
cs34

BY

J. M. VARAH

TECHNICAL REPORT CS34

FEBRUARY 8, 1966

COMPUTER SCIENCE DEPARTMENT.
School of Humanities anti Sciences

STANFORlD UN IVERS ITY

EIGENVECTORS OF A REAL MATR IX BY
INVERSE ITERATION





Eigenvectors of a Real Matrix by Inverse Iteration

J. M. Varah

1. - Theoretical Background

Calculation of the Eigenvectors

We are given a real nXn matrix A. We first reduce A to upper

Hessenberg form, and find approximations to its eigenvalues. Then each

eigenvector is calculated by inverse iteration on the upper Hessenberg

form using an approximation to the corresponding eigenvalue.

For a real eigenvalue h, the iteration is defined by

, (A-hI)y(k) p xckml)

X (k) F:

.
where c

k =

Thus the largest component of x 04 in modulus is 1. The iteration

is started with a given initial vector x (0) .

For a complex eigenvalue h =

bY

@+I) (AXI)y(k) =

rlz
(k) =

U (k)+ iv (k) =

X (k) =

6 + iv 9 the iteration is defined

x(w

+ izw

- lyik) + iz(k)
3 I

l<j<n-c

(A,~I)u(~) - q~(~) ,
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Eigenvectors of a Real Matrix by Inverse Iteration\

where again E
k

is +lJ chosen so that a largest component of

Uk( > 9 iv 04 in modulus is 1 + Oi. The iteration is started with a

given initial vector x (0) and with u (0) =oe

The iteration here is such that all computations can be done in

real arithmetic, For a complete description of inverse iteration, see

Wilkinson [ljO The iteration above for a complex eigenvalue is his

method (iv), page 630.

2.93 Applicability

The algorithm will accept any real matrix. However, the accuracy

of the results will depend on the condition of the eigenvalues  and

eigenvectors, so that no a priori estimate of the accuracy can be given.

30- Formal Parameter List

N

A

RTR,RTI

U

order of matrix A

given matrix. On output, the upper Hessenberg form is stored

in A, with the transformations used in the lower sub-tri-

angle,

real and imaginary parts of the eigenvalues, respectively,

with complex conjugate pairs consecutive,,

matrix of column eigenvectors, stored by columns. If Xk is

complex, with hk+l = - ,tk then columns k and k+l of U

contain the real and imaginary\parts,  respectively, of the

eigenvector corresponding to eigenvalue 'kO
The eigenvector

corresponding to hk+l is then the complex conjugate of this.
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MACHEPS machine precision, i.e. the smallest floating point number 6

such that 1+6X .

EXPLIMIT  largest  floating  point number  represented  in the machine  .

4. - Algol Program (see next page)

3 (Corrected  page 3)
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I
PROCEDURE EIGENJALUESANDEIGENVECTORS(~~A~RTR,RTfrU8MACHEPS8EXPLIMIT);

V A L U E  Nd4ACHEPSrEXPLIMITi

INTEGER  N J  REAL MACHEPS~EXPLIMITJ  A R R A Y  A,RTbftTIrUI

B E G I N

COMYENT THIS,PR9CEDURE F I N D S  ALL EIGENVALUES  A N D  C O L U M N  EIGENVECfOfW

~JF  THE NXN M A T R I X  A ,  T H E  E I G E N V A L U E S  A R E  S T O R E D  IN (RTR[K]+Rj’I[K)xI)

/ W IT H COMPLEX  CONJUGATE  P A IR S  C O N S E C U T I V E .  TH E  EIMNVECTORS  A R E

S T O R E D  B Y  COLUMNS I N  U , If-  T H E  K-TH EIGENVALUE  I S  C O M P L E X ,  CDlJMN

K I S  THE REAL P A R T  A N D  cO&UMN  K+i T H E  I M A G I N A R Y  P A R T  DF T H E  &EN-

I V E C T O R  C O R R E S P ON D I N G  T O  E I G E N V A L U E  K, M A C H E P S  I S  THE qACHINE

PRECISIONI  A'JD EXPLIMIT  T H E  L A R G E S T  F L O A T I N G  POINT.NU’dBER  C A R R I E D ’

B Y  T H E  MACHIUEi

-COMYENT  F I R S T  D E C L A R E  O T H E R  P R O C E D U R E S ;

R E A L  P R O C E D U R E  YAX(A,B);

V A L U E  AI B;

MAXl=x A>8 THEN A  E L S E  81

,REAL P R O C E O U R E  JIN(AIR)I

V A L U E  A,B;

R E A L  ArBt

MINt=IJ A<B Tt-tEN A  E L S E  8;

REAI,  P R O C E D U R E  4BsC(A,B);

V A L U E  APB;

R E A L  APB;
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C O M M E N T  GIVES  YOOULUS  OF C O M P L E X  N U M B E R  A+BII

BEGIN

At=ABSCA);  Bt=ABSCB)i

ABSCI=x A<B T H E N  BxSQRTCl+CA/B)+2)  E L S E

IF A>B  T H E N  AxSQRTCl+CBhW2)  E L S E

~xl,414213562371  JOWENT  SQRfC2)I

E N D  ABSCi

REAL PROCEOURE  INNERPRODUCTtIrbN8A~Bd)i

V A L U E  ‘bN,Cj

IhlTEGER  18MIw ApBrCiREAL

BEGIN COMMENT  B3DY OF PROCEDURE SHOULD B E  R E P L A C E D  B Y

OOUBLE  PRECISION MACHINE CODE;

FOR It=M  STEa  1  U N T I L  NDJ Ct=C+AxB;

INNERPROOuCTt=C

EN0 INNERPKODUCTf

P R O C E D U R E  HESSEVBERGCNIAI  INf);

V A L U E  Ni

INTEGER N; A?RAY A; I N T E G E R  A R R A Y  I N T J

BEGIN COMMENT HrSSENBEKG  REDUCES  A TO UPPEK HESSENBERG FORM U S I N G

E L E M E N T A R Y  R3W AND COLUMN’ OPERATIONS W I T H  I N T E R C H A N G E S ,  T H E

I N T E R C H A N G E S  A R E  S T O R E D  I N  T H E  I N T E G E R  A R R A Y  INT IN S U C H  A  W A Y

THAT, O N  E X I T  F R O M  HESSENBEKGI INTCII  IS T H E  I N D E X  O F  T H E  ROr(  O F

T H E  O R I G I NA L MATRIX NOW IN THE I-W ROW. PROCEDURE HESSENBERG

IS A SLIGHTLY MODIFIED VERSION OF PROCEDURE TRINGLE,  GIVEN BY

BJ’AKLETT I N  1131

I N T E G E K  Ir J,<d;  KEAl, SpT,EPS;
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EPS1=SQRT(WWiEPS)i

FOR I : = 1  STE’ 1  U N T I L  N  D INTtIJt=I;

FOR J:=N STE’ -1 U N T I L  2  00

BEGIN

St=ABS(AtJ,J-1311  L-J-11

F O R  <t=J-2  S T E P  -1 U N T I L  i 2

B E G IN CDW4ENT FIND E L E M E N T  O F  L A R G E S T  MAWITUOE  IN J-TH ROWJ

T:=ABS(ACJ,Kl)i

I T>S T H E N

S:+Ti LI=K

END

END;

c L%J-l  T H E N

B E G I N  COWENT I N T E R C H A N G E  C O L U M N S  A N D  R O W S  J-1 Ah)0 L;

Tt=INTCJ-131  INT~J-13~=I~T~lp3;  INT[L]:~T;

F O R  63x1  S T E P  1 U N T I L  N  00

T :=AIKIJ-~ZI;  ACK~J~lll=ACK,Ll;  AtKrLl:~l

END;

F O R  Y:=l S T E P  1 U N T I L  N  E

BEGIW

END

E N D  O F  CDVDITIONAL;

F O R  rC:=l  S T E P  1 U N T I L .  J - 1  DO ACJ,KJttO-
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E N D  E L S E- -  -
F O R  Kt=l  S T E P  1 U N T I L  J - 2  00 ACJrKl:=ACJ,Kl/ACJ,J-1~;- :

FOR It=% STEP - 1  UNTIL 1 00

B E G I N  CDMYENT  C H A N G E  ROW J-11

Tt=IF  ACJ,J”ll=O  T H E N  0 E L S E  INNERPRODUCT(K~lrJa2rAIJ,Y3,  --

AVbIl,O)i

E N D  I

E N D  J

END HESSENBERG;

P R O C E D U R E  TRANSFDRM(NIX,AIINT)~

YIVALUE

I N T E G E R  Y; ,A Q R A Y  X,A; I N T E G E R  A R R A Y  INT; ,P.

8EGIb.J  COMYENT TiIS P R O C E D U R E  T R A N S F O R M S  A N  EIGEWECTOR x OF THE.

H E S S E N B E R G  M A T Q I X  I N T O  A N  EIGEWECTOR  OF T H E  O R I G I N A L  HATRIXl

IYTEGER IIJ; A Q R A Y  YWNlj’

FOR It=1 STE= 1 U N T I L  N - l  E-

YCNlt=XCNli

FOR I:=1 STEP  1 U N T I L  N  E X-tIrVTtIllr~~Y[IJi

Ef4D TRAh(SFOQMi

P R O C E D U R E  EIGEYV~LUES(NSTARTINFINISH,A,RTRIRTI)I

YSTARfrNFINISHiVALUE

I N T E G E R  YSTA?TrNFINISH;  AQRAYAIRTR,RTIL

BEGIY COYMENT T H E  6ODY O F  P R O C E D U R E  E I G E N V A L U E S  I S  L E F T  UYDEFINED.
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I T  I S  ASSUYE)  EIGEYVALUES  F I N D S  A L L  T H E  EIGE'JVALUES O F  T H E

Pi?INCIPAL  SU3MATRIX  OF T H E  U P P E R  HESSEVBERG YATRIX A CONSISTI!.JG

O F  ELEVENTS  AIVSTAHT,NSTARTl ,.r.rA~NFI~ISH~NFINISHl  A'JD P L A C E S

T H E  EIGENVALJES I N  RTRtNSTARTI+RTItNSTARTl~I~,.,~RTRIVFINISHl

+RTI[NFINISHIXII  WITH  COYPLEX C O N J U G A T E  P A I R S  C O N S E C U T I V E ) ,

,  E N D  EIGENVALUES;

P R O C E D U R E  Y@RMRCAL(N,VrVNORY)i

V A L U E  N;

INTEGER Ni JRRAY V i  REAL VNORMi
I .

BEGIv COWENT TIIS P R O C E D U R E  NORM4LIZES T H E  R E A L  V E C T O R  V  O F  D I M E N S I O N

N s o  T H A T  ITS C O M P O N E N T  O F  L A R G E S T  M A G N I T U D E  I S  lrO#  A N D  S E T S

VNOHY E QU AL  T O  T H E  M AG N IT U D E  O F  TH E  L A R G E S T  C O M P O N E N T  B EF O R E

NORMALIZATIUW

R E A L  SrSl,Vlt  I N T E G E R  11Ji

st=o;

F O R  It=1  S T E= 1 U N T I L  NDq

BEGIN

Slt=ARSCVCIl);

I F  SIBS T-1EN-

R E G I N

S:=Sli JI=f

END

QlcJi

VVDRM:=SI

IF '/NORM % O.THEN

SEGIN

Vl :=VC JJi VCJll=li
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FOR It=1 S T E P  1 U N T I L  J-lrJ+l S T E P  1 JNTIL  N DO

vcIl:=VtIl/v1

E N D  NORMREAL;

P R O C E D U R E  NOR~C3~PLEX(~rU,V,VNOR~);

V A L U E  Ni

IYTEGER  N ;  A?RAY UIV; VNORMIREAL

BEGI?!  C D M Y E N T  741s  P R O C E D U R E  N O R M A L I Z E S  T H E  C O M PL E X  VECT3R  WVI’DF

D I M E N S I O N  N S O  T H A T  ITS C O M P O N E N T  OF LA R G E S T  M A G N I T U D E  I S  1+01~

AlD S E T S  V?(O?M E Q U A L  T O  T H E  M A G N I T U D E  O F  T H E  L A R G E S T  C O M P O N E N T

B E F O R E  NORYALIZATION;

WTEGER  1,Ji R E A L  SrSlrUlrU2,VlrV2,R,DENj

!j:=oi

FU?  I :=l STL" 1  U N T I L  N  D O

BEGIN

Sl :=ABSC(UtIlrV~IJ);

BEGIN

St=Sli Jt=I

EYD

ENDi

VNORY:=S;

g VNORMZD  T+LN

BEGIY

Ult=U[J]i.  Vl:=VtJli

lJ[Jlt=l;  JCJl:=O1

I F  ABS(UJ)LABS(Vl) T H E N-
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@EGIY

R :=Vl/Uli DENt=UltRxVl;

FOR I :=l S T E P  1 U N T I L  J-lrJ+l STEp  i UvTIL  N E

BEGI’J

u 2 :=ut13; v2~=vtIl;

uIIJr=(U2+RxV2)/DENi  VtIl1=(V2=RxU2)/DEN

EtiD

E N D  E L S E

R :=umw DEN:=VltRxUl;

F O R  I :=l S T E P  1 U N T I L  J-lrJ+l  S T E P  1 UYTIL N g

BEGIV

U2:=U[IJi  v2t=vt13i

um :=(V2+RxU2)/DENi vCIlt=(RxV2-U2)/DEN

Eh(D

END

END O F  C O N D I T I O N A L

E N D  YORMCO#'LEX;

V A L U E  VI V,EPSi

I N T E G E R  vdi ARRAY  A; R E A L  EpS; INTEGER  AR RA Y  P I V O T ;

BEGIq  CDM’4EIVT  T-ITS  P R O C E D U R E  R E D U C E S  T H E  NxN M A T R I X  A,HAVING M

SUPDIAG9NALStTO  LU FORM BY G A U S S I A N  ELIYIVATION  WITH INTERCHAYGES,

A N Y  ZERO pIV3TAL  E L EM E N T S  A R E  R E P L A C E D  BY E P S ;

I N T E G E R  I ,  J+IMAXi  ,REAL  TISUMPQUOT~

FOR K:=l STE= 1  U N T I L  ND O

BEGIN

1 0



SUMt=Oi , . * \ ’

FOR I:=K STEP 1 UNTIL MINCKtM,N)  .po

BEGIN  * I, ,~
.I ., , . Is

T:=ABSCAt  I,KJ); ,’

IF* T!>SJM? T.HE*N5

8EGIN ': 1 *

.FSLJMt=,T;  I’dAX- .

END

* END;

b ’*IF WY=@ T.HEN + - .- -’

B E G IN COMyEVT  K - T H  CDLUMN  IS Z E R O  - rSIEPLAcE OIAGONAL ELEMENT
‘.

6Y EPS;

AtbKl :=EPSi IMAXt=K
1.

ENDi

PIVOTtKli=IYAXi 5 t'* ' .

IF IVAX * K T H E N

FOR J:=l S T E P  1  Ub!TIL N DO-

B E G IN COWENT INTERCHANGE  ROtiS  IMAX AND KI ,  ,

T:=AIKIJI)  ACK,Jlt=ACIMAX,JII  AIIMAXrJlr~T

FOR I,=r(+l  S T E P  1 UNTIL MIN(KtM,N)  ~0

B E G I N %

AtIrK :=QUOT~PA~I,KJ/ACKIK]~.

FOR Jl=K+l STEP 1 UNTIL N DO-

END
I ,. _..

END K 5 I , .

END GAUSSM;
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P R O C E D U R E  sOLvE(N,A,X,Y,PIVOT~FIRST~~

V A L U E  Y,FIRSTi

I N T E G E R  N;A?RAY A,X,YI  INT,EFE,R  ARRA,Y  PIVOT) 66~lJA,N fIR$T)

e!GIq CObblENT  741s PROCE@URE  S O L V E S  AxY=X  G I V E N  A  fN L U  FQRM.

I T  DOES  N O T  d~4E U SE OF THE FA C T  THAT T H E  ORIGINAL  A YAS ohlcv

Y SURnDIAGON9LSpS0  T H A T  T H E  L O F  LU I S  S O M E W H A T  SPARSE,

T H E  S O L U T I O N  Y  I S  T E S T E D  F O R  O V E R F L O W  B E F O R E  BEIM COdPUTEO,

A N D  S C A L E D  D3w’J IF O V E R F L O W  W O U L O  H A V E  OCCURSED;

IVTEGER  1,Ki RE,AL T,SUMI,

COh(MENT  F O R M  CL-INVERSElxX  U N L E S S  T H I S  I S  F I R S T  I N V E R S E  ITERATIONi

J& 1 FIRST THEN

FOR Kg=1  STEP, 1 UNTI,$ N E

BEGIY

T:=X[PIVDTL~11;  XCPIVOTCK1l1=X[Kl;

XLKlr=-I~UERPRODUCTCZ,lrKlirA[K,IJ,X~Il,~Tl

C O M M E N T  NOW SOLVE uxy=X~

FOR K :=N STE=- 1  U N T I L  1 go‘

i B E G I N

COMY~ A V O I D  O V E R F L O W  I N  INVERSE3TERAtE  RY FIRS7  CALCULATfNG

LN(ARS(YC<I))  AND, I F  YtKl WOULD  8E.TOO LARGE F O R  'J~ACHWE,

S C AL IN G DOWN T H E ’ C O M P O N E N T S  O F  Y  BY MACHEPS U N T I L  SMALL EVOUGHO

T H IS SHOULD BE DONE BY EXA M I N I N G  EX P O N E N T S  IN M A C H I N E  CDDE;

S C A L E :

suki:=o;

F O R  I$=K+l  S T E P  1 U N T I L  N* 0.0
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IF L~(N-K+I)+SUY-LN(ABS(ACK~Kl))>LN(EXPLI~IT)  T H E N

BEGIN

FOR It=K+l  S T E P  1  U N T I L  N  DJ YtIl~=YCIIxMACHEPSI

GO TO SCALE-y- ,-

END;

E N D  K

E’JD SOLVE;

P R O C E D U R E  EIGENJECTDRS(NSTARTrNfINISHdMJ~~

V A L U E  NSTARTINFINISH;

I N T E G E R  YSfA?TrNf  INISHI A R R A Y  AIUJ

BEGIv  COMqfQT  ‘131s  P R O C E D U R E  F I N D S  THE EIGEtiVECTORS  of THE PRINCIPAL

SUBMATRIX Of THE UPPER HESSENBERG M A T R I X  A C O N S I S T I Y G  O f  E L E M E N T S

A~lrll~..,, AtNfINISH,NfINISH3  CORRESPONDING  T O  T H E  EIGENVALUES

O F  T H E  PRIbJCIPAL  SUBMATRIX  CONSISTING O f  ELEYENTS  AttbTART,NSTARTb

,,.rAtNFINIS-b’JfINISH~, IT.1  A S S U M E S  COvPLEX  C O N J U G A T E  EIGENVALUES

AciE  C O N S E C U T I V E .  T H E  EIGEWECTORS  ARE STORED  IN THE A R R A Y  Ufi BY

COLUMNS, NON-LOCAL  ARRAYS R T R  A N D  R T I  A R E  USED)

IVTEGER  I,JP~PLPMIITNS~

R E A L  A~ORM,RABSQ,NORM,VNORM,RR,RIIEPS,NORMTOLERAN~E~T~

~[~~~fIYISH,l~NfINISHlrXIUSIUTIVTCltNFIYIStt~~ARRAY

IYTEGER ARRAY PIVOTCl:NfINISHlI  B O O L E A N  FIRSTI

OWN BODLEAY ASQCALCi

IF NfINISH=N THEN ASQCALCI=fALSE; COMMENT  T H I S  G I V E S  ASQCALC A VALUE
-

ON FIRST t,NTRY;

&MENT NOW FIYD MAXIMUM ROW SUM OF SUBMATRIX  OF A U S E D )

ANORYt=Oj
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---q!!
, .a<r”  5.
. . . ,

..,  ,

‘.

. /

F O R  It=1  STE=  1 UNTIL NFINISH Do-

B E G I N

TasO/

FOR JWAX(~~I-~)  S T E P  1  U N T I L  N F I N I S H  00 T~*T+ABStACI~J~~I-

ANORYt=YAXCANORM,T)

END;

NORMTOLERAYCE~=~OOO~ANCIRM/MACHEPS;  C O M M E N T  S O M E W H A T  A9BITRARYI

EPS:~YAXCANORM,~)XMACHEPS;  COMMENT USED  IN G A U S S M  IN PL A C E  O F

s ZERO PIVOT)

-COMMENT NOW FIWD EIGENVECTORSJ

Mt=li COMMENT SO THE INCREMENT VARIABLE IN THE FOR ,LODP HAS A

VALUE ON ENTRYJ

fOR KleNSTART  STEP M UNTIL NFIYISH  u

BEGIN

COMMENT f’IRST PERTURB  E I G E N V A L U E  I ’ F  I D E N T I C A L  T O  SOME PffEVIOu$~

F O R  ItrNSTARt S T E P  1  UNfIl, K-1 00

x RTRCIl=RTRtKl  A RTItIl=RTICKJ  THEN JmJ+l)

IF RI#O A (1 ASQCALC)  T H E N- ,

B E G I N  COM’tENi  C O M P U T E  ~UBMATR~X  0~ At2 REQUIREO  WHEN F I R S T ’

COMPLEX EIGENVALUE ENCOUNTERED;

FOR 1881 STEP 1  U N T I L  N F I N I S H  u

F O R  J:=l S T E P  1 U N T I L  N F I N I S H  &

ASQcALCl=TRUE
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E N D ;

COMYElvT  N3rl GENEKATE BJHE YATRIX  TD S E  REDUCED;

If RI=0  T4EN

B E G I N  C O M M E N T  R E A L  EIGENVALUE - B=A-RRxIDENtltY;

Mttlj

FOR I :=l S T E P  1  U N T I L  NFINISH  80

BEGIu

F O R  Jt=l S T E P  1  U N T I L  I-2 Og BCIrJltsOj

F3R Jt=MAX(I-lrl) S T E P  1 U N T I L  YFINISHE

~II,JI:=A~~JI-(~F  J=I TH EN R R E L SE  0 )

END

E N D  E L S E- -

BEGIY  COMqENT  C O M P L E X  EIGENVALUE -

FOR It=1  S T E P  1  U N T I L  N F I N I S H  E

B E G I N

FOR Jt=l S T E P  1 U N T I L  I - 3  DQ BfbJlrr~O1

IF 1 2 3  T H E N  BtI~I”2l~=ASQtI,I-21;

FOR Jl=MAX(I-1~11  STEP 1 U N T I L  N F I N I S H  00

3~I~Jl:=ASQtI,Jl-2xRRxACI,Jl+C~f  J=I T H E N  RAFjSQ  ELSE 0)

END

E N D  G E N E R A T I D N  O f  BJ

c,OM..~,EY~  N3W R E D U C E  B T O  LU FORM - Y G I V E S  T H E '  N U M B E R  O f

SUBDIASDVALS  O f  81

ITNSt=Of  PIRST9=TRUEi  NORM1=1;

FOR Ig=(sTEP  1 U N T I L  NfINISH 00
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BEGIN

X[Ilt=li ust11t=o

END;

C O M M E N T  IVITIAL  V E C T O R  X IS S U C H  T H A T  LxX=E,fHE  V E C T O R  kdITH

MACH CJMPONENT =l,O, N O W  S O L V E  BxUT=XI

RHS:

SOLVE(NFIVISH,B,X,UT,PIVOT,fIRST~;

FIRSTt=FALSEi  ITNSt=ITYS+li

‘IJ RIso TIEN NORMREAL(NfINISHdTd/NORM1  E L S E

BEGIN

C O M M E N T  C A L C U L A T E  V T  F R O M  (AnRR~IDENTITY1~UT+RI~VT=US~

m I:=1  S T E P  1 U N T I L  N F I N I S H  00

VT[Ilt=- IYNERPRODUCT(J,MAX(I-l,l~,NfINISH,ACI,Jl,UTCJl,

-RRxUTfIlaUStIl~/RIi

ENDi

C O M M E N T  H E R E  ONE COULDd+PRINT  OUT THE HESSENBERG I T E R A T E S

U T  09 JT+VTxIi

C O M M E N T  N3W T E S T  N O R M  O F  I N V E R S E  I T E R A T E - F I R S T  T E S T  F O R  OVERfLOWi

I F  LN(NORti)+LNtVNORM)>LN(EXPLIMIT)  T H E N  NORM:=NORMTOLERANCE-

E L S E  N3RM:=NORMXVNORMI  C O M M E N T  T E S T  S H O U L D  B E  M A D E  O N

EXPOYEVTS  I N  M A C H I N E  COOEi

IF N O R M  ( N O R M T O L E R A N C E  A ITNSqO  T H E N

BEGIN C O M J E N T  C A L C U L A T E  N E X T  R I G H T - H A N D  SIDE;

Ip R I = 3  T H E N

BEGIY  .

FOR It=1 S T E P  1 UNTIA N F I N I S H  g XCI3:~UTlIl

E N D  E L S E- -
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FOR I,=1 STEP 1 UNTIL NFINISH D O-

USCIlt=UTl~lt  C O M M E N T  S A V E  O L D  R E A L  P A R T  O f  I T E R A T E 1

COMtiEvT  N O W  C A L C U L A T E  N E W  %=(A-RRxIDENTITY)xUT-RI%VzT;

-RRWTCIl-RIxvTCII)I

E N D ;

E NORMLNJRYTOLEHANCE  T H E N

B E G I N  COMqEUT  I T E R A T E  H A S  CDNVERGEDcSTORE  I N  U;

FDQ 1831 S T E P  1 U N T I L  N F I N I S H  m UCI,Kl~~UTLIlj

IF RI%3  T H E N

F O R  It=1  S T E P  1 U N T I L  N F I N I S H  00 UCI,K+llt=VTCIl

E N D  E L S E ’- -

B E G I N  COMHE~T  I T E R A T E  D I D  N O T  C O N V E R G E  I N  10 ITERATIONS  - S E T

V E C T O R  = Oi

F O R  II=1 S T E P  1 U N T I L  NfINISH I)0 UCI,Kl:=O;

I-f RI%3  T H E N

F O R  It=1 S T E P  1 U N T I L  N F I N I S H  D O  UII,K+ll:~O-

END

E N D  K

EN0 EIGENVECTORSi-

C O M M E N T  N O W  B E G I N  M A I N  P R O C E D U R E  EIGENVALUESANOEIGENVECTORSJ

I,J,K,L,NSTART,NfINISHj.INTEGER

R E A L  VNORMi A R R A Y  UT,VTCl:Nl,ASQCl~N,ltN1)  I N T E G E R  A R R A Y  INTElWll,

COMYENT  F I R S T  R E D U C E  A  T O  U P P E R  H E S S E N B E R G  fDRM,USING  PRXEOURE

17



-

,I ..*.

-3

HESSENBERG, r(HICH  K E E P S  T H E  TRANSfORMATrONS USE0 I N  THE

LDriER SUB-iRIANGLE  O f  A  S O  T H A T  P R O C E D U R E  TRANSfORbUSING M A T R I X  AI

WILL TRANSfOqM  THE EIGENVECTORS FROM HESSENBERG BASIS T O  O R I G I N A L

BASIS - I.E. I F  HESS(A)rCS-INVERSE)XA%s,  T H E N  TRANSfORM(NrAdT)

C H A N G E S  U T  IvTO SxUTf

HESSENBERG(N,A,INT)i

C O M M E NT NON SEARCH  SU B - D IA GO N A LS o f  H E S S E N B E R G  YATRIX  FOR Z E R O  E L E M E N T S

T H U S  F I N D I N G  A  I N  SP LIT FORM;

NSTARFt=N+li

NEWBLOCKt

NfINISHt=NSTARTlli

f()R K:rkjFINISH+l,K-l  WHILEtIF  KIl T H E N  FALSE  E L S E  ACK,KalI*O)  00 L-K;- - -‘-

NSTARTt=LIli

COMMENT.NOW  FIN) EIGENVALUES O F  P R I N C I P A L  SUBMATRIX Df A CDNSTSTTNG

O f  ELEMENTS'ACNSTART,NSTARTl ,.,.,ACNFINISH,NfINISHl  USING

P R O C E D U R E  E I S E N V A L U E S J

EIGENVALUES(NSTART,NfINISH,A,eRTR,RTI)I

COMMENT  ~Oti F IN3 EIGENVECTORS Of  PRINCIPAI,  S U B M A T R I X  Of A C O N S I S T I N G

O F  E L E M E N T S  Atlrll, ,.r,ACNFINISH,NfINISHl  CORRESPONDTYG  T O  T H E S E

EIGENVALUESi

EIGENVECTORS(NSTART,NFINISH,AIU)i

CDMvENT  N OW AUGYENT  H E S S E N B E R G  V E C T O R S  B Y  Z E R O S  I N  P O S I T I O N S

NFINISH+l ,ro.,N A N D  T R A N S F O R M  T o  ORIGIVAL B A S I S ;

L1=1  i

FOR Kt=NSTART  S T E P  L  U N T I L  NFINISHE

ff RTILKl=O THEV

BEGIN

Lt=li
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fOR 1801 STE = 1 U N T I L  NFINISHE  UTCI]~=JLI,KII

F O R  It=NfzH+l  S T E P  1 UvTIL  N -00 UT[Il:=Oi

TRANSFORY(N, JT,A,INT)I

NORMREAL(N,UT,VNORM)i

fOR I-1 STED  1 UNTIL N 00 UtI,KI-UTtIJI-

EN0 ELSE--

BEGIN

fO’R  It=1  STE= 1 U N T I L  NFINISH  00

BEGIN

EYDi

F O R  It=Nf~UfSH+l  S T E P  1 UNTIL Y E UTCIl:=VTlIl~=Ol

TRANSfORM(N,JT,A,INT)i  TRANSFORM(N,VT,A,INT~;

FOR It=1 STE’ 1  U N T I L ,  N DJ

BEGIN

END TRANSFDRMATIOY;

If NSlART>l THEV GO TO NEWBLOCK---

EvD EIGENVALUESANOEIGENVECTORS;-
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Eigenvectors of a Real Matrix by Inverse Iteration

50 - Organizational and Notational Details

The input matrix A is first reduced to a similar, upper Hessenberg

form by elementary row and column operations with interchanges using

procedure HESSENBERG, a modified version of procedure TRTNGL&  given

by B0 Parlett in [210 Then the sub-diagonals of this Hessenberg matrix A

is examined for zeros, thus finding A split into smaller Hessenberg

submatrices

For each Hessenberg submatrix, first the eigenvalues are found using

procedure EIGENKALUES, This is left undefined here, but the user must

insert some applicable eigenvalue procedure0 See section 7 for further

information, Then the eigenvectors of the Hessenberg matrix corresponding

- to these eigenvalues are found using procedure EIGENVECTORSo Finally,

the eigenvectors are transformed from Hessenberg basis back to the basis

of the original matrix, using procedure TRANSFORM, and stored in the

columns of U0

60 - Discussion of Numerical Properties

Calculation of the Eigenvectors

On the iteration for the eigenvectors, the equations

(A-)J)yck) = x(~-~) and (A-h.T)(A-hI)y(k)  = xckBs> are solved by

Gaussian elimination, decomposing the matrix into LU form, In both

real and complex cases, the initial vector x (0) used is Le, where e

is the vector of al.1 ones, Thus on the first iteration, we solve

0)Uy -e, To ensure that we can always solve these matrix equations,

any zero pivots in U are replaced by small numbers0

20



Eigenvectors of a Real Matrix by Inverse Iteration

The convergence criterion for the iterations is that the %orm"

of the inverse iterate be larger than some given tolerance, where

04"norm' (x ) =
t

in the real case, and
m=

m&Jc lY;m)l
l<j<n- -

"norm" (u (k) + iv 04 ) A - l= I in the complex case.
m=l l<j<n- -

As Wilkinson shows in [l], this ensures that the residual I/&C(~) - Xx(k)l\

is small, so that the eigenvector is accurate unless it is ill-conditioned.

Unless the eigenvalue approximation is very inaccurate, this criterion

is almost always met after two inverse iterations.

Within each Hessenberg submatrix, if any eigenvalues are calculated

as identical, they are perturbed slightly so as to give convergence to

- independent eigenvectors, if they exist. If the matrix has a double

eigenvalue with a quadratic elementary divisor, so that it ham only one

eigenvector, the iterations for both eigenvalue approximations are found

by experience to converge to the eigenvector. Similarly, for eigenvalues

of higher multiplicities - i.e. the iterations will converge to a set of

vectors generating the eigenspace of that eigenvalue. Thus, no princi-

pal vectors can be determined by this method so that the whole invariant

subspace of the eigenvalue will not be found in the case of non-linear

elementary divisors. In this case, because of the ill-conditioning,

the eigenvalue approximations are likely to be inaccurate, so that three

or four inverse iterations may be needed to *give convergence to the

eigenvectors, and the eigenvectors obtained will probably also be less

accurate than in the case of well-conditioned eigenvectors.
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r. Eigenvectors of a Real Matrix by Inverse Iteration

70 - Use of the Program

As we have said, some eigenvalue procedure must be inserted, set

up so that it finds all eigenvalues of a given principal submatrix of

an upper Hessenberg matrix0 The procedure used by the author was that

given by Parlett in [2] (with corrections in [3]), using Laguerre's

method, although it had to be modified slightly because it uses the ma-

trix reduced to lower, rather than upper, Hessenberg formo However,

the user may prefer to use the Q,R method to find the eigenvalues if

such a procedure is available to him, since it seems to be faster, in

general, than that of Laguerre.

Also, other methods could be used for reducing the matrix to upper

Hessenberg form, such as Householder transformations0 If this is done,

of course, procedure transform must be changed accordingly, to give the

correct change of basis for the eigenvectorso

8, - Test Results

The program has been tested on dozens of matrices on the Burroughs

B5500 at Stanford University. One example is given here, a 6x6 matrix

with a double eigenvalue at .l with a quadratic elementary divisor,

a double eigenvalue at 3 with linear divisors, and a complex eigen-

value 2+i 0 In the computation, the inner product procedure was changed

to double precision code.

-9

0

-

21 -15 4 2 0

-10 21 -14 4 2 0

-8 16 -11 4 2 0

A =

-6 12 -9 3 3 0

-4 8 -6 o 5 o

- 2 4 -3 0 1 3
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Eigenvectors of a Real Matrix by Inverse Iteration

Note that for the double eigenvalue 1 with a quadratic elementary

divisor (so there is only one eigenvector), both eigenvector iterates

converged to the eigenvector, although the approximations obtained are

both only accurate to about 6 decimal digits. This accuracy is to be

expected, as 6 digits is about half of the machine precision for the

B5500e For the double eigenvalue 3 with linear divisors, the eigen-

space is a 2-space genera,ted by the orthogonal vectors O,l,Ll,WT

and. (0,0,090,0,1)T 0 In this example, the iterates did converge to

these orthogonal eigenvectors, but in general, we cannot expect the

eigenvectors obtained to 'be orthogonal, although they will be linearly

independent.
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