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CALCULATI ON OF GAUSS QUADRATURE RULES*

Gene H Golub and John H. Welsch

I ntroduction

Most numerical integration techniques consist of approximating the
integrand by a polynomal in a region or regions and then integrating
the polynomal exactly. Oten a conplicated integrand can be factored
into a non-negative~'weight" function and another function better

approxi mated by a polynomal, thus
b b 5
J, elv)at = J’a o(t)f(t)dt %jz]:_ w E(t,) .

Hopeful 'y, the quadrature rule {wj, tj}g]:l corresponding to the weight
function w(t) is available in tabulated form but nore likely it is
not. W present here two algorithms for generating the Gaussian quadra-
ture rule defined by the weight function when:
a) the three termrecurrence relation is known for the orthogonal
pol ynomi al s generated by w(t), and
b) the moments of the weight function are known or can be cal cu-

| at ed.

*The work of the first author was in part supported by the Ofice of
Naval Research and the National Science Foundation; the work of the
second aut hor was in part supported by the Atom ¢ Energy Conmmi ssion.
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1. Definitions and Prelimnaries

Let w(x) >0 be a fixed weight function defined on [a, b]. For

w(x), it is possible to define a sequence of polynonials py(x), p(x),.**
which are orthonormal with respect to w(x) and in which p,(x) is of

exact degree n so that

1 when m _ n

b
Ja o@)p, (x)p, (x)ax = o when min’

The pol ynom al

n
Pn(X) = kn .n (X-ti), kn > 0,
i=1
has n real roots
a<tl<t2< ~.<tn<b .

The roots of the orthogonal polynomals play an inportant role in

-Gaussi an quadrature.

Theorem Let f(Xx) e CQN[a, b], then

b N (eN)
‘r w(x)f(x)dx = Z w.f(t.) + 'f—_'gs')é, @ <E<Db),
2 =1 Y (M Ky

wher e



] 1

377 TRy By (By)pg(t)

' dpy () .
py(ts) = o) j=1,2 .. N,
]

Thus the Gauss quadrature rule is exact for all polynomals of degree

< 2N-1 . Proofs of the above statements and Theorem can be found in

Davis and Rabinowitz [4], chapter 2.

Several algorithms have been proposed for calculating
fw, .0 5 cf [8], [9].
S R i B ’
In this note, we shall give effective nunerical algorithns which are
based on determning the eigenvalues and the first conponent of the

ei genvectors of a symmetric tri-diagonal matrix.

2. Cenerating the Gauss Rule

Any set of orthogonal polynonials, {pj(x) }?=l’ satisfies a three

term recurrence relationship:

pj+1(X) = (aj+lx + bj+l) p, (x) - Cj+lpj-l(x) (2.1)
j = 01 l) 2) M | le p-l(x) EO) po(x) = l)
W th
a, > 0, c.>0



The coefficients {%_,, bj’ cj} have been tabulated for a nunber of

wei ght functions w(x), cf[6]. In section & we shall give a sinple
met hod for generating {aj, bb’ cj} for any weight function.

Fol lowing WIf [10], we may identify (2.1) with the matriXx equation

D, (%) ] r-bl/al, 1/a;, O RIENC R I
Pl(X) 02/a2’ -bg/ae, 1/32 pl(x) 0
0
x = +
l/aN_ o
?1\1-1(")_J i ey/oy “by/oy ] _pN-l(X?_ fN(X)/ %

or, equivalently in matrix notation

() = R0 + o= 7y

where T is the tri-diagonal natrix and 3N=(0, 0, «.., O, 1)T. Thus

pN(tjj) =0 if and only if
tR(t) = Tp(t,)

where t . is an eigenvalue of the tri-diagonal matrix T . 1In [10],
it is shown that T is symetric if the polynomals are orthonornal.

If T is not symretric, then we nay perform a diagonal simlarity
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transformation which will yield a symmetric tri-diagonal matrix J .

Thus
o B O
By % By
0
ool =g =
BN—
Py-1
wher e
-]
b
i i+1
a, =-—, B (2.2)
1 a-r i aia'i-*—l

It is shown by WIf [10] that as a consequence of the Christoffel-

Darboux identity
wslp(t) Flp(t) 1 =1 = 1,2 ..., N (2.3)

wherea/g(tj) corresponds to the normalized eigenvector associated with

the eigenval ue t.J . Suppose that the eigenvectors of T are calcul ated

so that

Jgj = tjgj. j= 1,2, veuy, N (2.4)




with
1
gzjgj 1
Then if
T
ng'j = (qojﬁ qu’ eeey qN"l,,j),
(2.5)
2
ady = v (5 (8))
by (2.3) . Thus from(1.1), we see
Lo ey
- 9j _0j_.2°2 _ 2
Wj— 5 =3 ~quXJ‘ w(x)dx—-qojxu.o. (2.6)
po(tj) kg a

Consequently, if one can conpute the eigenvalues of T and the first
conponent of the orthonormal eigenvectors, one is able to determne the

Gauss quadrature rule.

50 The QR algorithm

One of the nost effective nethods of conputing the eigenval ues and
ei genvectors of a symetric matrix is the QR algorithmof Francis [5].

The QR algorithm proceeds as follows:

Begin with the given matrix J = 0)

Jdy  conmpute the factorization

500 _ 4(01:(0)



T
wher e Q(O) Q(O) =l and R(O) is an upper triangular matrix, and

then nmultiply the matrices in reverse order so that

1D R0(0) _ (@7 (0) (0)

;O

5(0)

Now one treats the matrix in the sane fashion as the matrix

2

and a sequence of matrices is obtained by continuing ad infinitum Thus

PIONENCICR

g1 () (1) o (5+1) g (441) G.1)
so that
S(i+1) _ Q(i)TJ(i)Q(i)
- Q(i)TQ(i_l)T Q(O)TJQ(O)Q(]‘) e (3.2)

Since the eigenvalues of J are distinct and real for orthogonal poly-
.nomials, a real translation parameter A may be chosen so that the

ei genval ues of J(i) - M are distinct in nodulus. Under these conditions,
it is well known [5] that J(l) - \I converges to the diagonal matrix of

p(1) () @ (1)

eigenvalues of J -AI as i - « and that XQ X ... XQ

converges to the orthogonal nmatrix of eigenvectors of J . The nethod
has the advantage that the matrix J(i)- AI remains tri-diagonal
t hroughout the conputation.

Francis has shown that it is not necessary to conpute the deconposi-
tion (3.1) explicitly but it is possible to do the calculation (3.2)

directly. Let



{S(i)}k,l = {Q(i)]k,l (k =0, 1, ...y N-1),

(i.e., the elenents of the first colum of S(i) are equal to the
elements of the first colum of Q(i) ). Then if

o (D) g (5

i) g(i+1) is a tri-diagonal matrix,

i) J<i) I's non-singul ar,

iv) the sub-diagonal elenents of K(lﬂ) are positive,

it follows that k (1) _ S(i+1)

For the tri-diagonal matrices, the calculation is quite sinple.

Dropping the iteration counter i, |et

(P) (pt1) }
1 ‘ .
1
2 in o . . . .
cos P sin P (P)
sin e - 6 . . . . 1
. cos 6, (p+1)
1
1
Then cos 91 is chosen so that
{ZlJ}k,l =0 k = 2, By oeey =



Let

The matrix

2.J2, =

where the prines indicate altered elements of J;

t hen




and Zps +oes ZN_l are constructed so that K is tri-diagonal. The

product of all the orthogonal rotations yields the matrix of orthogonal

ei genvectors. To deternine [wj}gl however, we need only the first

=1’
conponent of the orthonormal eigenvector. Thus, using (2.3)

]

[quﬁqOey ooy qu\T] a3 [l, O, O, o m O] X lI:I-O (Z() X Z( 0 X l%nl-l)

and it is not necessary to conpute the entire matrix of eigenvectors.

Mre explicitly, for j =1, 2, «ccy NI

sino (i) _ /[\d 1)) +(b(1))2%’

J

¥

cos Géi) = ggig‘/[(dgﬂ)z + (—b—gﬂ‘)Q]g,

c';l,(i+:L> z é(l) C082 9€i+ 2?)4(.,i) cos 90) sin e(') (I) sin 9(.>
] ] J J J J J

b

() .2 (1),

Zg') = 701 cos® e(l) + 2'13'@1) cos egi) sin e(.i) +a. ! sin® 6\
31 J J b J 3+ §

1

bJ(_i?:l) = ng)l cos eéi) + dgf)l sin 9§i) = [(3]@_%)2 * (d<l)) =
%"Sl) = (g§l> - ag—ll-g_) sin le) cos egl) + :(3 ) (SI n2 Ggi) - 0052 6E1)>j7

N;Ei)l .'"bgi)l cos eJ(')
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d( S ) sin 9( )
J
z€i+l) = E{i) cos 6, + z( ) sin 6,,
J J J J
(1) () @) (1) o ,(4)
J+l j sin Gj - zj+l cos ej ,
with
(1) _ D) =(1) _ . () _, (1)
do ‘—bl ’bo ‘—(al "A J e
Initially
zio}-z 1, zgo) =0 for | =2, «0., N
so that
LI
E}i) - g? as i~ =,

In the actual computation, no additional storage is required for

=(1) =(i) ~(3) =(1)
[3\]; ’bj )bg ng }

s irce they may overwite
), ()

We cheuse )\(1) as an approximation to an eigenval ue; usually, it is

relate a *o the eigenvalues of the matrix
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N-1 N-1
(1) (i)
S SR
Wien blgf)l is sufficiently smll, al\(I') is taken as eigenvalue and N

is replaced by NI

L. Deternmining the Three Term Rel ationship from the Mnents

For many weight functions, the three termrecursion relationship of
the orthogonal polynomals have been deternmined. |In some situations,

however, the weight function is not known explicitly but one has a set

of 2N+1 nonents, | Z.
b k
b = | ol)x ax k=0 1, ....2N.
a
Let
[Hor Hyr oes iy
Hq ceey o
N R N+1
M= s

byr ocer o Moy

H'o) p'e) c*y p‘j
Hys Hoy  eeey Mo

D, = det | " ° i N A
tl'j’ uj_’_l, R4 p’ej _




and

ﬁ:’-o) p'l) o 4+ p’j_l) Hj_l_l

Mas Hoy ceey oy M
Fy = det roe J gre

;..MJ', “"j,*_l’ MR 4 uzj_l’ uej_*_]__

It is shown in [1] that

xpy (%) = B3 15 3 () + oyp (x) + B, (%) (4.1)

for j =1, 2, ..es .

wher e
Py Fio
a, = {F—= - == =0, F_=p,) i =1 2 N
bj-l P_Zl 1 O l
R .
BJ _——-‘l———-‘le-l y (D_l =1, DO = }J.O) J =1 2, . . .. N

Note that the tri-diagonal matrix so generated is symmetric.
. In [7], Rutishauser gives explicit formulas in terns of determnants
for the Gauss-Crout deconposition of a matrix. W may use these relation-

ships to evalute the coefficients

N \!

{a.3 .3
T A A

Let R denote the Chol esky deconposition of Mso that

135




and R is an upper triangular matrix whose elenents are

3
1

i1
2 \%
(m; - z i)
i=1
and

I

vy = My - Z::l rkirkj)/rii’ < (4.2)

for i and j between 1 and n .

Then, from the formulas of Rutishauser

T, . r .
a,:rJ,J-l-l _r.j"l, J j:l7 2,N
I 7,3 3-1,3-1
(+.3)

r. .
8. :_J+?l,j+_l_ j =1 2 NI
J 33

\Mth rolo _l’ ro’l=0

There are other neans for evaluating (al 1 {Bj} but it is the
opi nion of the authors that the above nethod will lead to the nost

accurate fornul as.

5. Description of Conputational Procedures

In the followi ng section there are three ALGOL 60 procedures for
performing the algorithms presented above. V& have tried to keep the

identifiers as close to the notation of the equations as possible w thout
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sacrificing storage or efficiency. The weights and abscissas of the
quadrature rule are the result of the procedure GAUSSQUADRULE which
must be supplied with the recurrence relation by either procedure
CGENORTHOPQLY or procedure CLASSI OO?THGDQY . The forner requires the
moments of the weight function and the latter the nane of the particul ar
orthogonal polynomal. A short description of each procedure follows.,
CLASSI CORTHOPQOLY produces Mo and the three termrecurrence

rel ati onship (3., J.b cj) for six well-known kinds of orthogonal

pol ynomi al s:

KIND = 1, Legendre Polynonials Pn(x) on [~1.0, +1.0],

w(x) = 1.0 .

KIND = 2, Chebyshev Polynonials of the first kind Tn(x) on

[-1.0, +1.0], w(x) = (1-x2)”%.

KIND

i

3, Chebyshev Pol ynom als of the second kind Un(x) on

c-1.0, +1.0], W(x) = (l-x2)+% :

KIND = &, Jacobi Pol ynom al sPr(la’B) (x) on [-1.0, +1.0],

w(x) = (:L-x)O‘(1+x)f3 for > -1 and g > -1 .

i

'KIND =5, Laguerre Polynom als Lr‘la )(x) on [0, +=],

w(x) =e 5% for a>-1 .

2

KIND = 6, Hermite Polynomials H (x) on [-®, +=], o(x) = e X

Notice that this procedure requires a real procedure to evaluate

the gamma function I'(x) .
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CENORTHOPCLY uses the 2§l nmonents of the weight function which
are supplied in MU[O] through MU2® N] to conpute the aj's and B,'s
of formula (k.1). First, The Cholesky deconposition (formula 4.2) of the
moment matrix is placed in the upper right triangular part of the array
R, then the fornulas (4.3) are used to conpute the ag's and Bj's
which are placed in the arrays A and B respectively.

GAUSSQUADRULE has two nodes of operation controlled by the Bool ean
paraneter SYMM which indicates whether the tri-diagonal matrix is
symretric or not. \Wen the recursion relation is produced by GENORTHOPCLY,
SYMM is true; when produced by CLASSICORTHOPOLY, SYM is false. If
SYMis false, the matrix is symetricized using the fornulas (2.2). The
di agonal el enents @, are stored in A[I] and the off diagonal elenents
p; are stored in B[I].

Beginning at |abel SETUP, several calculations and initializations
are done: the £, norm of the tri-diagonal matrix and the relative zero
tolerance are conputed; the first conponent of each eigenvector W[I] and
the QR iteration are initialized. LAMBDA is a variable subtracted off
sthe diagonal elements to accel erate convergence of the QR iteration
and control to some extent in what order the eigenval ues (abscissas) are
found. It begins with a value outside and to the right of the interval
containing the abscissas (=NORM) and noves to the left as the abscissas
are found; thus the abscissas will be in ascending order in the array T
(just to be sure an exchange sort is used at |abel S@RT ).

The maxi mum (EIGVAX) of the eigenvalues ( LAMBDAL and LAMBDA2 )
of the lower 2 x 2 submatrix is conpared to the maxi num (RHO from

the last iteration. If they are close, LAMBDA is replaced by El GVAX .

16




Thi's scheme seens to stabalize |AVBDA and speed convergence inmediately
after deflation.

An eigenval ue has been found when the |ast off diagonal element falls
bel ow EPS (see section 7). Tts val ue is placed in T[I] and the corre-
spondi ng wei ght W[I] is conputed from fornula (2,5). This convergence
test and the test for matrix splitting are done followi ng | abel INSPECT.
Only the Lower block (fromK to M) needs to be transforned by the

Q-R equation given in formulas (3.3) .
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6. The ALGOL 60 Procedures



procedure classicorthopoly(kind, alfa, beta, n, a, b, ¢, muzero);
value kind, n, alfa, beta;
integer kind, n; real alfa, beta, muzero;
real array a, b, c;

begin comment This procedure supplies the coefficients of the three term

recurrence relationship for various classical orthogonal polynomials.

integer i; real abl, pi;

switch swt := legendre, chebyshevl, chebyshev2, jacobi,
laguerre, hermite;
pi 2= 3.14159265359;
go to swt[kindi;
legendre: muzero := 2.0;
coment  P(x) in [-1, 1], w(x) = 1.0

for i:=1 step 1 until n do

begin a[i] := (2xi-1)/i; b[ili=0; ec[il:=(i-1)/i end;
go 10 return;
chebyshevl: muzero :=pi ;

coment T (x) in [-1, 1], w(x) = (1-x*2)7(-.5) ;

for iz=1 step 1 until. n do

begin a[i] 1= 2; b[i] 2= 0; c[ils=1 end;

‘alil = 1, go to return;
chebyshev2: muzero := pi/”.0;
comment U(X) in [-1, 1], Wx) = (1-xT2)1.5;

for i:=1 step 1 until n do

begin alil := 2; b[i] :=0; c[i] := 1 end;

go to return;



jacobi: muzero:=2% (alfatbetatl)xgamma(alfatl)xgamma(betatl)
/gamma(alfatbetatl)
comment P (alfa,beta)(x) in [-1, 1], wm(x) = (1-x)Palfax(l+x){beta
alfa > -1 and beta > -1 ;
al1] ;= 0.5x(alfa+betat+2); b[i] ;= O.5><<alfa-beta.);

for i:=2 step 1 until n do

begin abl:: 2xix( iralfatbeta);
ali] 1= (@xitalfatbeta-1l)X (2xi+alfatbeta)/abl;
abl .= (2xi+alfatbeta-2)Xabl;
bi] := (2xitalfatbeta-1)x(alfat2-betar2)/abl;
c[1i] = 2x(i-1+alfa)x(i-1+beta)x(2xi+alfat+beta)/abl;

end;

go to return;

| aguerre: muzero := gamma(alfa+l.0) ;

comment L(alfa)(x) in [0, infinity), wWx) = exp(-x)xx2lfa,

alfa > -1;

for i1 step 1 until n do

bégiln alil:i= -1/i; 1= (2xi-1+alfa)/i;
cli] := (i-1+alfa)/i;
end;

go to return ;
hermite: muzero :- sqrt(pi);
comment H (x) in (~infinity,+infinity), W(X) = exp(-x%2) ;

for i:x1 step 1 until n do

pegin alil = 2; Dbli] =05 [ i];= 2x( i-1) end;

return: end classicorthopoly ;




procedure genorthopoly(n, mu, a, b);

value n; integer n;

real array mu, a, b;

begin comment Given the 2n+l moments of the weight function,

generate the recursion coefficients of the orthogonal
polynomials. ;
real array r[O:ntl,0:n+l]; real sum ;
integer i, j, K;
comment Place the Cholesky decomposition of the moment metrix in r{];

for i:=1 step 1 until nt+l do

for jii step 1 until ntl do
. begin sum = mu[i+j-2] ;
for k:=i-1 step -1 until 1 do

sum:= sum-r{k,i]xr(k,j];
r(i,i]:= (if i=j en saqrt(sum) else sum/r[i,i]l);
end;
coment Conpute the recursion coefficients' from the deconposition r{];
r[0,0] := 1.0; r[0,1] := O;
for i:=Ostep 1 until n+l do

aln] := rln,n+1])/rIn,nl-r[n-1,n]/r[n-1,n-1] ;
for j:=n-1step -1 until 1 do
begin v[3] = o[ j+1,5+11/r(J,5];
al 31 = 3,3+13/x[3,51-x0 3-1, 31/ 3-1,3-11;
end ;
end” genorthopoly ;
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rocedure gaussquadrule(n, a, b, c, muzero, symm, t, W):
val ue n, muzero, symm;

i nteger real muzero; boolean symm

real array a, b, c, t, .

begimme nt Guven the coefficients a, b, c of the three termrecurrence

relation : plk+l] = (alk+l]x+blk+1])plk]-clk+1Iplk-1], this procedure
computes the abscissas t and the weights w of the gaussian type
quadrature rule associated with the orthogonal polynomal by QR
tyv iteration with origin shifting;

integer i, j, k, m n;

real norm eps, ct, st, ct2, st2, sc,as,ai, aj, a2, eigmax, |anbda,
| anbdal , |anbda2, rho, r, det, bi, bj, b2, w, cj;

bool ean ex;

real procedure max(x,y); value x, y, real x, y;

max :=if xay then x else vy;
if symmthen go to setup;
conment Symmetrize the matrix, if required.;

for i:=1 step 1 until n-1 do

begin ai := alil; alil := -blil/ai;
bli] := sqrt(ecli+l]/(aixali+l]));
end,
aln] := -blnl/alnl;
comsent  Find the maximws row sumnormand initialize wll;
setup : »lol:= 0; norm:= 0;

for i:=1 step 1 until n-1 do

begin norm  := max(norm, abs( & | 1] J+abs(bli-1]) +abs(b[i-1]));

wlit == 0;

21



end;

norm : = max(norm, abs(aln])+abs(bln-11));
wl1] :=1.0; wln]l :=0; m:=n;
eps :=normx1.0 x8%(-13); comment Relative zero tolerance:
| anbda := lanbdal := lanbda2 := rho := norm
conment Look for convergence of |ower diagonal elenent;
inspect: if m=0 then go to sort else i :=k :=ml:= ml;
if abs(blmll)seps then
begin tlm] : = alml; wln] : = muzeroxwim]® 2;
rho := (if lambdal<lambda2 then | anbdal el se | anbda2);
m ;= ml;_ go to inspect;
end;
conment Smal | of diagonal elenment means nmatrix can be split;
for 1:=i-1 while abs(blilPeps do k :=i;

conment Find eigenval ues of |ower 2x2 and select accelerating shift;
b2 := blmile; det := sgrt((almil-alm])f2+.0x02) ;
aa .= almi1l+alm];
|l anbda2 := 0.5x(if aaj0 then aa +det el se aa-det);
- lanbdal := (almllxalm]-b2)/lambda2;

ei gmax : = max(lambdal,lambdal);

if abs(eigmax-rho)£0.125Xabs(eignax) then | anbda : = rho := ei gmax
else rho := eigmx;
comment Transformblock fromk to m
cj := blk]; bvlk-1] : = alk]-lembda;

for j:=k step 1 until nl do

22




begin r := sqrt(cjte+blj-1172) ;

st 1= cj/r; st2 := sth2;

et 1= blj-11/r; ct2 : = ctha;

sc 1= stxet; aj = aljl;

by :=bl3l; W = wljl;

alj] := ajXxct2+2.0xbjixsc+alj+lIxst2;
bljl = (aj-alj+1])xsc+bix(st2-ct2);

alj+1] : = ajxst2-2.0xbjxsc+alj+llxct2;

¢j = blj+llxst; bly+1] 1= -plj+llxct; vlj-1]:=r
wljl 1= wixetsw[j+1lxst; wig+l] 1= wixst-wlj+llxet;
blk-1] := 0;go to inspect;
conment Arrange abscissas in ascending order;

sort: for m=n step -1 until 2 do

begin ex := fal se;

for i:=2 step 1 until mdo

if tli-1]»tfi] then

begi n re¢= t[i-1]; t[1i-1] : = tl il;
tlil:=r; ri=wli-1];
wli-11 = w[il; wli] :=r;
ex:= t_r__l_Jg ;

end ;

if — ex then go to return ;
end;

return : end gaussquadrule ;

nZ
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7. Test Program and Results

The procedures in section 6 have been extensively tested in Burroughs
B5500 Algol and | BM 08/360 Algol, There are two machine dependent itens
which must be nmentioned. First, the constant used to define the "relative
zero tolerance" EPS in procedure GUASSQUADRULE is dependent on the
length of the fraction part of the floating-point nunber representation
( =87 for the 13 octal di git fraction on the B5500, and = 1671 for
a 14 hexadecimal digit |ong-precision fraction on the |IBM 360). Second,
the noment matrix M defined in section 4 usually becomes increasingly
ill conditioned with increasing N. Thus the round-off errors generated
during Chol esky deconposition in GCGENORTHOPCLY cause an ill conditioned
Mto appear no |onger positive definite and the procedure fails on
taking the square root of a negative nunber.

The procedure GAUSSQUADRULE proves to be quite stable and when
the recursion coefficients are known or supplied by the procedure
CLASSI CORTHOPQLY it loses only several digits off of full-word accuracy
even for N =50 . Procedure GENORTHOPQLY usually failed to produce
the recursion coefficients fromthe nonents when N was about 20 for
the 1BM 360.

The test program given below is designed to conpare the two nethods
of generating the quadrature rules--from the nonents or the recursion
coefficients. N can be increased until CGENORTHOPCLY fails. Nurmerical
results may be checked against tables for Gauss-Legendre quadrature in [9]
and Gauss-Laguerre quadrature in [2]. In the Table, we conpare the
absci ssas and wei ghts of the Gauss-Laguerre quadrature rule with

a=-0.75 and N = 10 conputed by (1) the analytic recurrence

2L




relationship and the QR algorithm (2) the nmonent nmatrix and the QR
algorithm (3) Concus et. al. [2]. The calculations for (1) and (2) were

performed on the |BM 360.
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begin
comment Driver program for gaussrule;
real array a, b, ¢, mu, t, w[0:10]3
real muzero; integer i, n;
n := 10;
comment Legendre polynomials. ;
outstring (1, €. 1egendre quadrature.?);
classicorthopoly(l, 0, 0, n, a, b, ¢, muzero);
gaussquadrule(n, a, b, ¢, muzero, false, t, w);
. outstring(l, 6 abscissas: ’); outarray (1£);
outstring(l, ®weights:’ ); outarray(l,w);

for i:=0 step 1 until 2xn do mu[i] := O;

for i:=0 step 2 until 2xn do mu[i] := 2.0/(i+1);

genorthopoly(n, mu, a, b);
muzero := mu[0];
gaussquadrule(n, a, b, ¢, muzero, true, t, w);
outstring (l,éabscissas:? ); outarray (1, t);
outstring(l, ¢ weights:® ); outarray(l, w);
comment Laguerre polynomials. ;
outstring(l, ®laguerre guadrature. alpha =-0.5" );
classicorthopoly(5, -0.5, 0, n, a, b, ¢, muzero);
gaussquadrule(n, a, b, c, muzero, false, t, w);
outstring (1, b apscissas ' ); outarray (1, t);
outstring (1, # weights: ’ ); outarray (1, w);
mu[ 0] := muzero := 1.7724538509 ; comment gamma (0.5);

for i:=1 step 1 until 2>xn do

muli] := (i-0.5)xmu[i-1];
geroorthopoly(n, mu, a, b);
gaussquadrule(n, a, b, c, muzero, true, t, w);
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outstring(l, abscissas:’ ); outarray (1, t);
outsti*ing(l, ¢ weights:’ ); outarray (1, w);

end;
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