

e in @ x Jo,T[, wth the initial condition

47
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U-(X;O) = uo(x) s

and the (formal) boundary condition

n
Ju  _ 3 ,
i_éll aij(X,t) cos (n,xi) ng =0 for x eI =00, t ¢ 10,T[.
s =

where n denotes the exterior normal to I' in x. This boundary

condition makes sense when T is snooth enough, see Lions-Magenes [6].

W exanine now the approximation of the solution u.

a) The spaces Vi

Let %h denote the set of points MeX" such that
M= (elhl""’enhn)

where the e 's are integers. Let ch(M,o‘) be the set of points

X e%n such that

h, h.
1 1
Xi(M) -5 < Xi < Xi(M + o e
W, denotes the characteristic function of ch(M,o). Let ch(M,l) be
-y

defined by

n h,
- 1
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! " z%
1.4 1. /l
Pz ] e :%/4'; 1

h, l:/.‘..J // M //

v RS
Elh('M,O) Uh(M,l)

Ve define: o, = (M | M e, 0,(41) N o £ p},

Rth) = U o (4,0)

Mth
Then vy is the space of functions w, of_ the form
'n " Me g uhgg _;\'_’ Uh(M)e@.

| f w bel ongs to Vs e may define B0y by

1 h, h,
8iu.h(x) = -}—1-[- [uh(x + Ej;) - u.h(x - '§£)] a.e. in @,

& set:

(s vy )y =f9(h) u, (%) v (6] ax

n
((Uh’vh) )h :'I’Q uh(x) v‘h(xs dx + Zl fQ 6iuh(x) Siw ax .

L9



W choose:

qu-=—=* ¥ ( S8 ax)w, , for all ue 12(0),
)
n Meg o, (M,0)

u in §
0 el sewhere.

Let F = [12()1™. 1f U= (wyuy5-05u ) belongs to 12(0)1™, we

where U

]

set: U= nU ¢ LE(Q),

If u belongs to V = Hl(Q), we set:

— o 0
Tu = (u, SPXI yeoes ;n) e[LE(Q)]nﬂ'

Now, we define the prolongation operator Ph’ . (ef. §5). If Uk

bel ongs to Ek(o,T;Vh), we may define:

Wy (8) = wy (k) + (t-rk) vkuh,k((rﬂ)k) , rk <t < (r1)k

Uy 5o (8) = vy ((m-21)k) , T-k<t<T .
Then,
Ph,kuh,k(t) = (uh’k(t), 6luh,k(t),.....,6nuh,k(t)) e [2(e) 1™+

The verification of our Hypotheses is trivial and left to the reader.,

i
For other exanples of spaces V,, see CEA [2], RAVIART [7].

b) The forns ah(t;uh,vh);

Let us assune that each aij (resp. ag, ao) has one conti nuous

50




derivative in t which is bounded in g x (0,T) together with aij

(resp. a,, ao) itself. \& choose:

(9.1) ah(t;u.h,vh) = i,%:]_-]; aij(x,t) SJ. u.h(x) Sivhfxi dx

A

+ igl _];2 a, (x,t) 8, uh(x) W ix

] et w0 T e

W assume that Hypothesis (2.5) is verified (cf. Remark (ii) §1).Now,

we conpute N(h) and v(h):

n

v )| < 2lle Y78 2, V2 |
o) <2l o T h§> (3, [Q o,3,00) [Pax ) Ml

' <§‘1 I|ai“2L°°(Qx(o,T))>l/2<1§1 fnlaiuh(x) 'gdx>l/2‘vh|h

ol oo,y TP

whe t) i i i .
here a(x,t) is the euclidean norm of the matrix (aij(x’t))i,j=l,. un

Then,
[

- n 1/2 n
(5.2) w(a) < {[enan . L2) + (Zlelieaom )

L (ax(o,T)) ( i=1
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n 1/2
L”(ax(0,T)) <j§l hLg ) ’

1

(9.3) v(n) < 2 |lal
W conpute Mh) and u(h):

N L TN 6 )N A

(ex(o,T))

e ($ eyl V(3 LV
] Qzl “ iHLm(Qx(O,T))> <Z£ hl2> ol

+ llagll & ) [ P Y

L (ax(o,T)
(9.4) M(n) < bl 'y _l_> . 2@ o /2<§ LN/
D B L”(ax(0,T)) <i=l-h§ =i L‘”(Qx(o,T)))l =1 h?
¥ ”a°HL°°(nx<o,T))
. n 1
(9.5) u(h) < 4 |al .

0,1 A

When

(9.6) aij(x,t) = a..(x,t) ,

Jie

the principal part of ah(t;uh,vh) is hermtian (see the remark

followi ng Theorem 6.1).
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c) The initial values u k(rk), r = 0,1,...,p-1:
J

W define 0) b
uh’k( ) by
9.7 W, (0) = O,

wher e o;l is a linear continuous mapping from Le(n) (resp. Hl(Q),

D(A(0))) into v, such that

(5.8) o, by < ol

(@)

(resp. (9~9) lolflluolh’ Hollluonh S C“uo“Hl(Q) ’

(9.10) logs, by llogag s 14, 0)07u L < cllagllpeaioyy) »

where Cis a positive constant independent of h. If u € LE(Q), we

set

’ 1 ~
(9.11) O =5 z (j Y% Clx)"Ih, M’
1 nMe Qh ch(M,o

and (9.8) is true with C =1,
If u € al(q) and if the boundary I of @ is smoth enough, there
exists an operator P eX(Hl(Q); Hl(ﬂn)) such that

Pu =uU in @ (cf. Lions [4]) .

Then we set

' 1
(9.12) oy = —=— Y (f Pu_ dx)W
hio “ b My G 9, 7o, (M0) ° h, M7

and (9.9) is true (cf. [7]).

>3



Let usexam ne now the case u € D(A(0)). Generally we do not know
how to choose COh such that (9.10) is true for all u e D(A(0)).
However when g "belongs to an appropriate subspace W of D(A(0)),

it is possible to find Ch such that
0% s oz Nl 14,000 afucly, < gl
For exanple, |et H?(Q) be the space of functions u such that

2
) o) 2
Uy ax.:l 3 CX:G aij € L (Q) ’

W provide H?(n) with the follow ng norm

1/2

|rL11|Hz(Q)~=(WrunngQ + Z s “2 * Z HWH 2o ))

V¢ define Hi(n) to be the closure in HE(Q) of the snmooth functions
2

with conpact support in Q. Then if A(t) = -4, Hoﬁl)C:IKaA) and

We can prove:

1008 by 197l 18, g, 1 sl

H ()

where oé is defined by (9.11) (see [7])-.
Then we define uh’k(k),a,,,uh’k((p_l)k) by one step difference
met hods (cf. [7]). MNow we can easily see that the consistency hypotheses
are verified,
It is very sinple to state the stability theorems and the convergence

theorems corresponding to our exanple: this is left to the reader.
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