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1. INTRODUCTION

The first task in devising a numerical procedure for solving a

given problem is that of finding a constructive mathematical solution

to the problem. But even after such a solution is found there is much

to be done. Mathematical solutions normally involve infinite processes

such as integration and differentiation as well as infinitely precise

arithmetic and functions defined in arbitrarily involved ways.

Numerical procedures suitable for a computer can involve only finite

processes, fixed or at least bounded length arithmetic and rational

functions. Thus one must find efficient methods which yield approximate

solutions.

Of interest here are the initial and boundary value problens for

compressible fluid flow. Constructive solutions to these problems can

be found in I[B]'. As presented there, solution of the boundary value

problem is limited to the subsonic region, and is given symbolically

as a linear combination of orthogonal functions. A numerical continuation

of this (subsonic) solution into the supersonic region can be done by

using the (subsonic) solution and its derivative to set up an initial

value problem. The solution to the initial value problem may then be

valid in (some part of) the supersonic region. Whether this continuation

will lead to a closed, meaningful flow is an open question. In this

paper, we deal with the numerical solution of the initial value problem.,

We are currently working on the rest of the procedure described above.





2. THE INITIAL VALUE ir'KX,EM

The partial differential equation describing the flow of a compressible

fluid is nonlinear when considered in the physical plane (x,y-plane) .

However, when transformed into the so called hodograph plane (H,B-plane) ,

this equation becomes a linear one, namely

(2.1) ?% + a(H) &! = 0
&H2 ae2

1(H) = ' -d2
P

where

(=a I-1 = H(v) = svfiv dv

v1

(2.3 > p = (1 - &(k - 1 >

(2.4) M = v/{az - *(k-l

(q’, l/( k-1 >
an

and 8 is the angle which the velocity vector forms with the positive

direction of the x-axis, v is the speed, Jr(H,e) is the stream

function, M is the Mach number, p is the density, vl is the

speed when M-= 1 (i.e., the speed on the sonic line), k is a constant

depending on the fluid and a0 is a conveniently chosen constant.

We shall describe a numerical procedure for solving the initial

value problem in which the stream function, *(Ho,@) = f(e) , and its

ww>
derivative, '7 =g

(1) w > are specified on an arbitrary
H=Ho

line, H= Ho. The basis for this procedure is provided by the

following:
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Theorem 2.1. (See h3 9 pe 895 1 >. Let a and p satisfy

a < @ <H(aodm). Suppose that, for 101 5 ol and a given.

Ho&f31 we have

k-5) j&J,,@ = f Cnen = f(0) , +w
n=o

uniformly and absolutelywhere the series Enen and ZD,e" converge

for le\ 5 e1 . Suppose that JR(H)( 5 c2 , O<C<~ for H&P] .

Let ins define functions sm(H,Ho) by so(H,Ho) = 1 , sl(H,Ho) = H-Ho 9

and for m = 2,3,.,. I

II 3
I-I EI

(W sm(H,Ho)  = s s 101,)  1’ 2 j 31(ii4) a

Ho Ho Ho II

e.. dHmdHm l...dH
1

0

co
=

c nD,8 n-1 =- g(1) (e
H=Ho n=o

_ Then, for H and 8 satisfying \el + c JII-H~\ 5 el

(207) $(w) = f (-1
j=o

)j Ispj(~y )f(*j)( e) + s2j+l(ii,~~~g\2ji-i)(  e) >
0

is the (analy-tic)solution of (2.1) satisfying (2.5). Here fw = df

f@) = d2f
-de9

- -
2 9 etc.

de

Proof: It is easy to check that (2.7) satisfies (2.1 ) and (2.5). For

a proof of (absolute and uniform) convergence see [U, p* 8963.

(However, there is an incorrect specification of the domain of convergence

in this reference. The domain stated there is 14+clH-Hol L 01 9

whereas the domain of convergence actually established by his proof is

m,e>\ le\ + c\H-H~\ 5 el and \H-H~\ 5 ~~1 .

The constraint b-Ho I L H1 corresponds to our constraint, HdQJ31  l >
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The domain of convergence guaranteed by this theorem is pictured

in Fjigure 2.1. If the initial conditions are specified as a Fourier

series instead of a power series, then a theorem similar to this one can

be proved. In that case, the domain of guaranteed convergence would be

rectangular.

Figure 2.1

In numerical evaluation of the right hand side of (2.7) we have to

approximate all functions in a convenient way and we must truncate the

series. We shall denote approximation functions by adding a horizontal

bracket (-)- over the function. - In this manner (2.7) becomes

r
(2.8) K(H,Ho9e) = i (-l)j{~j(H,Ho)f(2j)1(8)  + ~j+l(~,~o)~T~~~)

j=o

where n is an (arbitrary) positive integer denoting the degree of

truncation. (Notice the approximation, Tn 9 to Jr depends on Ho 9

whereas JI does not.) Since computers can only perform the basic

operations + 9 - 9 X 9 3 9 we must use rational approximations, The
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.
following remarks about f (25) will apply to g @j+l) as well. In

m
general, obtaining approximations f (23) 9 for j = O,l,.,.,n ,, is not

difficult. In fact, in the usual application of this of this procedure,
.

f (25) will be defined in terms of functions customarily available on

computers, such as sine, cosine, etc., and it will be possible to
.

calculate f(23) to almost full machine accuracy. In such cases the

rolfact that we are really calculating a f is somewhat obscured by

our ability to express it, in current programming languages, in precisely

the form of its formal definition. For example, the Algol statement

to calculate an approximation to f(x) = sin x is just "f(x) := sin(x)",

However, when only F 9 and not f 9 is' known 9 perhaps as the result of

.
a severe error is incurred. This is why we keep track of f (2J) %3'- f

in what follows.

The values of

For example, if f

to obtain a. We
$2j>

‘0’f w may be derived from an approximation, F.

is given as in (2.5), we can truncate that series

can then use an iterative synthetic division scheme

-/*9 for j = O,l,...,n . Of course the error of

such a procedure increases as j grows. However, if

f *(25) 9 considered as functions of j ., does not

solving the boundary value problem alluded to 'earlier in this paper,

to e

J$ 23

valuate

1
(ej)l

incurred by

(some norm of) the

increase too rapidly for j < n- 9 then the absolute errors of

'2jf
&) willnot increase as j grows and remains 5 n . -f

**
This is

*
JNote that ?(m) denotes the m-th derivative of ? and f0’ denotes

an approximation to fbd . $4 '(m>'9 need not be a very good f *

**-IThis is discussed more precisely in Section 5.



because sm -3 0 rapidly as rn-+a since, as indicated in [B],

%-I-
(2.9) Is,(H,H~)~  ++ cmlH-Holm- m.

where 6 = c
m for m odd and srn = 1 for m event and c is the

constant in Theorem 2.1.

The determination of pm presents more challenging problems. Due

to the nature of R(H) , an exact formula for sm has not been found.

The numerical procedure which evaluates will be used to trace the

streamlines

bwbplane,

of Tn will

$(H,8) = const. Such curves, when transformed into the

describe the fluid flow. This means that many evaluations

be required (we use approximatelylW per run), and so the

T(H) in (2.6) must be chosen to yield an efficient scheme. In the next

section we derive such an approximation to a(H) and thus to sm(H,Ho) for

the special case in which the fluid under consideration is air. In

this case

(2.10) vl = 5/6
v-

k = 1.4

and we choose ao = 1 (see (2.3) and (2.4)). The function 1(Hi

takes the form shown in Figure 2.2. It has a singularity at

P = .25125... and is asymptotic to unity as H --) - ~0 . Its only zero

isat H = O . This information will prove most useful in the next

section.
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Figure 2.2
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3s THE INTEGRALS sm(H,Ho) AND THEIR APPROXIMATION

The sm of eqn. (2.6) satisfy the recurrence relation

(34
H Hl

sm(H,Ho)  = l s ~(H2)S,-2(H29Ho)~2dI$ for m _> 0
Ho Ho

with the starting values

(3.2) so(H9Ho)  = 1 sl(H,Ho) = H-H
0

where H = Ho is the line on which the initial conditions of (2.5)

are specified. We will consider Ho satisfying H < .25125... = p 9
0

since as H -) p the Mach number, M(H) 9 approaches infinity. A major

problem in this implementation was the construction of an approximation,

%o 9 to 1(H) over some subinterval of (- 9~) which would allow

a relatively simple expression for 27m' The approximation of [B-H-K]

was not satisfactory for our purposes. It consisted of two tenth degree

polynomial approximations, one for the region [-l,O] and the other

for [0,.2] . In [B-H-K] 9 H
0 was fixed at zero and so their

approximation lead to two expressions for Fm(H,Ho), cne valid in [-l,O] .,

and the other in [O,.2] . In our work Ho is arbitrary and will vary

from run to run, so we must have a single representation for 7
m*

An adequate approximation to 1(H) over [-1,.22] was found

by observing that (for k = 1.4 ) the singularity of R(H) at p is

of order l2/7 , and that 1(H) has the expansion

2( j-6)
(3.3) 1(H) = fb.(p-H) 7

j=o '
.



m

0
1
2
3
4
5

P
8

1::
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

' 32
33
34
35
36
37
38
39
40
41
42

bm
-lr77922350435Qa01
-4,13643140387Q-02
9,106620273OOQ-02

1,82057189808Q-01
2,22090857643Q-01
2,18571018174Q-01
1,86381855591Q-01
1,41067084695Q-01
9,4948125326OQ-02
5,5724008636OQ-02
2,67431923433Q-02
8,1272661083OQ-03
-1,89181661577Q-03
aS,81S6SO04750Q-03
-6,076978947608-03
-4,60812991016Q-03
-2,7016977873OQ-03
-1,06914384192Q-03
2,25378894809Q-05
5,6921882988OQ-04
7,1135600155OQ-04
6,1514207899OQ-04
3,93011997122Q-04
2,4185494857lQ-04

-2,3519801689OQ-06
!3,9953621722OQ-05
-3,24sl7556322Q-04
4,0722142306OQ-04
-8,803181195SOQ-04
1.488346426798-03

-3,59333068761Q-03
7,7161025362OQ-03

-1,38419726542Q-02
2,48706741343Q-02

-5,61248842?8OQ-02
1,44175838135Q-01

-3r51230674014Q-01
7,8508081193OQ-01

-1,68397714918Q+OO
3,61290715632@+00

-7,50537518870Q+00
i~31044606223Q+Ol

-1,27367360421Q+Ol

( >a

Table 3.1

m

d
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
I7
18
19
20
21
22
23
24
25
26
27

* '28
29
30
31
32
33
34
35

_ 36
37
38
39
40
41
42

bm

-1.779223504336-01
-4,13643~4039iQ-02
9,106620275608-02
1.82057189748Q~O1
2,22090857715Q-01
2,1857101808OQ-01
1,86381855798Q-01
1~41~67084133Q-01
9,494812638lOQ-02
5,572400743lOQ~O2
2,67431922580@-02
8,1272710747OQ-03

-1,89183242604Q-03
-5,815614293108-03
n6,07705244360Q-03
"4,6Of97048296Q-03
-2,70204072313?-03
-1,06852395106Q-03
2,16181237245Q-OS
5,7032128728OQ-04
7,1116314853OQ-04
~6,1030653194OQ-04
4,10215296682Q-04
2,07302986624Q-04
Srl6173904508Q-05

"4,23~780052ltQ-05
-8,1812199223OQ-05
-8,33970618110Qn05
-6,472657819108-05
"3*97693804231Q-05
-1,73184490543Q-05
-1,40752984364Q-06
7,3613912133OQ-06
1,03263459349Q-05
9,5346076353OQ-06
6,9334156464OQ-06
3.968302345628-06
lr48765355960Q-06

-1,70159746431Q-07
-1.01371116270~-06
"1,23314879039Q-06
-lr07119981352@-06
-7,4325857691OQ-07

b)

Single Precision (lo-digits) Double Precision (20-digits)



Table 3.2

h
r1.00
-0.99
-0.98
-0.97
90.96
-0.95
-0.94
-0.93
-0.92
-0.91
-0.9.0
-0.89
-0.88
-0.87
-0.86
-0.85
-0.84
-0.83
-0.82
.-0.81
-0.80
-0.79
-0.78
-0*77

_ 90.76
-0.75

. -0.74
-0.73
-0.72
-0.71
-0.70
-0.69
-0.68
-0.67

I -0.66
-0.65
-0.64
-0.63
-0.62
-0.61
-0.60
-0.59
-0.58
-0.57
-0.56
-0.55
-0.54
-0.53
‘0.52
"0.51

V -&Ii)
0.28167511771 0.99592948542
0.28462335096 0.99574960836
0.28760501266 0.99556146560
0.29062056684 O,Y9536465588
0.29367048664 0.99515875701
0.29675525492 O,Y9494332463
0.29987536417 O.Y9471789097
0.30303131719 0.99448196347
0.30622362709 O.Y9423502334
O.309a5281770 0.99391652406
0.31271942401 0.99370588967
0.31602399239 O,Y93a2251315
0.31936708099 0.993125754a-0
0.322749260 14 0.99281493842
0.32617111272 0.99248935304
0.32963323458 O,Y9214824679
0.33313623498 0.99179082647
0.33668073699 0.99l41625444
0.34026737802 0.99102364603
0.34389681023 0.9906 1206653
0.34756970110 0.990ldO52799
0.35128673394 0.98972798590
0,355O486O845 0.9892S333550
0.358856O'JllO 0,988755'~0802
0.36270976657 0.98823296630
0.36661053696 0.98768470053
0.37055912358 OeY8710922337
0.37455631734 0.98650506473
0.37860292942 0.98587066627
0.38269979202 0.98520437540
0.38684775927 0.98450443888
0.39104770801 0.98376899584
0.39530053860 0.98299607032
0.39960717605 0.98218356320
0.40396857077 0.98132924348
0.40838569977 0.98043073886
0,4l285956706 0.97948552555
0.41739120787 0.97849091728
0.42198168374 0.97744405330
0.42663208987 O,Y7634188549
0.43134355341 0,97510116428
0.43611723553 0.97395842344
O,44095433288 0.97266996343
0.44585607911 0.97131183347
0.45082374659 0.96987981187
0.45585864892 0.96836938440
O,46096214O4O 0.96677572165
0,466l3562107 0.96509365270
0.47138053691. 0.96331763782
0.47669838267 0,96144173773

ZH)
0.99592842099
0.99574867754
0.99556065433
0.99536395142
0.99515814775
0.99494280004
0,9947l744152
0.99440l50058
0.99423469920
0.99397625166
0.99370566268
0.99342232592
0.99312560183
0,99281481595
0.99248925660
0,99214817279
0.99179077166
0.99141621597
0.99102362139
0.99061205349
0.99010052460
0.98972799042
0.98925334646
0.98875542408
0.98823298638
0.98768472364
0,9871092487O
0.98650509157
0.98587069401
0.98520440357
0,98450446705
0.98376902365
0.98299609751
0.98218358956
0.98132926883
O,98O43076308
0.97948554856
0.97849093901
0.97744407372
0.97634190460
0,97518118208
0.97395843994
0.97266997868
0.9713il84748
0.96987982466
0.96836939618
0.96677573239
0.96509366245
0.96331764663
0.96144174570

RESIDUAL
1.060-06
9,31Q-07
8rliQ-07
7,04Q-07
6,09Q-07
5.256-07
4,49Q-07
3,83Q-07
3.24Q-07
2,72Q-07
2,27Q-07
1,87Q-07
1,53Q-07
1,22Q-07
9.6aQ'68
t,aOQ-08
5,48Q-08
3.858-08
2,46Q-08
1,3OQ-08
3.408-09

-4,52Q-09
-l,lOQ-08
-lr6lQ-08
-2,OjQ-08
-2.31Q-08
-2,53Q-08
-2.688-08
-2r77Q-08
-2.82Q-08
-2r82Q-08
-2,78Q-O8
-2.72Q-08,
-2,64Q-08
-2,53Q-08
-2,42Q-08
-2,3OQ-08
-2.ltQ'08
-2.04Q-08
-1,9lQ-08
-1,78Q-08
- 1 r65Q-08
-1,52Q-08
-l.4OQ-08
-1,28Q-08
-1*18Q-08
-l,OlQ-08
-9,75Q-09
-8 r82Q'09
-7,97Q-09

RH) , using the first 43 coefficients of the

exDansion of 1fHl .
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H

-0.50
-0.49
-0.48
-0.47
'0.46
-0.45
-0.44
-0.43
-0.42
-0.41
-0.40
-0.39
-0.38
-0.37
-0.36
-0.35
-0.34
-0.33
-0.32
-0.31
-0.30
-0.29
-0.28

--0.27
-0.26
-0.25
-0.24
-0.23
-0.22
-0.21
-0.20
-0.19
-0.18
-0.17
-0.16
-0.15
-0.14
'0.13
-0.12
-0.11
-0.10
-0.09
-0,OB
-0.07
-0.06
-0.05
-0.04
'0.03
-0.02
-0.01
0.00
0.01
0.02
0.03
0.04

V

0.48209070409
0.48755910044
0.49310522728
0,49f!73079916
0.50443759283
0.51022745033
0.51610228252
0.52206407277
0,5281148~oYl
0.53425684745
0,54049219802
0.54682324844
0.55325240973
0.55978219385
0.56641521962
0.57315421933
0.58000204573
0.58696167951
0.59403623759
0,60122898198
0,60854332935
0.61598286152
0.62355133673
0.63125270214
0,63909110717
0,64707091832
0.65519673633
0,66347341024
0.67190606164
0,68050010318
0.68926126276
0,69819560954
0.70730958293
0.71661002450
0,72610421358
0.73579990712
0,74570538399
0.75582949491
0.76618171840
0.77677222404
0,78761194391
0.79871265383
0.81008706579
o;f&74893378
0.8337131?518
0;84599601ot2
0.85861512670
0,87158986355
0,88494143649
0,89869319491
0,91287092921
0.92750323574
0.94262195453
0.95826269685
0.97446548596

Table 3Z (con?

m %-o

O*Y5945958045 0.95945958762
0.95736432450 0.95736433093
0.95514861883 0.95514862459
0,95280455865 0.95280456377
0.95032363681 0,950323b4137
0.94769669038 0,94769669444
0.94491384151 0,94491384507
0.94196443222 0,94196443536
0.93883695240 0.93883695516
0.93551895985 0.93551896230
0.93199699184 0.93199699395
0.92825646652 0.92825646835
0.92428157376 0.92428157535
0.92005515317 0,92005515455
0.91555855810 0.91555855927
0.91G77150368 0,91077150471
0.90567189672 0,90567189758
0.90023564480 0.90023564554
0.89443644203 0,89443644264
0.88824552763 0.88824552811
0.88163141380 0.88163141416
0.87455957821 0,87455957846
0.86699211577 0.86699211588
0.85888734321 0.85868734317
0.05019934976 0.85019934948
0.84087748432 0,8aOR7748369
0.83086576865 0.83086576879
0,82010223053 0.82010223066
0.80851812710 0,80851812721
0.79603706029 0,79603706036
0.78257395031 0.78257395040
0,76803384757 0.76803384761
0,75231055135 0.7523105Sl3~
0.73528500001 0,73S28500003
0,71682338751 0,71682338751
0.69677495230 0.69677495234
0.67496937213 0.67496937217
O,b5121368205 0.65121368208
0.62528861428 0.62528861430
0.59694423179 0.59694423183
0,56589469700 0.565894697OU
0.531bil97270 0.53181197275
0.49431820057 0.49431820061
0.45297642975 0.45297642976
0,40727927&11 0,40727927413
0.35663495387 0.35663495386
0.30035000622 0.30035000626
0.23760772770 0.23760772766
0.16744109659 0,16744109661
0,0886985014a 0,08869850143

-0,00000000026 -0,00000000004
-0,10031900480 -0,10031900490
-0.21428099099 -0,21428099107
-0.34436251289 -0.34436251279
-0.49362198301 -0.49362199647

RESIDUAL

-7,18Q-09
-6.43Q-09
-5,75Q-09
-5,12Q-09
-4r56Q-09
-4,06Q-09
-3.56Q-09
-3,15Q-09
-2,76Q-09
-2ra5Q-09
-2rllQ'09
-1,84Q-09
-1.598-09
-1,38Q-09
-1,17Q-09
-1,03Q-09
-8rSlQ-10
-7,4OQ-10
-6 .OOQ-IO
-4,86Q-lo
-3,62Q-lo
-2,53Q-IO
'1.15Q'10
4,18Q-11
2,80Q-10
6,24Q-lo

-1,46Q-10
-1.33Q-10
:p;r'ty

0
-9:28Q=ll
-4.18Q'11
-2,55Q-11
-2r36Q-11
-1r82Q'12
-3,82Q-11
-3,64Q-11
-3,46Q-11
-2.OOQ-11
-4,73Q-11
-4,OOQ-11
-5r28Q-11
-3.46Q-11
-1,82Q-11
-2,55Q-11
1,09Q-11

-4,73Q-11
4,18Q-11

-2,36Q-11
lr27Q'11

'2.22Q'10
1,06Q-10
8,OOQ-11

-9,64Q-11
lr35Q'08



Table 3.2 (cod-t)

H

0;08
0.09
0.10
0.11
0.12
0.13 I
0.14
0.15
0.16
0.17
00 18
0.19
0.20
0;21
0.22
0.23
0.24
0.25

V

0.99127555152
l.00874429275
l.02693050930
~,04590~94092
1.06573724600
1.08652857057
1 ,I0838493834
1.13143680239
1.15584227913
1.18179588542
1.20954110887
ir2393890680a
1.27174725139
1.30716580707
I,34641635550
I.39063599246
l,a4161618569
1,50246314780
1.57943776486
I,68924770653
l,94538648089

a-0
-0.66587160763 -0.66587161183 4,20+09
-0,86591152770 -0,8659ll52920 1.50@-09
-l.09985392433 -1.09985392442 8,73@-11
-1,37557841672 -1.37557841692 2,0aC-l0
-1.70338381342 -1.70338381332 -1 rO2@-IO
-2.09693954376 -2.09693954328 -4*80@-IO
-2.57470596257 -2.57470596209 -4,80@-10
-3.16210870461 -3,16210870343 -1,18C-09
-3.89496426965 -3,89~96427141 1,76@-09
-4.82505765359 -a,82505765285 -7,42@-l0
-6.02957797020 - -6.02957797010 -1 r31@-lo
-7.62781509l30 -7.62781509290 1,59c-09
-9.81233482410 -9.81233482030 -3.849-09

-12.91111808070 -12r91111808130 5.82C-10
-17.52191991450 -17.52191991630 1,75@-09
-24.83478987800 -24,83478990340 2,54Q-08
-37.52253776940 -37,52253910010 lr33@-06
-62.74095549100 -62.74095589500 3,73Q-09

-125.95313124800 ‘125.95313135300 1 rOQ@-07
-387.33409698600 -387,33409694500 -4,lOh08

-17160.52854390000 -17160.53556070000 7.02@-03

TH) RESIDUAL

12



The first 43 coefficients, bo,...,bb2 , were calculated in both single

and double precision (10 and 20 decimal digit accuracy) on a B5500 computer;

they are listed in Table 3.1. The residuals listed in Table 3.2 indicate

that these coefficients yield a very good approximation to 1(H) . The

program which calculated these coefficients is included in the appendix.

Equation (3.3) follows from (2.1) and (2.2) by substituting 5(1-T)

for v2 so that

V

(3.4) H = (1-.2~~)~'~ % =
s

T2* 5,,
1-T

=

T

. .

(3.5)
J/2 *9/z

p-H = 7+ F+ . . .

(3.6) R(H) = 63 .
T

Our approximation,

2j-12

(3.7) T(H) = f a.(p-H) 7
j=O '

was found by using the Remez algorithm, as adapted for the B5500

computer by Golub and Smith [G-S], to calculate the best values, in

the Chebyshev sense, for ao3a1,...,a
7

.

We now give a representation theorem for T?m , our approximation

to sm based on T(H) :

Id T

Theorem 3.1. Let the Trn be connected by the recurrence relation

13



(3.8) <(H,Ho) = sH JH1  ri(H2)~w2(H2,Hob32d3  for m>2_

Ho Ho

where

(3.9) ~(H,H~) = 1 Tl(H,~,) = H-H
0

N-l
(3*10) T(H) = xa,(p-H) and 7<_N<a .

j=o *

Then Frn can be expressed as

(3*11) Y?m(H,~o) = ?C .(p-H)jh
j=o m,J

m = 0,1,2,...

where cm,l = Cm,3 = Cm,5 = 0 for all m . The c
m,j

and c
m-2,j

are connected by the following recurrence relations:

(3.12)

(3.13)

(3.14)

where

(3.15)

and for

function,

C = -
bj j-2 for j = 2,3,...,mN with jf7

t

mN-2 j-5

'm,7 = C 'm j(PBHo) 7
j=o 9

mN d.
C = -

mj" c
cm j(P-Ho)7

j=2 '

B
m,l

=Pm3=Pm5="
9 9

j = 024678> 9 9 9 ) 3***t mN-2, with [*I denoting the greatest integer

14



[* min(j,2.N-231

(3.1’) Bm j = ~
9

k=[& + s max{O,j-(m-2)Nj]
akcm-2,j-2k

Proof: Equation (3.11) holds for m = 0,l . We proceed by induction,

assuming that (3.11)-(3.16) hold for, m-2 and proving them for m . I

We have

- N-l
(3.17) "_2(H,Ho)~(')  = ' aj(P-H)

jko
'm-2,kcPmH)

k=o

j-12

I7

where, for j = O,l,...,mN-2

II9 mid j,2N-211

(3.18) 01~ j =
9

k=[* + 9 max{O,j-(m-2)N}]
akcm-2,j-2k

Since (3.17) is to be integrated, we.:must show that a - 0 , so
b5 -

that the term am 5(P-H)-1 drops out of (3.17) and no log(p-H)
>

terms enter. Part of our in-duction hypothesis is
'm-2,5-2k = o

for k = 0,1,2, and so

[Q min(5,2N-2)1

(3.19) am 5 = > akcm-2,5-2k = o
3

k=[* + h max(OJ-(m-2)Nj]

.

The rest follows as a formal calculation. Q.E.D.

15



This procedure of approximating a singular function which is to be

integrated many times, is more general than it may at first appear.

If a logarithmic term had appeared in the_abl;ve, we would simply have
-+ E

started our series for T(H) at ao(p-H) 7 , for some suitably

chosen small constant E . (As a matter of fact, we have had to do

just this in the implementation of the solution to the boundary value

problem.)

The values of a. for j = 0,1,...,7 are listed in Table 3.3.
3

It follows from the Remez algorithm that

(3.20) -lcmz& 2211(H) - T(H)\ = 4.10533 x lom5
.- -

and the values of L(H)?(H) in Table 3.4 confirm this result.

j
aj

0 -0.1505866818

1 -0.4018655347

2 2.0945191543

3 -5.8821787341

4 10.9583158033
5 -10.7524447788

6 5.9416272229

-7 - -0.8198101027

Table 3.3

For computational purposes, it is useful to decompose Trn of

(3.11) into seven subsums, Xm k(H,Ho) :
9

[mN7k--"I

(3*21) 'm k E xm k(H$Ho) =
9 z

Cm 7j+k(PBH)j for k = 0,...,6
t 9

j=o

16



H 0-0
-1.00 0,9959294854

-0.95 0.9949433246

-0.90

-0.85

'0.80

-0.75

-0.70

-0.65

-0.60 0.9751811643

'0.55 0.9683693844

-0.50 0.9594595805

-0.45 . 0.9476966904

-0.40

-0.35

-0.30

-0.25

-0.20

'0,15

'O,iO

-0.05

.DO

0.05

0.10

0.15

0.20

0.22,

0.9937058897

0,992l482468

0.9901805280

0.9876847005

0.9845044389

0.9804307389

0.9319969918

0,9107715037

0.8816314138

0.8408774844

0.7825739504

0,6967749524

0.5658946971

0.3566349540

0,0000000004

-0.6658716068

-2.0969395414

-6.0295779653

'24.8347898435 -24.8347511783

-62,7409553870 -62.7409143510

Table 3.4

m
0.9959705387

0.9949469612

0.9936842046

0.9921121400

0,99Ol395036

0.9876466686

0.9844755284

0.9804151337

0.9751eo9776

0.9683845936

0,9594880509

0.9477343230

0.9320380440

0.9108091401

0.6816585552

O,84088801RP

0,7825643555

0.6967462574 0,0000286950

0,5656544750

0.3565983358

-O,oOOOl28543

-0,6658472800

-2.0969003767

-6.0296000934

RESIDUAL

-0,0000410532

-0,0000036365

0.00002l685l

0.0000361068

0,0000410244

O,OoOo380319

0,0000289105

0,0000156052

O,OOOOOOl867

-O,OOOO15?092

-0,0000284704

-0,0000376326

~o,oooo~1o522

-0,0000376363

-0,000027l414

-0.0000105345

0,0000095949

0,0000402221

0.0000366182

0,0000128546

-0,0000243268

-0,0000391647

0,000022¶281

-0,0000386653

-0,0000410362

17



6
(3.22) yrn(H,lio). = X

m,o + k~lxm,k(pWH)
k/7

=

In this way the evaluation of Frn involves the calculation of up to

the sixth power of (p-H) l/7 and up to the [?I-th power of (p-H) ,

instead of the mN-th power of (P-H+'~ . This calculation of Frn

is roughly equivalent to the evaluation of seven
mN
[I]-th degree

polynomials in (p-H) . For m = 10 and N = 8 , ll-th degree

polynomials are evaluated instead of 80-th degree polynomials. Thus,

approximation with negative, fractional powers of the variable (p-H)

has several beneficial side effects:

(1) More coefficients are used per unit degree of the approximation;

e.g. a 2nd degree polynomial approximation has 3 arbitrary

coefficients, whereas a 2nd degree approximation in Rowers

of 2/T has 8 arbitrary coefficients. Freedom to choose

more coefficients aids in minimizing error.

(2) Beginning the fractional power expansion at a negative power

again allows more coefficients.

These advantages more than compensate for the problems caused by the

presence of a singularity of 1(H) near the domain of integration.

18





4. EXAMPLES

In this section, the (approximated) solutions to four initial value

problems are presented in the form of tables and graphs in the hodograph

and physical planes. This was done in the following way:

(1) the line H = Ho was specified (H
0
= -.2 was used in all

four examples), and the procedure FANDG was supplied for

evaluating m 2 g' (1)'w and their derivatives (these two

functions are the initial values for the differential equation);

(2) the coefficients for Fm(H,~o) , for m = O,i,... ,41 were

computed, using the recurrence relations in Theorem 3.k;

(3) the coefficients for dn
Zm

s (H,Ho) were computed from

those of Tm(H,Ho) ;

(4) three streamlines were traced in the hodograph: If@,@> =7?O,l.5) >

'$(H,e) = q.O5,1.5) and q(H,e) = T(41.5) ;

(5) these streamlines were numerically transformed into the physical

plane, using the relations

(4.1)

x= s cos 8 M2-1-c-
P- v2 _

'/f, dv + qv de]

Y = s
sin 8 M2-1
-[-

P V2
*,dv++ de]

V
.

(See [B-B-K,,p; .21]- for further details and references.)

The values of H and 8 making up a streamline $(H,8) = constant,

were chosen so that \T(H,e)-constant\ 5 10s5 . During each calculation

of %,e) > terms in (2.8) were added in until the last term added was

19



< 10
-6

x I(the current value of the sum)! . An average of six terms

(involving To,??1"",~11 ) of (2.8) was used in computing v(H,B)

for these examples. Each example took about 13 minutes on the B5500,

and used STRFNC about 1300 times.

In the first example, FANDG computed the initial values for the

Ringleb solution:

(4.2) f(e) = w , g(1)(e) = - v(H k;:'821k;Hrfi)".5
-0

0 0

with r = 1 . Examples 2, 3 and 4 used (4.2) with r = .8 , 1.2 and 1.5 P

respectively. A closed form solution for q(H,e) in these last three

examples is not known.

20
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EXAMPLE1

RINGLEB SOLUTION

( r = 1)

---- sonic line

streamline

HODOGRAPH PLANE



Y

c-3
D
I-

- u
k l-

D
z

Lsoo . 3,m

H
-
0
$
ct.



Ii

-0.357181
-0.246264
-0.163745
-O.102783
-O.058670
'O.028118
?O,OOO889
0.000000
O.OOl588
0;000478

-O.O02931
-0.OO8703
-0.016940
-0.027792
-O,041457
-O,058181
-O,O78271
'O.102096
'O.130099
-0.162807
-O,200855
-O,245001
-0.296167

e

EXAMPm I (cod-b.)

+(H,8) = 2.77327

0.670000 0.569304 -2.2.42512 4.519349
0,790ooo 0,350090 -3,116098 3.743652
0.910000 0.722525 -3.682120 3.102722
1.030000 0.784569 -4.0713386 2.526454
1.150000 0.835328 -4.367205 1.973886
1.270000 0.874074 -41575625 1.422097
1.390000 0,900247 -4.713453 O,A61072
1,500000 0.912871 -4J795R6 0.338178
1.570000 0,9l-5163 -4.791589 0,003021
1.630000 0.913560 -4.783195 -0,284338
1.690000 0.908669 -4.757582 -0.570692
1.750000 0,900508 -4.714820 -0,855155
1,810000 0.889106 -4,654953 -1.137109
1.~70000 0.874504 -4.577906 -1.416323
1.930000 0.856755 -4.483338 -1.693063
1.990000 0.835923 -4.370461 -1.968194
2.050000 O,R12062 -4.237791 -2.243268
2.110000 0,785318 -4.082835 -2.5.20634
2.170000 0.755729 -3.901659
2.230000

-2,803553
0.723419 -3.688295 - 3 . 0 9 6 3 6 7

2.290000 0.688506 -3.433854 -3.404747
2,350ooo 0.651115 -3.125191
2.410000

-3.736064
0.611380 -2.742776 -4.099968

V X Y
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H

-0.608494
-0.488494
-0.368494
-0.249132
-0.152526
-0.081516
-0.029892
0.006672
0,031190
0.045677
0.050000
0,051449
0.050436
0.047323
0.042044
0.034492
0.024513
0.011902

-"0,003598
~0.022304
-0.044599
-0.070943
a0,101882
-0.138072
-0.180295
-0.229501
-0.286848
-0.346848
-0.406848
-0.466848
co.526848
-0.586848

(H,e

0,444513 0.427338 1.069939
0.513757 0,488389 -0.432149
0.599576 0,560775 q.602965
0.710000 0.647770 "2.523155
0.830000 0.733331 a3,144892
0.950000 0.808345 -3.564248
1,070000 0.871732 -3.~69102
1.190000 0.922581 -4.097494
1.310000 0.960161 - -4.263252
1.430000 0.983931 -4.368588
1.500000 0.991276 -4.401377
1.570000 0.993765 '4.412524
1.630000 0.992024 -4.404726
1.690000 0.986713 -4.380986
1.750000 0.977851 -4.341542
1.810000 0.965470 -4.286697
1.870000 0.949614 -4.216739
1.930000 0.930340 -4.131775
1.990000 0.907719 -4.031549
2.050000 0.881830 -3.915211
2.110000 0.852768 -3.781024
2.170000 0.820637 -3.625991
2.230000 0.785552 -3.445338
2.290000 0.747640 "3.231767
2,350OOO 0.707038 -2.974333
2.410000 0.663891 -2.656649
2.470000 0,618354 -2.253924
2.524202 0,575301 -1.785603
2.571660 0.536212 ml.259398
2.613762 0.500521 -0.665216
2.651492 0.467781 0.007538
2.685571 0.437635 0.770293

EXAMPLE I (con?,)

P 2.55392

V X v

1 5.921173
5.145598
4.422127
3.721549
3.122730
2.607194
2.122954
1.639303
1.140478
0.622701
0.313843
0.002462

-0.264560
-0.530016
~0.792479
-1,050-833
=f,304410
-1*553100
-1.797441
-2.038697
-2,27R924
-2.521052
-2;769003
-3.027870
-3.304213
-3.606528
-3.946017
-4.297146
-4.651499
=5,014157
-5.388860
-5.778577



EXAMPLE I (con?.)

Jr(H,8)  = 2.33002

H

-0.695135
-0.575135
-0.455135
-0.335135
-0.214730
-0.112822
-0.03'8940
0.014219
0.051722
0.077'119
0.092822

xx::;;
0:100385
0.097639
0.092973
0.086275

_ 0.077386
0.066094

.0,052132
0.035170
0.014809

-0.009428
-0.038112
-0.071924
'O,lll678
~0.158355
'0.213152
-0.273469
-0.333469
-0.393469
-0.453469
-0.513469
-0.573469
-0.633469
-0,693469

8 V X Y

0.365072 0.388885 2.877149 6.042925
0.419169 0.443331 1.086153 5.306357
0.484400 0.507244 -0.299229 4.638221
0.565182 0.583374 -1.371249 4,022005
0.670000 0.676414 -2.210618 3.430994
0.790000 0.773758 -2.792562 2.914211
0.910000 0.859974 -3.175934 2.479842
1,030000 0.933820 -3.455529 2.072781
1.150000 0.994235 -3.671452 I.659033
1.270000 1.040351 -3.837091 1.219706
1.390000 1.071503 -3.952436 0.749280
1.500000 1.086529 -4.009656 0.296088
1.570000 1.089257 -4.020179 0.002022
1.630000 1.087349 -4,012814 -0,250218
1.690000 1.081527 -3.990475 -0,500118
1.750000 1.071814 -3.953605 -0.745516
1.810000 1.058243 -3.902856 no.984653
1.870000 1.040863 -3.838958 -1.216335
1.930000 1.019738 -3.762540 -1.440055
1.990000 0.994943 -3.673967 -1.656067
2.050000 0.966566 -3.573032 -1.865437
2.110000 0.934712 a3.45.8758 -2.070062
2.170000 0.899493 -3.329036 "2.272702
2,230OOO 0.861037 -3.180191 -2.477026
2.290000 0.819483 -3.006377 -2.687728
2.350000 0.774978 -2,79864R -2,910730
2.410000 0.727685 -2.543488 -3,153551
2.470000 0.677773 -2.220378 -3.425923
2.526471 0.628566 qr826024 -3.720823
2.575149 0.584534 q.384301 ~4.016389
2.618009 0.544616 -0.884102 -4.318997
2.656191 0.508209 -0.316058 -4.632029
2.690517 0.474045 0.329813 -4.958083
2.721602 0.444148 1.064386 -5.299320
2.749916 0.415812 1.899670 r5.657649
2.775832 0.389585 2.849030 -6,034841
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EXAMPLE II

r = .8

I\ \ \ \ \.

---- sonic line

streamlines

HODOGRAPH PLANE
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EXAMPLE II (con%)

$(H,8) = 2.57676

H

-0.459174 0.679269
-0.339493 0.790000
-0.239967 r),910000
-0.163568 1.030000
-0.104582 1.150000
-0.059066 1.270000
-0.024239 1.390G00
0,900b00 1.500000
0.012136 1.570000
0.020706 1.630000
0.027702 1.690000
0.033211 lr750000
0.037303 1.~10000
0.040028 1.870000
0.041421 1.930000
0.041497 1.990000
0.040259 2.050000
0.037690 2.110000

- 0.033760 2.170000
0.028419 2.230000
O.021600 2.290000
0.013219 2.350000
0.003167 2.410000

-0.008685 2.470000
-0.022495 2,530000
-0.038448 2.590000
-0.056767 2.650000
-0.077711 2.710000
-0.101592 2.770000
-0.128776 2.830000
-0.159699 2.890000
-0.194881 2,950ooo
-0.234948 3.010000
-0.280655 3.070000
-0.332926 3.130000

8 v X Y

0.504913 -1,~12304 ft.573623
0.580352 -2.727762 3.752560
0.655224 -3.364548 3.031989
0.722694 -3.795537 2.405731
0.782613 -4,09P271 1.827095
0.834846 -4.309051 1.269647
0.879234 -4.444491 0.718928
0.912871 -4,5Of?365 0.214336
0.930691 -4,5198A4 -0.107177
0.943709 -4.511837 -0.382636
0.954620 -4.487262 -0.657376
0.963402 -4.444184 -0.930622
0.970038 -4,3886R3 -1.201443
0.974512 -4.314920 -1,46R790
0.976815 -4.225152 -1.731545
0.976942 -4.119744 -1.988560
0.974892 -3.999158 -2,23R703
0.970670 -3.863940 -2.480898
0.964286 -3,7146Q4 -2.714156
0.955753 -3.552046 -2.937610
0.945089 -3.376607 -3.150526
0.932315 -3.188915 -3.353322
0.917455 -2.989392 -3.542562
0.900533 -2r77fl270 -3.720954
0.881574 -2.555531 -3.887329
0.860605 -2.320820 -4.041614
0.837649 -2.073343 -4.183795
0.812730 -1.811749 -4.313869
0.785869 -1.533953 -4.431768
0.757084 -1.236917 -4.537276
0.726393 -0.916324 -4.629886
0.693813 -0.566118 -4.708608
0.659359 -0.177819 -4.771668
0.623051 0.260519 -4.016028
0.584913 0.765920 -4.836609
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EXAMPLE II (con?.)

H

-0 ,TRS520
-0.465520
-0.345520
‘0,233100
-0.147131
-0.081466
-0.931098
0.007443
0.036604

I

0.050000
0.061069
0.068867
0.075219
0.080214
0.083919
0,086384
0.087643

I

0.087712
0.086592

0 . 0 8 4 2 6 9
0.080711

I

0.075870
0.069679
0.062055
0.052892
0,042060
0.029407
0.014748

-0.002135

I

-0.021498
-0.043648
-0.068947
-0.097826

I

-0.130801
-0.168494
-0.211659
-0.261219

+(H,B)  = 2.3662')

8 V X

O.536424 0.438276 -0.075907
T),hl3981 0.501277 -1.717096
0.711196 0.576209 -2,1297fi7
9.830000 0.660891 -2s~310r)i
0.950000 0,73a620 -3,;29S31R
1,070~00 0.8013401 -3.619632
1.1900QO 0,07014ti -3,8518hl
1.310000 0.923717 -4.013627
1,430ooo 0.968897 -4.113610
1 ,sooooo 0.991276 -4.144420
1,570ooo 1.010653 -4.154897
1.630000 1.024832 -4.147507
t.690000 1.036730 -4.124829
1,750ooo I.046317 -4.086746
1.810000 1.053568 -4.033233
1 ,R70000 1.058460 -3.964392
1,930000 1.060979 -3,R80469
1,990ooo 1.06111~ -3.781864
2.050000 1 *OS8876 -3.669119
2.110000 1.054259 -3.542901
2.170000 1.047283 -3.403968
2.230000 1.037966 -3.253130
2.290000 1.026336 -3.091193
2.350000 1 a012421 -2.91~910
2.410000 0.996257 -2.736922
2.470000 0.977878 -2.545694
2.530000 0.957320 -2.345451
2.590000 0,934619 -2.136110
2.650000 0.909607 -1.917195
2.710000 0.882916 -1.687735
2,770ooo 0.853971 -1.446136
2.830000 0.822994 -1.189993
2.890000 0,790003 -0.915842
2.950000 0.755011 -0.61R7RO
3.010000 0.7-18028 -0.291913
3,070000 0.679063 0,0744A8
3.130000 0.638128 0.494314

Y

5,16?145
4.426613
3.719365
3.043472
2.473098
1.95R474
1.467296
0.981091
0.490122
0.199956

-0.092914
-0.345590
-0.599039
-0.852327
-1.104342
-1.353834
-1.599474
-1.839901
-2.073783
-2.299864
-2,517012
-2.724253
-2.920793
-3JO6034
-3.279567
-3.441163
-3.590740
-3.738369
-3.854155
-3.968263
-4,070814
-4.161810
-4.241017
-4.307807
-4.360904
-4.397997
-4.415107
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EXAMPLE II (con?.)

Jr(H,e) = 2 . 1 5 3 1 2

H

-0.666839 0.445646
-0.546839 0.506108
-0.426839 0.579952
-0.306839 0.673057
-0.192046 0,79001)0
-0.103968 0.910000
-0.037519 1.030000
0.0129’44 1.150000
0.051272 1.270000
0.080161 1.390000
0.100000 1,500000
0.109838 ~,570000
0.116742 I ,630OOO
0.122350 ~.490000
0.126748 1,750ooo
0.130004 1,810COO
0.132166 ~,870000
0.133270 1,930000

-0.133330 1,990ooo
0.132349 2.050000
0.130311 2.110000
0.127185 2.170000
0.122923 2.230000
0.117460 2.290000
O,tl0712 ?,350000
0.102574 2.410000
0.092920 3.470000
0.081597 2,530OQO
0,06f+426 2.590000
0.053192 2.650000
0.035643 2.710000
0.015479 2,770OOO

-0.007656 2.830000
-0.034185 ?.890000
-0.064618 2.950090
-0.099569 3.010000
-0.139786 3.070000
-0.186188 3.130000

El V X Y

0,4tJO980 1.350616 5.393565
0.457464 0,02404,4 4.612360
0.523967 -1 ,C237C6 3.983691
0.603528 -1 ,857063 3.384705
0,6'ih353 -2.506193 2.806470
0.7832111 -2.936194 2.319639
0.861800 -3.235730 1.884086
0.931902 -3.453490 1.467489
0.993459 -3.610903 I ,050679
1.046215 -3.716011 0.622565
I.086529 -3.767370 0.215792
1,108021 -3.776871 -0,0503SJ
1.123786 -3.770074 -0.383363
1.137044 -3,749061 -0,517087
1.147746 -3.713520 -0.753406
1 ,I55851 -3.663283 -0.989956
1.161326 -3,598372 -I ,225189
1.164147 -3.519023 ‘I.457435
1.164302 -3.425700 -1.684983
I.161792 -3.3190~1 -1.906160
1.156625 -3.200031 -2.119411
1.148825 -3.069550 -2.323363
lel3R424 -2,92R714 -2.516875
1.125461 -2.778609 -2r699071
1.109985 -2.620259 -2.669349
1.092048 -2.454558 -3.027369
I,071704 -2.282206 -3.173031
1.049009 -2.103650 -3.306’431
1.024017 -I ,919025 -3.427820
0.936777 -1.728091 -3.537544
0.967334 -1.530160 -3.635988
0.935724 -1.324004 -3.723508
0.901978 -1.107717 -3.800358
0.866116 -0.878523 -3.866590
0.829150 -0.632487 -3.921919
0.788085 -0.3640112 -3.965531
0.745920 -0,065517 -3.995769
0.701649 0.274318 -4.009630
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EXAMPLE III

r = 1.2

f
/

/
\
\

I \
1 + I
\ I
\ /
\ /

streamline

HODCGRAPH PILANE
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EXAMPLE III (cod-t.)

H

IJ/(H,e) 9 2.72611

6

-0.580826 0.401327
-0.460826 0.471021
-0.340826 0.557665
-0,%216S7 0.670000
-0,12R987 0.790000
-0.063925 O,9100~0
-0.020542 1.030000
0.005389 1.150000
0.016573 1.270000
0.01422c3 1.390000
0.0000d0 1,500000

-0.015624 1.570000
-0.033559 1.630000
-0.056159 1.690000
-0.OR3970 1.750000
-0.117638 1,R10000
-0.157922 1.~70000
-0.205709 1.930000

-4.262066 ~,990000
-0.322974 2.045510
-0.382974 2.093138
-0.443974 3.135315
-0.502974 2.173075
-0.562974 2.207153

0.440552 1.476017
0.503963 -0.240465,
0.579432 -1,54#?473
0.67049R -2.550364
0.756867 -3,196lfJO
0.828981 -3.629674
0.984208 -3.952407
0.920698 -4,?C4219
0.937384 -4,3952f+9
3.933835 -4.524504
0.912871 -4,S86746
0.890908 -4,59ROR9
0.866930 -4,58995R
O,R38393 -4.564332
0.805538 -4.5lR9R3
0.768661 -4.449672
0,72tilO3 -4.349059
0.664239 -4,205072
0.637460 -3,99A271
0.591920 -3.724098
0.551330 -3,3950R8
0.514346 -2.998829
0.480479 -2.525377
0.449339 -1.963393

X Y

6.254477
5;460012
4.726842
4.027697
3.453982
2.962596
2.492531
2~010002
l,SO3578
0.977393
0.485194
0.167774

-0.109205
-0.394863
-0.69S669
-1.021129
-1,384601
-1,~04590
-2.306958
-2,877056
-3.479841
-4.134372
-4.850369
-5.637446
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g!l., ‘.. ,
.

H

-0.698208 0.317281 0.387596 4.071576 6.636595
-0.578208 0.369817 0.441828 1.844998 5.845047
-0.458208 0.432963 0.505469 0.155303 5.132771
-0.338208 0.5~0590 0.581241 -1.122548 4.485856
-0.218208 0,610OOO 0.673434 -2.090477 3.884287
-0.111629 0.730000 0.775031 -2.769276 3.351524
-0.036975 0,850000 0.862501 -3.198451 2.920697
0,01?330 0.970000 0.932483 -3.512720 2.517254
0.044887 1.090000 0.982602 -3.765403 2.096468
0.061554 1.210000 1.011521 -3.969367
0.06'5497

1,640385
l.330000 ' 1.018648 -4.120222 I,153924

0.057243 1.450000 I,003859 -4.211469 0.655248
0.050000 1.500000 0.991276 -4.231372 0.448243
0.035696 1.570000 0.967420 -4.241685 0.160864
0.019143 1.630000 0.941307 -4.234524 -0.084132

-0.001897 1.690000 0.910147 -4.212408 -0,331015
-0,028037 1.750000 0.874180 -4.174091 -0.585367
-0.059997 1.810000 0.833717 -4.116524 -0.855782
-0.098611 1.870000 0.789138 -4.433845 -1.154507

--0.144843 1.930000 0,740881 -3.915922 -1.498466
~0.199821 1,990ooo 0.689420 -3.746061 -I,911054
-0.260336 2.046083 0.638841 -3.516536 -2.387872
-0.320316 2.094216 0.593811 -3.2.37906 ~2~897276
-0.380316 2.136639 0.553047 -2.900613 -3.453847
-0.440316 2.174500 0,515915 -2.495850 -4,063lOl
-0.500316 2.208595 0.481919 -2.013670 -4.736341
-0.560316 2.239507 0.450666 -1.442758 -5.481226
-0.620316 2.267677 0.421836 -0.770200 -6.307138
=0,680316 2.293449 0.395165 0,018777 -7.224454

EXAMPIJZ III (con?.)

$(H,e) = 2.51901

f3 V X Y
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H

- 0 . 7 7 0 6 3 1 0 . 2 6 4 2 1 4
- 0 . 6 5 0 6 3 1 0,307001
- 0 . 5 3 0 6 3 1 0 . 3 5 7 7 1 9
- 0 . 4 1 0 6 3 1 0 . 4 1 8 6 7 0
- 0 . 2 9 0 6 3 1 0 . 4 9 3 6 5 9
- 0 . 1 7 0 6 3 1 0 . 5 9 0 0 0 0
- 0 . 0 6 2 0 2 3 0 . 7 1 0 0 0 0

01012382 0 . 8 3 0 0 0 0
0 . 0 6 1 4 6 5 0 . 9 5 0 0 0 0
0.09.1925 ~,070000
0 . 1 0 8 3 9 7 1.190000
0 . 1 1 3 5 4 4 1 r3l0000 .
0 . 1 0 8 2 1 9 1.430000
0 . 1 0 0 0 0 0 1.500000
0 . 0 8 7 4 9 6 1.570000
0 . 0 7 2 8 6 3 1.630000
0 . 0 5 4 0 2 8 1.690000
0 . 0 3 0 3 0 2 1.750000
0 . 0 0 0 8 6 4 1.810000

- 0 . 0 3 5 2 3 4 1.870000
- 0 . 0 7 9 0 7 6 1,930OOO
- 0 . 1 3 1 8 9 7 1,990000
- 0 . 1 9 2 8 0 0 2.047961
- 0 . 2 5 2 8 0 0 2 . 0 9 6 7 0 4
- 0 . 3 1 2 8 0 0 2 . 1 3 9 5 0 4
- 0 . 3 7 2 8 0 0 2 . 1 7 7 4 4 4
- 0 . 4 3 2 8 0 0 2 . 2 1 1 4 9 8
- 0 . 4 9 2 8 0 0 2 . 2 4 2 3 0 4
- 0 . 5 5 2 8 0 0 2 . 2 7 0 3 3 3
aO.612800 2 . 2 9 5 9 4 9
- 0 . 6 7 2 8 0 0 2.319441
- 0 . 7 3 2 8 0 0 2 . 3 4 1 0 4 2

EXAMPLE III (can't. >

JI(H,e) = 2 . 3 0 5 4 6

e V

0 . 3 5 8 6 1 4 6.105391 6 . 6 0 2 5 5 0
0 . 4 0 8 1 0 5 3 . 4 9 1 1 1 0 5 . 8 3 9 4 3 9
0 . 4 6 5 8 0 7 I.507501 5 . 1 5 9 0 7 2
0 . 5 3 3 8 6 6 0 . 0 1 0 9 8 7 4 . 5 5 1 3 0 1
0 . 6 1 5 5 0 9 - 1 . 1 0 9 6 2 7 4 . 0 0 5 8 0 9
0 . 7 1 6 0 1 7 al.944262 3.508361
0 . 8 3 1 2 6 8 -2.525989 3 . 0 7 0 7 8 2
0 . 9 3 1 0 5 9 - 2 . 8 8 3 7 5 6 2 . 7 2 5 7 7 9
1.011362 - 3 . 1 5 2 5 1 3
1.069863

2 . 3 9 4 3 2 8
- 3 . 3 8 2 9 2 6 2 . 0 2 6 9 3 7

1.104804 - 3 . 5 8 1 8 2 4 1,604501
1 . 1 1 6 4 1 0 - 3 . 7 3 6 9 5 3 1 . 1 3 7 1 6 6
1.104410 -3;R35264 0 . 6 5 4 9 1 6
1.086529 -3.864520 0 . 3 8 0 0 9 9
1.060685 -3.874064 0 . 1 1 5 7 9 0
1.032278 -3.867752 -0e101634
0 . 9 9 8 2 3 0 -3.848894 - 0 . 3 1 2 6 4 4
0 . 9 5 8 7 4 3 - 3 . 8 1 7 3 9 5 - 0 . 5 2 2 0 1 2
0 . 9 1 4 1 1 7 - 3 . 7 7 1 5 2 5 -0.737634
0 . 8 6 4 7 5 3 - 3 . 7 0 6 9 5 8
0 . 8 1 1 1 5 2

- 0 . 9 7 0 9 8 0
+,615475 - 1 . 2 3 7 8 1 1

0 . 7 5 3 8 9 1 - 3 . 4 8 2 9 9 5 ~I.559542
0 . 6 9 5 6 7 6 -3.2.94385 a l . 9 5 0 2 3 5
0 . 6 4 4 8 2 2 -3.064468 -2.368264
0,599203 -2.783622 - 2 . 8 2 7 9 6 6
0 . 5 5 7 9 4 3 -2,444118 - 3 . 3 3 6 5 6 7
0 . 5 3 0 3 8 6 - 2 . 0 3 7 3 3 4 -3.901006
0 . 4 8 6 0 2 0 - 1 . 5 5 3 5 2 0 - 4 . 5 2 8 5 1 6
0 . 4 5 4 4 4 2 -0.981566 - 5 . 2 2 6 9 7 1
0 . 4 2 5 3 2 4 -0 (I 308770 - 6 . 0 0 5 1 2 9
G.398396 0 . 4 7 9 4 1 0
0 . 3 7 3 4 3 2

- 6 . 8 7 2 8 3 3
1.399636 - 7 . 8 4 1 2 0 7

X Y
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EXAMPLE IV

r = 1.5

\

\

\
\

---- sonic line

I
/

/
/

-1

streamlines

HODOGRAPH PLANE
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Ii

-0.803855 0.177423 0,346149
-0.683855 0.211565 0.393655
-0.563855 0.252018 0.448301
-0.443855 0.299932 0.513827
-0.323855 0.356902 0.591295
-0,2038!55 0.425672 0,685864
-0.083855 0.512689 0.805669
0.028592 0.630000 0.956029
0,09S673 3;750000 1,0'/7408
0.130230 r) ,H70000 1.156421
0.144563 0 . 9 9 0 0 0 0 1.194216
0.144240 lr110000 1.193324
0.129135 1.230000 1.153673
0.093386 1.350000 1.072666
0.024388 1,470000 0.949419
0.000000 1.500000 0.912871

-0,068157 1 ,S68212 0.823931
-0,12Rl57 1.616717 0.757720

-00.188157 1.658598 0.699862
-0.248157 1.695758 0,648557
-0.308157 i,WU% 0.602568
-0,36Rl57 1,75V714 0.560997
-0.428157 1.787569 0.523172
-0.488157 1.813108 0.488575
-0.548157 1.836562 0.456794
-0.608157 l,R58113 0.427496
aO.668157 1.877919 0,400407
-0.729157 1.896116 0.375298
-0.788157 1.912830 0.351977

EXAMPU IV (can't.)

$(H,e) = 2.20548

9 V X Y

lo*133879 6.638649
6,34R335 5,898426
3.556194 5.244259
1.511290 4.669536
0,03s407 4.170702
-0.999284 3,747860
-1.685890 3.404276
-2.094014 3.146683
-2.322963 2,95R135
-2.567860 2,699149
-2.848825 2.320764
-3.107798 1.869345
-3.290854 1.439947
-3.389280 1,102906
-3.436601 0.808369
-3.444460 0.715589
m3,4542R8 0,420090
-3.446610 0.093906
m3.419213 -0,306801
-3.367022 -0,790445
-3.284415 ml,365666
-3.165111 -2.042477
-3,001983 -2.832818
-2.786844 -3.750968
-2.510211 -4.813924
-2,16104J. -6,041816
-1.726435 -7.458379
-1.191310 -9.091488
-0.538009 -10.973786
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EXAMPLE IV (con?.)

l-l

-0,H09536 0.163312
-0.689536 0.194611
-0.569536 0.231596
-0.449536 0.275225
-0.329536 0.326763
-0.209536 0.388297
-0.089536 0.464555
0:029s49 o.57i)ooo
0.109142 9,690OOO
0.1.49531 0.81000i)
0,168079 0.930000
0.173311 1.050000
0.167547 ~,170000
0,14A230 1.290000
0.106468 1.410000
0.050000 1.500000

-0.015592 ~,570000
-0.075592 1.619553
-0.135592 1 a661398
-0.195592 1.698135

- -0.255592 I.731099
-0.315592 1.761049
-0.375592 lJ68451
-0.435592 1.813616
-0.495592 l,R36771
-0.555592 1.858091
-0.615592 1.877723
-0.675592 1.895795
-0.735592 1.912422
-0.795592 1.927710

8

j@-J,e) = 2.05042

V X Y

0.334066 10.531442 6.223300
0.391244 6.700484 5.534332
0.446085 3.874399 $927689
0.51049~ 1 ,a09345 4.396350
0.507207 0.318922 3.937328
0,680902 -0.722624 3.551744
0.799234 -1.402841 3.246541
0.957546 -1.783280 3.034989
1.106464 -1.944453 2,91R646
1.208196 -2.130495 2.743130
1.265312 -2,40949R 2.409642
1.283104 -2.717262 1.939420
1.263552 -2.966366 1.439379
1.204486 -3.110682 1.037878
1.100536 -3.166639 0.795663
0.991276 -3.182474 0.656730
0.890953 -3.188156 0.472750
0.815192 -3,1818R9 0.236330
0,750141 -3.159602 -0.075402
0,693178 -3.116196 -0.467620
0.642591 -3.046418 -0.946099
0.597192 -2.944595 -1,5183o6
0.55611~ -2,804390 -2.193758
0.518720 -2,619576 m2.984265
0.494492 -2.370814 -3.904186
0.453035 -2.075416 -4.970742
0,424024 -1.697079 -6.204394
0.397192 -1,2305R7 -7.629297
0.372315 -0.6604Rl -9.273836
0.349203 0.031330 *11,171256
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EXAMPLE IV (con%.)

H 0 V X Y

-0.812365 0.149453 0.343035 10,8Of3842 5.756544
LO.692365 0.177982 0,3YOO50 6.959'186 5.125183
-0.572365 0.211610 0.444691 4.122977 4.569640
-0.452365 0.251132 0.508851 2.048498 4.084485
-0.332365 0.297554 o.5~5306 0.554402 3.667215
-0.212365 0.35247H 0.678453 -0.486357 3.319583
-0.092365 0.41949s 0.796063 -1.156381 3.050582
0.027635 0.510000 0.954515 -1.497772 2.883754
0.121332 0.630000 1.134605 -1.563094
0.166569

2.844354
0.750000 1.260331 -1.643847 2.775171

0.187537 0,870OOo 1.336341 -1.887637 2.515059
0.195853 0.990000 1.371601 -2.237949 2.042332
0.195668 1.1100o0 1.370776 -2.574536 I.455648
0.186894 1.230000 1.333755 -2.802583 0.922246
0.165129 1.350000 1.255641 -2.900548 0.592628
o.118273 1.470000 1.127363 -2.917997 0.496613
0.100000 1,500000 1.086529 -2.918447 0.490643
0.042469 1.570000 0.978558 -2.919469 0.444509

- -0.018443 1.623516 0.887055 -2.915455 0.315545
-0.078443 1.666003 0.811883 -2.899199 0.103279
-0.138443 1.702482 0.747267 -2.8615059 -0.192276
-o,198443 1.734869 0.690641 -2.808039 -0.572112
-0.258443 1.764167 0.640324 -2.723068 -1,04Olo2
-0.318443 I . 7 9 0 9 4 7 0.595148 -2.604607 -1.602782
-0.378443 1.015564 0.554262 -2.446387 -2.269213
-0.438443 1.838254 0.517025 -2.241193 -3.050998
-0.498443 1.859193 0.482937 -1.980646
-0.558443

-3.9.62441
1.878519 0.451603

-0.618443
-1.654973

1,896349
-5,020794

0.422702 -1.252745 -6.246616
-0.678443 1.912787 0.395967 -0.760591 -7.664203,
-0.738443 1.927931 0.371178 -0.162859
-0.798443

-9.303118
1.941870 0.348145 0,558768 I 11.193819

$(H,e)  = 1.88713
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5. ERROR ANALYSIS

Before proceding with a formal analysis, we present some empirical

results. This will allow a more realistic evaluation of the error

bounds to be proved. To do this we have used the well known Ringleb

solution,

(5.1) qR(H,6) = ,e sin 8

of.equation  (2.5) to set up initial value problems for Ho,He[-1,.22]  .

We have then used the program included in the Appendix to compute

R'+(H,Ho,e) for H,H 0 = -l,-.95,...,.2,.22 . Figure 5.1 is a graph

of the average error, E , versus H
0’

where

(5,2) c(HO) = &

and Hl = -1 , H2 = -.95,... rH25 = .20 and H26 = .22 .

Figure 5.2 contains graphs of versus H , for several values

of Ho . The maximum absolute error tabulated was 3.91 x 10 -5 ,

occuring at H = .2 , Ho =-.95 . The error bound on lJIR -q 9
given by the sum of formulae (5.35) and (5.46), was tabulated for

Ho = -l,-.95 ,...,. 05 and H = -+.95,...,.2,.22  (the omission of

Ho = .l,.l5,.2 and .22 will be explained shortly). The maximum

value tabulated for this bound was 1.2 x lo-3 , occuring at H = .22 ,

Ho = -1.0 . It is difficult to maximize this bound, as a function

of H and Ho . However, a somewhat weaker bound, given by (5.54)+(5.55),

can be maximized easily, yielding an upper bound (for all Ho&1,.06593...]

and He[-1,.22] ) on the error in our approximate Ringleb solution of

3.3 x lo-3 . 41
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The program which carried out the calculation of the error bound

is included in the Appendix. These calculations were done only for

8 = 1 radian since the simple form of qR and the fact that the
I

error in f (25) and 'g(2j+l! is very small in this case, make the

relative error given by the formulae of this section, essentially

independent of 8 .

Let us proceed with a formal error analysis. The error involved

in our computation draws from three sources:

(1) truncation -- we have truncated the infinite series of (2.7),
..lI--- -I

for $(H#) 9 to yield 'Jln(H+e) ;

(2) function approximation -- we have permitted the use of

r(2j)',~,for  j = O,l,...,n  , and !? , to yield

; and

(3) roundoff -- computations are done in fixed length, finite

precision arithmetic.

Errors of types (2) and (3) can be confused easily: type (2) errors

are due to the fact that the formulae used to calculate certain functions

would not give exact values, even if exact arithmetic were used;

type (3) errors are due to the inexactness of computer arithmetic.

Confusion may arise when inexact formulae are computed with inexact

arithmetic.

Roundoff  error has been no problem in our work, partly because we

are using 10 digits for our essentially 5 digit calculations. We shall

not consider roundoff error here. The following analysis provides

bounds, as functions of H, Ho and 8 , for the truncation and
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approximation errors. A series of five lemmas are required. The first

three lemmas present rough bounds based on (2.9), itself a rather rough

bound on sm .I I The derivation of these bounds utilizes only one

property of 1(H) , that for HE&~] , jr(H)1 5 c2 . In this paper,

we deal with &PI c, L-1,.221 , for which c2 5 62.47 . When evaluating

our bounds for particular H and Ho 9 we of course choose

[a,@] = [Ho,Hl .

Let a= .0659262218  .*. . Then we have

(5.3) a(a) = -1 .

When Ho < a < H or H < a < Ho , the first bounds are poor. Lemmas 5.4

and 5.5 give considerably improved bounds, valid for Ho 5 a < H . In

the Ringleb computation considered, these new bounds were as must as

-10
10 better than the old bounds. The case H < a < H could be0

treated similarly, but this will not be done here. (This is why the

cases H =0 .l,.l5,.2,.22 were omitted from the bound calculations

summarized in Graphs 5.1 and 5.2.) The improved bounds depend on one

further property of 1(H) , that If(~)1 < 1 for He&a] . Thus,

all the bounds given are valid for any function, 1(H) , whose graph

lies within the darkened area of Figure 5.3; the first bounds are valid

for any a(H) whose graph lies within the dashed rectangle.

In order to present simple a priori bounds, we assume that, for
.

fixed 8 , f(25)w and g(2j+l) (0) grow (with j ) no faster than

geometrically. However, the derivatives of even analytic functions

can grow much faster than this. (If h(e) is analytic then, by Cauchy's

formula, Ih j (e>l 5 maxlh(e)lj!r-j-l( > , where r is the minimum distance
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of 8 from the boundary of some domain within which h is analytic;

the maximum of lb(e) 1 is to be taken over the same domain from which

r is computed.) The bound on the approximation error also involves

'olterms which must bound the error caused by f (2j+ll forand g

j<n. If these errors can be assumed negligible (of if a bound can

be found), then an a posteriori bound on the error due to function

approximation can be computed, while the stream function, 9 , is being
.

computed, without any assumptions about the growth of f(25) and

65
kW . This is not possible for the truncation error; we must have

.
definite knowledge of the growth of f (23) and g(2j'1) 9 as j 4 0~ ,

in order to bound it. And a bound on the approximation error is of no

value without a bound on the truncation error. The usual heuristic

solution to this problem is to let the program determine when to truncate

the series for

term computed;

of the series,

program allows

$ dynamically,on the basis of the size of the last

when the last term is small relative to the current value

the truncation error would be assumed negligible. (Our

the user to decide whether a fixed number of terms or

the heuristic stopping criterion is to be used.)

In the following, we assume that c > 0 , and we let T and A
n n

denote the truncation and function approximation errors involved in

(2.8), respectively, so that

(5.4) Tn(H,Ho,e) z Jr&e) - *,(H,Ho’8)

(5.5) An(H,HoA =, l$&Ho’e)  - vn(H,Ho,e)

where qn denotes the series for Tn with the approximation symbols,

n> removed.
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Lemma 5.1. Let 8 be fixed. Suppose there exist constants rf , r
g '

Bf and B for which
Q

(5.6) I f (25)' (e)l  < r2jB
-ff'

lg(2j+1)(e) 1 < r2j+'g
-g g

for j 2 n+l .

Let an upper bound function, Un , be defined by

(5.7)
b-hX) n

Un(h,x) 3 Bh
n! cash rh x

where h can be f or g . Then we have

(5.8) ' lTn(H,Ho,Ql L U2n+2(f,4H-Hol)  + L u
c 2n+3 k,clH-Hol >

for all H,Ho~[a,BI .

Proof: By definition,

(5.9) lTn(H,Ho’~)I = \ f (-1
j=n+l

(5.10)

)j(s2j(H,Ho)f(2j)(')+s2j+l(H,H  )g(2ji1
0

00 .
<-Zr

j=n+l
Bfr:J

IS2j(H,Ho)  I+B  r2j�lS2j+l(H,H

gg 0

> \ 1 l

If we apply the bound,

(5.11) ISm(H,Ho)  \ 5

c-'~'~H-H~~~

m! q S,(H,Ho)

to (5.10), we obtain

(5.12) IT,(H,Ho,B)I 5 Bf
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where Xh =
rhclH-Ho\ for h I= f,g . The two series in (5.12) are just

the remainders of Maclaurin expansions of cash xf and sinh x ,g

truncated after 2n+2 and after 2n+3 terms, respectively; (5.8) is

derived by substituting (an upper bound on) the Taylor form of the

remainder. Q.E.D.

Let us define

(5.13) Em&Ho > s s~(H,H~)-~~(H,H~)

(5.14) D(H) E L(H)-T(H)

(5.15) 6 =

To facilitate the following proofs, let us define regions I , II ,

max ID(H) \
HE &PI

and III in the Hl,H2- plane, as pictured in Figure 5.4.

Figure 5.4

52



Region I is the union of II and III. We thus have

H H1
JJ F(Hl,H2)~235  = J J- F(Jy-5

II a a

5
(5*16) J&J- F(Hl,H2m2~l  = la J F(HpH2

III Ho Ho

1

JJF(H,,H,~yq= J#f m5,H2)~2~I,  + JJ- F(Hlap2ml

I II III

Lemma 5.2. We have

(5.17) )E,(H,H~)) 5: [%ls,(~,~~)(1+6~~~~ f o r  _m>O.

Proof: The proof is by induction. E. = El = 0 and so (5.17) is true

for m = 0,l. We assume it is true for m-2 and prove it for m .

(5.18) mE &Ho) = JJ (j(H2)sm 2(H2,Ho)-7(H2)~m-2(HE'Ho)1dJ32dH1  e

I

Adding and subtracting ?srnw2 from the quantity in braces yields

(5.l9) IEm(H>Ho) 1 5 IJJ D(H2)Sm-2(Ha’Ho)~clcW1(  + lJJ+ Em_2(H,,H,)~‘H2)~~~dIill

(5.20) IEm(H,Ho) I 5
6C
2[3

B-Ho I m

c2 m'.

and (5.17) follows directly from this. Q.E.D.

53



Lemma 5.3. Let 8 be fixed, and let constants Cf , Df , C , D , c
g g f'

d
cg' f and d

g
satisfy

(5.21) CfCFJ' 1 \f(2j)( t cc
2j+l > lg(2j+l) 1

gg -

(5.22)

for j = O,l,...,n .

Let us define bounding functions, F and G , by

(5.24) G(k,x,y) 5 &

(5.23) F(k,x,y) 5 $ (Cp sinh x + Dfy sinh y) + Df cash y

(cash y-l))+D
g

sinh y

Y

(Cgx(cosh x-l)+Dgy

Then we have, with z = (1+6c -2 l/2) )H-H~~c

(5.25) lA,(H,Ho’B)I 5 F(c2,cfz,dfz) + $ G(c2,cgz,dgz) .

This bound is independent of n .

Proof: By definition, we have

(5.26) lAn(HPoA\ = l f (-l)j[s2jf(2j)-~2j:O:s2j+lg(2j+l)-~2j+~g(2j+l)~~
j=o

Adding and subtracting ??
.

f (23)
23

and 2
2j+lg

@j+l) , applying the

triangle inequality and using the fact that lFrnI 5 I~,l+ls~I yields
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(5.27) IAn(H,Ho,B)( 5 f ((Cfc;j+Dfd;j)1E2jI+D  d2jls
ff 2j

1
j=o

Applying

I +D d2j+1\s2j+ll)gg
.

.
+(c c2J+1+D d2j+1)lE2j+l

gg gg

(5.11) and (5.17) to this yields

(5.28) lAn(H,Ho,e)l  5 + (cfxf t Xf
2c

+ D
f

W

c .

j=o ’
’ * I(25) . .

3
+D%f&)

g ' j=l
2j !

D w

+A c

(y (l+6c-2)- q2j+l
g

' j=o
(2j+l)!

where Xf Y Yf Y Xg Y Yg are suitably defined; (5.25) follows directly

from this. Q.E.D.

The above bounds on T and A
_ n n

are reasonable as long as b,Pl
is such that c remains small. But as 8 3 .25125.. we have c -+ w .

The reason our bounds can be bad is that the constant c multiplies the

whole of IH-H,I in our bound of (2.9):

(5.29) )s,(H,H~)( 5 (c'~~Ho')m 6-l .
. m
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When Ho << a << H (11<<(1 means ltmuch less than"), then c is large,

and so is b-Ho1 ’ It does not seem fair that, in this case, c

should multiply all of IH-H,\ since c is only needed to bound 1

in [a$] ; a bound of unity suffices in [Ho+1 . Thus we may expect

to be able to replace c~H-H~/ by c(H-a)+a-Ho in this case. Indeed,

this can be done if the factor of 6," is removed, as can be proved

from the following, stronger result.

Lemma 5.4. Let ho = Ho-a and h = H-a . Wehave, for Ho<a<H,- -

(5.30) \sm(H,Ho)l  1. .5(1 + '>
(ch-ho)m (-ch-ho)m

C m! + .5(1 - $1 m'.
s S;(H,Ho)

with equality holding for m = 0,l . Further, this bound holds if a

is replaced by any number between H0
and a ; if a is replaced

-by Ho or c = 1 , then (5.30) reduces to (5.29). Also, we have

(5.31) Sm(H,Ho)  > S;(H,Ho) for Ho < a < H and m 2 2 .

Proof: The proof is by induction. Equality is achieved when m = 0

and 1 . Assuming (5.30) for m-2 , we prove it for m as follows:

(5.32) I sm I =- IJJ 1 CH2-  )Sm-2(H2  Po)~pl  I
I

5 JJ Srn-2(H2,Ho)~2~l  + JJ C2S~-2(‘2~‘o)~~df$  5 Xm(H,Ho)
II III

The first double integral requires lsm 2 to be evaluated only for

HL" Y and so (5.29) may be used with c = 1 ; C2 times (5.30) was

used for ksrnw2 in the second integral. It follows that
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h2
(5.33) X2(H,Ho) = 2 - hoh + q = S;(H,Ho)

m

(5.34) Xm(H'H 1 =
(-ho> h(-ho)m-l

0 m! +,(m-1): *

+ .5(1 + $,r
(ch-ho)m (-ho)m ch(-ho)m-l

ml - m! - *(m-1):]

+ .5(1 - $1
(-ch-ho)m (-h )" ch(-ho)m-l

-m'. ,Y. + (m-1):1  = s)-bHo) l

The inequality Sm > S+m can be proved by expanding (ch-cho)m and

(ch+ho)m . Q.E.D.

The case H < a <Ho- - can be dealt with in a similar manner, but

this will not be pursued here. The bound on Tn corresponding to this

new bound is

(5.35) ITn(H,Ho,e)I  5 .5(1 + ~)(U2n+2(f,ch-ho)+U2n+3(g,ch-ho)~

+ .5(1 - f)(U2n+2(f,-ch-ho)+U2n+3(g,-ch-ho))

for Ho-a = ho 5 0 5 h = H-a .

To get a new bound on Em and An we prove the following generalization

of (5.17).

Lemma 5.5. If Em(H,Ho) is defined as in (5.13) then

(5.36) ~~,(H,Ho)l 5 >

m

(~+~)"[[~Is~(H,H  )-
ho(c2-1)

(S", I(H,Ho)-~~ o(mo-yqq- - -!
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*
where S

-1
= 0 and o(m) = 0 if m is even, and = 1 if m is odd.

Further, this holds if a is replaced by any number in [H,,a] ; if

a is replaced by Ho and (1+6) m/2 by (1+8~-~)~'~ ,orif c=l,

then this reduces to (5.17).

Proof: Again, the proof is by induction; (5.36) holds for m = 0,l .

We assume it for m-2 , and work on the two terms on the right side

of (5.19):

(5.37) IJJ D(~2)Sm~2(H2,Ho)~2~ll
I

.(5.38) lss ~(Ha)Em-2(H2~Ho)~~~11

I

5 (‘+‘)’ Ss JEm-2(H2,Ho)  Im2al + JJ ~21Em~~(H2yHo) ldH2~l]
IIIII

(1+6) F{( q-1(5.39) 5 6 )I ss smw2(H2’Ko)m2ml+  JJ S~-r2(H2YHo)dH2al)

II III

where h
2 = H2-a .

Multiplying the right side of (5.37) by (l+Bf"12 , adding the result

to (5.39) and simplifying yields
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m

5.40) IE,(H,Ho)( < 8_ c2 (l+& $1 {S+(H,Hm 0

h (~~-1) -
2 (l+&[$lS;(H,Ho) - -"rr

2" m
(~~~l(H,Ho) - ,f$ dd>- .

Since [:I < m-l < m for m > 2 , we see that the last quantity in

braces is > 0 ,
/

and so we may replace it by zero without disturbing

our inequality. The result is just (5.36). Q.E.D.

Various weaker, but simpler, bounds can be proved, two of the

m

simplest (and weakest) being 6(1+6)2m *[$Sm(H, Ho) and

q1
((ch-ho)m)m

ml . The new bound on Em provides the following

bound on An : let bounding functions Fi and Gi be defined by

(5.42) Fl(k,x,y) 5 (1 + $)(x+b(x+y))k sinh kx+(l - $)(y+b(x+y))k sinh ky
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(5.43) F2(x,y) = + [CfFl(cf,x,y)+D~l(df,x’y))
4c

Df
+ 2 {cl+ $1 cash dp + (l- $)cosh d,y]

(5.44) G#c,x,y) 5 (l+ $)(x+ $(x+y))k(cosh  kx-1)

+b $)(Y+ ;(x+y))k(cosh ky-l)-b(x+y)(cosh(k(x-y)/2)-1)

(50~5) G2(x,Y) = 5 ~GgGl(cg,x,y)+DgGl(dg,x,y)]
4c

D
+ $ {(l+ $inh dgx +(l- +)sinh dgy?

2-where b = c -1 . Then it follows from (5.27) that

(5.46) IAn(HYHoYe)l 5 F2(x,Y)+G2(x,Y)
where

(5.47) x = (ch-ho)fi and y = (-ch-h )qro .
0

Our new bounds, (5.35) and (5;46), reduce to the old bounds when either

C = 1 or a is replaced by Ho , (1+.s)"i2 by (l+ec )O2 m/2 and
Y

if Ho > H , then H and Ho are interchanged. For this reason, our

program for calculating these bounds is written only for (5.35) and

(5.46); for the case H 5 .O5 , the old bounds are derived by the

replacement just described. For the Ringleb computation, all growth

constants are 1 , and
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(5.48)

(5.49)

(5.50)

(5.51)

cf
= Bf = \2.538 sin(l)/v(Ho) \

C =B = I 2.538 sin(l)
g g v(~o)(l-.2v2(Ho))2.5

I

Dh
= 10°9Bh for h = f,g

The bounds

5.52)
(ch-ho)m

lsmcH,Ho)\  L m,’ for Ho < a < H- -

5*53) IEm(H,Ho)(  5 q1
((ch-ho)vg)m

m!
for Ho 5 a < H

can be used to derive simpler bounds on A and T :n n

(5.54) l+bHo)\  5 F(l,cfz,dfz)+G(l,cgZ’d@;z)

(5.55) IqJwoY~~  l 5 u.2n+2(f,Ch-ho)cU2n+3(g,ch-h  >0

where z = (ch-ho)j/x and F and G are given by (5.23) and (5.24).

As ch-ho increases and Ho decreases, these bounds increase. Thus

they attain their maxima when H = @ and Ho = a . For the Ringleb

computation described above, this implies

(5.56) IT71 + lA,l 5 3.3 x 1f3 for He[-1,.22] and Ho&l,a] ,
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the bound being calculated at H = .22 and Ho = -1 . The disadvantage

of these simpler bounds is that, when a is replaced by Ho , they do not

reduce to our old bounds; a factor of c
2

is lost. Thus, as Ho 3 a

from below, while H > a , these bounds will become several orders of

magnitude worse than our more complex bounds. (If B were closer to

.25125..,then c2 would be even larger, and this loss would be more

drastic.)
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APPENDIX

Three programs, written in B5500 Extended Algol, are discussed

and listed in this section. The first program calculates the coefficients

of the expansion of 1(H) about its singularity. Double-precision

(about 20 digits accuracy) was required to calculate the first 43

coefficients. (This is the only place in these programs in which

double-precision was used.) The coefficients generated in this way

could be used to obtain a more accurate approximation to lf(H,@) ,

valid over a wider interval of H values, than that given by the 8

term Chebyshev approximation to 1(H) used in the third program

discussed here. The second program includes procedures capable of

computing the error bounds derived in Section 5. A driver program uses

these procedures to calculate the error bounds for our approximation in

the case of the Ringleb solution. The output of this program was used

to prepare the graphs in Section 5. The third program calculates our

approximation to $(H,8) . Given Ho , it uses a truncated expansion

of 1(H) to generate coefficients for polynomial-like approximations

to the sm(H,Ho) . These are used by the procedure STRFNC to

evaluate T(H,8) , TH(H,B) and ve(H,e) , for given H and 8 .

STRFNC calls upon the user-supplied procedure FANDG to obtain values

of the initial value functions f(Q) and g (1)
w , and their

derivatives. The driver program given here is set up to form our

approximation to the Ringleb solution, and to tabulate tables of the

actual error in this approximation. These data were also used in the

preparation of the graphs in Section 5.
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We have an explicit representation for H as a function of v :

(A.1) H(v) = .251251...  + J?(T~/~ + 7/3 + 1) - log(s)

where z =, l-.2v2 .

In these programs, v(H) was found by Newton-Raphson iteration, using

(A.1). The procedure SPEED does just this. However, if the values of

of the sm(H,Ho) and of v(Ho) are available, then v(H) can be

computed more efficiently by using the relation

(J-9 v(H) =
v(Ho)

f (s2j(HYHo)BVs

j=o
2j+lcHYHo) 3

where V = (1-.2~~(H,))-~'~ .

Equation (A.2) can be derived most easily by equating the Ringleb

solution, qR(Hye) = ;* , to the solution, as given by (2.7), of

the initial value problem, f(e) =
sin 8 and g (1)

w
sin 8

3-g =-q-E-p

When given an interval, I , of H values in which (A.2) is to be

used, we can use the bounds on Js~(H,H~)J given in Section 5, along

with the fact that the denominator in(A.2) has values ranging between
v(Ho>

min 'w
v(Ho)

H,HoeI
and H ~~ TV , to decide how many terms are

,o

needed for the denominator sum in order to make the truncation error

less than the approximation error caused by using Fj(H,Ho)  .
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COMMENT THE FULL~~WII~G THetiE pHflCEOUt?ES  SHOULD f3E CONSIDERED
GLUijAl. II) THE FClCLGwING THREE PROGRAMS (THLY MAY QE INSERT-
Ed AF’lEi?  THE FIRST HEGIN OF EACH PROGRAM);

REAL PAOCLulrRt SPli~l)(XlI VALUE XJ HEAL Xi
BfGIN rctAL CI Vi

REAL PHUCEIJUHE H( VI; VALUE vi REAL Vj
BEGIN NEAL TAUISQTAUI DEFINE ~UNS1’0.25’12511361~i
CnMMENT CUNST CAIJ 13E EVALIJATEO nY THE FaLLOwING  TKO STATEMENTS,

At’PEANING IN THE MAIN PROt,RAM1 CONST+O;
CUMMtdT CONSTt-ti(SQRT(516));

TAUtlg,2xV*2i SQTAUt StiRT(TAU);
hc S~lAUx(TAU+2/S+TAU/3+11  - .SxLN( Cl+SWTAU)/( l=SCITAU)) + CONS1

END Hi
Vt IF X<O THEN r4 ELSE 1.21

hH1l.E AdS(CtH(V)-X1>@-9  D O vt v-9 C~V/cl~r2~V*2)*2r~i
SPEED + ABS(v)

END SPEED;

REAL PRUCEUURt MAX(X,Y)I HEAL x,YJ
MAXtIf XtY THEN Y ELSE Xi

RC;AL PRoCEUUHt IUIIN(Y,Y)I R E A L  X*YI
MINtiF XtY THEN X ELSE Yj

COMMENT THE FOLLUYING PHOGHAM CALCULATES THE COEFFICIENTS FOR AN
EXPANSION OF L(H) AHOUT ITS SINGULARITY AT e25125113611

BEGIN
DEFINE N=60 Xr CONST=r2~12511361  ti:
ARRAY A,AhA7LCO~Nlr f31tTLlOtN~O~Nlr  CKrCKLtOIl311
INTEGER MC,J,K~~~I~Q~~Q~~I
REAL SUMI SUMLI HH, VP TAUr L, L-L;
FILE OUT CARUS 0 (2rlO)t

COMMENT Ntl CUEFFICIENTS ARE TO BE COMPUTE0 (N MUST F3E a 131,
At3 IS WHERE THESE COEFFICIENTS WILL RE STOREh
AICMI = A[Mlx7*(2%(M-6)/T),
MG+l TERMS WlLL BE USED TO EVALUATE THE ApPRUX1MATIOk1

RLAL PROCEUURE  LH(H 1; VALUE Hi REAL HI
RkGIN REAL SUM; INTEGER Hi

COMMENT THIS EVALUATES THE TRUNCATED EXPANSION FOR L(H);
SuytUI
FOR MtO STEP 1 UNTIL MG 00 SUMtSUM t A[Mlx(CONST’H)*(2x(M16)/7);
LHtSUM;

ENDI
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COVMENT wt CALCULATE A713 FTHST, THIS IS  DONE BY SEHIC;S REVERSION ,
USING  ThE RELATIONS

L(H)= C6xTAU - 5 )/TAU*6
= A7tOlxX*C-1217) + 47[1lxX+(-10/t) + l , .

X = 7xCCuNST’H)  = TAU+(7/2) + 7/9xTAU+(9/2) +
t/llxTAU*(ll/2) +a,. *

HIGH PHECISION  IS NEEI)ED  FOR THE COMPUTATTON OF T H E S E
CUEFF  ICIENTS, BECAUSE THE AItM] BECOME SMALL QUICKLY, ANU MUCH
CANCELL4TIuN UCCURSI

FUR Me0 STLP 1 UNTIL N UU tml0Ol~l~

FUR K+l SltH 1 UNTIL N UU
WEGIN

SUM+bUML+OI
COMML~ 1 THE FULLWING DOUtiLE  LOOP IS EQUIVALENT TO
FOR JeO STEP 1 UYTIL K DO SUMaSUM +49/((2xJt7)x(i?X(K-J)+7))j

FOR JeO STEP 1 UNlIL i( 00
QUUBLE(49,Or  J,O, J,O, +, 7,Or +, K,O,  J,O, “, 2,0, X, 7,0,

+,x,/0 $UM,SUML, +,c, SUY,SUML)I
OOUdLL( SUM, SUML, +, 9C13,Kl,RLtl3,K1);

EN01

FURR;K;NSTLP 1 UNTIL N 90

COMMERT CALCIJLATL THE C[Q,K ]/SI
FURd;;f;h10,13  DU

SlbsUMLcOl Qb+(Q+6) Q I V  2 ; Q7+(0+7)  DIV 21
FUH J+l S T E P  1 UlrlTIL K - l  OO

OUU~~~~~~~~,JJ,~LtQ6,JJ,  ~~Q7,KmJI,BLtQ7~K'Jlr  r(#
0 +, c, SUIU(eSUML)I

O”UBLEWjk;SUML 0 ~,CKCQI,CKL[Ql~;
ENUI

COMMENT THE FOLLUcJI:JG DOUBLE INSTRUCTION IS EQUIVALENT TO
BCI,KJ+ (Rt13,Kl - CK[131  - CKflOl - CK191 - 3xCKl8J)/Tj

00Ud~L~~C130K30ULL1.3rK3r  CKCl33,CKL[~31, -, cK[lOJ,CKL[lOl,  -,
Cfil9J0CKLt9lr -0 3000 CKC8l,CKL[8], %r -0’7000 /,
+0 t3~7,K~,H~.C7,KJ)i

F U R  Qc8,9,10,13 00
i3LtiIN

Q6*(Q+6)  DIV 2 1 Q7+((3+7)  DIV 21
COMMENT TtIE FULLO’dIhG WIURLE INSTRUCTION IS

t3CQ,Kl+CKlQJ  + RtQ6,Kl+B[Q7,KlI

DUUBLECCK[Ql,CKL[Ql, HTQ6,Kl,BL[Q6,Kl, +, ~tQ7~Kl~EMQ7~U*
+, +‘r i3ttbKl,f3LCQ,Kl  )i

ENUJ
ENDJ

COMMENT CALCULATE R~11,1Z,14,15,,,,,r~i1,2,3,,,,,~]~

66



FUR Mc-11,12,14  STEP 1 UNTIL N OCl
FOH K+l sTtP 1 UI\ITIL N OU

t3tGIiJ
SUM+SUrdL+Oi
FUH J+i) STEP 1. UNTIL K 00

~~JUULE(~[~,J~,I~L[~,J~, ~[M-~,K~J],~L[M-~,K-SJ)  x0 SUM,SuML,
tr +0 SUM,SUPlL)I

UUUHLE(SUM,SUML, +, ~IMcKl,RLCM,KI)I
END;

CALCULATE BtO,l,2,3,4,51 1,2,3,,.,,Nll

,FOA J+1 STtr t UNTIL 6 L)IJ FCR Kc1 STEP 1 UNTIL N DO
4EGIN

SUMcUi 06+6-J; U7c6t Ji -SUML+OI
F O R  M&O SlEP 1 UIJT!L &-I  00

DUu~LE(H[s6,M],~LtQ60~1,  RCQ7,K=M],BLIQ7,K'Ml,  X0 SUM,SUML, +,
+, SUM,SUML)I

OOU3LL(-SUM,'SIJML, +, SCC6rKl,BLtQ6,Kl)~
END;

COMMENT I3CM,Kl CALCULATICNS ARE NOW DONE;

A7tOl+-!a; AlO]+-5x7*(-12/7)1
DObBLEC6rO 0 A7tOl,A7Lt03,  B[O,ll,dLtO,ll, x, -, +r A7[lJ,A7LtlI>;
A[l3~A7C11~7*C-l0/7~;

FUR M+2 SThP 1 UNTIL N DO
8EGIN

SUM+bUML+OJ
FOR J+O STEP 1 UNTIL M-l DO

D~UtiLE(A7CJlrAtLtJl , BCJ,M~JJ,HLIJ,M'Jl,  X0 SUM,SUML, +,
+P SUM,SUML)I

DUUtk~C-SUM,-SUML,  +, AI[M],A7LCMl)I
A[MJ~‘SUMx7*(2x(Mg6)/l)l

ENOJ

WRITE(CAR~S,~3E20.ll,iFOH  M+O_STEP  1  U N T I L  N DO A[Ml)J
kRITEC<“M”, Xl90 “At~l”, X 8 , "AIM1/7r(2x(M-6)/7)",)i
F O R  M+O STt? 1 UNTIL N UO WRITEkI2, 2E25,11>, M, ACM10 A7tMl)I
WRITE(CPAGkJ)I MG+421
WHITE(<“YG”  *, 12///>, MG)I
WRITE(<X3,  "H", X13, "V", X250 "L(H)", X20, ""L(H)*", X9, "RESIOUAL"~)l
FOR Hh+-1  STEP ,Ol U N T I L  e2501 0 0

hRITf(<k5,2, F20.11,  2R25,ll,El5.2~, H H ,  CV+SPEEDCHH))r
(L+C6xCTAU~(I- ,2xVxV))-5)/TAU*6) B (LL+LHWW, L-LL)J

ENO,



CUvMErUT THE FOLl,uSJING PROGFiAM IS SET UP TU EVALUATE eUUNOS ON THE
THUNCATION  ANU APt%OXIYATION ERROR FOR THE HINGLEB  SOLUTION.
HUWfVEH, THE PROCEDURES AEEOFD ARE PROGMAMME0 IN GENEHALl

BLGIN hkAL C, B, C20 DELTA 0 I)ELTAl, A, AAj
A RR A Y  RH, UH, CY, Dh, LCH, L0hlOrlll

CUMMEFtT C2 = MAX(ARS(L(X)) FOR X RETWEEN H AN0 HO,,
c = SQdlCC2).
A = INVtHSEtL(-111  = r065926221R.
NH, LCHP LOH AHE c,RCWTH  FACTORS,

A ?RUCEUURE TO EVALUATE L(H) MUST BE PROVIDEO.
THIL FOLLOWING PRUCEEOURES ARE ALL THAT IS NEEDED TO EVALUATE
THt HUUGH  OR THE IMPRCVED ROUNDS, THE BOUND IS GIVEN RY

T(N, HH, HHO) + AN(HH0 HHO) *
IF T;E RUUtih RUUNI) IS DESfRfD-,  WE MUST HAVE

= M4X(rl,ti(H #HO= MIN(H,HO) AAt HHO
IJEL IAl= l+l)ELTA/C2,

If ThE IMPHUVEi) HOUND IS DESIRED, THEN WE MUST HAVE
HhO=HO~AIH=Htl DELTAl=SQRTCltDELTA) 8" (C2-1 )xDELTAl
AA=Aj

RPAL PRUCEUURE  SINH( REAL X1 SINH+r5xCEXP(X)-EXP(-X)))
REAL PROCkUUHL  COSH(X)I REAL XI CuSH+,5x(EXPCX)+EXP(-X)))

REAL PRUCEUURL  u(N,H,X)i INTEGER N,Ht REAL X1
I F  X=0 THCN U+O ELSL

BEGIN REAL SUMi INTEGER I i
SUMtO; FUR 462 STEP 1 UNTIL N 00 SUteSUM+lJu(I)I
SUM+NxLN(RHtHJxABS(X))  - SUM1
U~BHtHJxtX~(SUM)xCOS~(HHtHJxX)xSIGN(X)*(N-~x(N  OIV 2111

EN0 ui

REAL PROCEUURL  T(N,H,HO)i INTEGER Ni REAL H,HOI
BEGIN RLAL X,YI

XtC CxCH-AA) - (HO-AA))xDELTAlj
YtC-Cx(H-AA)  - (HO-AA))xOELTAl;
T+,5x((l+l/C)x(U(2xN+2,O,X)+  U(2xNtbl,X)) t(l-l/C)x(U(2xN+2,O,Y)

+U~2J4l~+3010Y)))i
EN0 TJ

REAL PROcEUURt F 1 (K, x0 YIJ REAL- K, X0 Yt
BEGIN HtAL Hfji

tiEI+ fwX+Y)j
Fl+(l+l~C)x(X+HH)xKxSINH(KxX)  + Cl-l/C)x(ytfJl3)xKxSINH(KxY)I

EN0 Fli

REAL PROCEUUHL  F2(X,Y); HEAL X, Yj
F2+DELTA/(4xC2)x  (CHCOI~FI~LCH~OI~XIY) t ~H[O~XF~(L~H~O~~X~Y~~

+ DHtoJ/2 x C(l+l/C)xC~SHCLOH~OIxX)  + (I-l/C)xCQSH(LUHIOJxY));

*REAL PROC&UURL  GICK, XI Y)I REAL K, X0 Y;
BEGIN HLAL HRj

dB+. RxtxtY)/2r
Gl+(ltl/C)x(X+BH)xKx(C~SH(KxX)-1)  t (1-l/C)x(ytBB)xKx(COSH(KxY)-1)
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-~~xcCuSH(~~(X’Y )/2)-l  1;
Ehll Gli

R E A L  PRUCEIJLIHL  ti2tX1Y 1; HEAL Xc YJ
G2+DELTA/(YxCi?)x  (CH[~I~G~(CCHC~I,XIY)  + DH[~I~G~(LOH~~~~X~Y~~

+ DH[lJI2 X (Cl+l/C)~S~NH(LDH[11xX) + (I-l/C)xSINH'(L~H[l~XY))i ,

REAL PRiICEUURL AN(H, Ho); REAL H,HOJ
HEGIh HLAL ArYI

x+( Cx(H*AA) - W.PAA))~DELTAI;
y+(-Cx(h’AA)  - Wo=AA))xDELTA1;
AN+ t2(X,Y) t (i2(X~Y)i

frhfl AN;

CUCMENT IN WHAT F()LLows, THESE PRO$EDURES ARE APPLIED TU 0UR LCH) ANO
THt NlNGLEH SOLUTION;

REAL ThTp h, HO0 HH, HHO, ERRCR, AVGF,PS,  VOI TN8 ANNI ERhEW, EAOLOJ
IhTEGER Ii

REAL PRUCEtJURL LCX)I VALUE XJ REAL XI
BEGIN HEAL V, TAUl

V+SPEED(x)j TAU+l- .2xV*21 L+ (6xTAU-5VfAU+6
END L i

A~0.065926~21iV HH[Ol~RHtlJ~LCH~01~LCH[ll~LDH~Ol~LDHt~l+~~
fHT+li UtLTA+4.10533@-51
fOR HO+-le0  STEP rO5 UNTIL r05 00
BEGIN

VO+ SPELi)CHO)I
dHtOltCntO~~A6S(2,538/v~  x SIyCTHl))I
eHCll~CHtll~A6SC2,538~Cl~ ,2xV0+2)*C-2.5) /VO x SINCThT))I
FOR I+011 00 DHCI]+HH~IJx~-8I
wRiTEC<", H O H BOUND TN' "B

n AN"r/,);
AvGEPS+OI
FOR He-1 STEP .OS UNTIL r2r 022 DO
BEGIN

C2+MAX(@-8r  MAXCABS(LCH)), ABSCLCHO)))))
HH+rdAX(Hr HOI1 WO+HINCH,~O)I
DELTAl+ SQRT(l+DELTA/CIf Hs.05 THEN 1 ELSE C2))i
f3+ (C2-11; C+ SQRTCC2)J
AA+It H,rOS THEN A ELSE HHOi
T~l(7~ HH, tlHO)j ANN+AN(HH,  HHO); ERNEW+ERRON+TN + ANN)
If ii,,05 THEN
BEGlN

AA+ HHOi DELTAI+  SQRT(l+DELtA/C2)1
EwULI)+TC7r HH, HHO) + ANCHHrHHO);
ENROd+MINCERNEw, EROLO); TN+ERNEWj AhN+EROLDI

ENOJ
AvGEYStAJGkPS + EHRUR)

. WRITt(tZCF6.2rXQ)r x51 3CEl2.5, Xa8)>r HO, HP ERROR, TN, AkN)I
ENDi

hRITEC<"AVG ERR = ", E12.5,~ AVGEPS/26)I WRttECtPAGEJ))
EN0 END.



COKMENT ThE FOLLOWING PROGRAM IS SET UP TO FORM AND EVALUATE OUR
ARRHUXI~ATIUN TO PSI FOR THE RINGLEB SOLUTION, AN0 TO MAKE A
TABLE UF THE OBSERVED ERRORS IN THIS APPROXIMATION1

BEGIN RtAL HOI C, SUMI KMlr CMIH057, OLDHI OLDTHT,.Cf,  CGj
INTEGEH M, M2, M2N7r MN7MI2r MMAX P N, N7p NNl2, J, K, UP, MN7, IPI- :

NPSITKUNCMAXj LABEL EXITj

COMMENT NPSITRuNCMAXtl IS THE F(AYIYlJM NUMBER OF TERMS WHICH KILL
BE IJSEO IN OUR TRUNCATEO  SERIES FOR P S I
(SEE COMMENTS IN THE PROCEDUHE STRFNC),

N7 =NtT IS THE NUMBER OF T E RMS To BE uSED TCI APPROX-
IMATE L(H),

AC1 CONTAINS THE N7 COEFFTCIENTS FOR THIS APPROX)

MMAX+2xNPStTRUNCYAX+li
h+ ii N7tNt7I NN12+N+h+12t
BEGIN

ARRAY SCOEF,SPRIMECO:MMAXr 01MMAXxNTlr  AIO:Nt63j

REAL VOI AfVOi
T'ROCEOUHE tANUG(fVAL,  GVAL, THTI OLDN, M)I VALUE Mr OLOb THTi
INTEGER Mr ULUMi REAL THTi ARRAY FVAL, GVALCOII
BEGIN HEAL SNI CSI XI VI 21 INTEGER IPi
COMhENT 1HIS PHOCEOUNE  IS To BE SUPPLIED BY THE USER* IT IS T O

C4LCULATE  THE 1NITIAL VALUES, FCT)'PSICHO,T) AND
Gl(i)=O(PSI(HO~T)~/DH, AND THE IR DERIVATIVES AT T=ThTo
FRUN THE OLDM/TH AND (JP TO THE M/TH.DERIVATIVE OF F AND G ARE
TO BE CALCULATE0 AN0 STORED IN FVALIGVALCOLDM~.~.~M~,  KHERE
Gl= O(G)/DT e IF OLDMd THEN THE o/TH~l/TH~.~rrOLDY-l/TH
DEKIVATIVES WILL BE IN FVAL,GVAL[O~lr,r,rOL~M~~~,
dHEN tlLDM=Or M WILL BE Z 2 C THIS FACT IS EXPLOITED IN T H E
SAMPLE PROCEdUNE  GIVEN HERE11

If OLOM=o THEN
BEGIN

SNt SLNCTHT)) CSt COSCTHT); X+ 20538/VO1
FVALLOl+ Yt XxSNi FVALcllt  Z* XxcSj
GVALLOl+ ZxATvol GVALtlIt  aYxATV0;

ENOj
F O R  IPtMAXC-ULDMp2) STEP‘1 uNTIL-M 00

BEGIN
FVALlIPlt-fVALIIP'23j
GVALlIP1t~GVALtIP'21

ENDI
EN0 FANDGJ

REAL *RUCEUUHt  SMVALCH, SM, M, FUJ)I VALUE HI MI fuJj
HEAL Hi INTEGER M, FUJI ARRAY SMlOlf

0EGIFU HEAL HIJHI'JER,  CMIHj INTEGER R, T, Jr Ki
- COMMENT LET TsM*N7"FUJ, 1HEN THgS PROCEDURE EVALUATES

SM\rAL '5 SMCUT t SMIIIXCC-H)*(2/7) +a,,t SM[Tl~CC=H)*C2xT/t)l

TeMXN7'ilJ Ji R+ T MOL) 71
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suM+oJ CMIH+C’HI Kt’[-!ji IF KtO THEN K*O;
FOR T+T SThP -1 UtiTIL K DO

REGIN
HUttNtibSMtT];
FUH J*T'7 STEP -7 UNTIL R 00 HORNER~HORNER~CMIH  + SMCJII
SUntSU~+HUHYERxCMIH*(R/7)1
H*t3=li I F  R<G THE3 Rc6

ENO tvAtuEAT1u~ OF SM;
SM\IAL+SUM

END OF SMVALi

PHCCEDURF: IJAFtSMCSbllr  DEtiSMp SMPRIME)I VALUE DEGSM)
, INTEGER I)EGSMJ AHHAY SM, SMPRIMEtO];
FOR If'tokGSM  STEP -1 U N T I L  2 DO SMPRIMECIP~21~-~1P/~~xSMCIPl~

PROCEDURE bTHtNC(PSI,  HI THTr DPDTI OPDHI MUPI EPS, TOODIG);
VALUE HI IHT, MUPI CPSi HEAL PSII HI THT, DPDT, DPOHI Eps1
IKTEGER MUP; LADEL Til~It31G;

RLGIN UhN HEAL TEMPi UNN INTEGER OLDM, OLDMH, OLDMT, MPlr Mp2I
OWN HEAL AHHAY Sr OS, FVAL, GVALTOtMMAX+llf
IYTFGER MUPlr MUY2, Mf REAL LASTERMJ

COMMENT V A L U E S  AtiE RETURNEL, I N  P S I ,  DPDTr AN0 DPDH.
If MUt'30 THEN MlJP+l TERMS ARE USED TO EVALUATE OUH APPROXIMATE

PbI,IF THE LAST TERM IS >EPSxARS(PSI) THEN AN ERROR RETUHN TO
TUURlG IS EXECUTLO. ALL INTERMEDIATE RESULTS ARE SAVEDI AN0
ANUTHER CALLI V(ITH YUP INCREASED, WILL CDNTINUE THE
CUMPUTAI  IllN,

I F  MbP="l THEN TERMS ARE ADDED IN 10 PSI UNTIL THE LAST TERM
IS 5 EPSxAt3SCPSI). IF THIS HAS NOT HAPPENED AFTER
tvi'SITHUNCMAY+l  TERMS HAVE 6EEN ADDED INI THEN AN ERROR RCTURN
1U TUDtiIG ts EXECUTED. NO RECOVERY IS PQSSIt)LLr SINCE THE
HtdUTR~d COEFFICIENTS FOR SM ARE NOT AVAILABLEI THE ENTIRE
HUN MUST HE NEDONE, WITH A LARGER NPSITRUNCMAX;

LAST&RMe*2OJ
IF H#OLDH THEN
BEGIN

TEMP'CC-H)*C- ,714285714%857)1 COMMENT I.E.8 *(-S/7)!
OLDMH~OLDM+O

ENDi I
IF THTPULDTHT  THEN OLDflTcOLOMeOI
I F  OLDM=O THEN PSI+ DPDT+ DPDHb 0;
I F  MUPLG THEd
HEGIN

MUPI*2xMUP+lI MUP2+MUPltlI
IF MPl1ULDMH THEN
BEGIN

FUR McOLDMH STEP i UNTIL MUPl DO
t4tGIN
SlMJc SMVALCHI SCOEFtMl*l,  MI b>;
USCMl~SMVALCHrSPRIMECe*l~  MI 2) x TEMP

LNOi
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ULIJtiHtdP2
ENUi '

IF MpZIULdMT  THEN
6EGlN

FANUGtFVALp  GVAL, THT, OLDMT, MP2); OLDMT*MP2+1
ENDI

WHILt MUrllllLilM DU
BEGLN

w i t  o~w4+i; MP2*QLDM+21
LASTkHd* SCfJLDMlXfVALtOLDMl + S[MPljXGVAL[MPll;
Psi+ LASTEHM - PSI;
Uwv DS~ULOM~XFVAL~OLI~MI + OStMPlIXGVAL[MPl3 - DPDH;
1)ruTT StDLDMjXfVALCMPl  J + StMPl3xGVAL[MP21 - DPDTi
ULUM* MPL

ENL)J
I F  AnS(LASTE~M),EpSxA~S(psI)  TH E N  G O  TO TOOBIG;

END E~bt HHILt: ABS(LASTEHY1>EPSxpSI 00
BEtiAN

Mt'ltlJLDM+l; Mp2t0LDM+2;
It Mt'l>MtiAX  THEN Gu TO TCIflBfGJ
It MPl i?UI,UMH THEN
btGIN

fUH MtOLDM, Mpl 00
ijEGI4
StMlt SMVAL(H P SCUEfIMl*lr  MI 0);
DSIMltSMVAL(H~SpAXYEIMr*l,  Mr 2) x TEMP

Ltil)j
OLOMHt MP2

LNDi
It MP2>,ULDMT TrlEN
l3tG1N

FANDG(FvALr GVAL, THT, OLDMT, Mp2); 0~oMTt MP2+1 '
tluoi

LASlLHMt StULOMlXFVALtDLOMI + S[MPlJXGVAL[MPlJI
PSlt LASTLHM - PSI;
DpUHt DSEULD~~IXFVALCOL~MJ + DS[MP~IXGVAL[MP~] - DPDH;
DruTt SLDLDMlxfVALtMPl I + SCMPllxGVALtMP2J - DPOTJ
ULl)Mt Mp2

ENW
-I;E;\;M=4xtDLUM DIV 4) THEN

PSlt-PSI; DpDTt-DPDT; DPDHt-DPOH END;
EhO STRFNCJ

COMMENT THE FOLLOWING 5 LIhES ARE PART OF THE (USER) SAMPLE PROGRAIcri
REAL MAXLPSr MAYH, MAXHO, PSI, DPOT, DPDH, HB THT~
MAXEPS t l~AXhtMAXHOtOl T~ftli
FDA HO*‘1 SlkP rOS UNTIL r20.22 Do

BEGIN
vo+ SPEtl)(Hu)I ATVOt (1”,2xV0*2)*(‘2,5)3
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ULUHtOLUTHlt~30i CUdMENT INITIALIZATION FOH STkFhCI
CUMMEhT

*t*******+*******++a*~******+*++*+****~~*~**************~*~~*~~*~*~****~*~*~***~
CUEhFICiEWT C A L C U L A T I O N F 0 H Siq(H)*'SI

ccO,2~12sll3611
F I L L  ,\[*I tvITh -rlSd586681R1  “,4018655347,  2r0945191543r

a3.8821/87.341r 1~.9SH31580,  -10.7574447788~ 5.9416272229~
"*dlY~l~1027;

CMIli~~7t~C=H~~~*~-~,/l~t
SCl)tit 1000]*li SCUEFLbO)tC-HOi SCUEF[lr71+‘1I
M2NI+*N/i MrU7thJ7  j

-F U R  Mt2 STEP 1 11NFI.L MMAX no
flc:GIN

COMMENT STEP I: CALCIJLATE SETACbJl AND STOHE IN SCOEFtM,JlI

MR(7tMPJ7 + hl7r MN7MI2tMN7=2; M2tM'2; M2N7tM2NT+NTi
FU8 Jt0,2r4,6  STLP 1 UNTIL MN7MI2 DO
t)tLGIN SUMtoI

Kt (1 + MA%(O# JaM2N7), DIV 2;
UptMIN(JrNN12) DIV 2;
FUN KtK STEP 1 UNTIL UP DO SUMtSUM + A[KlxSCUEF[M2rJ=K=Kli
SCUEFtMrJJt(7/(5=J))xWM;

F,NU Uf BETAMJ CALCULATIONS;
SWEF[MdltSCDkfCM,3ltSCOEF[M,5JtO;

CUMMEN I STEP II: CALCULATE K(M-1);

KMlt SMVAL(HOp SCOEfEMr*lr  MC 2) x CMIHO57I

CUMMENl STEP III8 C A L C U L A T C  SCOEFCMPJJ~  J-lrr.oMUW7)~

FUH JtMN7 STEP -1 UNTIL 2 DO
SCUEFCM,Jlt('7/J)xSC~Ef~M,J-21~

SCUEFCM~IItKMl; SCOEfCM~OltSCOEF[M~lltO~

CUMMENr STEP IV; CALCULATE ScOEFtM~Ol='KM~

SCUEFlMrOlt -SMJAL(HOI  SCOEF[Mr*l,  MI 0)
E ND i

FUR MtO STLP 1 UNTIL MMAX DO
~IFf~M(SCOEFCM,*l~MxN7r  SPRIME[M,*])I

COMMENT
EN0 rl F COEfFIC1EN-f CALCULATIOh

It*******,2**t*~*****t***~~~~~*~~****~*~*~*~***~**~~~*~*~~~~~~***~****~~;
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CUPPT.hT 'FHt HEMAINOL;R IS SAMPLE PROGRAM;
RLGIN RtAL AVGEPS, X, Yi INTEGER Mljt'i

MbPt7;
WHI llIC<" HO Ii SPEED MACH NO, “r

n PSI(Hrl) *PSI*(HrtiOpl)  “r
0 P S I  - *~sI+“,/>); AVGEPStO;

F0t-i H+-1 SCEP .OS UNf IL ,200 a22 o n
HEGIN

REAL FRUCEDUHE  tl(V)i VALUE Vi REAL VJ
Mc ?/SQdTC1-,2xV*2);

LAl3EL TUUi3lG, AHIIUNU;
Gil Tel AHUUNOi

phmit.
Wi4~Tt(~"Il4CRLASING  MUP",14>r (tJUPtMUP+l));
IF MUP>NPSITH~JNCMAX  THEN GO 10 tXfT;

AHOUND 1
STHP~CCrSIP  ti, THT0 OPOTI DPDH, MUp, e-4, TOOBIG);
WHITt(t2(F6.2rX4)r 4CR15.8,XS)r  X5, E12rSb

HOP hr (Y+S~ELD(ti)),  M(Y), (Xt2,538/YwSIN(THT))r  PSIPX’~SI)I
AVGErStAVGEPS + AHSCPSI-X)j
I F  AtGCPSI-XbMAXLt'S THE&
REblN MAXEPStAH$(PSbX)I MAXHtH; MAXHOttiO END;

ENOi
hRITE(<"AVti ERR = (0 E12.5~9 AVGEPS/26)1
kHITE(CrAGEJ)I

EhD ENOi
WHITE(<"MA~ EHti = ", El2,S0 " AT H= "0 F6.2, " .AND HO * (0 F6,2>,

MAXEPS, MAXII, MAXHO);
EhOt

EXIT:
END.

. .
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