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MATHEMATICAL PROGRAMMING LANGUAGE

PART I

A SHORT INTRODUCTION

Rudolf Bayer

James H. Bigelow

'George B. Dantzig

David J. Gries

Michael B. McGrath

Paul D. Pinsky

Stephen K. Schuck

Christoph Witzgall

The purpose of MPL is to provide a language for writing mathematical
programming algorithms that will be easier to write, to read, and to modify than
those written in currently available computer languages.
writing,

It is believed that the
testing,and modification of codes for solving large-scale linear programs

will be a less formidable undertaking once MPL becomes available. It is hoped that
by the Fall of 1968, work on a compiler for MPL will be well underway.

The language proposed,is standard mathematical notation.
least, has been the goal.

This, at
Whether or not there is such a thing as a standard

notation and whether or not MPL has attained it, is up to the reader to decide.

The Manual to MPL comes in three parts

PART I:, A SHORT INTRODUCTION

PART II: GENERAL DESCRIPTION I

PART III: FORMAL DEFINITION



Mathematical programming codes for solving linear programming problems
. .

in industry and government are very complex. Although the simplex algorithm (which

is at the heart) might be stated in less than twenty instructions nevertheless error

checks, re-inversion, product-form'inverses for compactness, compacting of data,

special restart procedures, sensitivity analysis 9 and parametric variation are

necessary for practical implementation. Twenty thousand instructions are not

uncommon. The cost to program such a system is several hundreds of thousands of

.dollars.

Recently, there has been much interest in extending mathematical

programming codesinto the large-scale, nonlinear, and integer programming areas.

The large-scale mathematical programming applications are among the largest

mathematical systems ever considered for practical solution by man. For example,
a system of close to a million variables and thirty five thousand variables has

already been solved using hhe decomposition principle.

If large-scale dynamic linear programs could be successfully solved

it would have enormous potential for industrial, national,and international

long-range planning.

For this reason, there is considerable interest in solving large-scale

dynamic systems. Many papers have been written on this subject and the number of

theoretical proposals now number in the hundreds. Very little in the way of

empirical tests have been made. Occasionally, a "soft-ware" company has dared to

g:o from a theoretical proposal to a commercial program with inclusive results. It

iL< like going from a drawing board to a battleship when all that has been built

before has been a rwboat.

The need then is to be able to write elaborate codes for solving

mathematical programming systems; to test them out on sample problems; and to

compare them with competitive and modified codes. Present day computer languages

like FORTRAN, ALGOL, PL/l are not in the same world as machine language of 0 1 bits. ;

Nevertheless, it is a formidable undertaking to read codes in these languages,

particularly when they involve some twenty thousand instructions. The finding of
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errors (debugging) is time consuming. It is often difficult for the author of a

program to decipher his own hierogliphics  assuming he is available for consultation.

This difficulty becomes ever more acute when extended to proposals for solving

large-scale systems. It is one of the chief stumbling blocks to progress in getting

practical large-scale system codes. -.

For this reason, the chief effort of MPL has been directed towards

readability. The objective is not to invent a powerful new language but to have

a highly readable language, hence one easy to read, correct, and modify.

The Iverson Language is an example of a powerful language. With a

small amount of effort it could have been set up in standard mathematical notation

and made readable (to a non-expert) as well. It is probably possible to implement

MPL by using Ive-rson Language as a translator. This is not our plan.

It is possible to view MPL as nothing more than a beefed-up ALGOL or

FORTRAN. The new programming language PL/l  is very powerful and could also be used

to realize MPL. This is being considered. Moreover, recently there have become

available excellent compilers for compilers that make easier the job of

developing a compiler that would directly translate MPL into machine language.

We are seriously considering this as our approach for implementing MPL.
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The short introduction (Part I) that follows is not a formal description

of the language. This is done in Part III; nor is it a general manual as Part II;

rather our purpose is to motivate the need for MPL and to provide a short comparision

with standard mathematical notation. MPL notation assumes that a standard key-punch

or its equivalent is all that is generally available at present for program preparation.

This limits the alphabet to Capital Roman and replaces A
Lj

by its functional

equivalent A&J).

SUBSCRIPTS:

SUPERSCRIPT:
--.

MATRICES:

Matrix Addition

Matrix Product

Transpose

Inverse

A=Matrix, k=Scalar, L=Scalar

Composing a matrix .M from
submatrices A, B, C, D

Column of a matrix A

Row of a matrix

Determinant

Array of Consecutive Integers

MATH

A.
bj

Ak
Lj

A

A+B

AB orA*B

A' .,AT

A-l

A/K

AK

KA

KL

M= 1 Bi 1C D

M=(A,B,C)

A* ,J
Ai,.

I IA

(k, k+l,...,R)

MPL

AU,J)

A(K) (LJ)

A
I

A+B

A*B

TRANSPOSE(A) j

INVERSE(A)
I

A/K

A*K

K*A

K*L

M := (A,B)#
(WV ;

or M := (A,B)#(C,D)  ;

M := (A,B,C);

A(*,J)

A(b)

DETERMINANT(A)

(K ,...,L)

h-



OPhRATORS:

MATh MPL

Matrices or Scalars:

Addition, Subtraction,
Multiplication

+,"', . +, -3 *

Division by Scalar A/k A/K

Exponent A2 A**2

A-l INVERSE(A)

Sign 2 ,  +2, - 2 2 ,  3-2, - 2

Substitution Operator(=)
A=value of BiC
New value of A := B+C; (meaning:

change the
value of A
on LHS to
equal the
value of
B+C on RHS.)

Logical Operators

MATH: If A>B, c L D, and not D = 0

MPL: I F  A>B AND C >- D AND NOT D - 0 THEN

MATH:

MPL:

- Relational Operators

IfA>B o r  C>D,

IF A > B OR C ' D THEN

Set Operators

= 9 <, ‘9 L* 5 t , c, >, >=, <=,

f, 7 =,

AU B, AS-B AOR B

AND, OR, NOT AND, OR, NOT

Afl B, A*B A ANDB

An (not B), A AND NOT B

MAPPINGS, PROCEDURES, SUBROUTINES:

B, X, Y...Matrices, Sets, Sc&&ars Y = F(X) Y := F(X);
I

Y = SIN(X) Y := SIN(X);

Y= 2BX2 Y := 2*B*(X**2);

Y=B-1
Y :- INVERSE(B);



SYMBOL REPLACEMENT:

SETS:

Index Set or Domain of a vector A

Index Set of a matrix A

Defining of Set where P(I) a
Boolean Expression or
property is true

Empty Set

SET FUNCTIONS:

Suppose S * (Sl,...,S,) is a
l-dimensional array of
integers and we wish to pick
out column vectors A ,A s--A

'1 '2 'rn
to form a matrix B.

MATH MPL

Let W = f(x,y) LET W := F(X,Y);

(meaning do not compute
W but replace it by
F(X,Y) wherever W
appears later on.)

(any set of elements)

S = {1,3,-2,5)

s = 11 ). . . ,d

IES

I&AUBUC

IEAnBnC

I Ar\E

D - (AUB)r)C.

Domain of A

Row Domain of A +

(i&R:P(I)  - true)

(Index sets only)

S := SET&&-2,5);

S := (1 o.4);

I IN S

I IN A OR B OR C

I IN A AND B OR C

I IN A AND NOT B

D :=(A OR B) AND C;

DOM(A)

ROWlDOM(A)

(I IN RIP(I)  = TRUE)

{IcR:P(I))

{iERIP(I))

(IERIA~> 01

tilAi ' 0)

8, Null, Empty

or (1 IN RIP(I))

(I IN RIA(I) 3 0)

(I IN DOM(A)tA(I) > 0)

NULL

B=
(As19As2

,.u,As >
m

B := A(S);

or B := (A(J) FOR J IN S);

or B := (A(S(I)) FOR I IN
(1 ,-$0);

However,

B := (A(S(I)),...,
PC@(M))) is not
correct because
(P ,...,Q)  means

(P,P+l,P+:! ,...,QhMPL
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I SYMBOLS:

CAPS

L Lower Case

I Greek

Integers

Multi-Character Symbol:

as function name:
._

as variable name:

L

Brackets

-=.

-

-1:1.
l/4

MATH MPL

A, B, --- A, B, ---

a, b, --- (not available yet)

a, B, --- (not available yet)

0, 1 ,...,99, --- 0, 1 ,...,99, ---

PIVOT(M,R,S)
SIN(X)
(not used)

FIVOT(M,R,S)
SIN(X)
B2, BASIS, X-S

1) [I (not available yet)
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SYNTAX

In general, a procedure has the form:

PROCEDURE F(X,Y,Z)
. .

Statement;

Statement;

FINI;

Certain reserve words like FOR and IN can be interspersed in place of commas in

F(X,Y,Z) as in the example given below.

Example Giyen an array of integers R, we wish to write an algorithm, called SUM,

that yields S = c F(3) .
jcR

PROCEDURE SUM(F)

"SET UP A STORAGE REGISTER S TO ACCUMULATE

THE SUM OF TERMS. INITIALLY,"

(1) :

.

(2):

(3):

(4):

(5):

S := 0.3 "LET S' BE THE UPDATED VALUE OF S. WE WANT

TO STORE S' IN THE SAME PLACE AS S AND

THEREAFTER CALL IT S."

SAME LOCATION(S,S');

S' := S + F(1) FOR I IN DON(F); "ITERATIVELY ADDS F(1) TO S."

SUM := s; 'SETS THE VALUE OF THE FUNCTION EQUAL TO S'

RETURN; " 'RETURN' MEANS: RETURN TO MAIN ROUTINE."

FINI; " 'FINI' MEAN$ : END OF WRITE-UP."

Onee the 1 symbol, or rather SUM, is in the procedure  library we can use
n

it to write a statement like P = c i2 in MPL.
-1

P := SUM(I**2 FOR I IN T) WHERE T := (l,...,N);



L . The reference numbers like Cl), w,***, on the left are called labels. They

are not necessary in the above example and may be omitted. Labels can be a string

of characters or numbers like (l), (2). If the latter, they need not be consecutive.

i. Labels are used to locate a statement-'when a program branches.

A statement like the one with label (3) is called a substitution statement because

s' := S + F(1); means: Substitute forthe current value of S' on the left a new value.

equal to the current value of S + F(1) on the right.

In general, A := B; means updated A = Current B.' A statement S := S + F(1);

looks like nonsense but means:Updated  S = Current (S + F(1)). Hence a programmer

not interested fn readability would probably boil down the procedure SUM to two

L lines.

f PROCEDURE SUM(F)

L SUM :- 0; gJJg :c SUM + F(J) FOR J IN DOM(F); RETURN; FINI;



There are several different types of statements that one can draw upon to

write a procedure:

Procedure Name

Substitution

If . . Define

For Release

Let

Return

Same Location

Go to

Fini

and some words like "then“, "otherwise'f, "endif", "do", endfor" that indicate

different parts of a compound "if" or "for" sbatement.

Procedure Name Statement: PROCEDURE F(X) PROCEDURE F("IN" X, "OUT" Y)

Examples:

where X, Y represents a list of one or more

symbols.

PROCEDURE SIN(X)

PROCEDURE PIVOT(A,R,S)

PROCEDURE SIMPLEX(A,B,C,BV)

PROCED~E ARGMIN(F(I) FOR I IN T)

"where ARGMIN finds the first index or argument '

where the minumum occurs."

Substitution Statement: A := Arithmetic Expression;

Examples: S := o*9 M :- ARWN(H(J) FOR J IN R);

A := PIVOT(A,R,S); G := INVERSE(MATRI3 + H;

S := ARGMlN(C(J)  FOR J IN T).WHERE T := (l,...,N);

Let Statement: LET A := Arithmetic Expression;

Examples: . LET A := B;

LET T := (I IN DOM(B)IA(I,S) > 0);

LET R := ARGMIN(B(I)/A(I,S)  FOR I IN T);



If LET is used to simplify on&y one statement,

a WHERE can be used instead using inverse order.

G _.: = INVERSE(B) WHERE B := TRANSPOSE(A);

Return Statement: RETURN;

If this statement is reached during execution of the subroutine,

the next step is to return to the main routine.

If Statement: IF P THEN statement ;...; statement;

--. OTHERWISE statement ;,..; statement;

ENDIF;

Example: IF R = NULL THEN GO TO (21); OTHERWISE

A := PIVOT(A,R,S); ENDIF;

All statements up to "OTHERWISE" are executed if proposition p is true and

then sequence control skips to the statement following ENDIF. However, as in the

immediately followed by ENDIF.

For Statement:

Example:

above example, there is a GO TO statement preceding the OTHERWISE then control

skips to wherever GO TO directs. If p is not true, control skips to statements

following "OTHERWISE". For the case of several parallel conditional statements

OR IFstatements  are available - see Part II and III, OTHERWISE can be omitted if

FOR I IN T DO statement ;...; statment; ENDBBR;

FOR I IN (l,..,,M) DO

S' := S + F(1);

T' := S' + G(1);

ENDFOR;
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Same Location Statement: SAME LOCATION(A,B);

A and B will be assigned the same set of storage locations in the computer.

An alternative way to accomplish the same thing would be to write: LET A := B; For
. .

psychological reasons, it seems best to separate the concept: "A is another symbol

for B" from the concept "same storage location".

Go to Statement:

GO TO R (where R is a label). This means that control is to skip to the

statement that has R as a label.

--.

Define Statement:

Example: DEFINE B DIAGONAL M BY M;

Used to define the size of storage array needed for a symbol whose value will be

computed piecemeal later on.

Release Statemehh:

To release a symbol and its storage assignment a release statement takes the

form:
RELEASE A,B;

-. Its purpose is to &serve storage and permit re-use of the same symbol for some

other purpose. A special type of automatic release is available that allows release

of all symbols in a block of code.

Release occurs automatically when a procedure returns to a main routine; all

symbols defined in the procedure and their storage are released except the output

symbols, which are treated as part of the symbols of the main routine,

Symbols used as dummies as G in the statement: Z := A+G WHERE G := INVERSE(M);
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are treated as local to the statement and are immedigtely released. The same applies

to the running index in a compound For statement and to a dummy parameter in a Let

statement as I in : LET G(I):= B(I)/A(I,J); .

. .
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EXAMPLE: SIMPLEX ALGORITHM

PROCEDURE SIMPLEX ("IN'! A,B,C,BV, "OUT" BV', B', Z', CASE);

"WARNING: ALL INPUTS ARE MODIF,IED IN THE COURSE OF CALCULATIONS."

"THE PROBLEM IS TO FIND MIN Z, X 10 SUCh THAT:

A X - B ,  C X = Z .

IT IS ASSUMED THAT:

_-
A

BV

BV'

B'

z' =

CASE =

IS IN CANONICAL FORM WITH RES?ECT TO

THE INITIAL SET OF BASIC VARIABLES.

ARE THE X VALUES OF BV, I.E. X(BV) = B.

THIS INITIAL BASIC SOLUTION IS REQUIRED TO BE FEASIBLE,

I.E. B 10.

IS THE OPTIMAL SET OF BASIC VARIABLES.

ARE THE X VALUES OF BV', I.E. X(BV') = B'.

MIN Z

FINITE OR UNBOUNDED.

BV', B', Z' REFER TO LAST BASIC SOLUTION IN THE CASE THAT

.
'CASE = UNBOUNDED'."

"INITIALIZATION" '

(1):

(2) :

DEFINE CASE CHAMCTER;

.-z 0;l -
"PRIMES WILL BE USED FOR UPDATED VALUES OF VARIOUS SYMBOLS.

THESE WILL BE STORED IN THE SAME LOCATION."

SAME LOCATION (A, A'), (B, B'), (C, C'), (BV, BV'), (X, X'), (Zs Z');

"ITERATIVE LOOP"

"LET S BE COLUMN COMING INTO BASIS."
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(3) : MINml("IN"  C, "OUT" S, CS);

"MINl IS A FUNCTION THAT RETUNS THE INDEX AND THE

MINIMUM COMPONENT OF A VECTOR, IN THIS CASE VECTOR = C."

"WE NOW TEST WHETHER X(BV) = B IS OPTIMAL."

(4): IF u = 0 THEN CASE := .$INITE! ; RETURN; OTHERWISE

"LET R BE THE INDEX OF THE BASIC VARIABLE DROPPING."

(5) i- MIN_1("IN"(B(I)/A(I,S)  FOR I IN DOM(B))A(I,S) > O),"OUT" R,Q);

"IF ABOVE SET EMPTY, MIN.-l RETURNS R = NULL, Q = o;
_.

OTHERWISE THE INDEX' R AND THE MINIh?UM  RATIO, CALLED

Q, IS RETURNED."

(6) : IF R = NULL THEN CASE := ~UNBOUNDEDZ ; RETuRN; ENDIF; b

"UPDATE LVERYTHING BY PIVOTING ON A(R,S), PRIMES WILL

BE USED FOR UPDATED SYMBOLS. THESE ARE STORED IN SAME

LOCATION, SEE (2)."

(7):. B'(R) := Q;

(8) : A’ CR,*) := A(R,*)/A(R,S);

.
"RO'S\LDOM(B)

(9) FOR I IN ROmOM(B) 1 11 =-R

(10): B' (1) :- B(1) - A(W) ,* Q;

IS THE DOMAIN OF INDICES FOR B."

DO

(11): A' (I,*) := A(I,*) - A(I,S) * A'(R,*); ENDFOR;

(12): c' := C - C(S) * A'(R,*); -

(13): z' :- Z + C(S) rlr Q ;



l/13

L
(14): BV'(R) := S;

L "THE REMAINING COMPONENTS OF BV ARE UNCHANGED AND

L SINCE BV AND BV' ARE STORED IN THE SAME LOCATION.
. .

UPDATING IS COMPLETE, RECYCLE."

L (15): GO TO (3); FINI;

L

L

f
L
I
c
c
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The objective is to develop a readable language for writing experimental codes

to solve large-scale mathematical programming systems. Readability is defined as

standard mathematical notation with minor adjustments reflecting current limitations

of input-output equipment. Thus symbols are restricted to those found on a standard

keypunch; subscripts (or superscripts) like A
LS

appear as A&J). Starting in

the Spring of 1967, several test algorithms written in the proposed language gave

evidence that readability was an achievable objective.

A task group in the latter part of 1967 began to define the proposed language in--.

BACKUS Normal Form with the intent of using a special compiler's compiler to

implement the language.
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This paper describes recent work on a computer programming language for

the implementation of mathematical programming algorithms on a digital computer

the objectives of the language are:

a> to facilitate programming an algorithm from
theoretical form to computer code in as short
a time as possible, and

b) to enable other mathematical programmers to
understand and modify an existing code with
a minimum of effort. The present efforts are
being directed toward the coding of experimental
mathematical programming algorithms rather than-=.
commercial techniques. By and large, the first
report (Mathematical Programming Language, June
1967) represented the thinking of persons with
mathematical programming backgrounds. Since
then, several computer scientists contributing
to the project have brought the language much
closer to implementation.

The purpose of this report is to explain the use and the reasons for the

concepts being developed in MPL. This part of the Manual attempts to explain the

reasons for using the specific concepts of MPL while the third part developed

under the guidance of David Gries gives a formal definition of the language in a

modified form of BACKUS Normal Form. Part III is primarily the work of Stephen

Schuck; who, since joining the project last summer, has been a driving force behind

the implementation of MPL. His work in turn uses several concepts develpped by

Rudolf Bayer and Christoph Witzgall of the Boeing Scientific Research Laboratories.

At present, the BACKUS Normal Form is used to describe the legal programs, not the

phrase structure of the language.

David Gries of Stanford University is currently developing a technique of

writing compilers, called the Kompiler Implementation System (KIS), which, it is

planned will be used in the implementation of the Language. Many of the concepts
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presented herein, are the same as or similar to those found in existing compiler

languages (ALGOL, FORTRAN, COBOL, PL/l,  etc.). One of the difficulties

encountered thus far in writing a formal definition of MPL is that mathematical

notation depends upon the context for its meaning. (P
1 ,...,P,) may mean

(Pl' P2' P3V.9 PM) or it may mean. (Pl, Pl + 1, Pl + 2,...,PM). This idefined

in MPL to mean the latter.

There are certain concepts planned for MPL that have not yet been set down in
. .

BACKUS Normal Form. In particular, the representation of index sets has not been

completely formalized; the ability to operate with matrices whose elements are

matrices (useful for example in the decomposition principle) has not yet been fully

developed. Procedure parameters need more work. Input-output statements have not

yet been defined, nor storage commands that would reflect the variable size and

speed of different memory locations. .

i
i

e
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2.0 MPL LANGUAGE ELEMENTS

The set of characters upon which MPL is built is the character set found

on standard key-punches (such as the IBM 029 key-punch). For convenience, we

shall group these characters into the categories of letters, digits, and special

characters. The letters are A through Z, the digits are 0 through 9, and

the special characters are as follows:

and a blank. Elements of MPL are defined to be one of the following four constructs----.

variable, constant, operator, or reserved word. Let us now delve more deeply into

each of the above elements.

2.1 VARIABLES

Variables are symbols which represent those data values which may change

during the execution of the program. There are several types of variables -arithmetic,

logical, set and character.

For example, if C is a row vector and Q a scalar both previously defined

then :

D := (C, SIN(Q));

sets up a new row vector D with one more component than C. The function sin(x)

is a reserve word and "sin" cannot be used as symbol for a variable on the left hand

side of an equation.

A variable may have zero, one, or two dimensions. A zero-dimensfonal variable

is a scalar, a one-dimensional variable a vector, a two-dimensional variable a matrix.
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In the remainder of this report, an array refers to any variable whose dimension

I

i
is greater than zero. Each matrix has associated with it a structure shape

commonly used in mathematical programming algorithms. These shapes are rectangular,

j

L diagonal, upper triangular, lower triangular, and sparce (meaning few non-zero

i
elements). The concept of structure shape is useful in conserving memory space

L
and execution time. An example of the use of shape matrices is in the storage and

s
I multiplication of two diagonal matrices of size nxn. Storing them as diagonal
L

in the computer requires only n memory words for each (as opposed to n2
for a

i rectangular matrix), and the multiplication of two diagonal matrices requires

3
i only n elementary multiplications as opposed to n for rectangular matrices.
I
L Vectors have the shapeof row or column; this distinction is required for

i multiplying vectors by vectors or matrices. An additional feature of MPL is that
L

the elements of an array may be arrays. This construct is helpful in coding algorithms

b

L such as the decomposition principle. Another variable allowed is an index set

i variable. This consists of an ordered set of integers. Examples of index sets are:
I
i

fI 0
I”

,...,M)

SET(l, 3, -4, 3, 12)

I . (I IN (1 , . . . ,M) IA(LS) ' 0)
1

I
I, More will be said about how to define and use variables later on.

;

L

The symbols which constitute variables have two parts, the variable name and

an optional subscript. The variable name alone completely identifies the variable

i
i under consideration if that variable is a scalar or an entire storage structure

(vector, matrix, etc.). If the variable represents a subset (element, row, column,

L etc.) of a larger array, the variable-name part only identifies the larger array,

subscripts being needed to specify the particular subset. Variable names always

L

begin with a letter, but the characters which follow it may be any number of letters,
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digits, or underscores. Reserved words (defined in Section 2.4) may not be used

as variable names.

Examples of variable names are 1_

A

OBJECTIVE-1

KEY-SET

BASIS-INVERSE

However, variable names with blanks like KEY SET are not allowed. Subscripts

are either scalar arithmetic expressions or the symbol * . Scalar arithmetic

expressions (defined in Section 3.2) are automatically bounded to the nearest

integer value when tleed as a subscript. The subscript * refers to an entire

dimension of a storage structure. Thus

A(*, J) refers to the Jth column while

A(1, *) refers to the Ith row of the matrix A .

The following examples illustrate the use of subscripts:

M(B + C, 3)

BINVERSE(1, *)

LVALUE(BASISLIST(1)).

2.2 CONSTANTS

Constants are of four types--arithmetic, logical, set and character. The

type of a constant determines how the number will be stored in the machine and used

L in calculations.



ARI'KMETIC CONSTANTS may be either integer or real.

IKTEGER ARIThMETIC COWI'ANTS are written as a string of digits without

.a ,lc!cimal  point, examples 1, 10, 10090. -. .

REAL ARIThMETIC CONSTANTS- may or may not have an exponent. An exponentless

real number is a sequence of digits containing a decimal point, Examples: l.,

1.0, .3925, 102.34. The exponent form of the real constant allows writing the

.*
constant in modified scientific notation. This form consists of an exponentless

real number followed by an E (meaning 10 to the power) followed by an optionally

signed string of digits.

Examples:

2.5E02 (25.xlO2 = 2500.)

l.OE-02 (1.0~10-2 = .Ol)

.8E03 (.8x103 = 800.)

9.1lz+05 (9.1x105 = 910000.)

LOGICAL CONSTANTS are TRUE and FALSE.

A SET CONSTANT is NULL.

CliARACTER CONSTANTS are any string of characters enclosed by single quotes (')

Examples:

’ TABLEAU’

’ PRICES ARE’
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Operators are the connecting elements which allow the grouping of variables

and constants into larger language phrases called expressions. Operators are of

five classes:

a)

b)

4

d) concatenation operators (for building

4

. .

arithmetic operators-unary: + and - ;

and binary: + (addition), - (subtraction),

* (multiplication), / (division), and

** (exponentation).

logical operators-unary: NOT ;

and binary: AND, OR.

relational operators - - (equal),

-I - (not equal), >- (greater than or

equal)  s <= (less than or equal),

> (strictly greater than),

< (strictly less than).

up matrices from elements) : a

comma (,) is used for horizontal

concatenation; a

used for vertical

set operators -

number sign (I/) is

concatenation.

OR (union),

AND (intersection), AND NOT (relative

complement).

The use and meaning of the first three operators is quite similar to operators

in existing languages (ALGOL) while the concatenation operator may be new to the
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This  operator  Is used to build larger s torage s tructures  from smal ler

ones. For now an example of concatenation operators will be given; the  deta i led

exp lana t ion  o f  t he i r  u s e  b e i n g  presented in Sect ion 3.2.3.  Suppore  A, B, C, a n d  D

.are matrices of the same dimensions. T h e n  M .:= (A, B) #(C, D) ; represents a

larger matrix of the following form: M - . ’ If the programmer writes

M :- (A, B)#(C, D ) ; partly on one punch card and partly on the next it takes the

form M :- (A, B)# .
G D);

. . To resolve ambigultiee which can develop In formlag  combinations of elements,

each operator ha@ an ucrociated  precedence. In the absence of parenthesis to

dictate  the  meaning8 of such combinationu, the meaning will be given by thex.

precedence of the operatora, with those having higher precedence being first.

Operators of equal precedence will be performed from left to rfaht as one would

expect. Section 2.5.2 in Part III Interprets the opwator l ymbolr in order of

decreasing precedence. A + before an opmator  indicate@ that itr p r e c e d e n c e  ie t he

same aa the preceedily;  operator. The  follouln#  examples rhou the meaal~  of

precedence.

A- B/C + D ir Interpreted u A - (B/C) + D

. (A, B)#C ir Interpreted u

B + C/D +t B*A lr Interpreted  u

Ambiguous  notation in two of the examples  can be avoided, of course, by we

of parentheses.
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2 . 4 Reserved Words

Reserved words in MPL fall into the

standard function names such as sin(x)
-.

reserved words may not be used as variable

-, --
- -  ------J

-

categories of keyword symbols or

and procedure names. Recall that

names.. Keyword symbols (such as

FOR, IN, END, GO TO ) will be discussed in Section 4.2.3.

Functions:

._
A standard, function name identifies a Gltandard  function. It is hoped

that extensive use of standard functions will lead to ease in programming and

alnhance the readability  of the resulting codes. Presented in Section 5, Part III

is a list of standard,*1 functions, which hopefully will grow as MPL developes.

Reference to a standard function is of the form V :- F(P) where V represents

the value of the function, F represents the name o.f the function, and P

represents one or more arguments which we will refer to as a parameter list.

Depending upon the function, the value may be integer or real, scalar, vector, or

matrir,and if matrix, it may have any structure shape. These properties as well

as the properties of the perameter  list are described in Part  III. Following are

a few examples of the use of standard functions. Let C and X be vectors,

A a matrix, and T an index set all pireviously  &fined:

Z :- SUM(C(I)*X(I)  FOR I I N  T ) ;

R :- ARGMIN(B(I)/A(I,S)  FOR I  IN TIP(I,S)  > 0,);

2.5 Comment Statements (Quote Symbols)

In the algorithms coded thus far by the MPL  group, it has been

found that comments are essential for readability of computer codes. Comments may

be placed between any two sentences and are separated from the protram  by quote
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marks before and after the comment. Example:

SAME LOCATION (COUNT, COUNT'); ,

A := B + c;

"A IS THE SUM OF B AND C”

FOR I IN SETI, COUNT! :- COUNT + 1;

"WHERE COUNT' IS THE UPDATED VALUE OF

COUNT WHICH IS STORED IN THE SAME

LOCATION AS COUNT AND REFERRED TO HERE-

AFTER AS COUNT."

The general objective of MPL is readability. It is however, doubtful that

a program will be readable unless liberally interlaced with comments statements

whereby the programmer explains to the reader why he is doing the various steps.

In experiments with mathematical programming reutines, almost two lines of comments

are needed on the average to explain an executable line of code. Comment statements

can consist of one or several lines set off at the beginnang and end by quote makes.

"PIVOTING WILL BE DONE ON THE FULL

MATRIX D WHICH INCLUDES A, THE

RHS B, AND COSTS C."

D := (A, B')#

cc, 0);

"WE NOW INCREMENT COUNT AND RECYCLE'."

COUNT' := COUNT + 1; GO TO (21);
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3.0 Expressions

L
L
I-

F:L

Variables, constants, and operators are combined into larger language

phrases called expressions. Expressions are either arithmetic, logical, set or
. .

character. In addition, the value of an arithmetic expression has a shape

(rectangular, diagonal, lower triangular, upper triangular, sparce). The

following sections explain the use and meaning of some of the special features

of MPL expressions.

L
3.1 Logical Expressions

L
L_^

L
i

L
I
i

L
I
1
I

i

A logical explression, having the value of TRUE or FALSE,is a comparison

between two arithmetic expressions. Two arithmetic expressions which are compared

by a relational operator must be identical in type, form and shape. Following

are examples of logical expressions:

ALB

NOT (X(I)  2 Y(I))

(Z 2 M) AND (B + C I, A + D).

(H(f)  = Z(I)) OR @f - Q)

men A and B are scalars and p is a relational operator, then the interpretation

of A p B is clear. However, in the case of arrays, the meaning of A 1, B can

differ by author. Table 1 below defines precisely what is meant by the relational

operators in MPL.

i

I

i



z/12

TABLE 1

1
L

i
i

i

L

L

i

In this Table, A and B are arrays identical in type, form, and shape. ,

Ai' Bi refer to elements of A and B.
. .

MPL Statement Mathematical Meaning

A=B Ai = Bi Yi

A_IB AizBi 4.
1

A<B Ai c Bi Vi

ALB A&B. 4 .
1 1

--. A>B Ai>B V.
i 1

A -i=B Ai # B.
1

for some i

3.2 Arithmetic Expressions

Arithmetic expressions are any combination of the following types--

computational expressions, function references, and array builders.

3.2.1 Computational Expressions

.
Computation expressions are of the structure 'left-operand'-'operator'

'right-operand'. If the left operand is missing, the operator is unary (one

operand) - Example: '-A, + (Q-Z/B). If both operands are present, they are

connected by a binary operator(two operands) - Example: A+B, C**D . At execution

time the expression will be evaluated to produce a result. In addition to being

defined, an operation can only be performed if the operands conform to the

conventional restrictions of matrix algebra (for example - M and N are matrices
9

then M*N has meaning if and only if the number of columns of M equals the

number of rows in N). Section 2.5 of Part III describes these relationships in

detail.
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3.2.2 Function References

A function reference expression involves the use of predefined functions

as set forth in Section 2.4. Examples of function references used with

computational expressions to form new arithmetic expressions are given below.

x*suM(Y)

A*TRANSPOSE(B)

BASILCOSTS*INVERSE(BASIS)

We shall see further use of function references in array builders in the next

section.
-.

3.2.3 Array Builders

There are two types of array builders-- concatenahors and array designators.

bY

bY

.

A concatenator is a notational device for constructing vectors and matrices

concatenation. The rules for the use of a concatenator will be given followed

several examples.

Operations within a concatenator are horizontal concatenation (denoted by

a comma) and vertical concatenation (denoted by a number sign). Horizontal

concatenation has precedence over vertical concatenation and is performed first.

whenever both operations appear. Two structures being concatenated must conform,

i.e., have the same number of rows for horizontal concatenation and the same

number of columns for vertical concatentition. Both of the structures being

concatenated must be of the same type, all arrays must be rectanguarr and the

result is also rectangular. As an example of the use of krray constructors,

consider the following:



1

2114

A has M rows and N columns (matrix)

B has M rows and 1 column (column vector)

C has 1 row and N column (row vector)

(B, TRANSPOSE(C)) has M rows and 2 columns: (B CT)

(A,B) or A,B has M rows and N+l columns: (A B)

(A)//(C) has M+l rows and N columns
I I
A \
C

(A,B)#(C,O) has M+l rows and N+l columns A B

i I
c o

. The above examples of correct usage of the array constructor while the

following examples display incorrect usage because of the incompatability of the

rows and columnsr -m.

(A, C)

(A #B)

An array designator is used to horizontally concatenate several matrices

D(J) for J in some index set L. For example L might be a list of basic

columns L(l), L(2),...,L(M). Then the basis B is given by

B := (A&J) FOR J I N L);
e

Alternatively, it can be written

B := (A(*, L(I)) FOR I IN (l,...,M));

however, it should not be written

B := A(*,J) FOR J IN L;

because without the concatenation symbol it is equivalent to

s

FOR J IN L DO

B := A(*, J);

ENDFOR:



which is quite different. Nor should it be written

B := (A(*, L(1)) 3. l  l  , A ( * ,  L(M)));

because this does not define the running iri'dex and (k,...,R) in MPL means

(k, k+l,...,II). Still simplier we can write

B := A(*, L);
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4.0 Statements
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All statements in MPL are categorized first by whether or not they are

preceeded by a label. All statements are ended by the terminator semi-colon (;>.

4.1 Labeled Statements

A label is a means of providing a specific location in a program to which

execution control may be transferred. Labels are either a string of digits enclosed
._

in parentheses or can have a name like a variable. A labeled statement consists of a

label, followed by a colon followed by an "unlabeled statement" (defined in 4.2) and

may be used only once-as a label within each storage block. A label can only be

referred to later in GO TO statements. Examples:

VAR := x + Y;

UPDATING: ITERATIONS':= ITERATIONS + 1;
.
.
.

CO TO UPDATING;

4.2 Unlabeled Statements

Unlabeled statements are of three types--assignment statements, procedure
e

call statementa, and keyword statements.

4.2.1' Assignment Statement

Assignment statements are used for transferring data values between data

storage locations. The form of a substitution statement is V := AE; where V

is any variable as defined in Section 2.1 and AE is any arithmetic expression

as defined in Section 3.2. Examples:

A :* B+C;

S := ARGMIN(V);

A(I,*) := B+C - 3rkD;

i
i.
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4.2.2 Procedure Call Statement

A procedure call statement transfers execution control to a procedure. men

the execution of theprocedure is completed, control returns to the statement

following the procedure reference. More will be said about procedures in Section 5.1.

Examples:

PIVOT(M,R,S);

SIMPLEX("IN" A,B,C, "OUT" Z, BV, XIBV);

4.2.3 Keyword Statements

Much of the power of MPL lies in the use of keyword

a keyword statement is one which begins with reserve words

statements. Formally,

such as DEFINE, FOR,

IF, GO TO, LET, ENDIF, RELEASE, RETURN. The complete-list will be found in 3.2.4

in Part III. The keyword indicates to the computer and the programmer what type

of action is desired. Some of the keyword statemnts will be discussed here, the

remainder being discussed in Chapter 5 (Statement Blocks).

4.2.3.1 GO TO Statement

A GO TO statement is used to alter the normal sequential flow of contrdrl

during the execution of a program. The form is GO TO R ; where R is any label

as defined in Section 4.1. Example:

ITERATE: I': = I + 1;

.

.

.

(JO TO ITERATE;

4.2-3-2 Simple Conditional Statement (IF)

A simple conditional statement enables one to execute a single statement only
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if certa;ln conditions hold, and skip it otherwise. The form is

s IF le;

where le is any logical expression as defined in Section 3.1 and s is an

assignment statement. Examples:

.-

S := 0 IF A(*, J) = B;

R :- S+T IF 2 q 0;

K :- R IF U = 0;

L := S IF V 2 0;

If the logical expressions le is true, the program is executed with s replacing

the entire conditional statement. If not true, the program goes to the next

statement.

In section 5.4 a compound conditional form is discussed. Its form is

4.2.3.3 Simple Iterated Statement (FOR)

A simple iterated statement is used to perform a given statement several

times in such a manner that during each execution an iteration index is changed

IF le THEN sl, . . . . sR

,!OR IF le THEN sR+l, . . . . s
m

OTHERWISE sm+l,...,sn

ENDIF;

according to a predetermined pattern. The form is

s FOR v IN s e t ;
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where v is any variable name as defined in Section 2.1, set is any index set

variable as defined in Section 2.1 and s is a statement. s in general depends

on v . The first part of the conditioned statement (the FOR phrase) states that

the values of an iteration index (v are to range over set). The first cycle

through s is executed with the first value of v in set; the second cycle is

executed, the second value of v in set, and so forth until the last value of

the iteration index has been used in the execution of s. Then control is passed

onto the next statement. Example:

A(I) :== B(I,J) FOR I IN (l,...,M);

In Section 5.3 a compound iterated statement is discussed. Its form is

FOR V IN set DO

5
,...,S

m
ENDFOR;

4.2.3.4 Let Statement

The let statement enables one to represent one symbol by another and was

introduced into MPL to ehhance readability. This statement is similar to a MACRO.

It-causes modification of the program at compiler time instead of execution time*

The let statement will be explained by showing several examples of its use.

a) LET M := MATRIX;

A := M*B;

is equivalent to A := MATRIX * B;

b) LET L(1) :- RHS(I)/A(I,S); LET T := (l,..,,M);

R := ARGMIN(L(T));

is equivalent to - R := ARGMIN(L(J) FOR J IN T);

or equivalent to R := ARGMIN(RBS(I)/A(I,S) FOR I IN (1,-e,M));
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c) LET BI := BASIS-INVERSE; LET BC := BASIC-COSTS;

PI := BC*BI;

is equivalent to PI := BASIC,COSTS*BASIS-INVERSE;

. .
Note also in the first example that I is a dummy and that another symbol

J was used in its place later on.. The form of a let,statement is LET v := e,

where v is a variable and e is an expression.

In the case that let is only used to simplify a single statement, an inverted

let or UHH@ form can be used.

4.2.3.6 Define Statement

R := ARGMIN(L(J) FOR J IN T)

WHERE T := (l,...,M);

Before a variable name may be used in a program the type, structure and

storage requirements of the values which it represents must be explicitly or

implicitly defined. The only exception to this rule is that an undefined variable

may be used as a dummy iteration index or as a dummy variable in a let or where

situation. The declaration may be done in two ways. One is to define the variable

but not give it any values:

DEFINE V 1 BY M;

The other is to define the variable and assign it values at the same time. In the

example below V is a new variable while A and B have been previously

defined.

V := A + B;

Let us now explore the details and meaning of the define statement.
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The form of an explicit DEFINE statement is

Shape

. .

name ARITHMETIC RECTANGULAR

DIAGONAL

UPPER TRIANGULAR

LOWER TRIANGULAR

SPARSE WITH KNONZEROS

name

name

name

SIZE

Dimensions or Domain

m BY n

Cm 1 ,..-,m2)BY  b,,...,n,> l

LOGICAL
-=.

CHARACTER

SET

m

n

Words "ARITHMETIC", "RECTANGULAR" will be understood if type, shape or size

descriptors are omitted. Scalar is assured if size description is missing. Let

symbols  k, m, n, ml, m2’ nls n2 be any previously defined integers or integer

expressions. A matrix "SPARSE WITH K NON-ZEROS" means the matrix has at most

k non-zeros. It will.be stored as a sparse matrix. A list which has neither row

nor column interpretation may be indicated by '(m)" where m is the number of

elements. Examples:

1.

2.

3.

4.

5.

6.

7.

8.

9.

DEFINE E

DEFINE D, E

DEFINE D

DEFINE J;
DEFINE M

DEFINE c -

DEFINE B

DEFINE L

DEFINE S

M BY N;

DIAGONAL P BY B;

(1 ,--sM) BY (K,...,l);

SPARSE WITH P NONZEROS;

1 BY N;

M BY 1;

CHARACTER;

SET;
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The form of a domain descriptor is SRL where SRL is a subscript range

i
i

list, a series of subscript ranges separated by a BY- A subscript range

is two arithmetic expressions separated by ,..., . Example of subscript range

I
L

list: (l,...,M) BY (M+N ,...,K).  Each subscript range determines the minimum and

I
i

maximum values of the array's subscripts. The number of subscript ranges in th,e

subscript range list determines the number of dimensions of the storage structure.

If the domain is of the form (l,...,M) BY (1 ,...,N) it is written in Dimension

form M BY N or simply M for a one-dimensional list or set. The description

shape and size descriptions may appear in any order in a define statement.

Ii The second (Lnd, most used) method of defining a variable is implicitly. The

i
form of an implicit define statement is vn := ae; where vn is a

t variable name as defined in Section 2.1 and ae is an arithmetic expression as

i
i defined in Section 3.2. In this version of the define statement the variable

name being defined is given the same form, type, and structure as the value of

L
the first arithmetic expression. Examples:

L M := (A, B>#

(C, D);

M := (A, B, C);

B := (P(*, BL(1)) FOR I IN (l,.,.,M));

D := E + F*G; "WHERE E AND F ARE MAZRICES"
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5.0 Statement Blocks

A program in MPL consists of a sequence of statements (defined in 4.0)

and statement blocks. A statement block is a sequence of statements with special. .

initiating and terminating statements. There are four kinds of statement blocks--

procedure blocks, storage allocation blocks, conditional blocks and iteration

blocks. The entire program is a procedure block. A block can have other blocks

imbedded within it,or it may be imbedded in other blocks,but no two blocks

partially overlap.

5.1 Procedure Blocks
--.

A procedure is designed to carry out a specific sequence of operations which

may be required over and over again. Rather than rewriting the sequence of steps

each time, they may be written once in a form which can be utilized whenever needed.

It is hoped that a library of procedures written in MPL will be developed, thereby

enabling the work of one programmer to be available CO others. This will not only

speed up the writing of MPL codes, but will also enhance the readability. Later on

we will say how to call a procedure in a program.

-

If one wants to write a procedure (which will Uter be called by some main

routine), the ' procedure is initiated by a procedure statement, contains a

statement sequence, and is terminated by a finistatement. A procedure statement

consists of the reserved word PROCEDURE followed by a procedure identifier.

The procedure identifier specifies both the procedure name and the local names of

the input-output parameters. The form of a procedure identifier is a variable name

followed usually by a list of parameters enclosed in a pair of parentheses.
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The fini statement is used to mark the end of a procedure write up. In

contrast, RETURN is a signal during execution of a program that control is to

be passed back to the main routine. This also terminates any storage allocation,

iteration, or conditional blocks which were initiated but not explicitly or

implicitly terminated within the .procedure*

Control is paased to a procedure by either a function or a procedure

reference call. A procedure may have several return statements, each one may cause

term&nation  during execution. Values are transferred to and from the procedure

by means of substitution statements in the input-output section of the procedure

identifier& In general, new variables for the main routine may be defined in the

output section. -.

As an example of the use of the return statement in a procedure

consider the following routine for checking whether two column vectors are equal.

COMPARE := 0 means A = B.

PROCEDURE COMPARE(A,B)

(1) : IF ROLDIM(A) 7= ROW-DIM(B) THEN

COMPARE := 1;

RETURN;

' OTHERWISE

(2): FOR I IN ROWjDOM(A) DO

IF A(I) T= B(1) THEN

COMPARE := 1;

RETURN;

ENDIF;
ENDFOR;

COMPARE := 0;

(3): RETURN;

ENDIF;

FINI;
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Next suppose that in a program we have the following sequence of statements:

IF COMF%RE(X,Y)=O THEN GOiiO(21);  OTHERWISE GO TO (23); ENDIF;

thus if the vector X equals the vector -.Y in each component, control is

transferred to the statement (Zl), if not, it goes to (23).

5.2. Storage Allocation Blocks, Release Staf;ements

Storage allocation blocks are required for the efficient use of memory
. .

core in a computer. To release a symbol and any storage for other use, the

statement takes the form:

x. RELEASE A, B;

After much debate, it was decided that in writing mathematical programming codes,

block storage allocation was preferable to continual re-allocation.

Release of symbols takes place automatically, however, with subprogram

blocks and special release blocks.

All symbols and storage except outputs, generated within a procedure  are

released when the procedure returns to the main routine. Hence the same symbols

outside the procedure can be used with entirely di,fferent meanings.

G in-the statement

Z := A + G WHERE G := INVERSE(M);

is treated as a dummy variable locally defined within the block and immediately

released. However, in the slttuation

LET G := INVERSE(M);*

Z := A + G;

the release of G is not possible until the end of a procedure unless by a special
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release statement

RELEASE G;

5.3
. .

Iteration Blook

An iteration block is a statement sequence which is repeated a number of

times only with an iteration index changed between each execution. As such, this

is a generalization of the iterated statement (Section 4.2.3.3). An iteration

block is initiated by a for statement, contains a statement sequence, and is

terminated by an endfor statement. The for statement (very similar to the

for phrase of Section 4.2.3.3) gotierns  the behavior of the iteration by specifying
--b.

the values Eor the iteration index. Iteration blocks do not release symbols and

storage like a subroutine blocks. Example: The form is

FOR v IN set DO

sl' SR. . . .

ENDFOR;

FOR I IN (l,...,M) DO

x(r) := u(r);

J' := J t 1;

&,I) :;= B(I);

I ENDFOR;

5.4 Conditional Blocks

L-

Conditional blocks are constructions wherein the program sOlects between

a set of mutually exclusive courses of action. A conditional block is initiated

by an if statement and terminated by an endif statement. Or if and otherwise

statements allow for the provision of multiple alternatives. This construct is a

L
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generalization of the conditional statement (Section 4.2.3.2). Conditional blocks

do not release symbols generated within them. The form is:

IF le THEN sl, . . . , sR,
. .

OR IF le THEN s&+~, . . . . sm

OTHERWISE sm+,, .*., sn

ENDIF;

IF A - B THEN GO TO (7);

.- OR IF A - C THEN GO TO (8);

OTHERWISE

--. B :- A*9

ENDIF;

The OR IF and OTHERUIgE are optional in a conditional block. For example

IF le THEN sl, ..*, Q ENDIF;
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6.0 Examples of MPL Procedures

PROCEDURE SUM(F)

"SUMS A VECTOR F OVER ITS DOMAIN"

"ACCUMULATE THE RUNNING SUM IN S."

(1): s := 0;

(2) : SAME LOCATION (S', S);

._

"S' WILL BE THE

LOCATION AS S
-r_

(3): s’ := S + F(1) FOR

UPDATED VALUE OF S TO BE STORED IN THE SAME

AND THEREAFTER REFERRED TO AS S."

I IN DOM(F);

"ITERATIVELY ADDS F(1) TO S"

(4).: SUM := s;

(5): RETURN; FINI;

PROCEDURE MI~l("IN" F, "OUT" K, M)

'K IS THE FIRST INDEX I WHERE F(1) TAKES ON ITS MINIMUM

VALUE M OVER DOMAIN OF F."

"INITIALIZE K AND M"

(1): K := DOM(F)(Z); "I.E. THE FIRSTCOMPONENT OF THE SET DOM(F)"

(2): M := F(K);

(3): SAME LOCATION (k, K'), (M, M');

It . 1
k 9 M', ARE UPDATED VALUES OF K, M"
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(4): FOR I IN DOM(F) DO
N

IF F(1) < M THEN

k' :- I;

M' :- F(I); __

hNDIF;

ENDFOR;

(5): RETURN; FINI;

PROCEDURE COL-PIVOT (A,P,R);

"WARNING - MODIFIES A AND STORES THL RESULT A' IN THE

SAME LOCATION AS A."-h.

"PIVOTS (A, P) ON P(R) WHERE A IS A MATRIX AND P A

COLUMN VECTOR, AND RETURNS A', THE MODIFIED A PART ONLY."

L
(1) : SAMh LOCATION (A', A);

1
I
L

f

L

zL

i

I
IL

L
f
4 b

1

(2): M := ROuIM(A);

(3): LET T := (1 ,...,M) AND NOT R;

(4): A'@, *k> := A@, *)/P(R);

(5): A'% *) :- A(1, *) - A'(R, *) * P(1) FOR I IN T;

03: COLJ?IVOT := A';

(7): RETURN; FINI;

PROCEDURE REVISE~IMPLE&~("IN"  A,D,C,BV, "OUT" STATUS,  x,z,a>;

"REVISED,SXMFLE~ IS JUST PHASE 2.

A = MATRIX, C = COSTS, D r; RHS, BV - BASIC VARIABLES,

X= BV VALUES, Z = OBJECTIVE VALUE, K - ITERATIONS"

"THE PROBLEM IS TO FIND MIN Z, X 2 0, AX = D, CX - Z.<

IF MIN Z IS FINITE, STATUS = FINITE, OTHERWISE STATUS =

INFINITE. IT IS ASSUMED THAT BV IS A BASIC FEASIBLE SET

OF VARIABLES."
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"INITIALIZATION"

(1): K := 0;

(2): STATUS := 'FINITE'; .

.L . .

L
"THE FIRST STEP IS TO SET UP THE INITIAL BASIS WHICH CONSISTS'

OF THE SET OF BASIC VARIABLE COLUMNS, BV, OF A. THUS

BASIS  :- A(BV). LET G BE THE INVERSE OF THE BASIS.

WE ARE INTERESTED IN COMPUTING G AND LATER UPDATING IT."

L -.

L
(3):  G := INVERSE(BASIS) WHERE BASIS :- A(BV);

x.

I "ALSO X, THb VALUES OF THE BASIC VARIABLES, ARE INITIALLY"

(4): x := G * C;

L "ITERATIVE LOOPM

c

I

"THE COSTS ASSOCIATED WITH BASIC COLUMNS ARE C(BV) - HENCE

L
THE SIMPLEX MULTIPLIERS P ARE GIVEN BY"

(5) :  P := C(BV) * G;

.

L "LET S DENOTE THE INDEX OF THE COLUMN OF A COMING INTO THE

BASIS AND r.S = C(S)."

L



L

L
L
L
1

Z/31

05) : MILNJ("IN" C-P * A, "OUT" S' CS) ;

"WhICH IS THE: INDEX (ARGUMENT) OF THE SMALLEST COMPONENT

OF THE, VECTOR OF RELATIVE COSTS C-P * A."

"TEST FOR FINITE MIN Z"

(7): GO TO (16) IF C-S 2 0;

"LET Y BE THE REPRESENTATION

TERMS OF THE BASIS."

--.

(8):  Y := G * A ( * ,  s ) ;

"LET R DENOTE ThE INDEX OF THE COLUMN IN THE BASIS TO BE

REMOVED"

LET T := .(I IN DOM(Y)IY(I)  > 0);

IF T = NULL THEN

STATUS := 'INFINITE';

GO TO (16);

ENDIF; ,

L
L
i

(9) : MINl("IN" (X(1)/Y(I) FOR I IN T), "OUT" R, Q);

"UPDATE X, G, K, BV DENOTED BY X', G', K', BV' "

(lo): SAME LOCATION (X, X'), (G, G'), (K, K'), (BV, BV');

-(11): K' := k + 1;

L
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(12): x' := X-Y * Q;

X'(R) := Q;

(13): G' := COLJ?IVOT(G,Y,R);

"COIdIVOT  PIVOTS (G,Y) ON Y(R) AND RETURNS MODIFIED G

PART."

(14): BV'(R) t- S;

"CHANGE R-TH BASIC VARIABLE TO S."

--. "UPDATING COMPLETE, RECYCLE"

(15): GO TO (5);

"TERMINATION"

(16): Z := C(BV) * x;

(17)t RETURN;

(18): FINI;
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A  L E T T E R  O R  A D I G I T  O R  A  S P E C I A L  C H A R A C T E R . ”

< I T E R A T E D  STATEMENT>::=‘IF  ‘<EXPRESSION>‘,‘CSTATEMENT>

T H I S  R E A D S  “ A N  I T E R A T E D  S T A T E M E N T  I S  D E F I N E D  A S  T H E  C H A R A C T E R S
e ‘ I F  ’ F O L L O W E D  B Y  A N  EXPRESSVIN  F O L L O W E D  B Y  A C O M M A  F O L L O W E D

B Y  4  STATEMEYT.”

t
L



I l-1 A N  O R G A N I Z A T I O N A L  O V E R V I E W
i

T H E  M P L  L A N G U A G E  .IS D E S I G N E D  T O  F A C I L I T A T E  T H E  C O M M U N I C A T I O N

1 OF MATdEYATICAL  PROGRAM!=11  N G  A C G O R I  THMS. THE COMPLETE STATEMENT

i Of A N  A L G O R I T H M  I N  M P L  I S  A  ‘ P R O G R A M ’ * A  P R O G R A M  I S  C O M P O S E D  fJt
ONE O R  M O R F  ‘ P R O C E D U R E S ’ , E A C H  O F  W H I C H  I S  A SEQUENCE  OF SEVERAL

i .,’

’ S’TATE4ENTS ‘, E A C H  S T A T E M E N T  I S  M A D E  U P  O F  ‘RESERVED  W O R D S ’  AN'_)
.  @ E X P R E S S I O N S ’  ’ T H E  R A S I C  BUIL.DING  B L O C K S  O f  MPLa THESE,  FINALLY v

A R E  CO+4POSEt>  O F  ‘ C H A R A C T E R S ’ .

f
i 1-2 T H E  M P L  C H A R A C T E R  S E T

T H E  C U R R E N T  V E R S I O N  QF M P L  I S  SASED U P O N  T H E  C H A R A C T E R  S E T  O F
T H E  IBY  0 2 9  K E Y P U N C H . F O R  C O N V E N I E N C E  T H E S E  C H A R A C T E R S  A R E
GYOUPE!>  INTCI  T H E  C A T E G O R I E S  f-IF L E T T E R S ,  DIGIT&  A N D  S P E C I A L

! C H A R A C T E R S .

L (CHAHACTERX: =<LETTER>l  <DIGITS(<SPECIAL  C H A R A C T E R >

I

L
t

W H E R E  T H E  S P E C I F I C  C H A R A C T E R S  I N  E A C H  C A T E G O R Y  A R E  G I V E N  BY:

< L E T T E R > : :  --’=~A~(~~@~~C~J@D@(OE@~O~~~~G~~*H~~O~~~~J~~~~~~~L~
(‘M’~‘N’)‘O’~‘P’~‘~‘J’R’I’S’~‘T’~’U’~’V’~’~’~’~‘~‘Y’~‘~~

i

1
L

T W O  O T H E R  C H A R A C T E R S  A R E  A V A I L A B L E  O N  T H E  0 2 9  K E Y P U N C H ,  B U T  A R E
N O T  I N C L U D E D  I N  T H E  A B O V E  C A T E G O R I E S  D U E  T O  T H E I R  S P E C I A L  U S A G E
I N  YPLa T H E S E  C H A R A C T E R S  A R E

‘;’ S T A T E M E N T  T E R M I N A T O R
an: C O M M E N T  D E L I M I T E R

L e
L-3 S O M E  E L E M E N T A R Y  P H R A S E S

I <CYAR4CTER  S T R I N G S : : = ” ( ( C H A R A C T E R  STRING><CHARACTER>

L
.  < D I G I T  STWYG>c =CDIGIT>~<DIGIT  STRING><DIGIT>

<NULL PHKASE>:i=“l<NULL P H R A S E > ’  ’

‘r
L

T H E S E  P H R A S E S  A R E  U S E D  I N  S E V E R A L  P L A C E S  T H R O U G H O U T  T H E  MANUALa
T H E  C H A R A C T E R  A N D  O I G I T  S T R I N G S  A R E  J U S T  S T R I N G S  O F  C H A R A C T E R S
O R  D I G I T S  A S  T H E I R  N A M E S  I M P L Y . T H E  N U L L  P H R A S E  INDICA’TES  T H A T
T H F  PtiYASE W H I C H  I T  DESCRIRES  M A Y  BE O M I T T E D .



1..: <
L
L
L
L

l:L
1
L
I
L
L
L
L
It
L
L
L
!
i

2 E X P R E S S  IONS

< E X P R E S S I O N > : : = ‘(,‘<EXPRESSION>’  I’
1 <MJYRER>
I’TRUE’I’FAL~E’
I ‘ N U L L ’
I@-<CHARACTER  STPII\IG>-~
I<VARIARLE>
I<PRoCEOURE  CALL>  .. '
I<COMPUTATIONAL  EXPRESSION>
lt00MAI~  ITwo
I <CONCATENATOR>
I < A R R A Y  CONSTP  ICTOR>
I<SURSET  S P E C I F I E R > 4

E X P R E S S I O N S  4 R E  E L E M E N T S  O F  M P L  W H I C H  H A V E  ‘ V A L U E ’ . T H E Y  U S U A L L Y
PERIVE T H E I R  V A L U E S  F R O M  M A N I P U L A T I O N S  O F  V A L U E S  O F  C O N S T I T U E N T
PARTS* T H E  M O S T  BASIC E X P R E S S I O N S  A R E  C O N S T A N T S  W I T H  F I X E D
V A L U E S  A N D  V A R I A B L E S  W I T H  VALlJES  W H I C H  M A Y  C H A N G E  D U R I N G  P R O G R A M

- O P E R A T I O N . E A C H  C O N S T A N T  A N D  V A R I A B L E ,  A N D  C O N S E Q U E N T L Y  E A C H
E X P R E S S I O N ,  H A S  A N  A S S O C I A T E D  S E T  O F  A T T R I B U T E S  W H I C H  D E S C R I B E  T H E
P R O P E R T I E S  OF T H E  V A L U E  O F  T H E  E X P R E S S I O N .

2-1 E X P R E S S I O N  A T T R I B U T E S

@ T Y P E ’ M P L  A L L O W S  T H E  U S E R  T O  M A N I P U L A T E  V A L U E S  W H I C H  A R E  A R I T H M E T I C
Q U A N T I T I E S ,  L O G I C A L  O R  B O O L E A N  QUANTITIES9  S E T S ,  O R  C H A R A C T E R  CjTRINGS.
CONSEQUENTLY T H E  P O S S I B L E  V A L U E S  F O R  T H E  T Y P E  A T T R I B U T E  A R E  A R I T H M E T I C ,
L O G I C A L ,  S E T , A N D  C H A R A C T E R . I N I T I A L L Y  N O  A T T E M P T  I S  B E I N G
Y A D E  Td IMPOSE T H E  ‘ F L O A T I N G  P O I N T ’  A N D  ‘TNTEGER’ S U B - C L A S S I F I C A T I O N S
OF T H E  A R I T H M E T I C  T Y P E  O N  M P L  {JSERS. I N S T E A D  I T  I S  H O P E D ,  P E R H A P S
I N  V4IN9 T H A T  T H E S E  H A R D W A R E  I M P O S E D  C O N V E N T I O N S  M A Y  BE 8YPASSED.

’ F O R M ’ I F  A  V A L U E  H A S  T Y P E  A R I T H M E T I C ,  T H E N  I T  Y A Y  BE E I T H E R  A  S C A L A R
QUANTI  T Y ,  A  V E C T O R  Q U A N T I T Y , OR A  M A T R I X  Q U A N T I T Y ’ C O N S E Q U E N T L Y  T H E
P O S S I B L E  V A L U E S  FOR T H E  F O R M  A T T R  ISUTE A R E  S C A L A R ,  VECTOR7 A N D  MATRIX&

‘ S H A P E ’ I F  A  V A L U E  H A S  T Y P E  A R I T H M E T I C , I T S  FOR”! U S U A L L Y  H A S  A R E L A T E D
S H A P E  dTTKISUTE  W H I C H  P R O V I O F S  AODITIONAL  I N F O R M A T I O N  A B O U T  THF: V A L U E ’ S
ORGAN1  ZATIONe A  S C A L A R  F O R M  H A S  N O  S H A P E  A T T R I B U T E , A  V E C T O R  Y A Y
B E  E I T H E R  A  RcJW V E C T O R  O R  A  C O L U M N  V E C T O R  S O  I T S  P O S S I B L E  S H A P F S  A R E
ROW  A Y D  COLUYN, M A T R I C E S ,  N O R M A L L Y  R E C T A N G U L A R ,  A R E  G I V E N  S H A P E S  T O
C O N S E R V E  S T O R A G E  S P A C E  B Y  S T O R I N G  O N L Y  S U B S E T S  O F  E L E M E N T S . PnSSrRLE
M A T R I X  S H A P E S  A R E  R E C T A N G U L A R ,  U P P E R  T R I A N G U L A R ,  L O W E R  T R I A N G U L A R ,
DIAGON4L, A N D  S P A R S E .



Z(2)

2 - 2 C O N S T A N T S

A  C O N S T A N T  I S  A N  EXPRESSIC)N  W H I C H  H A S  A  FIXED V A L U E  D E T E R M I N E 0  B Y
T H E  N A M E  O F  T H E  C O N S T A N T . T H E R E  A R E  C O N S T A N T S  O F  E A C H  T Y P E .

‘ 2 - 2 - l N U M B E R S . .

<NUMBE  rt>:  : =<NUMBER  BASE>I<NWBER  BASE><EXPONENT’>

< N U M B E R  BASE> ::=<DIGIT  STRING>
)<DIGIT  S T R I N G > ‘ . ’
I ‘)m ‘<DIGIT S T R I N G > 4

ItDIGIT STRING>‘d<DIGIT  S T R I N G >

< E X P O N E N T > : : = ’ E’<DIGIT S T R I N G >
I’E”+‘<DIGIT  STRIWG>
I ‘E” - - ‘ < D I G I T  STRIW>

E S S E N T I A L L Y  A  N U M B E R  I S  A D I G I T  S T R I N G  (l-31, P O S S I B L Y  C O N T A I N I N G  A
S I N G L E  OfC I M A L  PQINT. I F  T H E  NUMBER  H A S  A  V E R Y  L A R G E  O R  A  VERY S M A L L
V A L U E  S O  T H A T  W R I T I N G  I T  R E Q U I R E S  M4NY Z E R O S ,  I T  B E C O M E S  WORTWHILE
T O  U S E  T H E  A B B R E V I A T E D  ‘ S C I E N T I F I C  N O T A T I O N ’  P R O V I D E D  B Y  T H E  E X P O N E N T .
H E R E  ‘E’ M E A N S  ‘ T I M E S  T E N  T O  T H E  P O W E R ’ . T H E  S Y M B O L  a0 I N O I C A T E S
T H A T  T H E  S I G N  FOLLOWNG  T H E  ‘E’ I S  O P T I O N A L .

E X A M P L E  N U M B E R S
2 131,6 2a54 1 6 3 2 5 lS.6E-03 2E5 .aM

2 - 2 - 2 LOG1  C A L  CCINSTA1\ITS

L O G I C A L ,  BOQLEAN, O R  T R U T H  V A L U E 0  E X P R E S S I O N S  R E S U L T  MOSTlY FROM  T E S T S
O N  O T H E R  Q U A N T I T I E S  UHICH YIELO  T H E  V A L U E S  T R U E  O R  F A L S E . S I N C E
T H E R E  A R E  O N L Y  T W O  P O S S I B L E  V A L U E S  F O R  A N Y  L O G I C A L  E X P R E S S I O N
T H E R E  4RE O N L Y  T W O  P O S S I B L E  L O G I C A L  CONSTANTSr  ‘ T R U E ’  A N 0  ‘ F A L S E ’ .

2-2~ 3 S E T  C O N S T A N T S
I

SETi Iti MPL A R E  INTENOEO  P R I M A R I L Y  F O R  I N D E X I N G  O V E R  R O W S  O R  CXJJHNS  O F
M A T R I C E S ,  I T E R A T I O N .  LOOPS* E T C . A S  A  R E S U L T ,  S E T  E L E M E N T S  H A V E  W H O L E
N U M B E R  V A L U E S , , T H E R E  A R E  ND O U P L I C A T E  E L E M E N T  V A L U E S  I N ,  S E T S .
H O W E V E R ,  S I N C E  S E T S  M A Y ,  COWTAIN  A  V A R I A B L ’ E  N U M B E R  O F  ELEMENTSt  T H E Y
H A V E  AY A S S O C I A T E D  S I Z E  O R  N U M B E R  O F  E L E M E N T S . THE SINGLE M O S T
IMPORT4NT  T E S T  O N  A  S E T  I S  T H E R E F O R E  W H E T H E R  I T  I S  E M P T Y . T H U S  T H E
T H E  S E T  C O N S T A N T  ‘ N U L L ’ I S  PROVTDEO  T O  F A C I L I T A T E  T H E S E  T E S T S  A N D
F O R  OTHER U S E S .

d



2 - 2 - 4 C H A R A C T E R  CoNSTANTS

C H A R A C T E R  C O N S T A N T S  HA.VE T H E  F O R M  “ ‘ < C H A R A C T E R  S T R I N G > ’  a ‘.

CH4RACTER C O N S T A N T S  WEUE O R I G I N A L L Y  PROVIOEO  I N  M P C  F O R  C O N V E Y I N G  FOSMAT
INFORM4TION  T O  T H E  I N P U T  A N D  O U T P U T  ROUTINES* H O W E V E R ,  W I T H  OhlCY S L I G H T
D E V E L O P M E N T  A  V E R Y  PDWERFUL  MANIPIJLAT  IYG CAPABIC I T Y  A P P E A R E D . 4
C H A R A C T E R  C O N S T A N T  I S  A N Y  S T R I N G  QF  C H A R A C T E R S  D E L I N E A T E 0  BY A
P R I M E  ( S I N G L E  QUOTE) O N  E A C H  E N O . A  P R I M E  WITHIN  A C H A R A C T E R
STKING  M U S T  BE REPRESENTED.BY  T W O  A O J A C E N T  P R I M E S ’  I . E .  ” ( A S
O P P O S E D  Tf-3 A DOUBLE  QUOTE ‘ O r

E X A M P L E  CHAR.ACTER  C O N S T A N T S
’ lH-, 25E13.6’
‘HFLP,MELP’
‘ T H I S  I S  T H E  J O N E S ”  HOUSE

I .-
2-3 V A R I A B L E S

< V A R I A B L E > : : =<VARIABLE NAME>~<VARIABLE>‘(‘<SUBSCRIPT  L I S T > ‘ ) ’--.
V A R I A B L E S  R E P R E S E N T  V A L U E S . J U S T  A S  A  V A R I A B L E  N A M E  I S  U S F O  Tn
R E P R E S E N T  A N  E N T I R E  M A T R I X  O R  V E C T O R ,  V A R I A B L E  N A M E S  W I T H  SUBS?RIPTS
R E P R E S E N T  S P E C I F I C  E L E M E N T S  O R  S E T S  O F  E L E M E N T S  O F  T H E S E  F O R M S ,
M P L  V4RIABLES C A N  R E P R E S E N T  V A L U E S  INDIRECTLY* F O R  I N S T A N C E ,  I F  A
R E P R E S E N T S  A  M A T R I X ’ T H E  ELE!!EYTS  O F  T H E  M A T R I X  CflULD B E  N U M B E R S ,
O R  T H E Y  COULn  H E  P O I N T E R S  T O  O T H E R  YATRJCESI IM T H E  L A T T E R  MAFINER
A(I,J)(K,L) W O U L D  P I C K  F R O M  A(I,Jl T H E  P O I N T E R  T O  S O M E  M A T R I X  F R O M
W H I C H  T H E  (K,L)TH E L E M E N T  W A S  A C T U A L L Y  D E S I R E D . T H E  P O W E R  IiERE
I S  T H A T  T H E  E L E M E N T S  O F  A N  AR1 T H M E T I C  M A T R I X  O R  V E C T O R  N O W  M A Y  B E
O T H E R  A R I T H M E T I C  Q U A N T I T I E S ,  LOGICAL  Q U A N T I T I E S ,  S E T S ,  O R  C H A R A C T E R
S T R I N G S .

L.
L
i
L

L
L 2-30 1 V A R I A B L E  N A M E S

L - < V A R I A B L E  N A M E > :  :=<LETTfR>
1 < V A R I A B L E  NAME><LETTERS
1 < V A R I A B L E  NAME><DIGIT>

L

)<V4RIABLE N A M E > ‘ , ’
I<vAIRARLE NAME)“’

A V A R I A B L E  N A M E  N A M E S  A  ‘ S T O R A G E  S T R U C T U R E  A N D  T H E R E B Y  H A S
A L L  O f  THE A S S O C I A T E D  P R O P E R T I E S  OF T H E  STRUCTlJREm IF T H E  S T R U C T U R E
H A S  T Y P E  A R I T H M E T I C  I T S  E L E M E N T S  M A Y  B E  P O I N T E R S  T O  O T H E R  S T R U C T U R E S
btavi~~  O T H E R  T Y P ES . A V A R I A B L E  N4ME A L W A Y S  B E G I N S  W I T H  A  L E T T F R
W H I C H  Y A Y  flE F O L L O W E D  B Y  A N Y  N?IMBER Of L E T T E R S ’  OIGITS  U N D E R S C O R E S ,
OR PPI Y E S .

i

EX4MPLE V A R I A B L E  N A M E S
4 A ’ A L P H A 3 6 THIS,IS,A,VARIABLE,NAME OBJECTIVE,FUNCTIOY

!
i

i



L
2(41

2- 3-2 S U B S C R I P T S

S U B S C K I P T S  A R E  S U B S C R I P T  L I S T S  E N C L O S E D  I N  P A R E N T H E S E S .

<SUBSC+tIPT LIST>:: =CSURSCRIPT  E L E M E N T >
1CSUBSCRTPT  L I S T > ’ “<SCJRSCR  IPT E L E M E N T >

I
‘ < S U B S C R I P T  ELEMENT>::=‘*‘1<EXPRESSION>

S U B S C R I P T S  A R E  USE0 T O  A C C E S S  S U B S E T S  O F  E L E M E N T S  O F  A R I T H M E T I C
D4TA  S T R U C T U R E S . T H E  NtJMBER QF S U B S C R I P T  E L E M E N T S  I N  A S U B S C R I P T
L I S T  WJST  B E  E Q U A L  T O  THF N U M B E R  O F  D I M E N S I O N S  O F  T H E  D A T A  S T R U C T U R E .
T H E  * U S E D  A S  4 S U B S C R I P T  ELEMFNT  R E F E R E N C E S  A N  E N T I R E  ROW O R
C O L U M N  O F  A N  A R R A Y . THUS A(*,*) = A AND &(*I = B WHERE A AND B
A R E  A  bl.ATRIX  A Y O  A  V E C T O R  R E S P E C T I V E L Y . VALUES OF EXPRESS I O N S
tJSE0 A S  S U B S C R I P T  ELEMFNTS M U S T  H A V E  E I T H E R  A R I T H M E T I C  O R  S E T
TYPE. I F  T H E  E X P R E S S I O N  I S  A R I T H M E T I C  I T  M U S T  B E  E I T H E R  A S C A L A R
O R  4  V E C T O R . A  S C A L A R  A C C E S S E S  A  S I N G L E  E L E M E N T  W H I L E  A  V E C T O R
A C C E S S E S  A  S E T  O f  E L E M E N T S , A N Y  FR4CTION4L P A R T  O F  A  V E C T O R  OR
SCALAN  E L E M E N T  V A L U E S  I S  OROPPEO  AN0 A N Y ’  V A L U E S  O U T S I D E  T H E  R A N G E
O F  T H F  SUOSCRIPT  ELEMEN’T  A R E  I G N O R E D .

-=.

E X A M P L E  V A R I A B L E S
A( 3*4+3rC J A’(1131 B(I) A’( I,*) A(ROW,SET,COL,SET)

A S  Y E N T I O N E O  I N  (2-3) T H E  E L E M E N T S  O F  A N  A R I T H M E T I C  D A T A  S T R U C T U R E
( V E C T O R  O R  M A T R I X !  M A Y  A L S O  P O I N T  TD C)THER  S U C H  Q U A N T I T I E S . H E N C E
‘YATRIY,LIST(K~(I,J)’ A C C E S S E S  T H E  (I,J)TH E L E M E N T  I N  T H E  M A T R I X
INi)ICATEO  B Y  T H E  (KITH E L E M E N T  I N  ‘MATRIX,LIST’, T H I S  PRWESS M4Y
B E  CQNTIWED T O  A N Y  L E V E L ,  R U T  W I T H  C A R E .

t

L

i

2 - 4 PROCEOURE  C A L L S

< P R O C E D U R E  CALL>::=<VARIABLE  N A M E >
ItVARIABLE  NAME>‘(‘<EXPRESSION  LIST>‘)’

Y E X P R E S S I O N  L I S T > : : =<EXPRESSION’>(<EXPRESSTON  LIST>‘,‘CEXQRESSIOY>

A PROCEOURF  C A L L  C A L L S  A  P R O C E D U R E  F R O M  W I T H I N  A N  E X P R E S S I O N .  I T
I S  ASS’IYED  T H A T  T H E  CALLEO  PROCEDlJRE  R E T U R N S  A  V A L U E  W H I C H  C A N
RF USED  TI) E V A L U A T E  T H E  E X P R E S S I O N  I N  T H E  C A L L I N G  P R O C E D U R E .

I W H E N  A  P K O C E O U R E  I S  OEFINEO  (33) A N Y  V A L U E S  UHICH  W I L L  B E  P A S S E D  F R O M

L T H E  C A L L I N G  P R O C E D U R E  A T  T H E  T  IME OF T H E  C A L L  A R E  R E P R E S E N T E D  B Y
V4RIAOLE  N A M E S  I N  T H E  V A R I A B L E  N A M E  L I S T  F O L L O W I N G  T H E  P R O C E D U R E

I,
N A M E  I N  T H E  D E F I N I T I O N . T H E S E  V A R I A B L E S  T A K E  T H E  V A L U E S  OF T H E

t
E X P R E S S I O N S  I N  T H E  P R O C E O U R E  C A L L  E X P R E S S I O N  L I S T  I N  T H E  O R O E R  I N
W H I C H  T H E Y  O C C U R .

!:

i

TcfF  V4LUE O F  4  P R O C E D U R E  I S  D E T E R M I N E D  I N  A N  A S S I G N M E N T  S T A T E M E N T
WITHIN TYE P R O C E D U Q E  IN  UHICH  T H E  N A M E  O F  ‘ T H E  PRDCEOURE  A P P E A R S
O N  THk L E F T  c)F T H E  A S S I G N M E N T  S Y M B O L  (3-2-2).

IL E X A M P L E  PQOCEDURF  C A L L S
PIVOT(A+A’ ‘B’,I+2,J+R-31
SUB(  01
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2 - 5 COYFUTATIONAC  EXPRESSIONS

<COW’UTATIQNAL  EXPRESSION>::=‘+‘<EXPRESSION)
I ’ -‘<EXPRESSION>
l ‘NJ.JT  @ < E X P R E S S  IOW
J<ExPRESSIONY+‘<EXPRESSIONB
I <ExnRESsION>‘-‘<Ex~RFSS  ION>
I<EXPKESSI~N>‘*‘<EXPRESSLON>
I <ExPRESSI~N>‘/‘~~X~RESSIOW
I cFXPRESS  ION>* **‘<EXPRESSION>
I<Ex~RESSI~N>*~~CEXPRESSI~N>
l < E X P R E S S I O N > ’ A N D  ‘ < E X P R E S S I O N >
~CFXPRFSSIONY CP ‘ < E X P R E S S I O N >
l<EKPRESSION>’ IN ‘ < E X P R E S S  I: ON>
IGxPRESSI~NY A N D  N O T  ‘ < E X P R E S S I O N >
I <ExPRESSI~N>‘=‘<EXPRESSI~N>
1 < E X P R E S S I O N > ’ -=‘<EXPRESSION>
l<EXPRESSI0N>‘>‘CEXPRESSIOY>
~EXPRESSI~NYC’CEXPRESSIOW
ICEX~RESSWNY>=‘<EXPRESSIONS

s J<ExPRES~I~~NY<=‘<EXPRESSION>

‘ O P E R A T O R S ’  MODI=6Y  O R  C O N N E C T  ‘OPER4NDg  EXPREESIf3NS  Ih( COMPlJTATIONAL
E X P R E S S I O N S , A L L  CCMWTATIONAL  E X P R E S S I O N S  H A V E  O N E  O F  TWO
G E N E R A L  FORMS:
UNARY <OPERklOR,<R-flPERAND>
BIlllAf?Y <L-OPERAND><OPERATOR><R-WERAND>

Z-5-1 O P E R A T O R  C L A S S E S  A N D  A L L O W A B L E  CONffGURATIONS

E A C H  OPERATT)R  H A S  4  U N I Q U E  COW-EXT  I N  Y H I C H  I T  MAY BE U S E D . WE
CQNTEXT’  IS DETERYINED  RY T H E  T Y P E S  O F  T H E  A S S O C I A T E D  O P E R A N D S .
A S  A  R E S U L T  :lPERATTJRS  A R E  C L A S S E D  A S  ‘ A R I T H M E T I C ’ ,  ‘ S E T ’ ,
‘ARITHYETIC  TEST’g  ‘ S E T  TESTtl A N D  ‘LOGICAl&

TtiE F O L L O W I N G  T A B L E  OETERMWES  T H E  T Y P E S  QF O P E R A N D S  4LLO)JABLE
.tiITH  EM2-l  C L A S S  OF OPERANDS*

L-‘IPER AND * O P E R A T O R R - O P E R A N D R E S U L T
TYi’E C L A S S T Y P E T Y P E

I
ARITtlYETIC A R I T H M E T I C ARI THM ET IC A R I T H M E T I C

S E T S E T S E T S E T

AR I THYETIC A R I T H M E T I C  T E S T  ARI T H M E T  I C L O G I C A L

S E T S E T  T E S T S E T LcmCAL

LWXCAL L O G I C A L L O G I C A L L O G I C A L

.

L
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(
/ 2 - 5 - 2 O P E R A T O R  DEFINITI13NS AND P R E C E D E N C E S

/
L

1
/
i

T H E  OPFRATCIRS  W H I C M  F A L L  I N T Q  T H E S E  C L A S S E S  A N D  T H E I R  M E A N I N G S
A R E  S H O W N  Iti T H E  Fr)CLT?WING  TABLE* SO T H A T  T H E  O R D E R  O F  COYPUTMION
I N  A N Y  C O M P L I C A T E D  E X P R E S S I O N  W I L L  BE UNAMBIGUQUS, E A C H  OPERATDQ
HAS A i’RECEDENCE  ( I N D I C A T E D  B Y  A  P R E C E D E N C E  N U M B E R )  A N D  O P E R A T I O N S
WIl-Y T+iE HIGHFST P~ECEC’ENCE  ( N U M B E R )  A R E  PEQFORMED  FIRST*
OPERATClRS  W I T H  T H E  S A M E  P R E C E D E N C E  NUMBER  H A V E  EQUAL P R E C E D E N C F
A N D  A R E  P E R F O R M E D  F R O M  L E F T  T O  R I G H T .

/
i 0PERATr)R  9Ef INIT I O N  TPBL E

, :
,
: ,

L
OPERATdR.  P R E C E D E N C E  U S E I N T E R P R E T A T I O N

c

i

1

L

L

’ #’
‘+’
9,’
’ **’
‘*’
‘/’
’ i’
9,’

A R I  THYETIC O P E R A T O R S
7fi B I N A R Y V E R T I C A L  C O N C A T E N A T I O N
6 5 U N A R Y NO E F F E C T
6 5 U N A R Y N E G A T I O N
60 B I N A R Y EXPONENTIATION

--. 55 B I N A R Y MULTIPL ICAT  ION
5c R I N A R Y D I V I S I O N
4 5 bINARY SUM
4 5 R I N A R Y D I F F E R E N C E

S E T  O P E R A T O R S
I ‘AdD 40 f3INARY S E T  fNTERSECT?ON
L ’ OR ’ 3 5 R I N A R Y S E T  U N I O N

’ AAD  NOT ’ 3G B I N A R Y S E T  R E L A T I V E  C O M P L E M E N T

i

L-

!

L
.

L

:=e
‘,=’
@ >= ’
a<=’
‘>’
‘<’

’ IY ’

‘NOT ’
’ AYD ’
’ OR ’

ARITHMETIC TEST O P E R A T O R S
2 5 BINARY I S  E Q U A L  T O
2% B I N A R Y I S  N O T  E Q U A L  T O
2 5 B I N A R Y I S  G Q E A T E R  T H A N  O R  E Q U A L  T O
2 5 81 NARY I S  L E S S  T H A N  O R  E Q U A L  T O
2 5 B I N A R Y I S  S T R I C T L Y  G R E A T E R  T H A N
2 5 R I N A R Y I S  S T R I C T L Y  L E S S  T H A N

S E T  T E S T  OPFRATORS
2G ’ RINLIRY I S  C O N T A I N E D  I N  ( I S  A  S U B S E T  OF)

LflGICAL O P E R A T O R S
1 5 MARY . L O G I C A L  N E G A T I O N
10 Et1  N A R Y L O G I C A L  I N T E R S E C T I O N

5 6 INARY L O G I C A L  U N I O N



2(?)

2 - 5 - 3 SEM4NTICS

E A C H  CIhfPUTATIONAL E X P R E S S I O N  HA.S T H E  F O R M
<L-OPfRAND)<OPFRATOR><R-OPERAND>

,THtS  S E C T I O N  D E S C R I B E S  T H E  R E S T R I C T I O N S  P L A C E D  U P O N  E A C H
OPERAND  A N D  S O M E  A D D I T I O N A L  PRClPF9TIES  O F  THF R E S U L T S ,

ARITHMETIC ClPERATORS

T H E  C U R R E N T  V E R S I O N  O F  M P L  R E S T R I C T S  A R I T H M E T I C  D A T A  S T R U C T U R E S
T O  T W O  D I M E N S I O N S . T H I S  RESTRICTICbl A L L O W S  C O N S I D E Q A R L E  ?MPL?:IT
COMPUTIYG  P O W E R  WITHfXJT B E I N G  O V E R L Y  R E S T R I C T I V E  F O R  MATHFMATICAL
PHOGRA,qM?NG  APPL TCATIONS. T H U S  A L L  A R I T H M E T I C  D A T A  S T R U C T U R E S
(EVEY  T H E  CgNSTAYT 15) C A N  BE VISU4LIZED  A S  M A T R I C E S .

OPEKAlOR P A R T

‘Y’ L - O P E R A N D
R-TIPERAND

R E S U L T

‘I-’ L - O P E R A N D N O N E .
R-OPERAND A N Y  ARITtYETTC  Q U A N T I T Y .
R E S U L T  . S A M E  A S  R-OPERAND*

9-e L - O P E R A N D
R-OPFRAND
R E S.JL  T

N O N E .
A N Y  ARITtMETIC  Q U A N T I T Y .
THE R-OPER4ND  W I T H  A L L  E L E M E N T  V A L U E  S I G N S
R E V E R S E D .

R - O P E R A N D

R E S U L T

CHARACTERfSTICS d

A N Y  ARITtMETIC Q U A N T I T Y .
A N  A R I T H M E T I C  Q U A N T I T Y  W I T H  T H E  S A M E  N U M B E R
OF COLlllyNS  A S  T H E  L-OPERAND*
T H E  V E R T I C A L  C O N C A T E N A T I O N  O F  T H E  T W O  O P E R A N D S .
I T  H A S  T H E  ShYE NUMBER  O f  C O L U M N S  A S  E A C H
O P E R A N D  A N D  T H E  N’JMBER O F  R O W S  EQUAL  T O  T H F
SUM O F  T H E  N U M B E R S  OF R O W S  I N  E A C H  OPERANDn

A N Y  ARITtMETIC  Q U A N T I T Y  W I T H  T H E  S A M E  N U M B E R  O F
R O W S  A N D  C O L U M N S . T H U S  T H E  L - O P E R A N D  M A Y
BE EI’THERA S Q U A R E  M A T R I X  O R  A  ‘ S C A L A R ’ .
M U S T  B E  A  S C A L A R  ( O N E  R O W  A N 0  ONE C O L U M N )
W I T H  A  N O N - N E G A T I V E  VALUE*
T H E  L - O P E R A N D  Y I L T I P L I E D  B Y  I T S E L F  T H E  N U M B E R
O f  T I M E S  S P E C I F I E D  BY T H E  R-QPERANDa
I F  T H E  L - O P E R A N D  H A S  MCIQE T H A N  ONE R O W  A N D
C O L U M N  A N Y  F R A C T I O N A L  P O R T I O N  O F  T H E  R - O P E R A N D
W I L L  B E  DROPPFD. OTHERbdISE  T H E  L - O P E R A N D  I S  A
S C A L A R  A N D  A N Y  P O S I T I V E  V A L U E S  FOR T H E  R - O P E R A N D
A R E  A L L O W E D .



2 - 5 - 3 S E M A N T I C S  (C@NT ?“JUED 1

O P E R A T O R P A R T C H A R A C T E R I S T I C S

L-i?PfRAN’> A N Y  A R  I  TtMET  I C  3UAYT I TV.
K-:‘)PERfitND A N Y  ARITPMFTIC i&JANTITY  W I T H  T H E  S A M E  NUFARER  O F

ROM A S  THE L - O P E R A N D  Y A S  CllrLUYNS  E X C E P T  Tl.44T
E I T H F R  oPE.RANV  zlAY B E  A  S C A L A R .

KE SULT A N  ARITYMFTIC  r3114NTITY  W?TH  T H E  S A M E  N U M B E R
Of ROWSAS  T H E  L - O P E R A N D  A N D  T H E  S A M E  N U M B E R  .
O F  CCILUYNS  A S  T H E  R - O P E R A N D , E L E M E N T  V A L U F S  A R E
THF R E S U L T  O F  C O N V E N T I O N A L  M A T R I X  M U L T I P L I C A T I O N .
IF FITHEP nPFR4YD  I S  4  S C A L A R  T H E  R E S U L T  HM
THF  S A M E  F\IUVRER OF ROWS ANID C O L U M N S  A S  T H E  OTHER

OPEPANh

‘/’ L-CPERAND A N Y  ARITtMETIC  !SUANT?TY.
R-CIPFRAND A N Y  S C A L A R  A R I T H M E T I C  QIJANTITY.
SE SJCT H A S  A L L  T H E  P R O P E R T I E S  O F  T H E  L - O P E R A N D

E X C E P T  T H A T  A L L  E L E M F Y T  V A L U E S  H A V E  B E E N
D I V I D E D  B Y  T H E  R-fJPEYANDa

‘+’
---.

L - O P E R A N D A N Y  A ! ?  I  Tt+lET?C  QUANTITYa
F1-QPFRAND A N Y  ARiTtMETIC  Q U A N T I T Y  YITH T H E  SAME NUVRER

OF ROWS A N D  COLIJMNS  A S  T H E  L - O P E R A N D .
R E S U L T A N  A R I T H M E T I C  Q U A N T I T Y  irl?TH  T H E  P R O P E R T I E S

OF T H E  L-OPFRANDr A L L  P O I N T E R S  A R E  S E T  T O  ZERO.

0 -9 SVlE A S  ’ +’ I B I N A R Y  1

S E T  F3PEKATC)RS

OPERATilR PAST

’ AhiD ’ L - O P E R A N D
K-IIPERA”\ID
RF SJLT

’ bYD d9T ’
L-GPERAND
R-C)PERAI\(D
RESULT

CH!d-tACTERISTICS

A N Y  SET-a
A N Y  SET*
A  S E T  C O N T A I N I N G  O N L Y  T H O S E  E L E M E N T S  W H I C H
APPFARED ?“J BOTH T H E  L-CIPERAND A N D  T H E  R - O P E R A N D ,

A N Y  SET,
A N Y  SFT.,
A  S E T  Cr)NTA?N?NG A L L  E L E M E N T S  W H I C H  A P P E A R E D
I N  E I T H E R  T H E  L - O P E R A N D ,  T H E  R - O P E R A N D  O R  HOTH.

A N Y  SET*
A N Y  S E T ,
A  S E T  C O N T A I N I N G  A L L  E L E M E N T S  WH?CH  A P P E A R E D
IY T H E  L - O P E R A N D  B U T  N O T  IN T H E  R - O P E R A N D .



AR1 TYtrlETIC TEST OPERATORS

ARITWGTIC  T E S T  0PE’RATORS  IYPOSE THdEE O I F F E R F N T  REOUIREMENTS
t-It-4 T H E  IK Tkf-l OPERAVS. TO S A T I S F Y  T H E S E  R E Q U I R E M E N T S  8flTH  OPEUNOS

ARF TW%rEO  A S  M A T R I C E S . T H E S E  REQUIREPENTS  A R F :
lb T Y F  TtiO UPERANDS  H A V E  THE SAYE NUMFER 3F RWS.
2) T‘4F TYD O P E R A N D S  H A V E  T H E  SAVE NUM’!ER  flF C O L U M N S .
3) T!iE SPECIFIEO  RELATIf7NSHIP  H0LDS  WITHIY  E4CH  PAIR OF

tORKESPONr)ING  (L-OPERANO,R-OPERAND)  E L E M E N T S .

QPEKATf)R P4RT

@<=I

‘>’

‘<’

.

L-WERAND
R - O P E R A N D
REWCT

L - O P E R A N D
R-nPERAND
?FSULT

x.

L - O P E R A N D
R-ClPERAND
RESJLT

C H A R A C T E R I S T I C S

A N Y  4 R I  TWETIC OUANTITY.
A N Y  ARITk’METIC  Q U A N T I T Y .
A LOGICAC  Q U A N T I T Y  W H I C H  I S  T R U E  O N L Y  I F
R E Q U I R E M E N T S  1). 2). AND 3) A R E  S A T I S F I E O
WITH THE EQUALITY RELATIONSHIP.

A N Y  ARITkMETIC WANTITY.
A N Y  ARITbYETIC  %JANTITY+
a L~ICAL  QUANTITY wtim Is FALSE  ONLY I F
REQUIRFMENTS 11, 21, A N D  3) A R E  S A T I S F I E D
U S I N G  TYF E Q U A L I T Y  RELATIONSt-tIP.

A N Y  ARITWETIC  Q U A N T I T Y 8
A N Y  AR1 TWETIC $JANT  I T Y ,
A  L O G I C A L  Q U A N T I T Y  W H I C H  I S  T R U E  O N L Y  I F
REQUIREMENTS  11, 2). A N 0  31 A R E  S A T I S F I E D
U S I N G  THF  G R E A T E R  T H A N  OR E Q U A L  R E L A T I O N S H I P .
A N  ERROR  CONDITIOrJ  E X I S T S  I F  FITHER O F
REOUIREYENTS  11 A N 0  21 I S  N O T  ~SATISFIEOa

S A W  a s  I>=’ E X C E P T  T H A T  T H E  R E L A T I O N S H I P  F O R  RFQUIREMFNT
3) I S  L E S S  T H A N  i3R E Q U A L .

S A M E  A $  ‘>=a E X C E P T  - T H A T  T H E  R E L A T I O N S H I P  Ft-IR R E Q U I R E M E N T
31 IS S T R I C T L Y  G R E A T E R  T H A N .

SAME 4s ‘>=’ E X C E P T  T H A T  T H E  R E L A T I O N S H I P  F O R  R E Q U I R E M E N T
3) I S  S T R I C T L Y  L E S S  T H A N ,



Z-5-3 S E M A N T I C S  KONTIhUED1

S E T  T E S T  OPER4TORS

iL
0PEKAT0R P A R T CHERACTERISTICS

f
b

’ IN ’ L-OPERAND
R-0wRanlD
R E S U L T

1
,(

:L
L O G I C A L  O P E R A T O R S

OPERPTW P4RT

L ‘ N O T  ’ L - O P E R A N D
R-ClPERAND
R E S U L T

i -=.

’ P.ND ’ L - O P E R A N D
II-IIPERAND
R E S U L T

' OK ' L-OPFRAND
R - O P E R A N D
R E S U L T

A N Y  SFTm
A N Y  SFT.  _.

A  L O G I C A L  QlJANTITY W H I C H  I S  T R U E  O N L Y  I F  A L L
ELEMENTS OF  T H E  L-OPERAND  ARE aLs0 ELEMENTS O F
THF R-OP kR A N D ,

C H A R A C T E R I S T I C S

NUN&
A N Y  L O G I C A L  Q U A N T I T Y .
A  L O G I C A L  Q U A N T I T Y  WHlCH I S  F A L S E  I F  T H E
R - O P E R A N D  I S  T R U E  A N D  I S  T R U E  I F :  T H E  R-OPMANP
I S  F A L S E .

A N Y  L O G I C A L  QUAYTITY1,
A N Y  L O G I C A L  BUAYT  I TYa
A C(?GIC4L  CMJANTITY  W H I C H  I S  T R U E  O N L Y  I F  B O T H
T H E  L - O P E R A N D  A N D  T H E  H - O P E R A N D  V A L U E S  A R E  T R U E .

A N Y  L O G I C A L  WANT1 T Y .
A N Y  L O G I C A L  QUAh(TITY.
A  L O G I C A L  Q U A N T I T Y  W H I C H  I S  F A L S E  O N L Y  I F
B O T H  T H E  C - O P E R A N D  A N D  T H E  R - O P E Q A N D  V A L U E S  A R E
F A L S E .

L
L
1
Ic

i
L

L



2(11)

29-h DTHER  E X P R E S S I O N S

MPL C O N T A I N S  CONST.RUCTIONS W H I C H  A R E  N O T  P R O P E R L Y  C L A S S E D  A S

CCIYPIJTtTIONAL  E X P R E S S I O N S ,  B U T  WHICH A R E  U S E D  T O  C O M B I N E  V A R I A B L E S ,
COYSTAIVTS, r)R M O R E  C O M P L I C A T E D  E X P R E S S I O N S  I N T O  L A R G E R  E X P R E S S I O N S .

-2-h 1 DOMAIN ITEF3S . .

<DOMAIN  ITPl>::=@~‘CEXf’RESSI~ON>‘,~~. ,‘<EXQRESSION>‘)’

D O M A I N  I T E M S  H A V E  V A L U E S  W H I C H  A R E  S E T S . T H E  S E T S  A R E  S P E C I F I E O
B Y  S P E C I F Y I N G  T H E  L O W E S T  A N D  H I G H E S T  V A L U E D  E L E M E N T S  AN0 ASSUMING
T H A T  4LL I N T E R M E D I A T E  VALtJED  E L E M E N T S  A R E  I N  T H E  S E T . ROTH
E X P R E S S I O N S  S H O U L D  H A V E  S C A L A R  ARITHYETIC  V A L U E S  A N D  O N L Y  T H E
W H O L E  ;VUMBER P A R T S  OF T H E S E  WILL B E  U S E D . T H E  V A L U E  O F  T H E
F I R S T  E X P R E S S I O N  St-KIULD B E  L E S S  T H A N  TtiE SECOND* I F  T H E  E X P R E S S I O N
V A L U E S  A R E  EQU41 T H E  S E T  W I L L  CONTAIN  O N E  E L E M E N T . I F  T H E  F I R S T
E X P R E S S I O N  I S  GKEATER  T H A N  T H E  SECflNO  T H E  S E T  W I L L  8F E M P T Y .

E X A M P L E  DCMAI  N I T E Y S
(1tpmrY)
(I+J-K9.a.  ,101 1
(HEREt..a,THEPEl

2-4-2 CflNCATENATOR

<CONCA TENATT)R>::  =’ ( ‘ < E X P R E S S I O N  LIST>‘)’

L A  C U N C A T E N A T O R  H A S  A N  A R  I T H M F T I C  V A L U E , , I T  A L L O W S  T H E  C O N S T R U C T I O N
O F  4RITHMETIC  D A T A  S T R U C T U R E S  BY  ‘ T H E  E X P L I C I T  HCIRIZONTAL  C O N C A T E N A T I O N
( A D J A C E N T  PL4CEMENTl  O F  S E V E R A L  S M A L L F R  S T R U C T U R E S  W I T H  T H E  S A M E

L
NlJMRER O F  R O W S . T H E  INOICFS  CJF T H E  R E S U L T I N G  STRIJCTtJRE  B E G I N
A T  ONE* V E K T I C A L  CONCfiTFNATION  I S  A C C O M P L I S H E D  U S I N G  T H E
OPERATJ~R  ’ A1’e

L .

L

E X A M P L E  C O N C A T E N A T O R S
(1,3,4r8,1Gb
(3*I ,5*K,2*J+3,1+3,13,69)
(k,t3) b

L



2(12)

Z - 6 - 3 ARRAY CONSTRUCTOR

f

i ’

\
L

;i
: L

‘ri

i
L
i
L

ii

1
i

i

<ARRAV  CONSTRI1CTOR>::=‘(‘<EXPRESSION>’  ‘ < F O R  P H R A S E > ‘ ) ’

A N  A R R A V  C O N S T R U C T O R  H A S  AN ARtTHMETIC VACUE. I T  A L L O W S  T H E
CONSTR!JCTION  O F  ARITHMFiTIC  D A T A  STRKTURES  B Y  T H E  IYPCICIT H O R I Z O N T A L
C O N C A T E N A T I O N  O F  S E V E R A L  E%PRESS ION VAi,.UES, T H U S  A L L  E X P R E S S I O N S

‘ B E I N G  C O N C A T E N A T E D  M U S T  H A V E  T,.HE S A M E  NUMB’ER  O F  R O W S . T H E
FClY-PHRASE  ( 3-2-5-21  G O V E R N S  T H E  I  TERATI  V E  PRTICESS  WHICH PROVInES
VllLlJES  TC3  B E  C O N C A T E N A T E D .

EXAYPLE  A R R A Y  CCINSTRUCTORS
(AP,Il+B  F O R  I  T N  S)
(B(I) F O R  I  I N  (l,.a.,NH

(C(J) FOR J IN sly >= D)

2-6-4 S U B S E T  SPL-CIFIER

<SUB% I- S P E C  IFTER>:: =’ ( ‘CVAR  IABLE NAME>Q  I N  ‘ < E X P R E S S I O N >
~IQ<ExPRESSI~N~Q)Q

S U B S E T  SPEC&fIERS  PWODUCE  S E T S . T H E Y  F O R M  S E T S  FROM L A R G E R
S E T S  B Y  S E L E C T I N G  E L E M E N T S  WITY A  G I V E N  P R O P E R T Y . T H E  V A R I A B L E
k41c  REPRESENTS  EL E M E NT S  S E L E C T ED F RO M  T H E  QPARENTQ  SET so Tt-iaT
T H E Y  Y A V  B E  T E S T E D  F O R  T H E  P R O P E R T Y . T H E  FXRST E X P R E S S I O N
D E T E R M I N E S  T H E  P A R E N T  S E T  4ND  M U S T  B E  S E T  VALUED* T H E  S E C O N D
EXPRESSlflN T E S T S  TYE P R O P E R T Y  A N D  M U S T ’  B E  L O G I C A L  V A L U E D . ONLY
T H O S E  E L E M E N T S  I N  T H E  P A R E N T  S E T  FflR W H I C H  T H E  L O G I C A L  E X P R E S S I O N
I S  T R U E  A R E  I N C L U D E D  I N  T H E  N E W  SFTm

E X A M P L E  S U B S E T  S P E C I F I E R S
(3 I N  S(A(J,K)<=R)
(3 IN S 1 J>=D  AND J-= Y)

i
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3(l)
3 PRoGRAM C O N S T R U C T I O N

< P R O G R A M > : : =‘PRDCED1JRE ‘ < P R O C E D U R E  I D E N T I F I E R >
< S T A T E M E N T  S E Q U E N C E > ’  F I  N I ’  Q ; ’

I<PROGRAt0’PROCEDURE  ‘CPROCEUURE  I D E N T I F I E R >
<STATEMENT  SEQUENCF>‘FINI” iQ

( P R O C E D U R E  I0ENTIFIFR>::=<VARIABLE YAME>
[ < V A R I A B L E  NAME>Q(‘<WiRIABCE  N A M E  LIST>’ IQ

<V4RIABLE  N A M E  LIST>::=<VARIARLE  N A M E >
~CVARIABLE NAME  LIST>*,Q<VARIABLE  NAME>

A PR~GYA~S  I N  MPC I S  A COMPLETE  ST A T EM EN T  O F  A N  ALGORITHM  A ND

I S  YADE U P  OF oNE OR PoRE P R O C E D U R E  D E F I N I T I O N S . IT  IS A S S U M E D
T H A T  T H E  P R O G R A M  B E G I N S  W I T H  T H E  F I R S T  P R O C E D U R E  Scl D E F I N E D ,
I N  T H E  C U R R E N T  V E R S I O N  O F  T H E  L A N G U A G E  P R O C E D U R E  D E F I N I T I O N S
MAY NDT  BE “ J E S T E D  ( A P P E A R  W I T H I N  O T H E R  P R O C E D U R E  D E F I N I T I O N S )
A L T H O U G H  P R O C E D U R E  C A L L S  M A Y  B E  N E S T E D  TCI A N Y  O E P T H  ( P R O C E D U R E  A
C.ALLS PKOCFDURE  B WHXCH C A L L S  P R O C E D U R E  C, E T C .  1.

PROCED;JRE~ D E F I N I T I O N S  B E G I N  UITH T H E  K E Y W O R D  ‘ P R O C E D U R E ’  A N D
E N D  WIlH  THE,KEYWflRD ‘FINI’* N O T E  T H A T  PRoCEDURE D E F I N I T I O N S
H A V E  T H E  S A M E  G E N E R A L  F O R M  A S  A  CDMQLEX  KEVWORD  S T A T E M E N T  (3-2-5).

T H E  PRi)CEDURE  I D E N T I F I E R  PRoVIDFS N A M E S  FOR T H E  PROCEOURE  A S  W E L L
A S  F O R  T H E  I N F O R M A T I O N  klHICH W I L L  B E  P A S S E D  T O  T H E  PRoCEDURE B Y
A C4LLING  PROGRAY. W H E N  T H E  PROCEDjlRE  I S  CALtED T H E  P A R A M E T E R
E X P R E S S I O N S  ( S E E  P R O C E D U R E  C A L L S  (2-h)) A R E  E V A L U A T E D  A N D  T H E S E
V A L U E S  A R E  U S E D  I N  T H E  CALLEn PROCEDtJRE  W H E R E V E R  T H E I R  R E P R E S E N T A T I V E
NAYES JCCUR,

EXAMPLE PROGRAM COMPOSED OF TWO PRoCEDURES

PRtlC EDURE P R O G
4e4

SUBtJ,K);
l *o

FPJIS;
P R O C E D U R E  SUB{ E ,F 1

444
KETU9N; .

4@4
F I N I S :

3 - 1 S T A T E M E N T  S E Q U E N C E S

< S T A T E  qENT S E Q U E N C E > :  : --tSTATEMENT>i<STATEMENT  SEQUENCE><STATEMENT>

A STrl-kMENT S E Q U E N C E  I S  A  S E Q U E N C E  Of O N E  O R  Y O R E  S T A T E M E N T S .
T H I S  CINCEPT I S  U S E F U L  F O R  D E F I N I N G  P R O G R A M S  (3) A N D  CONPLEX
KfYWC)*d  S T A T E M E N T S  (302-510



3121

3 - 2 S T A T E M E N T S

<STATEvENT>:  :=<LAHEL>‘:  Q <STATEYENT>
(<ASSIGNMENT  srn~FriE~r>
1 <PROCEDURE CALL CTATEMENT)
1 <KEYWORD STATEMENT>

‘ST4TEMENTS  I N  f’dPL D E T E R M I N E  T H E  S E Q U E N C E  O’F Of’ERATIONS W H I C H
qAr(ES  4 PROGRA?F  M E A N I N G F U L . ,

3 - Z - l L A B E L S

<LAHEC>:: =<V4RIABLE  NAf”‘E>(  Q (‘<DIGIT S T R I N G Y  IQ

L A B E L S  A R E  E I T H E R  V A R I A B L E  NfiYES O R  S T R I N G S  O F  D I G I T S  E N C L O S E D
I N  PPYENTHFSES, S I N C F  MPL I S  W R I T T E N  I N  A  F R E E  F O R M A T ,  A  L A B E L
YtJST rjE SEPAR4TED  F R O M  T H E  F O L L O W I N G  S T A T E M E N T  B Y  A C O L O N  Q: Q,
LAiiELS  PAY ONLV B E  REFEREhCEC  BY  ‘GC) TO’ S T A T E M E N T S  ( 3 - 2 - 4 - Z ) .

EXAMPLE  L.ABELED  ST4TEMENTS
L4BEL: VARr-7EXP;
LOCAT  IdN-B: VAK2 :=EXP2;
(13): VAR3:=EYP3;

3 - 2 - Z ASS I  GNYENT  S T A T E M E N T S

< A S S I G N M E N T  STATEMENT>::=<VARIABIE>Q:=Q<EXPREsSION>Q:~
( < V A R I A B L E > ’ :=~cwwEssrm~>~ Q<F~R  PHRASE>‘;’
I<vAR~ABLE>Q:=Q<FxPKFSS~~N>Q  -rF Q<EXPRE~SION>Q;Q
1 < V A R I A B L E > ’ : =) <FXPRESS  ION>’  W H E R E  Q CSYYBOL  SUBSTITUTFR>’  ; Q

ASSIGiqYENT S T A T E M E N T S  ALTER T H E  V A L U E S  O F  V A R I A B L E S . THE V A R I A R L E
O N  T H E  L E F T  O F  T H E  ASSIGNMENT  SVMRCIL  T A K E S  THF: V A L U E  O F  T H E
EXPRFSSI’YN f7Y T H E  R I G H T . T H I S  E X P R E S S I O N  M(JST H A V E  T H E  S A M E  T Y P E
A S  T H E  V A R I A B L E .

EXAYPC””  A S S I G N M E N T  S T A T E M E N T S
b l =Fj;
f&m IX :=U,H)Y

(C,C);
I YES,OK,NO:=MATRIX-INVERSE(A)

SET1 :=SETZ A N D  S E T 3  O R  SET4;
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3 - 2 - 2 A S S I G N M E N T  STATFMENTS  (C~3NTINUED~

T H E  ASSKNYENT  ST4TEMENT  H A S  S E V E R A L  M O D I F I E D  F O R M S  W H I C H  A R E
P R O V I D E D  T O  M A K E  Y P L  A  M O R E  ‘ N A T U R A L ’  LANGUAGE.

T H E  I T E R A T E D  A S S I G N M E N T  STPTEMENT

T H E  I T E R A T E 0  ASSfGrVYENT S T A T E M E N T  P R O V I D E S  A  METMOD  F O R  I T E R A T I V E L Y
P E R F O R M I N G  4 N  A S S I G N M E N T , , T H I S  FORY I S  E Q U I V A L E N T  T O  T H E  S H O R T
F O R M  I T E R A T E D  S T A T E M E N T  (3-2-5-2). F O R  P H R A S E S  A R E  A L S O  D I S C U S S E D
I N  (3-2-5-21s

E X A M P L E  I T E R A T E D  A S S I G N M E N T  ST4TEMENTS
A(P-ROW,JT ==A(P,ROW,J~/A(P~ROW,P~COL~  fOR J  I N  COLDOM(fl 1;
A(I,:):.=A(I,a)-A(I,P_COL1*P(P-RDW,~~  Ff?R  I I N  ROWDOMtAb)

-=P-ROW:

CCNDIT  IONED ASSIGNVENT  S T A T E M E N T

T H E  C0NDITIQNED  ASSIGNPENT  S T A T E M E Y T  A L L O W S  T H E  S P E C I F I C A T I O N  DF
A C O N D I T I O N  U N D E R  WHICH A N  ASS’IGNMENT hIILL OCCURa T H I S  FORM  I?
E Q U I V A L E N T  T O  T H E  S H O R T  FOR!4  O F  T H E  C O N D I T I O N E D  STATEMErJT  ( 3 - 2 - 5 - l  1.

E X A M P L E  C O N D I T I O N E D  A S S I G N M E N T  S T A T E M E N T S
B:=B-4(*,3) I F  X(J)=l;
B(I) :=R(Ib  I F  R(ID=0;

T H E  A S S I G N M E N T  S T A T E M E N T  W I T H  SYMHOL  S U B S T I T U T I O N

T H E  A S S I G N M E N T  S T A T E M E N T  W I T H  S Y M B O L  S U B S T I T U T I O N  A L L O W S ’  T H E
U S E R  iI) R E D U C E  T H E  A P P A R E N T  COYPLEXITY  DF EXPRESSIQNS  B Y  U S I N G
4  S I N G L E  SYMBOL  TC3 R E P R E S E N T  A  L A R G E  ArYD C O M P L E X  S T R I N G  O F
C H A R A C T E R S  A S  D E F I N E D  RY T H E  S Y M B O L  SUBSTITUTQR  F O L L O W I N G
T H E  ‘W+iERE’ ( S E E  ( 3 - 2 - 4 - l )  fC)R A  D E F I N I T I O N  Of S Y M B O L  SURSTITlJTQRSl.

. UNLY A  S I N G L E  S U B S T I T U T I O N  I S  ALlOWED S I N C E  T H E  ‘;’ S T A T E M E N T
TEPYINATOR  A L S O  T E R M I N A T E S  T H E  S T R I N G  T O  B E  S U B S T I T U T E D . T H I S
FOR+!  I S  SIMIL4R -f-D U S I N G  A  ‘ L E T ’  S T A T E Y E N T  E X C E P T  T H A T  T H E
(SWHf-lL,CHARbCTEK  4TRINGl  E Q U I V A L E N C E  O N L Y  YOLDS WITtrIN  T H E

ASSEGl\ldENT ST4TfMEYT  D E F I N I N G  I T , ,

EYPYPCE A S S I G N M E N T  S T A T E M E N T S  WITH S Y M B O L  S U B S T I T U T I O N
R:=P+Q  W H E R E  P:= INVERSEt (A,B)#K,D)  1 ;

IMPLICIT DEFINE STATEMENT

IF A VARIABLE FIRST APPEARS AS LEFT MEMBER OF AN ASSIGNMENT STATEMENT WITHOUT ITS
TYPE STRUCTURE AND STORAGE REQUIREMENTS HAVING BEEN PREVIOUSLY DECLARED BY A DEFINE
STATEMENT (3-Z-4-4) THESE REQUIREMENTS ARE DETERMINED BY THE EXPRESSION THAT APPEARS
AS RIGHT MEMBER. THE IMPLICIT DEFINE CONCEPT IS UNDER DEVELOPMENT AND WILL NOT BE
DISCUSSED FURTHER.



E, 3(4)

I
L 3-2-3. P R O C E D U R E  C A L L  STATE!%tr\lT

ft
-L

< P R O C E D U R E  C A L L  S T A T E M E N T > :  : =<PROCEOUHE  CALL>’  ; ’

A PRTICEDURE  C A L L  S T A T E M E N T  C A L L S  A  P R O C E D U R E  W H I C H  D O E S  N O T  R E T U R N
A  V A L U E  (VSm T H E  P R O C E D U R E  C A L L  W H I C H  C A L L S  A  P R O C E D U R E  F R O M  W I T H I N

‘AN E X P R E S S I O N  1. SINCE THF RROCEDURE  C A L L  S T A T E M E N T  A P P E A R S
A L O N E  (NW IN 4N E X P R E S S  I O N  1, A N Y  V A L U E  RETURNEn  B Y  T H E  PROCEDIJRE
IS LOST.

E X A Y P L E  P R O C E D U R E  C A L L  S T A T E M E N T S
PIVDT(A,P-ROW,P-COL):
PROC~(A~B.C.0~:
PROCZ(I+J-3*K,J-2,Wl+AT,NQW,IA,RIC));

3-2-4 KEYWC)RD  S T A T E M E N T S

<KEYWOYO S T A T E M E N T > : :  =<LET S T A T E M E N T >
~ i<Gr, TO S T A T E M E N T >
)<KETURN S T A T E M E N T >
{ <DEf IN!? STATFMFNT)
I<RELEASE  S T A T E M E N T >
~<CON,OITIONED  STATfMEh(T>
I <ITERATED  STATEI~FF\IT>
1 < B L O C K  S T A T E M E N T >

E A C H  K E Y W O R D  STATEYENT  B E G I N S  WITH A N  M P L  KEYWORDs T H E S E
S T A T E M E N T S  A R E  D I V I D E D  INTO SIYPLE A N D  C O M P L E X  S T A T E M E N T S . C O Y P L E X
STATELA.EYTS  H A V E  S’ECIAL B E G I N N I N G  A N D  E N D I N G  S Y M B O L S  A N D  C O N T A I N
OTHER  S T A T E Y E N T S  WITHIb’  T H E Y . THiS S E C T I O N  OISCUSSES ONLY  T H E
S I M P L E  K E Y W O R D  S T A T E M E N T S *

‘3-2-b 1. L E T  S T A T E M E N T

(LET  ST4TEMENT):  : =‘LET ‘<SYYBllL  SUBSTITUTER)’  ;’
t ‘ S A M E  L O C A T I O N ” ( ‘<VAR  I A B L E  N A M E > @ r’<VARIABLE  N A M E > ’  1”;’

<SYYBdL  SUGTITUTE.R>::=<VARIABCE  NAME>‘:=‘<CHARACTER  S T R I N G >
(<VARIABLE NAME>‘(‘<VARIABLE  NAME LIST>‘b”:=‘<CHARACTER  STRING>

L E T  ST4TEWNTS  DIFfER  F R O M  O T H E R  M P L  S T A T E M E N T S  B Y  M O D I F Y I N G
THE P+lGRAM A T  T R A N S L A T I O N  T I M E  I N S T E A D  OF E X E C U T I O N  T I M E . THEY
C A N  MAYE A  P R O G R A M  E A S I E R  T O  W R I T E  A N D / O R  M O R E  R E A D A B L E  B Y
A L L O W I N G  THF P R O G R A M M E P  T O  R E P R E S E N T  C H A R A C T E R  S T R I N G S  BY S Y M B D L S .

T H E  id;3 P A R T S  Of A S Y M B O L  SUBST’fTlJTER  A R E  T H E  C H A R A C T E R  S T R I N G  (l-3)  T O  T H E  ’
R I G H T  1F T H E  A S S I G N M E N T  S Y M B O L  A N D  T H E  I D E N T I F I E R  T O  T H E  L E F T ,
T H E  IOENTIFTER  P R O V I D E S  A  N A M E  F O R  T H E  C H A R A C T E R  S T R I N G  A N D ,
LIP-T I ON4LLY 9 N A M E S  F O R  P A R A M E T E R S . I F  T H E S T R I N G  N A M E  I S  D E F I N E D
wITH;lUT PARAYETERS E V E R Y  O C C U R R E N C E  OF T H E  N A M E  I N  T H E  FOLLOWV’JG
T E X T  W I L L  F3E R E P L A C E D  B Y  T,HE C H A R A C T E R  S T R I N G . T H E  P A R A M E T E R S
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3-2-4- 1 L E T  S T A T E M E N T  (CONTINUE01

ALL&d 400IFICATION  O F  T H E  C H A R A C T E R  S T R I N G  A T  T H E  T I M E  O F  R E P L A C E M E N T
W H E N  OCC’JRREYCES  O F  T H F  P A R A M E T E R  N A M E S  I N  T H E  C H A R A C T E R
S T R I N G  A R E  R E P L A C E D  WITH T H E  CHARSACTER S T R I N G S  PRWIDED  A S
PAW4METERS  V(ITH T H E  S T R I N G  N A M E . IF Ct7MMAS  M U S T  A P P E A R  W I T H I N
T’HESE ?ARAMETER  C H A R A C T E R  S T R I N G S , TbdJr3  M U S T  B E  U S E D  F O R  E V E R Y
‘INTENDED SINGLE OCCURRENCE. T H U S  1A.H) A S  A  PAf?AMETER  CH4R4CTER
S T R I N G  Ifd A L E T  S T A T E M E N T  M U S T  BE W R I T T E N  (A,,Bbe W H I C H  I S  T O  A V O I D
H A V I N G  T H E  C O M M A  T R E A T E D  A S - A  P A R A M E T E R  S E P A R A T O R . T H E  SEMICOLONS
TFKYIhtATES  T H E  CHARACTFR  ST9ING  A N D  S D  M A Y  N U T  O C C U R  W I T H I N  I T ,

A S  4  54THER  EXTREpdE  E X A M P L E ,  T H E  S T A T E M E N T
L E T  A&I) := BTI)*CTJ);

FOLLclWED  B Y
NY) :=A(R+F,N);

Y I E L D S
D(K) :=B(N)*R+F( 31:

W H I L E  T H E  STATFMENT
.

L E T  LOf7P(VAR,START,INC,STOP) : = F O R  VAR:=STbRT S T E P  I N C  U N T I L
< STOP DO;

FClLOWi3  BY --,
L00P(It3*M+K,15,N)  A(I):=B(I);ENDFDRt

Y I E L D S
FOR I :=3*J+K  S T E P  1 5  tJNTiL N  D O  A(I~:=B(I);ENDFOR:

CERTAInlLY  T H E S E  A R E  R A T H E R  O B S C U R E  U S E S  I N  A M A T H E M A T I C A L
PROGHA4MING  L A N G U A G E ,  B U T  T H E Y  A R E  I N C L U D E D  T O  G I V E  T H E  R E A D E R
IN I D E 4  UF T H E  POWER W H I C H  I S  I N H E R E N T  I N  T H I S  C O N C E P T .

I N  A MI)RE CqNVENTIDNAL  U S A G E  T H E  STATEYENT
L E T  B(T) :=P(T,*b*X;

F O L L O W E D  BY
IF HtIb>O, GO TO (51;

Y I E L D S
I F  A(I,*)*X>f, GQ T O  (5);

T H E  FOqM U S I N G  T H E  K E Y W O R D  * S A M E  L O C A T I O N  ’ I N D I C A T E S  A N  E Q U I V A L E N C E
PFTWEE:J T H E  TWCI  S Y M B O L S  kITYIN T H E  P A R E N T H E S E S .
A SHORT FORM OF LET STATEMENT USING INVERTED WORD ORDER WITH 'WHERE' INSTEAD OF
'LET', IS DISCUSSED UNDER (3-2-2).

3- 2’4 - 2 GO T O  S T A T E M E N T

<GO TU S T A T E M E N T ) :  :=‘GO T O  ‘ < L A B E L > ’  ; ’

G O  T O  S T A T E M E N T S  4 L T E R  T H E  NClRMAL  SEQUENTTAL F L O W  O F  P R O G R A M
fXECtJT?ON  i3Y TK4NSFERPING  C O N T R O L  Tt1 T H E  P O I N T  I N  T H E  P R O G R A M
INqICATEfJ RY T H E  L4REL  (3-2-l)*

EXbYPL, GU TTf S T A T E M E N T S
GO TO L O C 3 ;
G O  T O  (231;



f
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3-2-G-3 R E T U R N  STATFMENT

<RETURq  S T A T E M E N T , :  :=‘&IETURSJ‘J’  Q ; @

1,i
I
t

i

;i
:L

I
L

i
i

I
L

T H F  R E T U R N  S T A T E M E N T  R E T U R N S  CTINTROL  F R O M  A  CkCCEfl  PRCKEOURE
Tf1 I T S  C A L L I N G  PROCEDURF.,

‘EXAYPLE U S E  O F  THF RETt’RN S T A T E M E N T .  I N  A  PRCICEDURE
P R O C E D U R E  EQU@L(A,B)
I F  D@Mt A) l=DCM(  51 T H E N

E Q U A L :=FALSF;
RET!JRN :

ENOIF;
FnR I I N  DCIM(AI,

IF A(I) -=B( I) T H E N
EWAL:=FALSEt
R E T U R N  :

_- ENDIF;
EQ’JAL:=TR!JE;
RETlJRN  ;
\f INI:

--.

3 - 2 - 4 - 4 OEF INE STATEjlENT

< D E F I N E  STATEMENT>::=‘DEFINE ‘<VARIABLE NAME L I ST><TYPE  PHRASE>
< S H A P E  PHRASE><SIZE P H R A S E >

< T Y P E  P H R A S E > : : = ’  ARITHMETIC’1’  L O G I C A L ’  1’ S E T ’  1’ C H A R A C T E R ’
i<NcJLL  P H R A S E >

< S H A P E  P H R A S E > :  : =’ RECTANGrJLAf?  @ 1 ’ DIAGONAL 1’ U P P E R  T R I A N G U L A R ’
1’ L O W E R  T R I A N G U L A R ’ ! ’  ROW’!’  C O L U M N ’ { ’  S P A R S E  W?TH  ’
< E X P R E S S I O N > ’  N O N Z E R O S  1 <NtJLL  P H R A S E >

L

<SIZE PHRASE>::=<EXPRESSIGN>’  B Y  ‘ < E X P R E S S I O N >
a I<EXPRESSIQN>)<NULL  PHRASE>

L

L

L

REFORE  4 VAKIA5LE N A M E  M A Y  B E  USE0 IN A  P R O G R A M  T H E  T Y P E ,
STRUCT’JRE, A N D  STO-RAGE R E Q U I R E M E N T S  O F  T H E  V A L U E S  W H I C H  I T
KEPKESFNTS  +dUST  H E  DECLARED* T H E  O N L Y  E X C E P T I O N S  A R E  T H E  VARI4BLES
U S E D  IN I T E R A T E D  S T A T E M E N T S  13-2-5-2)  A N D  A R R A Y  C O N S T R U C T O R S  (3-6-3) 9
A N D  S E T  ELE4ENT R E P R E S E N T O R S  U S E D  IN S U B S E T  S P E C I F I E R S  (206-413
SEE IMPLICIT DEFINE ASSIGNMENT STATEMENT UNDER 3-2-2.
V A R I A B L E  N4ME  LiSTS  ARE OEFINED  U N D E R  P R O G R A M S  (3).

T H E  T Y P E  PHrlASF D E T E R M I N E S  W H E T H E R  T H E  V A L U E  O F  T H E  V A R I A B L E  I S
TU SE TREATED  A S  A N  ARITHMETlCt  LOGiCAL,  S E T ,  O R  C H A R A C T E R
QUANTI TV,, I F  T H I S  P H R A S E  IS O M I T T E D  T H E  V A L U E  IS A S S U M E D  T O  BE
AKITHYETICe

E SHAPE P H R A S E  M A Y  ‘ O N L Y  RE U S E D  W H E N  DEFXNING ARITHYETIC
;I;ANTITIES A N D  D E T E R M I N E S  THE S T R U C T U R E  O F  S P A C E  R E Q U I R E D  F O R
STORING T H E  D A T A  A S  W E L L  iiS I T S  ORGANI?ATION. I F  T H E  S H A P E



i
i

i
i

!
c

:3-2-40 Q DFF  IftF  STATEYENT  1 COYT I NUED)

PHtiASE IS lYITTED T H E  DEFA!JLT  4SSUMPTIONS  A R E :

DI ‘IWS IEIrY D E F A U L T  S H A P E
2 RFC TANGULAR
1 Cr3LUMN
cl N-t-IN E

T H E  MOJIFIERS ‘ R E C T A N G U L A R ’ ,  ‘ D I A G O N A L ’ ,  ‘UPPER  T R I A N G U L A R ’ ,  AN9
‘LO’*IFR TRIANGULAK’ A R E  ONLY hEAN?NGFUL W H E N  D E F I N I N G  TWQ DIMEN:?ONAC
QUANTITIisS WATRICEW  kH?LE T H E  M O D I F I E R S  ‘ROW’  A N D  ‘ C O L U M N ’
A R E  M E A N I N G F U L  !lNLY W H E N  DFi?Y?NG ONE D I M E N S I O N A L  QUANTITIES
( VECT0KS  I,, T H E  MODIFIFR  ‘ S P A R S E  C A N  C O N S E R V E  S T O R A G E  W H E N
T H E R E  IS 4  P R E D O M I N A N C E  O F  ZFRO  E L E M E N T S  I N  T H E  APQAY. T H E
EXDRFSSION  IA T H E  SPAKSF  M O D I F I E R  MST BE A  S C A L A R  V A L U E D
4R-JTWlETIC E X P R E S S I O N  IN T H A T  I T  INDICATES T H E  NUMRER  OF ELEYEVTS
Of T H E  S P A R S E  A R R A Y  W H I C H  A R E  AC’TlJALLY  T O  RE KEPT4

T H E  S I Z E  *PHRASE S P E C I F I E S  THE N U M B E R  O F  DIMFNSIONS OF T H E  VAR?IBLE
PS iJELL  A S  T H E  R A N G E S  OF T H E  I N D I C E S  ON E A C H  O F  T H E S E  DIMENSIOVS.
T H E  EXPRESSIOW  fN T H E  S I Z E  P H R A S E  YUST  B E  E I T H E R  D O M A I N  I T E M S
(2-6-1  I O R  S C A L A R  4RI THiulETIC  EYPWSSIONS. DOMAIN I T E M S  GIVE
ROTH T H E  U P P E R  AN0 L O W E R  BfIUNO O N  T H E  R A N G E  O F  T H E  S U B S C R I P T  UH?LE
SC4LAR ARITHMETIC E X P R E S S T O Y S  9ETERYINE OtiLY T H E  U P P E R  B O U N D
O N  T H E  S U B S C R I P T  R A N G E  AND A L0WER R O U N D  O F  O N E  I S  .4SSUMED.
T H E  TYPE QHQASE, S H A P E  P H R A S F ,  A N D  S I Z E  P H R A S E  MAV A P P E A R  I N
A N Y  OR!lER I”d 4 DEFllvE  STATEYFNTa

E X A M P L E  DEFIYE S T A T E M E N T S
D F F I N E  3,K A R I T H M E T I C ;
DEFINF SETl,SfZT2,SET3  S E T :
D E F I N E  STRING1  CH4RbCTER;
DEFINE A (l,..+,M) PY (l,a.m,NB:
D E F I N E  A  M  B Y  N ;
D E F I N E  C  N  R O W ;

. D E F I N E  S P A R S E - A  F: BY N  S P A R S E  W I T H  I*N NUNZEROS;

3 - 2 - e - 5 REL%EASE S T A T E M E N T

<REi&‘;E ST4TEMENT):: =‘RELEASE ‘ < V A R I A B L E  N A M E  L I S T > ‘ ; ’

T H E  RELEASE S T A T E M E N T  E X P L I C I T L Y  R E L E A S E S  T H E  S T O R A G E  A L L O C A T E D
HY O R  4fTER T H E  CORRESPUNDING D E F I N E  STATEMENT{+Z-6-41,  I T
I S  IMP2fJPEH  TT) R E L E A S E  A  VARIABLF  W H I C H  W A S  DEF?NED O U T S I D E
O F  T H E  C U R R E N T  BLOCK  (3-2-5-3). R E L E A S E  S T A T E M E N T S  REFERENCEIhlG
VAtiIA5LE  NA’dES W H I C H  H A V E  N O T  B E E N  D E F I N E D  O R  H A V E  A L R E A D Y  f3EE’V
QELFAS40  A R E  IGN13RED. T H E  R E L E A S E  S T A T E M E N T  A L S O  I M P L I C I T L Y
RELfA StlS ALL S T O R A G E  UHICH WAS D E F I N E D  A F T E R  A N Y  V A R I A B L E  I N
T H E  YA'IE L I S T  ( S E E  (3-2-5-3) F O R  A N  E X A M P L E ) .

EXA!J1PLE R E L E A S E  S T A T E M E N T S*
R E L E A S E  A ;
R E L E A S E  A,B,C,D,R,T;



3(8)

3-2-5 C O M P L E X  KFYWC7RD  STATEMElVTS

T H E  FOLL3W  ING S E C T  IIlFJ D I SClJSSES  Cl3MPLEX  KEYtdJORD  S T A T E M E N T S .
THFSE STATEYENTS  A L L  HCVf Tl4E F O R M

<INTRODUCT  IQN><STATEMENT  SEi$JENCE><TERMINATfON>

3-2-5-1 C O N D I T I O N E D  S T A T E M E N T

<CL7NDI  TIONED S T A T E M E N T > :  :=’ I F  ‘ < E X P R E S S I O N > ‘ ,  ‘ < S T A T E M E N T >
1 @If ‘ < E X P R E S S  I O N > ’  T H E N  ‘ < S T A T E M E N T  S E Q U E N C E >
< O R  IF SEQUENCE><OTHERbdISE  PHRASE>‘ENDIF”  ;’

<OR IF StQUENCE> : : =<NULL  P H R A S E >
ItOR IF SEQUENCF>‘OR  IF ‘<EXPKESSIflN>’ T H E N  @
< S T A T E M E N T  S E Q U E N C E >

._

<tlTHERb41 SE PHRAS !3: : =‘OTHERJISE  ‘ < S T A T E M E N T  SEQUENCE>l<NULL  P H R A S E >

A  C O N D I T I O N E D  S T A T E M E N T  A L L O W S  T H E  USER T O  S E L E C T  COhlDITIONS
tJNt)ER WHICH STATEMENTIS) W I L L  BE EXEClJTED. TYF S H O R T  F O R M  I S
‘JSkD  3NLY idHEY A  C O N D I T I O N  G O V E R N S  T H E  EYECUTTDN  O F  A
S I NGLE S T A T E M E N T , T H E  L O N G  F O R Y  A L L O W S  T H E  T E S T I N G  O F  S E V E R A L
M U T U A L L Y  E X C L U S I V E  C O N D I T I O N S , W H E N  A  CO’VDITION IS SATISFiED T H E
S T A T E M E N T S  fULLf)WING  T H E  T E S T  A R E  E X E C U T E D  A N D  C O N T R O L  P A S S E S
TO T H E  E N D  O F  T H E  S T A T E M E N T , T H E  EXPI~ESSIONS F O L L O W I N G  T H E
KEYWQR3 ‘IF’ A N D  T H E  KFYWORD  ‘ O R  I F ’  4 R E  L O G I C A L  V A L U E D .
S P E C I F I C A L L Y  T H E  L O G I C A L  E X P R E S S I O N  FCILLOWING  T H E  ‘ I F ”  I S
E V A L U A T E D  A N D  I F  TRClE  T H E  Ff-XiJlWING  S T A T E M E N T  SE9UEYCE  I S  E X E C U T E D
AND :WTRUL  T H E N  P A S S E S  T O  T H E  ‘ENDIf’rr I F  T H E  E X P R E S S I O N  I S
F A L S E  T H E  EXPRESSIDN  IN T H E  N E X T  F O L L O W I N G  ‘ O R  IF* IS E V A L U A T E D
(rJITH T!iE SAME ACTIONS. IF A N  ‘ O T H E R W I S E ’  I S  E N C O U N T E R E D  ALL
S T A T E M E N T S  IMYEDIATELY FOLLOUING T H E  ‘ O T H E R W I S E ’  A R E  E X E C U T E D .

EXAYPLE CCINDITIONED S T A T E M E N T S
IF L-=0 9 G O  T O  NOY,ZERO;

e I F  A(*,Jl=R,  A(*,3l:=A(*,Kl;
IF A=R THFN

r,O T O  A - E Q U A L - D :
OR If= A=C T H E N

r,O T O  4,NE,BIBUTIEQIC:
r)H IF J -=K A N D  N>3*R T H E N

R N;:=

nTHERWISE
9 A;:=
c:=a;
GO T O  N O - G O O D ;

ENDIF;

SEE ALSO CONDITIONED ASSIGNED STATEMENT UNDER (3-2-2) WHERE A SHORT-IF FORM IN
INVERTED ORDER IS DISCUSSED.

*



I_

t

/ I

L
L
.L
L
;L
L
L
L
L
L
I
i
L
L
IL
i
I
I-
IL
IjL

3(9!

3 - 2 - 5 - 2 I T E R A T E D  S T A T E M E N T

<I T E R A T E D  S T A T E M E N T > :  : =<FOR PHRASE>’  “ < S T A T E M E N T >
J<FOR  P H R A S E > ’ 00 ‘ < S T A T E M E N T  SEQUENCE>‘ENDFDR’  ‘; ’

<FOR PYRASE>:: =‘FOK ‘<VARIAQLE  N A M E > ’  I N  ‘ < E X P R E S S I O N >
I’FOR ‘<VARIABLE NAPE>’ IN ‘ < E X P R E S S  ION>’ 1 ‘ < E X P R E S S I O N >
1 ‘ F O R  ‘ < V A R I A B L E  NAME>‘:=‘<EXPRESSION>’  S T E P  ’
<WPRESSION>’  (JNTIL ‘<EXPRiSSIUN>

T H E  FOR P H R A S E  G O V E R N S  T H E  I N D E X I N G  QF A N  I T E R A T I O N , O N E  O F  T H E
T W O  FORMS  I’VDICATES  A N  I N D E X I N G  O V E R  E L E M E N T S  O F  A  S E T ,  N A M F S  T H E
I N D E X , S P E C I F I E S  T H E  S E T , @NO A L L O W S  E L E M E N T S  O F  T H E  S E T  T O  SE
S E L E C T  IVELV D I S C A R D E D , O N  E A C H  C Y C L E  O F  T H E  ITFRATION  T H E  INDFX
T A K E S  0N A  N E W  V A L U E  F R O M  THE S E T , T H I S  I N D E X  M A Y  B E  U S E D  TO
A F F E C T  S T A T E M E N T S  WITHIN T H E  SCQPE O f  T H E  I T E R A T I O N . S E L E C T I V E
DISCAWING OF ELEMFNTS IS PEnFORMED BY THE OPTIIINAL EXPRESSION
FflLtCIWING T H E  ‘ S U C H  T H A T ’  S Y M B O L  to!‘,.. H E N C E  T H E  I N D E X  V A R I A B L E
AND FI2ST EXPRESSION YtlST 8E SCALAR ARITHMETIC QUANTITIES, THE
S E C O N D  E X P R E S S I O N  MUST B E  S E T  V A L U E D , A N D  THE ODTIONAL  T H I R D
E X P R E S S I O N  MUST  RE L O G I C A L  VALUEOa

--.
T H E  S E C O N D  F O R M  S P E C I F I E S  T H E  I N D E X I N G  I N  A YORE C O N V E N T I O N A L
M A N N E R  IY kHICH T H E  I N D E X  IS G I V E N  A  S T A R T I N G  V A L U E  F O R  THE F I R S T
C Y C L E  A N D  T H A T  V A L U E  IS I N C R E M E N T E D  B Y  T H E  S T E P  O N  E A C H  S U C C E S S I V E
C Y C L E , T H E  T E R M I N A L  CONDITfON I S  TESTEO O N  E V E R Y  C Y C L E  B E F O R E
ANY FNCLi3SfD S T A T E M E N T S  A R E  E X E C U T E D , E X E C U T I O N  O F  TYFSE STATFMENTS
O C C U R S  A S  L O N G  A S  T H E  CONDITIDN I S  N O T  S A T I S F I E D . T H U S  T H E  VhR 1483-E
N A M E  AVD T H E  F I R S T  TWU E X P R E S S I O N S  YUST RE SCALPR  A R I T H M E T I C
OUANTITIES  W H I L E  T H E  T E R M I N A L  CCINDITION  E X P R E S S I O N  M U S T  R E  L O G I C A L
V A L U E D , T H I S  S E C O N D  F O R M  DnES WOT P R O V I D E  A N  A D D I T I O N A L  T E S T  F O R
SCREFNING  I N D I C E S .

E X A M P L E  I T E R A T E D  S T A T E M E N T S
FOR I IN
FOR I IN
FOR I IN

. S(I):=-
R :=R+l;

ENDFOR: ,
FIJQ K:=l

(l,..*,Mb, A(Il:=R(I,Ji;
SET1 1 11=F, F O R  3 IrY SET& A(I.Jl:=O.;
S E T 2  O R  SFT3 1 B( I I>=0 DO
B(I);

S T E P  2  U N T I L  K>=N, A(Kb:=R(K);

SEE ALSO ITERATED
FORM IS DISCUSSED

ASSIGNMENT STATEMENT UNDER (3-2-2) WRE m ABOVE FIRST (SHORT)
IN INVERTED  ORDER.
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3-L-5-3 B L O C K  S T A T E M E N T

(BLOCK STATEMENT>:,:=‘BLOCK ‘ < S T A T E M E N T  SEQUENCEYENfX3LOCK”:

ALLOCATION A N D  H A N D L I N G  13F S T O R A G E  IS 4  M A J O R  PRORLEM IN MPL SINCE IT
WILL RE USED T O  S O L V E  PROBLEMS  INVOLVING L A R G E  A M O U N T S  O F  DATA,
T H E  RLXZK  S T A T E M E N T  A L L O W S  T H E  PRCIGRAMMEQ T O  D I V I D E  HIS P R O C E D U R E S
I N T O  BLOCKS WITHIN W H I C H  H E  C4Y A L L O C A T E  ( D E F I N E  (3-2-4-4))
STURAGEa Tc(IS  S P A C E  IS A U T O M A T I C A L L Y  RELEASFD  W H E N  C O N T R O L
L E A V E S  T H E  B L O C K . I N  ADDITICN  S T O R A G E  MAY BE E X P L I C I T L Y
R E L E A S E D  (3-2-4-5)  E L S E W H E R E  IN T H E  B L O C K  I N  W H I C H  IT W A S
DEFINEill R U T  I N  NO O T H E R  RCOCK. IN T H I S  C A S E  S T O R A G E  IS R E L E A S E D
I N  A N  -IRDER  OPPOSII-E  T H A T  O F  D E F I N I T I O N , T H U S  T H E  S E Q U E N C E

D E F I N E  A ;
D E F I N E  B;

R;L;AiE A :
C A U S E S  61lTY  R A N D  A  T O  B E  R E L E A S E D  I N  T H A T  ORDER* N O T I C E  T H A T
A PROCEDURF IS A N  I M P L I E D  B L O C K  S T A T E M E N T .

E X A M P L E  B L O C K  S T A T E M E N T S
6 L OC K --,

D E F I N E  M A T R I X  M+l B Y  N+l:
.YATRIX ==(A,81  #

lC.2);
E N D B L O C K ; “ E V E N  T H O U G H  IT IS A S S U M E D  T H A T  A ,  8, C,

A N D  2 A R E  D E F I N E D  O U T S I D E  T H E  BLOCK, T H I S
S T A T E M E N T  P R O D U C E S  N O  U S A B L E  R E S U L T S ”



4( 1 I

L 4 I N P U T  / O U T P U T

V E R Y  L I T T L E  WORK H A S  YFT B E E N  D O N E  !lN T H I S  S E C T I O N . If IS

L C U R R E N T L Y  T H R O U G H T  T H A T  M A N Y  I D E A S  HILL B E  A D O P T E D  F R O M  L A N G U A G E S
S U C H  A S  4LG01, F O R T R A N ,  CIP PL/I.

L . .

L

L
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5 L  I R R A R Y  PROCfnURES

THIS S E C T I O N  DESCRIRES TFE U S E  O f  S E V E R A L  P R O C E D U R E S  W H I C H  A R E
P R O V I D E D  I N  T H E  Ml?L L I B R A R Y . R E F E R E N C E S  T O  T H E S E  PROCEOURES  ALL
H A V E  T H E  FOR’4 F(P) W H E R E  F R E P R E S E N T S  T H E  N A M E  O F  T H E  P R O C E D U R E
A N D  P  R E P R E S E N T S  A  L I S T  O F  P A R A M E T E R S . W H E R E  INDIC4TED T H E S E
P R O C E D U R E S  R E T U R N  V A L U E S  W I T H  T Y P E ,  S H A P E ,  A N D  F O R M  A S  D E S C R I B E D  B E L O W .

ARCMAX  t V E C T O R  1
V E C T O R A N  A R I T H M E T I C  E X P R E S S I O N  W I T H  A  V E C T O R  V A L U E .
V A L U E T H E  S C A L A R  A R I T H M E T I C  I N D E X  O F  T H E  F I R S T  O C C U R R I N G  M A X I M U M

VALUED E L E M E N T  O F  ‘ V E C T O R ’ ,

ARGMINtVECTOR)
V E C T O R A N Y  V E C T O R  V A L U E D  A R  iTHMET  IC EXPRESSTONe
V A L U E T H E  S C A L A R  A R I T H M E T I C  I N D E X  O F  T H E  F I R S T  O C C U R R I N G  MIVIYUM

V A L U E D  E L E M E N T  O F  ‘ V E C T O R ’ ,

COLDIM~?JATRIX~
YATR I X A N Y  A R I T H M E T I C  E X P R E S S I O N .
V A L U E .THE S C A L A R  A R I T H M E T I C  NUYBER  O F  E L E M E N T S  I N  T H E  R A N G E  O F

T H E  SECOND S U B S C R I P T  O F  ‘ M A T R I X ’ . T H I S  F U N C T I O N  I S
INTENDFD  F O R  F I N D I N G  T H E  N U M B E R  O F  C O L U M N S  Ih( A MATRIP,
S O  I f  ‘ M A T R I X ’  I S  A  VECTOR  O H  S C A L A R  EXoRESS?ON, V t= 14

OIMWECTOR)
V E C T O R A N Y  A R I T H M E T I C  E X P R E S S  I O N .
V A L U E T H E  S C A L A R  AR1 THMETIC  N U M B E R  O F  E L E M E N T S  I N  T H E  R A N G E  O F

T H E  F I R S T  OR O N L Y  S U B S C R I P T  CIF ‘VECTOR’* I F  ‘ V E C T O R ’  I S
M A T R I X  V A L U E D  THIS P R O C E D U R E  I S  E Q U I V A L E N T  T O  ROWDIM.
I F  @VECTOR’ I S  S C A L A R  V A L U E D ,  V  := I.*

IDENTITYtRANK)
R A N K T H E  S C A L A R  A R I T H M E T I C  R A N K  O F  T H E  S Q U A R E  I D E N T I T Y  M A T R I X

W H I C H  I S  T H E  V A L U E  OF T H E  PROCEDUREl,
V A L U E A N  I D E N T I T Y  M A T R I X  W I T H  ‘ R A N K ’  ROWS  A N D  COLUMNS*

INVERSE@lATRIX)
YATK I Y A SQUARE9  NON-SINGUIAR,  M A T R I X  V A L U E D  A R I T H M E T I C  E X P R E S S I O N .
V A L U E THE I N V E R S E  O F  ‘ M A T R I X ’ .

‘4AXt V E C T O R  1
V E C T O R :  ’ A VkCTOK V4LUED A R I T H M E T I C  E X P R E S S I O N *
VALlJE T H E  S C A L A R  ARITtiMFTIC  V A L U E  elf T H E  M A X I M U M  V A L U E D  E L E M E N T

O F  ‘VECTOR@*

MIN( V E C T O R )
V E C T O R A N Y  V E C T O R  V A L U E D  4RITHMETIC  E X P R E S S I O N .
V A L U E T H E  S C A L A R  A R I T H M E T I C  V A L U E  O F  T H E  M I N I M U M  V A L U E D  ELEI?ENT

O F  ‘YATRI X’. A L L  P O I N T E R S  A R E  I G N O R E D .



5 L I B R A R Y  P R O C E D U R E S  KONTINUEDl

ONES(RIIWS,COLUYNS  1
ROWS T H E  S C A L A R  A R I T H M E T I C  N U M B E R  O F  R O W S  I N  Ve
C O L U M N S T H E  SCAL4R A R I T H M F T I C  N U M B E R  OF COLU3NS I N  V .
V A L U E A rY)ARTIX  O F  O N E S  W I T H  * R O W S ’  R O W S  A N D  ‘ C O L U M N S ’  C O L U M N S .

ROWDIY(MATRIXl
M A T R I X A N Y  A R I T H M E T I C  E X P R E S S I O N ,
V A L U E T H E  S C A L A R  A R I T H M E T I C  N U M B E R  O F  E L E M E N T S  I N  T H E  R A N G E

OF T H E  F I R S T  S U B S C R I P T  O F  ‘ M A T R I X ’ . T H I S  P R O C E D U R E  I S
I N T E N D E D  F O R  F I N D I N G  T H E  N U M B E R  O F  R O W S  I N  A M A T R I X ,
B U T  I S  EQUIVALFNT  T O  DIMfVECTOR)  I F  ‘ M A T R I X ’  IS A C T U A L L Y

,  V E C T O R  VALLJED. I F  ‘M4TRIX’ I S  S C A L A R  V A L U E D ,  V:= 1.

SUM{ V E C T O R  1
V E C T O R A  V E C T O R  V A L U E D  A R  ITHYET IC E X P R E S S I O N *
V3LUE T H E  S C A L A R  A R I T H M E T I C  S U M  OF T H E  E L E M E N T S  O F  ‘ V E C T O R ’ ,

TRANSP!3SE.(YATHIX  J
MATRI X A N Y  ARIT__)!YETIC  EXPRFSSIONe
V A L U E T H E  T R A N S P O S E  O F  ‘ M A T R I X ’ , I F  ‘MhTRIX’ H A S  ‘M’ R O W S  A N D

‘Nm C O L U Y N S  T H E N  V  H A S ‘N’ R O W S  A N D  ‘M’ C O L U M N S .

UNITtSIZE,INDEXl
S I Z E T H E  SCAL4R A R I T H M E T I C  N U M B E R  O F  E L E M E N T S  I N  V E C T O R  ‘V”.
I N D E X T H E  S C A L A R  A R I T H M E T I C  S U B S C R I P T  O F  T H E  S I N G L E  O N E  V A L U E D

E L E M E N T  I N  ‘V’, H E R E  1 <= I N D E X  <= S I Z E .
V A L U E Ah 4 R I T H M E T I C  C O L U M N  V E C T O R  W I T H  S U B S C R I P T  R A N G E

(l,...,SILE) W H I C H  H A S  A L L  Z E R O  E L E M E N T S  E X C E P T  F O R  T H E
SiNGLE  O N E  E L E M E N T  I N  T H E  INDEX’TH  P O S I T I O N .

ZERUS(YOWS&OLUMNS)
ROMS T H E  S C A L A R  A R I T H M E T I C  N U M B E R  QF R O W S  I N  ‘V’.
C O L U M N S  T H E  I N T E G E R  SCAlAR N U M B E R  O F  C O L U M N S  I N  ‘V’.
V A L U E A  Y A T R I X  O f  Z E R O S  W I T H  ‘ROLJS’  R O W S  A N D  ‘ C O L U M N S ’  C O L U M N S .

ALSO
S I Z E . . . S C A L A R  A R I T H M E T I C  VALUEU P R O C E D U R E  F O R  F I N D I N G  T H E

NUYRER OF E L E Y E N T S  I N  A  S E T .
SEl,..SET V A L U E D  P R O C E D U R E  F O R  C O N V E R T I N G  A R I T H M E T I C

* Q U A N T I T I E S  T O  SETSa
DOMm r) a S E T  V A L U E D ’  P R O C E D U R E  F O R  I N D E X I N G  O V E R  V E C T O R  E L E M E N T S ,
ROWDOM.,o S E T  V A L U E D  P R O C E D U R E  F O R  I N D E X I N G  OVERb!ATRIX  R O W S .
CULDOM..a S E T  V A L U E D  P R O C E D U R E  F O R  INDflXTNG  O V E R  M A T R I X  C O L U M N S .
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6 P R O G R A M  F O R M A T  I  C N  M E C H A N I C S

6 - l C A R D  FCIRMAT

Y P L  US6 A  ‘ F R E E  F O R M A T ’  S T Y L E  W H I C H  M E A N S  T H A T  S T A T E M E N T S  M A Y
BE S T R U N G  O N E  IMMEDIATFLY A F T E R  T H E  O T H E R ,  O N L Y  S E P A R A T E D  B Y  T H E
g : ’ TE!b’QNATORS. THtJS  M U C H  GF THE R E S P O N S I B I L I T Y  F O R  A N  A E S T H E T I C

‘ A N D  R E A D A B L E  P R O G R A M  R E S T S  U N  T H E  W R I T E R .

W H E N  C\lMMUNICATING  T H E  P R O G R A M  TO T H E  CflMPUTfR  OhJ  PtJNCH C A R D S
T H E  PRi’YGRAF!  ‘ T E X T ’  M U S T  B E  C O N F I N E D  T O  C O L U M N S  1 T H R O U G H  72.
C O L U M N S  7 3  THRnUGH  BG M A Y  B E  U S E D  F O R  IDENTIF?CATION  S I N C E  T H E Y
Y I L L  B E  IGN3RED. T H I S  I S  A  CQM!!ON  PROGRAYMING C O N V E N T I O N .

6 - 2 U S E  O F  B L A N K S

BL-fiNKS  A R E  U S E D  A S  D E L I M I T E R S  I N  M P L  A N D  A R E  R E Q U I R E D  W H E R E
SPECIFIEO 14 THE V A R I O U S  D E F I N I T I O N S . I N  A D D I T I O N  T H E Y  MPY B E
I N S E R T E D  BETWEEN  A N Y  T W O  S Y M B O L S  ( I T E M S  E N C L O S E D  I N  P R I M E S  I N
T H E  METALL.ANG(JAGE  D E F I N I T I O N )  B U T  M A Y  NOT APPE4R  W I T H I N  V A R I A B L E
N A M E S  OR K E Y  Wr3RQS  E X C E P T  W H E R E  S P E C I F I E D .

W H E R E V E R  A  B L A N K  I S  A L L O W E D  O R  R E Q U I R E D  A N Y  N U M B E R  O F  M U L T I P L E
BL9NKS I S  A L L O W E D .

6 - 3 C O M M E N T S

C O M Y E Y T S  M A Y  B E  P C A C E D  ANYWHERE IN A N  Y P L  P R O G R A M  S I N C E  T H E Y  A R E
C O M P L E T E L Y  I G N O R E D  B Y  T H E  C O M P U T E R . T H E Y  A.RE D E L I M I T E D  O N  B O T H
E N D S  B Y  A  QUOTE  (“I(THIS  I S  N O T  A  D O U B L E  P R I M E  (“)I. O B V I O U S
C A R E  MiJST  B E  T A K E N  T O  I N S U R E  T H A T  T H E  TERYINAL Q U O T E  A P P E A R S
I N  I T S  P R O P E R  P L A C E ,
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7 RESUME OF DEFINITIONS
i-

i

;‘I
i

L

i
i

IL

i

L

L

I
L

<ARRAY  C O N S T R U C T O R > : : =  (‘<EXPRESSION>’ ‘(FOR P H R A S E > ‘ ) ’
Z - 6 - 3

<ASSIGNYENT  STATEMENT>::=<VARIABCE),==ro’;’
WARIABLEY  : =’ (EXPRESS  10~)’ ‘<FOR PHRASE>’  ; ’
1 <VARIABLE>’ :=‘<EXPRESSION>’ “ I F  ‘ < E X P R E S S I O N > ‘ : ’
I<VARIABL~Y:= ‘<FXPRESSION>’  WHERE ‘<SYYROL  SUBSTITUTER>‘;’

3 - 2 - Z
< B L O C K  S T A T E M E N T > :  : =‘BLOCK  ‘ < S T A T E M E N T  SEQUENCEYENOBLOCK  ’ ;’

3 - Z - 5 - 3
< C H A R A C T E R > : : =<LETT~P>~<OIGIT>~tSPECIAL  C H A R A C T E R >

1-2
< C H A R A C T E R  S T R I N G > : : =” l < C H A R A C T E R  STRING><CH4RACTER>

I - 3
< C O M P U T A T I O N A L  EXPRESSIOY>::='+'<EXPRESSIQN).

I '- ' < E X P R E S S I O N >
1 ‘NOT ‘<EXPRESSION>
I <ExPRESSI~N>~+~<EXPRE~SI~N>

.I<ExPRESSI~N>'-'<EYPRESSI~~>
J<ExPRESSI~~W'*'<EXPRESSIOW
I <EXPRESSION>’  / ‘ < EX P R E S S  I O N>
l <EXPRESSI~NY**VEXPRESSION>
1 (EXPRESS  I O N > ’  R’<EYPRESSION>
1 <EXPRESSION>’ A N D  ‘ < E X P R E S S I O N >
l < E X P R E S S I O N > ’  O R  ‘ < E X P R E S S I O N >
I<EXPRESSION>’ IN ‘ < E X P R E S S  I O N >
I<ExPRESSION>’ ANO NOT ‘ < E X P R E S S I O N >
I <EXPRESSION> =‘<ExPRESSION>
~<ExPREssION>’ -=‘<EXPRESSION>
~~E~~RE~~I~N~‘~‘cEx~R~~~IoN~
I<~xPR~SSIONY<‘<EXPRESSIOW
l <EXPRESSIoN>‘>=‘<EXPRESSIOY>
~~E~~RE~~I~N~‘c=‘~~xPw~~IoN~

2-5
<CONC4TENATOR>:: =‘(‘<EXPRESSION  LIST>‘)’

e Z - 6 - 2
<CONDITIONED STATE+lENT>::=‘IF  *<EXPRESSION>‘,‘<sTATENENT)

I IF ‘ < E X P R E S S I O N > ’  T H E N  ‘ < S T A T E M E N T  S E Q U E N C E >
<CR I f  SEQUENCE><OTHERWISE  PHRASE>‘ENDIF”;’

3 - 2 - 5 - l
<DEf I N E  STbTEMENT>:: =‘DEfINE ‘<VARIABLE N A M E  L I  ST><TYPf  P H R A S E >

< S H A P E  PHRASE>&  ZE P H R A S E > ’  ; ’
3 - Z - 4 - 4

< D I G I T > : : = ‘~‘~‘1’)‘2’~‘3’~w4’~‘5a}‘6’1’7’1’8’~’9’

I

L

t
i

i

1-L
< D I G I T  S T R I N G > : : =<~IGIT>~<DIGIT STRING><DIGIT>

1 - 3
<DOMA  I q I TEY>: : =’ f ’ <EXPRESS ION>’ t... “ < E X P R E S S I O N >  )’

2 - 6 - l
< E X P O N E N T > : : =<DIGIT  STRING>

I ‘E”+‘<DIGIT STRING)
1 ‘E” - ‘ < D I G I T  S T R I N G >

2 - 2 - l
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7 RESJME  O F  OEf INITVYNS  KONTINUEW

<EXPRESSION>:: =’ (‘<EXPHESSIO~>’  1’
I <NUMBER>
I  ‘ T R U E ’  I  ‘FL&SE’
I ‘ N U L L ’
I@@@WARACTER  S T R I N G Y”
(<VARIABLE>
I <PROCEOURE  CALL>

a.

I <COMPlJTATIONbL  EX.PPESSION>
i<i>OWIN  ITEM>
I <C~~YC~TE~~ATOR>
1<4RRAY  C O N S T R U C T O R >
WURSET S P E C I F I E R)

2
< E X P R E S S I O N  L I S T > : : =<EXPRESSION>j<EXPRESSION  LISTY,‘<EXPRESSIC3N>

2 - 4
<EOR Pt-iRASE>::=‘fOR ‘<VARIA!3LE NAME>’ IN ‘ < E X P R E S S I O N >

1 ‘ F O R  ‘ < V A R I A B L E  NAME>’ IN ‘<EXPRESSION>‘~  ‘<EXPRESSION>
1 ‘ F O R  ‘ < V A R I A B L E  N A M E > ’ :=‘<EXPRESS  I O N > ’  S T E P  ’

, <EXPRESSION>’ UNJIL ‘<EXf’RESSIONb
3 - 2 - 5 - Z

< G O  T O  STATEYENTX:=‘GO  T O  ‘ < L A B E L > ‘ ;  ’
3 - Z - 4 - 2

< I T E R A T E D  STATEMENT>::=<FOR  PHRAW>‘,‘<STATEMENT>
I < F O R  P H R A S E > ’ DO ‘ < S T A T E M E N T  SEQUENCE>‘ENDFOR”;  ’

’
3 - Z - 5 - 2

<KEVbidYD  STATEYENT>::=<LET  S T A T E M E N T >
(<GO T O  STAGE!!ENT>
)<RETURN  S T A T E M E N T >
f <DEF IhfE S T A T E M E N T >
1 < R E L E A S E  S T A T E M E N T >
( < C O N D I T I O N E D  STATEluEr\lT>
I <ITERATED STATEMENT>
l<BLr)CK S T A T E M E N T >

3 - 2 - 4
<LAdELX:= < V A R I A B L E NAME>1 ’ 1 “(DIGIT STRING>’ J ’

3-2-l
iLET S T A T E M E N T > :  : = ‘ L E T  ‘<SYMBOL SUBSTI TUTERF  ; ’

I ‘SAME LOCAT ION “( ‘ < V A R I A B L E  N A M E > ’ ,‘<VARIABLE N A M E > ’  !‘*;’
3 - 2 - 4 - I

< L E T T E R > : : = @A@(@B’I@C@J’D’~‘~‘~‘F~)~G’(‘H’~@I@~@J’~@K’~’L’
~‘Y’~‘N’~‘U’~‘P’(‘~‘(‘R’J’~*~‘T’J’U’I’V’~’~’~@~‘~‘y’~‘~’.

I-2
< N U L L  P H R A S E > :  :=@ ’ 1 <NULL P H R A S E > ’  ’

1-3
<NCJMHES>:  : = C N I J M B E R  B A S E >  ~<NUMBER  BASE><EXPONENT>

2-2-l
<NUYRES  B A S E > :  : =<DIGIT STRING>

1 <DIGIT STRING>‘. ’
1 ‘. ‘<T)IGIT STRING>
I <‘>IGIT STHING>‘.‘<DIGIT STRING>

2 - Z - l
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<OK If= S E Q U E N C E > :  : = < N U L L  P H R A S E >
IaR IF SEQUENCE>‘OR  I F  ‘ < EX PR E S SI O N> ’  THEN  ’
< S T A T E M E N T  S E Q U E N C E >

3 - 2 - 5 - l
< O T H E R W I S E  P H R A S E > : : =‘OTHERIJISE  ‘ < S T A T E M E N T  S E Q U E N C E >

ICNULL P H R A S E > . .
3 - 2 - 5 - l

<PROCEdURE CALL>::=<VARIABLE  NAME>
I (VARIABLE  NAME>‘(  ‘ < E X P R E S S I O N  CI ST>’ 1’

2 - 4
< P R O C E D U R E  C A L L  STATEMENT>::=<PROCEOURE  C A L L > ‘ ; ’

3 - 2 - 3
< P R O C E D U R E  IDENTIFIER>t:=<VARIABLE  N A M E >

IcvARIABLE  NAME>‘(‘<VARIABtE  NA M E  LIST)‘)’
2 - 4

<PROGY4Y>:: =’ PROCEOIJRE ‘<PROCEOURF  IDENT IFIER>
S T A T E M E N T  SEQUENCE>‘f1N1”:
1<PROGSAM)‘PROCEDURE  ‘ < P R O C E D U R E  I D E N T I F I E R >

\<STATEMENT  SEQUENCE>‘f  INI” ; ’

< R E L E A S E  STATEMENi>:: =‘RELEASE  ‘<VARIABCE  N A M E  LI:T,';'
3 - Z - 4 - 5

<RETURY STATEMENT>::=‘RETURN”;’
3 - Z - 4 - 3

< S H A P E  P H R A S E > : :  =’ R E C T A N G U L A R ’  1’ D I A G O N A L ’  I ’ U P P E R  TRIANGljCAR’
I’ L O W E R  T R I A N G U L A R ’ !  ’ RUki’j ’ COLUMN’I  ’ S P A R S E  WITH ’
< E X P R E S S I O N > ’  NONZEROS’~<NULL  P H R A S E >

3 - Z - 4 - 4
< S I Z E  P H R A S E > ::=<EXPRESSION>’ B Y  ‘ < E X P R E S S I O N >

I<ExPRESSI~N>ICNULC  PHRASE)
3 - Z - 4 - 4

CSPECI41  CHARACTER>::=‘1’~‘)‘~‘<‘~‘>‘~‘,‘~’.’~’~’~’-’~’~‘~‘/’
1 II:’ ‘,wp” I’~‘l’~‘t’~‘l’a’~‘%‘l’&‘~‘?‘l’,’

I-2
<STATElENT>:  : =<LABEL>’ : '<STATEMENT>

l<ASSIGNMENT STATEMFNT>a
I<PROCEOURE  CALL  STATEMENT)
1 <KEYWORD S T A T E M E N T >

3 - 2
<STATE-+lEwT  S E Q U E N C E > : : =<STATEMENT>(CSTATEMENT  SEQUENCE><STATEMENT>

<S’JBbIPT  EtEMENT>::=@*“/<EXPRESSION>
3-I

Z - 3 - 2
GUBSCR IPT LIST>: : =<SUBSCR  IPT E L E M E N T )

I<SUBSCRIPT L I S T > ’ , ’ <SURSCRI  P T  E L E M E N T >
2 - 3 - Z

<%JBSET  S P E C I F I E R > :  : =‘( ‘ < V A R I A B L E  N A M E ) ’  I N  ‘<EKPRESSION>
‘I’<EXPRESSION>‘~’

Z - 6 - 4
< S Y M B O L  SURSTITUTER>::=<VARIABLE  NAf'4E>':='<CtiARACTER  STRII'JG)

I~VARIAHLE  NAME>‘(‘<VARIABLE  N A M E  LISTY P':='<CHARACTER  STRING>
3 - Z - 4 - 1

< T Y P E  P H R A S E > : : = ’  ARITHMETIC’I’  LOGICAL’I@  SET’)’ C H A R A C T E R ’
I < N U L L  P H R A S E >

3 - Z - 4 - 4

L
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7 R E S U M E  O F  D E F I N I T I O N S  ( C O N T I N U E D )

CVAR I  A B L E > :  : = (VARIABLE NAME>t<VARIABLE>‘(‘<SUBSCRIPT  LIST>‘)’
2 - 3

<VAR IABLE N A M E > :  :=<LETTER>
l <VAR IA&L  E NAME><LETTER>
l<VAfUABLE  NAME><DIGIT>
ItVARIABLE NAME>’ ’ ..
ItvARiABLE NAME>‘;’

2 - 3 - l
< V A R I A B L E  N A M E  L  IST>::=<VARIABLE  NAME>1

< V A R I A B L E  NAMF LIST~‘,‘<VARIABLE  N A M E >
3

T H I S  STijTEMENT  IS  N O T  P A R T  O F  T H E  FORMAL D E F I N I T I O N ,  B U T  iS
INCLUOEO  F O R  R E F E R E N C E .

<Kf!YWORD>::=’  A R I T H M E T I C ’
t ‘ B L O C K  ’
I’ BY ’
.I ’ C H A R A C T E R ’
I ’ COLUMJ)l’
t ‘I)EFINE ”
1 ’ D I A G O N A L ’
I’ no ’
I 9 ENDBLOCK’
I ‘ENDIF’
1 ’ ENOFOR’
1 ‘ F A L S E ’
I @~fNfg *
/‘FOR ’
1 ‘GO TO ’
I’IF ’
I’ IN ’
~‘LET ’
f ’ L O G I C A L ’
I ’ L O W E R  T R I A N G U L A R ’

a I ‘NuLL’
t ’ N O N Z E R O S ’
i@OF! IF ’
I  ‘O T H E R W IS E ’
I @ PR~CEDURF ’

. t ’ R E C T A N G U L A R ’
I’RELEASE ’
f ’ R O W ’
I’SAYE L O C A T I O N  ’
I’ S E T ’
1’ S P A R S E  W I T H  ’
1 ’ STEP  ’
I’ THEN ’
1 ‘ T R U E ’
1’ U N T I L  ’
I ’ IJPPER T R I A N G U L A R ’
I ’ WHERE ’ *

Ii
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8 S A M P L E  M P L  P R O G R A M S

P R O C E D U R E  R E V I S E D  $IMPLEX(YATRIX,COSTS,RHS,BASIC~VARIABLES,
U N B O U N D E D ’ U R J E C T I V E - V A L U E ,  I T E R A T I O N S  1

DEf= I N E  I’,& “ T H E S E  A R E  I N D I C E S  L A T E R  O N ”
UNBf’IUNDED  : =  F A L S E ; I T E R A T I O N S  := C ;
L E T  P := M A T R I X ;
L E T  C := C O S T S : . .
L E T  0 := RHS;
L E T  B V := BA\SIC,VARIABLES;
L E T  M := ROWDIM(
L E T  N := C O L D 1  (IAt PT ;

“ W E  A S S U M E  T H A T  B V  C O N S T I T U T E S  A  F E A S I B L E  S E T
OF BASIC VARIABLES GIVEN BY THEIR INDICES.
WF WISH TO f IN0 X >= 0 SUCH TH4T P*X = Q
W H I C H  M I N I M I Z E S  C*X  =  O B J E C T I V E - V A L U E . FIRST

. . W E  C A L C U L A T E  T H E  I N V E R S E  O F  T H E  B A S E S . “ ,
OFFIhfE  INV-B M B Y  Y;
I N V - B :=INVERSEtP(*,RVl  b;

“ T H E  C U R R E N T  R I G H T  H A N D  S I D E  I S ”
Q:=INV-i*Q;

“ T H E  CORRESPONDIQG  C O S T  V E C T O R  I S ”
OEFINE  C B  M  R O W ;
CB:=C(BVl;

‘5 IS T H E  I N D E X  O F  T H E  I N C O M I N G  C O L U M N
R I S  T H E  I N D E X  O F  T H E  O U T G O I N G  C O L U M N . ”

D E F I N E  S,R;

PRICING:BLOCK
ITERATIONS:=ITERATIQNS+l~

“ F I N D  T H E  S I M P L E X  M U L T I P L I E R S  ‘SM’”
D E F I N E  S M  y R!lW;

a SM:=CR*INV,B;

“ A N D  T H E  S M A L L E S T  R E L A T I V E  C O S T  F A C T O R ”
S:=ARGMIYK-SM*Pl:

“ T E S T  F O R  O P T I M A C I T Y  O F  T H E  C U R R E N T  f3AS IS’”
I f  CtSl>=SM*Pf*;S) T H E N

“ W E  H A V E  fO?IND T H E  O P T I M A L  B A S I S ”
OBJECTIVE,VALUE:=CB*Q;
R E T U R N  ;

ENDIF;
ENDSLOCK;

“ N O W  C O L U M N  S  I S  I N T R O D U C E D  INTO  THE B A S I S ,
P B  I S  T H E  R E P R E S E N T A T I O N  O F  P(*,S) I N  T E R M S  OF
T H E  C U R R E N T  B A S I S ”

D E F I N E  PB M C O L U M N :
PR:= INV-B*P(*,S);
R:=O;
R:=ARGMIN(QfI)/P~~,S~  F O R  I  I N  &.a&‘41 ! PtI,S00);

i



8 S A M P L E  MPL PROGRAlv  ( C O N T I N U E D )

i
L

I ..L

iL

i

i

1i

I-
I
i

“IF A L L  PtI,SM=U,  T H E N  W E  S T I L L  H A V E  R=0  A N D
A  C L A S S  OF S O L U T I O N S  A P P R O A C H I N G  M I N U S  INFIYITY
E X I S T S “

I F  R=O T H E N
U N R O U N D E D  : = T R U E  ;
R.ETURN ; . .

ENDIF;

“ N O W  U P D A T E  T H E  B A S I C  V A R I A B L E  LIST f3V, T H E  COST
A S S O C I A T E D  W I T H  T H E  B A S I S  L
V E C T O R  C R  ASSOCiAlED  WITH T H E  B A S I S ,  T H E  V A L U E S
Q O F  T H E  B A S I C  V A R I A B L E S ,  A N 9  T H E  I N V E R S E
INV,B  O F  T H E  f3ASIS.”

BV1Rl:=S:
CB(R):=C(Sl;

“ U P D A T E  0”
F O R  J  I N  (lr...,M1 t J-r=R, Q(J):=
.O(R~:=W(R)/PB(R,Sl;

G)(J)  I-PB*(B(RM’(R,S I);

. .
“ N O W  U P D A T E  T H E  B A S I S  I[NVERSE’1’

PIV0T( INV,B, PB,Rl;

“ N O W  T H E  C Y C L E  I S  C O M P L E T E  A N D  W E  R E T U R N  T O
C H E C K  T H E  O P T I M A C I T Y  O F  T H E  N E W  B A S I S + ”

G O  T O  P R I C I N G :
F I N I S ;

!
i

i
L

! .

L , -

P R O C E D U R E  PIVOTlHATRIX,PIVOT_COL,PIVOTIROW)
LEl M := MATR.1 X ;
LET P := P IVOTJXL :
L E T  R := P I V O T - R O W :
F O R  I  I N  rlClWDOFA(M) 1 I’r=R, M(r,~):=M(R,+)*(P(I)/P(R)):
M(R,*l :=MIR,*)/P(Rl:
R E T U R N :
F I N I S ;

i


