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g_ Theoretical background

, Let A be a given mxn real matrix with m> n and of rank

r—

nand b a given vector. Let Aand b be partitioned

A (Al>)ml)<n o (bl)
= [—= R ==
A2 }mz)(n b2

—

r—

[ -

wher e ml< n and assune t hat A has rank m Ve wish to determ ne
t 2
L a vector x subject to the linear constraints
|
L

Alx = bl

|
¢
| -

such that
C
i lel = min. o, =y - A
-
€
L where | ... | indicates the euclidian norm
— *This work was supported by the Swedish Natural Science Research Council.
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Using Lagrange nultipliers it is easily shown that the solution

satisfies the system of equations

0 |0 Al A bl

0 |l Ay L bg (1)
I |.T

Al A2 0 X I

where A is the vector of Lagrange paraneters and ¢ = 0 . For
reasons which later will become evident we develop a method for solving
(1) which works for an arbitrary vector ¢

Let P be a permutation matrix which permutes the colums of A

so that
A!
ap = o |=
2
wher e Aﬁi is square and nonsingular. W now determine an orthogonal
matrix Q, SO t hat
!
Qaty = (Rll | ng) ’ (2)
wher e Ry i's m, Xm, and upper triangular. Next we put
_ -T ;7T o T
Uo = Fr oy 0 Az T Ayt QpRyp (3)



and determne an orthogonal transformation Q,, SO t hat

R
Uohap — (_?)E)}(m n Xn (%)

where again R is upper triangular. Denote by R the nXn upper

22
triangular matrix

Rip | Rig
R=l5 T3
00

T
Q Q
APR -1 — 11 12) (5)
O | @

wher e

o = <In-er |0) Qo (6)

M '

and |

n-m is an (n-ml) X (n-nl) unit ’rratrix. Thus if we define

t he-vectors

(1 }ml ) fl_;) my
v = (Yg))n-ml ? d (d2 )n-m1

b
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by the relations

x=mRYy , a=-mT (7)

then (1) can be witten

T
o) 0 Q‘ll
T
o 1 |ap
(8)
Q‘ll Q‘l? °
0 62 5 0

Using the orthogonality of 9, and Q,p, Ve get the follow ng algorithm

for solving (1):

4
ro T ng (’éi)

T,
M=y (d) - Qpprs

Here d is defined from (7) which is al so used for conputing x .
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A very effective nmethod to realize the decompositions (2) and (4)

is via Househol der transformations [4]. Let A'=A(l): and | et

k+1)

A( > k=1,2,..., n, k%ml be defined as follows

A0tL) | p(k), (k)

o(k) . |
I's a symmetric, orthogonal matrix of the form

p(k) _ 1 _ Bku(k)u(k)T

where the elenents of P(k) are derived so that

k+l

% x ) - ’ = k+l,. .., m(k) ,
ml’ k<ml

nk) =
m; k>mj_
[t follows that
(ml)
AT = Ry IR

and if we finally define

+
(m*1) (R | R

o

where A22 is computed from (3 then A (n l) ( )
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It can be shown cf. [5] that Pp{K) is generated as foll ows:

Q
1]

m(k)
(L (a{k))2)1/2

8, = (o (o + [al8)]))

ui(k) =0 for i <k, i> mk)

u}ik) = sgn(a(k))(ck + |al£1k()|) )

kk

ufk)— () for k<i < (k) .

The matrix P(k) is not conputed explicitly. Rather we note that

AL o Bku(k)u(k)T)Aa:) = a (k) _u(k)yE

wher e

Y}T; _ Bku<k>TA<k> |

: +
In conputing the vector y, and Alk l), one takes advantage of the

zero conponents of u(k) ‘

- The pernutation of the colums of A to obtain A = AP is

th

conveniently done at the same tine. At the k = stage the colum is

chosen which will maxinize la&fl)l . This will ensure that the
mat rix Rll i's non-singular. Let
6
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5570 = igk (aij )", J =k,k+l,..., n .
1 4
Then sincelaé§+l)| = 0, one shoul d choose that colum for which

s(k) is maximzed. After A(k+l),k%ml , has been conputed, gne can

(k+1)

compute s as follows:

) _ )

+

A

since the orthogonal transformations |eave the colum lengths invariant.
Because of the influence of rounding errors the first conputed

solution may not be sufficiently accurate in an ill-conditioned case

Provi ded the colums of A are not alnost linearly dependent to working

accuracy, the solution may be inproved by the following iterative

procedure. Put

0 |0 Al 1
B= 0O T |4, » 2 ;; »; h= E;
2T [T o x o
and | et z(o) = . The sth iteration involves the three steps

Gy  £) o - p(8)
(11) 82(8) = gt els)

(s41) _ ,(s) , 4,()

(iii) =




It is essential that the residuals f(s) are conputed using double
precision accunulation of inner-products. W then solve for 6z(5)
by the method devel oped above, using the same decompostion in all
iterations. Note that f(s) generally differs from zero also in the
| ast n conponents, which explains why we did not assune c¢=Oin (1).

It has been shown in [1] that if the iterations 'converge' then
for sufficiently large s the accuracy in (ﬁ ¥ + GZ(S)) wll be
approximately the same as if double precision had been used throughout
w thout refinenent.

Let the number of operations needed for the decomposition resp.
one iteration step for a single right hand side be N; resp. N_ .

a
Then a sinple calculation shows that

N, = n®(m - %) - mm,(n - %1)»] (1+ 0(%)) S.De

N ={nm - %) - 2mlm2] (1 + 0(;—11)) s.p. + 2mn d. p.

where s.p. refers to single precision operations and d.p. to operations

performed with double precision accunulation

Applicability

The algorithm |east squares solution may be used to conpute
accurate solutions and residuals to linear |east squares problens with

or without linear constraints. |t may also be used to conmpute accurate
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solutions to systems of |inear equations where A is a square matrix
and to conpute accurate inverses of such matrices. The procedure will
fail when A, o A nodified by rounding errors has rank |ess than

m, or n respectively. It will also fail if Ais so ill-conditioned

1

that there is no perceptible inprovenent in the iterative refinenent.
The matrix A is retained in order to formthe residuals. \hen

m>> n the large storage requirenent of this procedure might make it
preferable to use instead a double precision version of the Househol der

deconposition without iterative refinement. Note that in the l|inear

equation case the calculation of residuals my be suppressed by putting

ml =m=n o
Fornmal paranmeter |ist
Input to procedure |east squares
my nunber of |inear constraints m <n.
m total nunber of equations
n nunber of unknowns n < m
a an mx(n+l) array having the given matrix as first
n colums
) nunber of right hand sides
b an mxp array containing the given right hand sides
eta the largest number for which 1 + eta =1 on the
conput er
si ngul ar exit used when A1 or A nodified by rounding
errors has rank |ess than m or n respectively
fail exit used when the iterative refinement fails to

i mprove the solution



Qutput of procedure |east squares

x an nxp array consisting of the p solution vectors
res an mXp array consisting of the p residuals vectors
ALGOL Program

procedure |east squares solution(ml) data: (m,n,a,p,b,eta) failure
exits:  (singular, fail) result: (x, res);

val ue ml,m,n,p,eta;

i nteger ml,m,n,p; rﬁ et a;

array a, b, x,res; label fail, singular;

comment The array a[l:m,1:n+1] contains in its first n colums the
given matrix of an overdeternmned system of mlinear equations
in n unknowns (m > n), where the first m equations
(mL.<n) areto be strictly satisfied. For the p right
hand sides given as colums of the array b[l:m,1:p] the
| east squares solution and the residuals are conputed and
stored in the colums of the arrays x[1:n,1:p] and
res[ml+l:m,1:p] respectively. |f rank(a) < n or

rank(al) < m the energency exit singular is used. |f the

iterative refinement fails to inprove the solution sufficiently

e the exit fail is used. In either case b and the first n
colums of a are left intact. The (n+l)st colum in

~ a is used as tenporary storage for the sucessive right hand

sides. FEta is the relative machine precision;



begi n

integer i,j,!;

array xf[l:n+l], resf{1:m], alphail:nl, qr[O:m,1:n];

integer array pivot[l:n};

real procedure innerprod(i,m,n,ai,bi,c);

val ue m,n,c;
real ai,bi,c; integer i,m,n;
begin real sum

sum - 0;

for i:=m step 1 until n do sum:=sumtaixbi;

innerprcd:=sumtc
end innerprod;

real procedure innerproddp(i,m,n,ai,bi,c);

val ue m,n,c

real ai,bi,c; integer i,m,n;

coment This procedure accumul ates the sum of products aixbi
and adds it to the initial value c in double precision.
The body cf this procedure cannot be expressed in ALGOL.

begin real sl1,s2, (sl,s2):=0.

for i:=m step 1 until n do

(sl,s52):=(sl,s2)*aixbi, coment dbl.pr.acc.
innerproddp:=({si,s2)+c) rounded
end innerproddp;
procedure decompose(ml)data:(m,n,eta) data and result:(qr)
result: (alpha,pivot) failure exit:(singular);

val ue ml,m,n,eta;

i nteger ml,m,n; real eta; array qr, al pha;

11



integer array pivot; label singular;

conment Deconpose uses essentially a sequence of elenentary orthogonal

transformations (I - beta u uT) to determne a qr-deconposition

of the matrix given in the array aqr[l:m,l:n] . The diagonal
el enents of the upper triangular matrix r are stored in the
array alphal[l:n}, the offdiagonal elenents in the upper
right triangular part of qr. The nonzero conponents of the
vectors u are stored on and bel ow the |eading diagonal of
gr. Pivoting is done by choosing at each step the colum
with the largest sum of squares to be reduced next. These

i nterchanges are recorded in the array pivot{l:n}. If at
any stage the sum of squares of the colum to be reduced is
exactly equal to zero then the enmergency exit singular is

used:;

begin integer i,j,jbar,k,mr,s; bool ean fsum

real veta,sigma,alphak,qrkk,smax,y;array sum{l:n];
mr:= nl; fsum:= true;

for j:=1 step 1 until n _do pivot{jl:=j;

for k:=1 step 1 until n do

begi n conment k-th hpusehol der transformation;

if k=ml+l then
begi n fsum:=true; mr:=m end;
if fsum then

piv:  for j:=k step 1 until n do

sum[j]:=innerprod(i,k,mr,qrii,jl, arli,jl, 0);

sigma:=sum[k]; jbar:=k;

12
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for j:=k+l step 1 until n do

if sigma < sum[ji then

r—

begi n sigma:=sum{jl; jbar:=j end;
i f fsum then smax:=sigma; fsum:=sigma < etaXsmax;

if fsumthen goto piv;

—

if jbar # k then

{L begi n conment col umm interchange;
i:=pivot[k]; pivot[k]:=pivot[jbar]; pivot[jbarl:=i;
L sum[jbar]:=suml[k];
| for i:=1 step 1 until mdo
L begi n sigma:=qr(i,k]; qriikl:=qr[i,jbarl;
L~ qri,jbarl:=sigma
end i
EL end colum interchange;

sum[k]:=sigma:=innerprod i,k,mr,qr[i,k], ar[i,kl, 0);

r—

if sigma = 0 then goto singular;

grikk:=qr[k,k]; alphak:=alpha{k]:=

—

if grkk < 0_then sqgrt(sigm)_else -sqrt(sigma);
lﬁ ar(k,k]:=qrkk-alphak:
beta:=qr{0,k]:=alphakXqrik,k];
- for je=k+l step 1 until n do
begi n y:=innerprod{i,k,mr,qr'i,k], qrii,jl, 0)/beta;
- for i:=k step 1 until mr do qr[i,jle=qr(i,jl+yxqr(i,k];
L sum[jl:=suml{jl - qrlk,ji12
end j;
if k-m then

for j :=mi+l step 1 until mdo

13
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for s:=1 step 1 until n do

begi n mr:= if <m then nl else s-I;
Y: . innerprod(i,l,mr,qr{i,s],qr(j,il,-qrlJ,sl);
qr(j,s):= if &ml then y else y/alpha[s]
end s
end k-th househol der-transfornation
end deconpose
procedure accsolve(ml)data:(m,n,a,qr,alpha,pivot,eta) result: (x,res)
failure exit:(fail);

val ue ml,m,n,eta;

integer ml,m,n; real eta; array a,qr,alpha,x,res;

integer array pivot; |abel fail

conment Accsol ve uses the deconposition of a stored in the array
qr[l:m,1:nl] by deconpose for the iterative refinenment of the
| east squares solution. The right hand side b is given in
the (n+l)st colum of the array a[l:m,1:n+l]. The
residuals of the augnented system of (mn) equations are
conputed using the procedure innerproddp which forns accurate
inner-products. As initial approximation is taken x=r=0,
and the two first. iterations are always executed. The
iterations are repeated as long as the normof the correction
at any stage is less than 1/8 of that at the previous stage
until the norm of the correction is less than epsilon times
the normof the solution. Exit to label fail is made if the

solution fails to inprove sufficiently;

1k
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begin integer i,j,k,s;

real c,nx,nr,ndxl,ndx2,ndrl,ndr2,eta2;

array f{1l:m], gil:nl;

procedur e householder{p,q,r,m);

value pyq,r,m; integer p,q,r,m;

for s:=p step g until r dc

begin :=innerprod(i,s,m,qrli,sl, f£{il, 0)/qrl0,sl;

for i:=s step 1 until mdo fiil:=f[i] + cXqr[i, s]

end househol der;
etal:=(etat2312; x{n+lle=-1;
conmment initial values;

for j:=1 step 1 untiln do x[jl:=g[jl:=0;

for i:=1 step 1 until mdo

begi n res[il:=0; fliles=ali,n+l]l end
for k:=0,1,k+1 while (6kxndxe < ndxl A ndx2 > eta2xnx) V
(ixndr2 < ndrl A ndr2 > eta2xnr) dc

begi n comment k-th iteraticn Step;

ndxl:=ndx2; ndrl:=ndr2; ndx2:=ndr2:=0;
06 K 40 then
begin comment-new residuals;
for i:=1 step 1. until mdo resfij:=res[i] + £[il;
for s:=1 ptep 1 until n do
begi_n ji=pivotisl; x[jl:=x[j] + gls];
gls.:=innerproddp(i,l,m,ali,jl, res[ij, 0);
glsj =-innerprod(i,1,s-1,qrli,sl, gfil, -gls])/

alpha | s’

15



end

for i:=1 step 1 until mdo

fli]:=-innerproddp(j,1l,n+l,ali,jl, x[jl,
if i >n then res[i] el se 0)

end new residuals;

householder(1l,1,ml,ml);

for i:=m1+1 step 1 until mdo

f[il):=-innerprod(s,1,ml,qr[i,s], f£lsl, -f[i]);
householder (m1+1,1,n,m);

for i:=1 step 1 until n do

begin c:=f[i]; f[i]:=q[i];

glil:=if ml then c-g{i] el se ¢

for s:-n step -1 until 1 do

begi n g[s]:=innerprod(i,s+l,n,qr(s,i], glil, -g[s])/

alphal[s]; ndx2:=ndx2+g[s]t2
end;
householder(n,-1,ml+1,m);

for s:=1 step 1 until n do

fls):=-innerprod(i,ml+l,m,qr[i,s), £[i]l, -£[s]);
householder (ml,-1,1,ml);

for i:=1 step 1 until mdo

ndr2:=ndr2+f[i]12;

li k = 0 then begin nx:=ndx2; nr:=ndr2 end
end k-th iteration step;

if ndr2 > eta2xnr A ndx2 > eta2xnx then goto fail

16
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end accsol ve;

for j:=1 step 1 until n do

for i:=1 step 1 until mdo qr[i,jl:=ali,jl;

decompose(ml,m,n,eta,qr,alpha,pivot,singular);

for £:=1 step 1 until p do

begi n conment fZ-th right hand side;

for i:=1 step 1 until mdo ali,n+l];=b[i,2];

accsolve(ml,m,n,a,qr,alpha,pivot,eta,x!,resl,fail);

—

or j:=1 step 1 until n do x[j,£):=xt[]];

r i:=ml+l step 1 until mdo res[i,Z]:=rest[i]

end £-th right hand side

end |east squares;

Organi zational and Notational Details

The array a containing the original matrix A is transferred

to the array gr which serves as storage for A(k) . The non-zero

(k)

conponents of the vectors u and the derived matrix are

Yo
stored on and bel ow the | eading diagonal of qr . The diagona

el ements of R, the reduced matrix, are stored in the array o,

and the elenents B, ON row nunber zero in qr .

(0

The colum sum of squares, , 1s stored in the array sum

Naturally, the elenents of this array are interchanged whenever the

(k+1)

colums of A are interchanged. The array pivot contains the

order in which the colums are selected.

17
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The recursive conputation of s(k) will fail if Ais sufficiently

ill-conditioned. To prevent this sék) are reconputed every tine the

condi tion
nmax sﬂk) <M. nmx s.(k )
k<j<n Y k'<j<n
is satisfied, where k' is the last step at which this was done

Since the nunber of iterations needed is dependent on the right hand
side the iterative refinement is executed for one right hand side at
atinme. During the refinement the current right hand side is transferred
to the (n+l)st colum of A .

Tn accsolve the first set of solutions is taken to be null vectors,
and the two first iteration steps are always executed. The iteration
for the current right hand side is termnated when the conditions

(i) and (ii) below are sinultaneously satisfied:

(i) Hax(s)n2 > o,lzsnex(s'l)ug or HGX(S>H2 < ﬂ”x(l)H2

(i) H6r<s)H2 2 0.125H5r(s'l)H2 or ”5r(s)"2 < nHr<l)H2

[f the iteration has been termnated and at the same tine

lox(<l, > enl M, and fe{®), > enir

2 2

then the exit fail is used.

18
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Both a single precision and a double precision inner product routine

are used. On a conputer where double precision accunul ation of inner

products is fast, the double precision routine can be used throughout

Di scussion of Numerical Properties

The procedure has been analyzed in [1] for m =0 under the
assunption that all inner-products are accunulated in double precision.
(I'f single precision inner-products are used where possible, the bounds
given below for the rate of convergence and the error will increase by
a factor less than m. )

Let ¢, and t, be the nunber of binary digits in our single and

doubl e precision floating point mantissas. Put

-t
a = 32.6 n5/2 2 lK(A)

wher e
kK(A) = max “AXH2 / max HAXH2 s
] xll =1 =/l y=1
and assune that « <1 . |If the errors made in conputing the residuals

and in adding the corrections can be neglected, then

19
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| ==l o deio 2 Il
: < wunl/f Ll
~ {s) cor b ’ i
| 1]l -]l Kk 3) k2 )\l
L
|_ wher e
1 -1/ .
L = ()Y k),
L and the "initial rate of convergence' o is bounded by
.-t
- p < 38.7 na'/ng'+ é, 2 1,
The process 'converges® if p< 1 . Then for sufficiently large s
- the errors wll satisfy
-y, 1 Il
L -1 "ty
o < (1-p) K + 2 P
lall lle-x ) 3 1l
wher e-
-2t
3/2 1., ..k
i K= Leh 02 e M ) el + 2 Al ) +
- -t2
1,022 2 (' {meh) zll, + (o+5) [lalJlx])
- 20




If t, >2t, then the first termin X usually dom nates, and
), QA ) ultinately have t, more correct binary digits
(1) Not e however that the process may well converge even if

than x
U has relative error greater than 1. To get full benefit of

the refinenent we ought to have ¢, ~ etl,but there is nothing to

2
be gai ned by taking t, much greater than 2t

Since it is possible to have x = 0 or r =10, it is obvious
that even when p <1, Wwe cannot guarantee that(Q S or r(s)

ultimately will have a small relative error. Let

Il

1,k
Y= 0 3) T

and assune that p<1/4 and that the second termin X can be

negl ected. If

Y < 1.58 1
P
then we will ultimately have
- 2B <22 M
Simlarly if
1,61p < ¥
21
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then ultimtely

-t
(S) 1 1
Ir -r ||2 < 202 ||r“2 .

Not e that r(‘s) wi 'l converge to the exact residual corresponding to
the correct solution x . Wien |r| << |[all |xl| t hese may be very
different fromthe residual corresponding to x rounded to single

precision. |n many cases the later may be the nore relevant.

Test Results

The procedure was tested on the CD 3600 (University of Uppsal a)

which, has ®L=36 and t, " Bk, with 7" 7726 1510 L The

matrix A consists of the last six colums of the inverse of the 8 x 8

Hi | bert matrix. For m = 0 two right hand sides were treated. The:

B

first, bl' i's chosen so that the system Ax = b, 1is conpatible

i.e. r = 0 . The second, b is obtained by adding to b, a vector

2’ 1
orthogonal to the colums of A the length of which was adjusted so

that~

Il

csh 1. .6
(K+3)mmm§ 10

Thus in both cases the exact soluticn iS the same, namely

x = (1/3, 1/, 1/5, 1/6, 1/7, 1/8)T .

22
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Due to the large residuals in the second case however, this system

is much nore ill-conditioned cf. [1]. For m = 2 the same matrix A

and the right hand sides b1 and b5 was used where b3 was obt ai ned

by changi ng b, inits first two conponents so that the exact solution
x remins the same. Note that ali problens are so ill-conditioned
t hat bt > 52 is required for convergence,

The results for m = 0 confirms that the'initial rate of con-

vergence" is independent of the right hand side. In fact (disregarding
the first step) the errors in the components of x and r decreases

initially with a factor approximtely equal to 1072 . For econony of

presentation, we have given cnly the |ast six components of r(s); t he

behavior of the other conponents is exactly analogous. For the right

hand si de b, x(u) is already correct to wcrking accuracy, The

iteration is termnated after the conputation of 6x(5) and 6r<5>
. ) (1) .
when the condition ||5r(5)||2 < T]Ilr‘l)llg i S satisfied. For the right

hand si de b x(l) is in error by a factor alnost equal to 107

(5) (5)

The iteration is again termnated after 8x and x s correct

to working accuracy. This accuracy which seens to be nore than could
be expected is explained by the fact that the residuals (ng-AX) are

i ntegers which can be represented exactly in the machine. 1In fact
(s) .

r exactly equals r for s >u which nakes the problem no nore
ill-ceonditioned when s > 4 than for the r.hes.by o

The behavior when m, = 2 is exactly analogous. Note however

1
that the rate of convergence is faster alnost by a factor of 10°

conpared to the case m, = 0 . For the right hand sides by and b

1 3

23



five respectively four steps of the iteration are executed. For b
(4)

‘X is

al r eady X(B) Is correct tc working accuracy and for b3,

almcst coOrrect.

I
C

rw———«

r
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