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LCI' is bbsed on a lo?ic of Dana Scott, proposed by him a t
Oxford in the Fall of 1969, for reasoning about computable functions,
In Section  2 we 3resent  this losic, essentially as Scott himself
presentaa  It, but US i ng the typed X-calculus instead of the Weed
corlbinetors  S end K, since the former 1s more famfllar to cornouter
scientists and is in any case easier to work '4th. Secifon 3 then
describes the machlne implenentatlon  o f  a proof-checker for the
logic@ we refer to both the logic and the lmolementation  as the tYded
logic for conputc?ble  functions, or typed LCFP or Just LCF,

the loslc Presutposes no special domain of computation (e.g.
lists Or integers), kwever,  par t icu la r  d o m a i n s  can b8 axlomat!zed  in
it ; Scott gave en axiomatlzatfon  for arithmetic and we suggest a
oattial axianetlzat!on  for lists In Section 3 , 8ut many TnterWttng
results  - e,q, aou;valence  of recursfon 8cruatlon s c h e m a t a  - are
provable in the pure logic without  iiny prowr (non-logical) ax!oms,

It is hoped that a potential  user of the system can, wtth the
he/F o f the examl?le of Section 3.1 and wltt: Section 4, get onto the
machine without rending  the whole af this document,

Further discussion of LCF and examples of tts aoolications
can ne found iV the foilowing  pa06rs:

Milr,WJ?.r VnNem3ntatlon a n d  applications o f Scott's  IOglC for
comput&tie  funct!ons",  PrOc. AC!l Conference on Proving Assertions
about Programs;,  ?lew hexico  State UniversitY,  Las Cpuces, New f+lBXico,
J a n  4-7, lyf?,

Weyhrauch,R,  and 5 lner, "F1rogram semantics and correctness in a
machanfzed Ioqictl, Proc, USA-Japan Conouter  Conference, Tokyo, Cct
‘1972 ( t o  ap;mv 1,

Mi Inet and Weyhrsuch, "Proving corrrjller  correctness In a mechanized
(ogic", Machine Intelliyence  7, ed, D, Mfchie, Edinburgh  University
Press 1972 (to appsar),

NeweYdl, I "AXkvf~s and Theorems for integers, lists and ftnite sets in

LCF", for:hcom%3  AI Memo,, CompUt8r Science Dwt,, Stanford
U n i v e r s i t y ,  5972,

we give no further references here; they may be found In the above
pagers,
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At bottom "tr" and 'find" are types,
thw (~i-dQ>  is a type,

Further  if Pl and P2 are 'tYWS
W& adopt The convention that * associates to

the right and frequentiy  omit carentheses;  thus we write p~.,~~p3 for
(Pldmo~3) 1)
associated r;yue,

With 8aCh term Of the h8ic there is an gnambiguously
For a term t we write

t:C

to man tnat the
@,302

tyw alssociated  w;th t is P, Throughout we USA

#)(I8 as mfyaV~lfiabhj  for types,

The folIowIng  are tqrms:

Identifiers(~etavari~bles  hY) - sfwmces of user Or lower
letters  and di+Jits. We ass~e that the type of each identifier
is Uniquely  determined In some manner,

ADPllCHtiorls  - s(t) : 32 , ;Jhere S:@jd32  and t!fQ,

Conditionals  - (s+tl,tZ)  : (3 t w h e r e dtr and tlrt2:@,

A-@xFr@Ssions  - Cb~s3 : f31*@2  ) where x:Q and s:p2,

a
a-eXprt?SSiOn~  - cax,s3  : p I Where x,s:P,

This strict s&'?ntax  is relaxed In the machine implsnentatfon
Section 3) to allr?w a saving of Parentheses and brackets,

(S88

minirral
TM IntendQJ  interDretation  Of the a-express/on  [af,s]  is the
fixed-point  g,f the

For exarrBjf3:
functfon  or functional denoted  by CXfdJ.

denotes the futlction d+fi?ad recursively as foi lows:

f(X) <= if P(X) than f(a(x)l  else b(x),



The identifle rq TT,FF denote trutQv;lhes true and falsem uu denotes
the tota lb crndef;ned object of aflY type: In oartlcular, the
undefined tr&hvUaa,

Atorric  hell-formed fOr;nulQ9 (a*Jffs)
----------*----------------

The follow/n3 1s an awff:

s = t

w h e r e  s and t are gf th9 save Woe, The intended interpretation  of
set is@ roughk tl7at  t Is at least a s  welt def;ned asr and
consistent (YJith,__.  sQ

Well-formed formulag (wffs) (metavariaoles  P~Q,PI.rQlr.,.)
CIIII-"-"---LII-II-I--~---~

‘Wffs are sets of 20~0 Or nlore aWffS, written  as lists with saparath
comr.as, They dre interpretelj ss conJuwtions, We US@

S 3 t

to abbreviate +t, tcs ,

Sentames
-.-W----W
-Sentences are ;mplicatlons  between wffs, '+dtten

? I- Q

or8 i f  P iS QQJPtY, just

I- Q

A S;;rDOf Is a Sf?,oJenc@  of santencf3s, each being derived from Zero or

more precelling  sentences SY a rule cf inference,



Inference r u l e s
-------.--c-III

Let Us write p(S/X) or t(s/x) for the
al 1 free OOCUrrencas  cf x in p or t,

rasult of substituting  8 for

variables
after first changing bound

the s u b s t i t u t i o n ,  tie have not
identifiers

In p o r  t SO that ;Ta;;;iable  f r e e  fn s becomes bound by

and terms
conditions on

with each rule;
the tyoea o f

any conskent  assignment o f
1s admissible,

+**u+ t- RULES ouuuu

---LIICIII (3 a subset cf P)
p I- 3

p I- cjl P I- (32
--------~~~-rrrr,~rrr-w

p I- wJQ2

Pl I- P2 P2 I- “3
------““w-- ---““--“----I

Pl I- P3



****c) x RULES 4b++**

FIXP

I WljCT
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L 3. TM MACHINE IWLEMENTATION  OF LCF
- --------“I~---------“~“~~-“-~.--”-””-

We r)ow describe the machirie version of the logic of SeCttOn
2, and how to use ft interactively on the machine,-

t 'The USW iTas available four groups of commandsix

- 8 R u l e s  o f  I n f e r e n c e  - to generate new sentences 0; stef9s
froln Z8rO Or more Pr8VjOU3  3t8pS.  (Section  3.2)

LI
Q.

9 Goa1 bbnted  Commands  - to sp8cIfY  and attack goals
and subgoals, (Section 3.3)

* ~kCellan8OUs - mainly  to do with dfeolaying  or f’tling
prts or all of the oroof  30 far, and the goals, (Section 3.4)

LL
@ Conmand$  fQr axioms and thearems  - to enable th8 user to create
axiom SYsteW, to Prove and fl ie theorems in these syqtems,  and

i

later to recxll and instantlate those theorems, (Sect/On  3,7)

Before oescriblng  the comlnaqds Iq deCalI,  and th8 s y n t a x  o f wffs,
tf3rf?S~ HX,, it nay be helnful  to see an example,

rl
L

3,l An Example

Let us lntroddce  the macnlne version of
8XaK.P I0 which, althaugh  short,c exhibits  many of the featuies,

LCF by a s;~tiI;

a DroDf  Of a version  of r8cUrsiOn  induotion,  which states that
is aeflned

if F
L recursively and C ( a n o t h e r funotion)

r8cudV8  definition then FcG,
Satlsf'ies  F's

In other w a r d s ,  ~8 prove that F fs
y" the rinival  fixed  OOlnt of Its defining equation,
ii After Initial fzation (see S e c t i o n  41, th8 sYstem  tYDe$  5

1

asterisks ss a siy;la)  tO the user to Start a Proof. Irl fact8 5
aster;-sks are atwaYs the SIgnal for the USW to contfrlue his proof.
Thus, +ifl what fOllOws  the user's contribution may be distinguisnad  by
belr,g p r e c e d e d  b y **+*l), We explain each
cortributioq  on the right of a vertical line,

user and machine

*****ASSUME EPF,FUhl Fl, GFUN S;
IThe user assuqes  a wff (a SeqUence  of atoinic offs
Iseparated  PY commas, where each atomic wff has 2 Or
b Infixed b e t w e e n  t w o  terms), Every user
lconmana  ends 4th a s e m i c o l o n , Detailed syntax IS
lgiwn later - but note in particular that applfcation
lmay be represented (somstimss)  by juxtaDosition  a$ In
1 "FUN G" to save parentheses, /Vote also that F occurs  both
[free and bound (by 3) without  COnfusiOn,



1 FfCaF,FUWF)] (1)
2 G~FUPI((G) (2)

IThe machln 8 separates the assumptfon  into two sentences0

lgivlng  each a stepnumbe;, Every sentence which the
lmachine generates will have a stepnumber,  and wfll consisi
lof a wff followed by a list of stepnumbers of assumptions
Ion which the wff depends, A sentence

I n ? S

1 where P 1s a wff ard S a list of stepnumbers  fs t h e
lanalaw I n LCF of the sentence

I Q I- P
I
lof pure LCL where 13 Is the conjunction of assumptjons
Idesignated  by S, Each of steos 1 and 2 above thus
Irepresents  an instance of P I- P, which is a SOecia(
(case of the inclusion rule of Section 2,

IThe User states his goal, but does not attack it yet,
'IHe might list several goals before attacking any of them;

lIn each case the machine will simple gfve a goal number:

NEtiGQAL $1 FCC;

IGoal numbers are distinguIshed from stevwnbers by #*

uuu**TRY  1 IfvDUCT  1;

iThe user wants to attack GOAL1 using the tactic  of

I induction on Step 1 - which is (as it must be) a
Irecursive  deflnitton  - Le. FXaF,FUN(F)J,

ItiF,NGQAL  Ul#1, WCG
NEIPY'GQAL  lrl#2 FWJ(Fl)cG ASSUME FlcG

IThe machine Says that the Induction base and st,dCp
Imust be established, For the step It picks an arbitrary
lidenttfier  not used previouslY  (actUallY  for mnemodc  WaSOnS
lit Ricks something  which only differs  from the instantfated
lbound  Va.riab(e In Its numerICal  suffh),

Iwe now have two goals generated by the machine, at

la lower level, The user need not - but probably wjll -
Ichoose  to p r o v e  #1 by DroVlng #l#l and #1#2,
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IUser ohooses to attack #l#l first, He need (and must)
lonly refer to the goal br the last integer ln its goal
Inumber, This time he doesn't state a tactic - he*,knows
Ihow to Drove it himself - so the maohlna merely steps down
la level in the goal tree-and waits. Actual I& he could
luse the sIMPL tactic (see Seotion 3.3)~ sinc;e this
(tactic notices Instances of MINl and would thereto;8
(save the user his next two commands,

*,+a**MINl Gj

(The user notes that the subgoal UWG can be proved
lby the first minimality rule (see Seotion 21, so call8
lit with th e appropriate term - G - as parameter,

3 UUCG

lThe machine obediently generates the proper instance of

Iminimal-itr, Notice that this sentence dePends on no
IassumHions,

**+-QED)

IThe user Can say QED to tell the machine that he has
lproved exactly the goal under attack,

GOAL #l#l PROVED, BACK UP TO COAL #1,

REMAINING SUBGOALS:

2 FUN(Fl)=G A S S U M E  Fi=G

IThe machlne agrees, Now in general It will baok up

+*,a+*TRy

4 FlcG

the gdai tree until it finds a gOal some Of whose SubQoahJ
have not been proved, It will remain at that level and list
these subgoals for the user to try,

21

Again, user gives no tactic,

(41

IThe machine makes the assumbtion Of the goai for him (note
(that goal #I#1 had no assumPtion), and wafts.

+***+APPL FUN,41

PAPP IY FUN to Step 4" - an Instance of application (see
ISeotion 2).

5 FUN(Fl)cFUN(G) (4) -



ouaw*SYK  2;

(Turn step 2 around ready for an appifoation of transitivity,

6 FUN(G)ZG
. .

(2)

u+ow*Tl?PNS  5,6;

INote thst the para meters  of inference rules are always
lstepnumbers  or terms, separated by commas,

7 FLIN(Fl)cG (2 4)

GOAL dl#2 PROVED, BACK UP TO GOAl. #i. NO MORE SUBGOALS

0 FCC; (2 1) --a.

I -----TN machine  hasn't fin/shed Yet, but not8 that it

Imakes an expllclt step to represent the proof of #I (so
Ithat tne Whole sequence of steps, with all the goai
Istructure stripped away, shall be a formal aroof), Note
lalgo the assumptions of steD 8,

GOAL #l PROVED, !?ACK UP 70 TOP LEVEL. !qO MORE SUBGOALS,

I(Thera might have been  more goals listed at WP b&t
lsince the user can list maw before attacking atW,

*****SHOW  PROOF RECIIqD;

IThe user decides  to keep his proof on a file called RECIND,
IThe vers’oI n kept is shown below, Notice that not every-
lthlng Whist-7 the user typed reappears; in part;oular,  the
/statement of a goal is not reproduced, only its &al,, I

IIf the user wanted instead to display his proof (at any
IpoInt, riot just at the end) h8 WOUld Just type "SHOW PfWOFV

PROOF

1 FE [aF,FUN(F)J (1) m-m- ASSUME.
2 G : FUv(G) (2) --I* ASSUME,

IVY #1 F = G INDUCT 1,
i
i ITRY #l#l uu = G
I I3 .. UU = G ---- IYIN G,
I
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I ITRY *1#2 FWN(F1)  = G ASSUME FlcG #
I I4 Fl = G (41 ---- ASSUME,
I 15 FuN(F'l)  = FUN(G) (4)I - - - -  APPL 416 FUN(G) 5 "G FUN,

(2) ---I SYM 2.
I 17 FUN(F1) = G (4I 21 ---I TRANS 5 6,

"~~o-I--"--~---oa--~w-~~

18 I- v- c G (2 1) ---- INDUCT 3 7,
.-.".~.1~11~-"~.-".---~~"

Let Us assume  for the mo!Jent  the syntax classes  (wff),  (awft)
(atcTk wff), <term>, DetR;ls  of these are in Seotion  3,6,
now

but for
look only at the COnventiOn  Qfven for syntaY dsfinftjons  at th8

start of that Sec~tlon,

h8 need for the present

Cmwwfe~ g:= <inteqer>l  ------- I e (Identifier)  ?{ (+I-) <integer> 1

<.terrrnape>  ::= ?( :Gl:<stepname>  1 ?( :<htWer>  1 (:LlrRJ

<range>  X:5 <stesnane> I ?<StepnamO  : ?<steoname>

In  a <stepname>  0-f( means “the last SWD”, @? 0 * IV means the
last step but One, 8tC, n and for 8XamDl8  v ,DD-1"  mans the stea
preceding  tnat label led DD, See Sectlm 3,4, the LABEL oommand,
h o w  t0 lab81 staps,

to;

A <termnawO  may appear  mYwhere  tha t  a t e r m  c a n  aDoear  - tar
exprr.Ple as a subterm  oi a te rm - and
fOrWlR8,  W8

frequently saves

explain
tndng Ions

ternnames  by a few examples ~suppos8  the last
steD was nu,llbered  15) :

:lS:l:R
. :-:I:!?
:15:R

-:R
:R

)

,'
>

aI 1 designate  the term which occurs  as
rioht  hand Sld8 fn th8 first <awff>  at Step 15,

1

:,OO:;z;L desknates  the Ihs of th8 seoond  <awff>
of the step  lab8iled  DD,

:G:2:R 1 designate  the rhs of the second <awft>  ot
the current 30aJ - TMSGOAL  (See Section 3.3)

The <rarw>s  12, 2a:3p1, 348, 5ia: denOt8  r8SDectfVelY  the
sins18  s t e p  12,
inciudirg!  4@,

the steps 20 to 3izI  inclusiVely,  the steps up to and
and the steas  from 5~7 onwards.
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We now (1st the rules, with some examples, Note that In Che
machine lmptementatlon  there Is no type-checking what9oever.  We rely
on the user to use types consistently,

ASSUME <wff>;
Lath <awff>  Af in the <wff> 1s given a new Stepnumber  ni,
and the steps

nl Al(nl)
nZ A2(n2)

are Senarated, Each onq
is a tautologyr since a step P(n) means Q I- P, w h e r e
Q is the (awff)  at step number n, Thus the purpose of
ASSUME IS only to Intraduce  referenoes  for <Wff>s,
See Se-ction 3,l for examples of ASSUME,

SASSUME  <wff>;
Like ASSUYE, but every <awff>  of the <wff> 19 henceforward
treated as a stmp(lficatlon  rule (see Seotlon  3,5),

INCL <stepname>,  <integer%
Picks out an <awffL Example:

I15 ZZF(X,VI, AS, CxLXJJ(Y)c14 (13 7)
I+"*"+IrJCL  15,2;
Ii6 A3B (13 7)
www~*w~ww~ww~-"wwwwwwwww"ww

CON ,,JranQeL --W ;
- Forms conjunction  of all steps In the <ranQe>Sr  ExampW

.

115 PcQ,RtS  (12)
I W--W-
117 FZG (12 4)
1+*+9+cONJ  -r-#-j
I18 pcQ, R:S, F=G (12 4)
ww"~ww"~w~w~ww"wwww~~wwww-"w"

CUT <stepname>,  <stepname%
If the steps referred to are P(ml,m2,,,)  and Q(nlttQR,,)
respectlvely, where the m's and n's are stepnumbers,
and if every <awff> referenced bY the n's OCCUr9  89 an
<awff>  In P, then the step Q(mlrm2,J  19 generated.
Example:



--

,

13

-w-wwwwww~wwLwww*ww~~w~~~~~~~

17 FSG (7)
I w-w-w
112 ?CQ (7) -*
I w-w-w
115 FfC, G=H (14 2)
la+***cUT  15,12;
114 P=Q (14 2)
----ww-w-~w-~--wwwwwww~ww”w”w~

HALF <stepname>;
Rep laces q*gtf  b y  VP

the r e s t  a w a y ,
In the first  <awff>,  a n d  t h r o w s

Exaqdet

16 XIC(X), YIH(Y)  (1 3)
J~*+**HA~F  6;
IF XcC(X) (1 3)
--“w---w--w-w--www-w~www”~w”w”

SW <stepname>;
Interchmm  the terms in the f i r s t  <awff>  (provfdad  yt pcpur$)
and thrpHs the rest away, Examph  (continuing  the preVtOu8):

I*****SyM  6;
18 G(XEX (1 3)
-w---www-~--ww-wwww~~w~www*~~~

TRAW htepname>,  <stepname>;
Looks at the first  <awft> i n  e a c h  <wff>,
s2Wcb3 resaectlve(y,

If these are slCZlcI92,
then  Sled Or !!d%3 1s O@nerat@dr  the

m aSNJmPt/ons  being “Unionad”, Example;

.

---w---w--w-w--wC--w~www”w*w~~

112 XEY(Zh  PcQ  (11 4)
I *w-w-
113 yctlcvcx)  (4 8)
I*"**+TRANS  12,131

9

114 XcY(X)  (11 4 9 8)
wwwwwwwwwwwIIww~~ww~~w~~w~ww~~

APPL Hstewwme>,  ,,,,<term>,
-wgIn the first caSer

IWWOc<st~pname>};
aPPii*S  both s/d89 of the first <awff>  of

<stePname>  to the <term>s  in sequence,
In the Second  case, aDplieS  the <term>  to both sides
of the first <awff>  of (stepname), Exmpleq

wr-wwww”wwwwww-w”ww*~wwwwwwww~

IlJ XEY(L,,  PcQ (9 4)
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11: Fo()SF-(V?)) (9 4)
I -m-w-

1 2 %  F~[XX,Xl,"cO (11 4)
I**ww#PL  22,:-.;2:R:
123 F(Q):fXX,:~J(Q) (11 4)
"---III-"-----"---"-----------

AWTR <stegname>, -,<identWerh
Ooes X-ab&act;on o n  1st <a&i The identifiers
W!3t not c)ccur free in any Of thi aSSUmPtiOnS Of the ~t80,
ExampMcoqtlnuing  the prevlou~):

I+*wMABSTQ  2&F;
124 CXF,FJ~CXF,CXX,XlJ (11 4)
-I-*-----""-"---------""------

CASES 1 These are  not Present  as inference  rules, sfnce  it is--.

ImUCTIGFL'  :
less t9dious  to us9 their goal orlented  versions (nee
Secttoil 3.31,

COW (<steonam9>l<term>);
009s all X-conversions fn the <term> or <steonama>,  Example:

I -w-I-
1 1 4  B3[XX,XCX)~chX,X(Y)~
l*****cONV 'i
115 pzy(Y,
--"---"--"-----"l"e""-"------"

Remark: the term in 14 Violates  the type structure, but the
system does not chack this,

e
ETACONV  <term>;

Eta-converts the <term>, provided it has the form [xx~s003#
Mth x not free in the term s, Example (remsmbfir that
f‘(X,Y)  abbreviates (F(X))(Y)  1:

I****+ETACONV  CXY, F(X,Y)J;
1 4 9  CXY, F(X,Y)JSF(X,
cIIIIIII"-I------"--zIIIIc

EQUIV <stepname>,<stopname>;
Looks at th e flpst  <awff>  In each <wff>, If these are slQ2,
s2Csl rW5g~ctivelY, then slZs2  is generated. Example:



L-

i

I
JL

L
i
ric

1

REFCI <term>;
Gives t% where t IS designated by the mterm, E%an;oler

"--w---~--~-w--wI-Cw~~"~~w~~w~

I+*+**F~EFL  xtxx);
1 1 9  x(xX) z x(xX)
---~CLll--r-w-L~-~-~w~~~~"~~~~

N F L 2  <term>;

Like fWU~ but gives t=t,

WNl <tertOj
Gives UUq, Examplet see Section 3,l

WIN2 <term>;

Gives UU(t)fUU,  Example (continuing the orevjous>;

CONDF  <;t8rm>;

Checks that the <term> t has form
so generates t32,

FF*sl,sZ  and if

CQNDU <term>;

Checks  that the  mterm  t has form
and If so generates t Z ClU,

UU*sL 92

FIXP <atepname>;

ChedW that the first <awff>  is a recursive defiqjtion
8.9, sx~G,tJ, and generatesI sWs/G),  Example:



16

-~“~I~*-““~~cI”wIIcIIIIIIIIII
I- rn w m * - - 0
123 FZ C~G,WCXF,WF)3~~~
Iw+++wFlX?  23; . .

124 F 5 H (CXFI,F(F~)J)
~~~~“~~~r~~w”~l~www~w~w~~-nn-

SUBS1 <stepname>  ?( O C C ,<intWWrL--- 1 IN (<steoname>l<te&+);-w-
Let the first <stepname> have tl 3i t2 as its first <awff>, where
$ stands for E in case (11, and for z br c in Case (21,

C a s e  (I), If there is an <st8pnam> following @*IN"  ) then t2 is
substituted f or alI occurrences designated by the (integer>-
list (or al I occurrences, If no list) of tl in the (wff>,

C a s e  <I!>, If there is a <term>  s fOlIoWing  VNfq then

s $ s' is 9878rat8dt  where S' is the result of substituting t2
for the appr-opriate  occurrences (as in ease (iU of tl in a'.

t\lote that for tl to occur in a term s any occurrence of a free
varhble in ti must not be bound In S, Also see the caution on
occurrence numbers In Section 3.6.

Example8

~~~~"~"w'~~~~--1w~~ww----~-~-~~

125 [Xx,C(X)l = G(FW,FCW <2 3)
I -I--w
(26 F(X) 5 X (5 11)
I*@+e*SUBST  26 OCC 1 IN 2%
127 [XX,FCX)I  = G(X~F(X)) (2 3 5 1)
I+++*oSu ST 36 IN :25tRI
(28 G(F x)+x)) 3 G&X)! (5 1)a ~~“~~r~~~~~“~-w*~-LI-~--~-waaw~

SIMPL I<stepname>l<term>I ?,-J {BYIWOI --n,<tange>,-,-  IL,- i
In the Gas8 of an <stePnam8>,  its <Wff> is simPlif\8d

- (see Section  3,5) using a s simoliffoation rules thbse In
' SIMPSET together with those desfmated by the <range>-list
follawlns each @'BY?  and without those dasignated by the
<range>-list following each g9WOo, A <term>  t iS simhrlY
simplified, to tl sayvI and t Z tl is generated, The SIMPSET
remains unchanged,

Example, continuing the prevfous  (Section 3.5 Sbes  wore dstatl)!

~~~~~~~IcwII*II"IIIw"-"~~-~w-~.

I -w-w-
I29 C),P,P*F(XLYJ(TT)  c UUiX) (10)
lw+wwSIMPL  - 3Y 26;
I30 X=UU (10 5 1)
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This hapbens  because CONV, CONOTP MIN2 are among the

tr
I
L

IL

L
:

3,3 Goal-Oriented Commands
CwIwI~wI”w-IwIIIIIL~~w”w--w

AnythIng Drovable with the goal Oriented commands 1s provable
fn PURE LCF, but most woofs would then be tedious (that’s why we
onI3 describe the IvD’JCTIQN  and CASES rules in
EXD8riWV8 shows

goal-oriented
that

fOrnO,
kJith  th8 goal-oriented commands the user has

only t0 tyP8 a smal I fraction Of what h e would Otherwfse have t o
type e

The user may generate a subgoal structure of arbltiary depth,
Thfs structure Is represented by three entities
and WSCOAL,

GOALTREE@ GQALLIST
THISGOAL 1s ahaYs the goa1 c%&tly under trIalI  all

Its a~oeStQr8 in GOALTREE  are
subgoals of

(IndIrectly) also
THISGOAL are listed tn GOALLIST,

under trtal; the

nymber - eege %%?#3 - which indfcates
Eaoh goal has a goal

its
number of Parts)

anoestors
Its I eve I In the tree,

and (bY the

strUCtUr8;
Here is a sample goal

LEVEL 0 0 1
rrw,r-r- I -w-w-w-w 1

I I I 1
LEVEL i #l* #2@ #3* )

I )
LEVEL 2 9#2#1 1 GOALTREE

M (C-I-II-I I 1
I

--*r-“-w
I 1

LEVEL 3 wwl#l W2#1#2  *--THISGOAL
I

-c”Iw-“- I r-e--rr-
I I I

#2#1#2h
GOALLIST

#2#:#2#2 ##:#1#2#3

FIGURE 1

“UNDER
Ea0h 00al has a status (not shown ln diagram) Whfch 1s 8lth8r
TRIAL" (only THISGOAL and Its ancestors have this status), 0;

"NOT TRIED" or f~PROVI:D*~, S
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The user has five goal oriented commands available: we Qfve
first their syntax, then detailed descticMons,

GoAL <wff> ?lASSUMEISASSUME)  <wff> 4 . .

TRY ?<lnteger>  ?<tact;c> ;

QED ?<stepname>  ;

SCRATCH <integer> ;

<tactic> ::= COWJ 1
C A S E S  <term> 1
ABSTR l
SIMPL ?,,,( (BW40) ,,,r<stetwwme>,,l-  I,,- I

-=. SURST <stepnam0 ?(OCC ,,,r<integer>,--,  1 I
INDUCT <stepname> ?{OCC ,,,,<integer>,,,,  ) I
USE <IdentlfIer> 3 ,,,r<lnstantlation> I -I-

<Instantlatfon> :I= <identitler> c <term>

COAL Wecifles a new goal to be added to GOALLIST, Its effect on the
goal structure of Figure 1 is as follows (Figure  2):

c ” e - w )

a m - 0 - ZI 1 GOALTREE
w---r--- I -*we-m-- 1
l I 1
@ @#2#1#2  ---THISGOAL

. rrrwr-r- I rlrrrr--w-c--rww
I I I i GOALLIST
0 0 8

WG2#4

FIGURE 2

(Notlce that the new goal Isn't yet under trial)

A goal tray or may not be giwn a3sumotions, The only difference
betkeen ASSUME ANO SASSUME is that In the latter case, when the goal
iS tried, the assumption wff WI I I be added to the set of
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sfmpl ificatlon rules (SW Section 3,s) for
goal's trial, Exmp~es:

the durrtlon of thts

I**++wCoAL  FCC;
INEwGOAL #I FCC
I-+-GOAL FtX)zG(Y) SASSUME FZC, X~Y;
INEWGOAL #2 FtX):G(Y) SASSUME F:G, XEY
~~-~www~-w~-L~wwwwwww-wwww"ww

The only purpose of the system's reply is to allot the goa/ a number,

The TRY oommand,
c-Iww--wwwww~www

TRY speclfles one of the goals of
<integer> ls absent,

GOALLIST to be tried (if the

gives no tactic,
the last QOai sneclfied Is assumed)

the new GOALLIST will be null (Ftgure &
If the use;

w w II . w

- - L w r

wwwwwwww I
I

--“--me-” 1
I 1

I, .#2#1#2 1 GOALTREE
-w--w--- l
I

rrrw-r-r-r-rrrr- 1
I I I 1

i) 0
THI:GOAL

l 1

I
(COALLIST lnltlally null)

WWE 3

:;; if&he user gives a tactic, the system will set UP a new GOALLIST
.

describe: late
Whose number of members depends on the taotIc, TaGtIes

f ln this sectlon,but look at the Damp I e
QED's defwh?ttOn below to see what happens without them,

follow :t:t

The QED command,
wwatww-wcwwww~www

QED InNGates that the <stepname> - or Prwlous step if no <strrpname>
- Proves THISGOAL; the user dll normally say QED when he TRIED this
goa! with n o  tactic,
oontradiotion, f,e,

Sometlmas the user has been able tb piove a
anY of the <awff>s <tv%<tv>  or <tv>c<tv) where

the <tv>s are dlstlnct members of tTf,UU,FF) and in the ease of c the



fi rSt <to iS not w # OF.0 WI accent  a contradictfon,  since  It
proves snythina, The effect of QED is to restore  Figure 3 to Figure
2, hith tm difference that the status of #2#1#2k3 will become
"PRGLUI";  further, if THISGOAL  (of figure 2) was TRIED with c taotfc,
and al I subgoals genera ted by ‘this tactic are now qVPROVEDqt,  the
system hill back further up the tree, This may contfnue fOi many
steps; svsntually the system will stop and tell the user which goal
has now become THISG~AL, and which ;nembers of its GOALLIST remain t o
be proved,

The follo&ng exanple continues the On8 above, and
II lustrates TSY and QED:

(*****TRY 2;
I13 F 5 G (13) 1 The system makes the assumMons,
I14 x 5 Y (14) 1
I
i*****APP-L  13 ,X; 1
II', F(X):C:X) (i3) 1
I 1
I**+**APPL  G,14; 1
I16 G(X)$(Y) (14) 1 The user proves  the goal,
I 1
I***+*TRAtG  15,16 1
117 UX)fG(Y) (13 14) )
I 1
i****+QED; 1
IGOAL #2 PROVED, RACK UP TO TOP LEVEL, ; The system
;;EPl;I;‘NG  SlJBr,CALS: backs Ud*

C

The ABANOON  command,
-mLII-III---CICIII"m

ABAh~ON  indicates that the user doesn't like his currant trial o f
THISGOAL, The effect will be to restore Figure 3 to Figure 2 - but
the status of #2#1#2#3 becomes  agaln MOT TRIEDt% Thus n o further
backing up can tWoPen,

The SCRATCH command,
rre”-rrrri-rerL-rr-”

SCRATCH removes the indicated  goal from GOALLIST,  HoWeVer,  the sysiem
will refuse to scratch goals generated by tactics.s
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Tactics ,
a-acaa-”

Me now descrfbe  the tactik av8!labie,  There are six basic
Ones, each based on a bartlculat  inference rule; in addition  the u&
may employ any THEOREV (see section  3.7) as a tacttc,

For COr\;J, the systw g e n e r a t e s  a  s e p a r a t e subgoal f0; each
<awff) in the goal,

For CASES, ff s is the <terM and P is the cwff> o# the goal,
tne system generates the 3 subgoals P SASSUME s~TT, P SASSGME  S:UU,  p
SASSUME  sfFF,

For ABSTR, the sYstm instantiates in each <owff> In the goal
for as KanY bound variables as are bound by the outermost
left-hard side,

X In Its
thus generating a single new subgoal, New variables

are chosen which -are not free In the proof so far,
the

For
goa I

&amojer  tf

the Proof,
1s ckx Y,F(YJ)J,  Z C&W&W! # and X is already free In
the new goal will be FtY,Xl) % C(Xl,Xl,Y),

For SIMPLI the sYstem generates a new subgoal by simotlfyfng
the goal as far as passibis,
"WQ" is Present)

UShJ 4 modWed SIMPSET  (if any VqBY?t  or

The mNfled  SIVPSET
as exrcrlatned  in Section 3.2 under the SIMPL rule.
remains  in

relnstatea
fOrC8, but the old one

when
wtii b e

the new goa I is
section 34,

either Proved or ABANOQNed (Bee
If the system Oiscovers  that all

subgOal
<awff>s  o f

identically true - i,e,
the n e w

are
63 or WCs -

they are ail of the form s~s or

above instead
It initiates the backing UP Process descr;bed  under QED
of gerleratina the subgoal, If sOme but not all of the

(awff>s are identicallv  true they are simply
subgoal,

OffMPtSd  f r o m  the n e w

For SUBST, th8 sYst@m generates a new subgoal by substituting
th6 rhs of (stepname> for the lhs of (stepname) tn the goai -
throughout,  O r

either

is given,
at the desl5natad  occurrences when an <fnteper>+st

(s-3 the caution  OQ Occurrence numbers in section  3,4),

1 For INDUCT,
that Cstepname>

let P be the <W+‘f> of the goal, The system checks

defWtion,
has the form sXay,tl  - i,e, that It is a recursive

is
119 that case, ft generates two new subgoals, The first

PWU/sJ

arid the second IS

Wt{yVyI/s)  A,CWlE P{yVs)

where y4 Is a variable not Dr0viOuslY used free, and where the
substitution in P takes olace at aCpro0riate  occurrences, exactly as
for SUMT above,
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For lil<E, the <identifier> is a THEOREM name, 'fhts system wfll
instantiate  xhc THCfriEp  by matchirg Its consequent to the 61oa I ?
taking Into accourt ens' irlstaotlations  supplied  e%Dlicltly  bY ihe
user t a n d  will yenaratc  tqe apFropr..iate i n s t a n c e  o f  fts a n t e c e d e n t  a s
a neh goal,  See  c,ection  3,7 fcr a  f u l l e r  dkcussion  of T H E O R E M S ,

We tlow (Jive examp;es of e a c h  t a c t i c  ( e x c e p t CONJ, which is
easy to undetstanj), Some are realistically 'combined.

The example looks long* but the users contribution (shown by
"'A " ) is short, (The sys tem keeps reminding  the  user  of  what sUbWVds
remain,) The "hard cc~y" proof produced by the ShOW command w!ll be
comparatively short, ,

T+e next example illustrates the remaining tactics, and also
spDlication  to a particular  subject matter - ,Iists, The ffrSt fbu;
steps a r e the result  O f SASSWE rosy the User. Note also ihe
abbreviations HX Y, etc,# a s  exalained  iq sectlon 3.6,

"-"-~~'~----"---""--~~"~"--~~-"-~----~~-----~--~

il YX Y, Yrl(c~~~soLY)> f x (1)
12 vx y, TL(C~NS(X,Yl>  f Y (2)
1; VY Y,PJIJLL(CG~S(X,Y>)  E F F (3) '

NULLCUU)  : UU (4)
I

* ~+W+**ASSU~~E  AP f ,aF,XX Y.NU1.L  X+Y,CONS(HD  X,F(TL X,Y))I
1 5  Af': CQF,CXX  Y,NULL(X)"Y,CONS(HD(X),f(TL(X),Y))ll (5)
I
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4 I**+**FIXp 5;
16 AP
I

r' txX Y,t~ULL(x~~Y,CONS~HD~X~,AP(fLo,Y))]  ( 5 )

4 1*"*++*GOk  VX,AP(X,AP(Y,Zjj  : AP(AP(x,Y),t);
I
I

'JEtdGOAL #1 VX.AP(X,AP(Y,Z))  : AP(AP(X,y),t)

4 I*+**+TRY INDUCT 5 Ccc l,4;
INE-OAL  #I#1 VX,UU(X,AP(Y,Z))  Z AP(UU(X,Y),Z)
INEdGOAL  WiQ VXJXX Y,NuLL(X,*Y,CoNS(HOcX),Fl(TL~x),y~)~
I(X,AP(Y,~))
II Ap(EXx  Y,~JULL(x~~Y,CO~S~HD~x~,Fl(TL(X),Y))3(X,Y),~)
hWWE VX,Fl(X,AP(Y&)  G AP(Fl(X,Y),t)
I

* l++***TRY  1 ABSTR;
INEiJGOAL  #l#l#l UU(x,AP(Y,z))  =' AP(UU(x,Y),z
1

*l***+*TRY  SUBST 6 OCC 2;
lNEWGoAL  #.l#l#i#l lJU(X,AP(Y,Z))  :
1 [AX Y,~~ULL(X)~Y,~~~S(HD(X),AP(TL(X),Y))J(u~(X~Y),~)

+ I*++**TRY  SIMPL;
17 iJu(X,Ap(Y,i!)) E
I (uU(x,y),t)

CXX Y~*~ULL(X)~Y,CONS(HO(X),AP(TL(X),Y))J
(4)

iGOAt rtl#l#l#l PROVED, BACKUP TO GOAL #1#1#1,
18 uU(x,AP(Y,t))  = AP(UU(X,Y),t)
IGOAL #l#l#q  P R O V E &

(4 5)
NO NM SUBGOALS

eACi(UP  TO GOAL #1x11,
1 9  Vx,UU(X,AP(Y,t))  Z AP(UU(X,Y),Z)  ( 4  5 )

NO MORE ~UEGOA~S

ICOAL #lel PROVED,
HWIAINING  SU3GOALS:

PAr=KUP  TO GOAL #I,

if&H;fe  f o l l o w s  a restatement  o f  goal  #1#2)
e

-I--m--mwMw -*-'--l--*---c--III"--"---- ------amI***-

w

Note tnat si~Dtificat/on  (Using the built-In  sim0ltf;oatf0n
tUleS CO;\IV  and !lIN2 and COhDU a s
JwwQ#!,  to identity,

Well a s
and

SW0 4 )
the

reduced ha I

grounds,
system

In ba c k i n g  upt
Senerated

it
step 7 on these

identical to
generates an

the
explicit flnal stfm,

each goal braved,
goa1 statement  in its wff, to tie up the proof of

Note also that the user's cohtrlbution  (Indicated by
short in the above exaqrple,

w*w ) fs

Finally, here is an
(read secthn 3,7 first:),

eXamDtQ  Of a THEOREM used as a tactic

of the
It alsO ShOiJS how the u s e r  c a n  make many

inference rules into tactics -
courser THEOREIV~S u s e d  as tactics

*ven uslw the same names, Of

suostantial
WJtlI  at

fewIts pr8viousiY
l e a s t  a s often be

ffWWnt  Occurrence i n
ptoved and filed

inf0rrriAI
sufficfent,

Proofs of
(consider the

by Theorem AAA,
"to prove xxx it fs

to Prove YYY and iftt").
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First,  to make a THCOREPl auf; of the TRANS rule:

:JOW to use TF?A:JS as a tactic:

:qote  thn+, the &Y,i? nf the 'WEORE?  are mstavariabies  which do not
-gnflict with r,hE variakles  of the p r o o f ,u

The stqs desi!.?nated are adoed to or remued from the Set of
simplification rules (See section  3.51,
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SHOti
I.

( AXIOYS ?t ( - - - r<id8ntifi&Q 1 ? I
.-

i
THEORIPS  3( ( ,,,&ldentifie&:,,
COALTREE  7,,,,<ranga>,

) ) 1

THISCOAL
-W" I

L.

L --

WALLIST I
PROOF ? df~mmh,,,  I
STEPS ?I::,+ange>, W-I I
SIMFSET 3 ,,,,<ran90,
LABELS ?

-I-
c -c,dran9e>,qWW )

?( (Identifier>  ?<lnteger>  1 ;

If the final <Identifier> i s  p resen t  the m a t e r i a l 1s sent io the ffleL
nameda

i
Othrwh it is  disDlaYsd  on the Console, The fIna/ (1~teger)

L-
if present denotes the Ike-width,

tf a <range>- cr <identifier>-list 1s not Dr83Wt, the whole is

L shown, The <Identifter>-tlst
patticula

for AXIOMS  Of THEOREMS denotes ihe

refers
r axi@ms  or theorems required,

to levels (g iS t0D level),
The <range>-list  for GCIALTREE

and for PROOF,  STEPS, SIMPSET  and
r LABELS refers to steonumbers, Thus

L SW% STEPS :3, 8 , 20:23, 3 0 ,  55~ ;

r.
’ will show steps  1,2,3,5,2~,21,22,23,30  and 55 o n w a r d s  of

L with no goal
the D?O&

structurw S H O W  RRCOF will
StrUtWe,

show
S O  IS rrOrmal IY used with a

SCQPS

Proof,
sing/e

with goal
<range?, 0; a who I e

i

OnlY the steonumbers  bound to LABELS are shown,

FETCH W,,,<fdentifier>,-WL  ;

The <i:dentiffer>-list names flk, Axioms
files NII be b r o u g h t  In,

and theorems on those

files bill b e
In fact any admissible commands these

treated exactly  a s If tYoed at the consoy:  - e g
ASWhPtions  mahi be made - SO the user may oreDare
than by SHOWING axioms Or

such
theorems,

files  0tt;e;
Much of what a USB~ types  19

dependent  on the stepnumbers  that the system 1s
US8 o f  fibs ?reRared  offline  fs Iimited

9etvratln9, SO the
t ~OwW9r~ t h i s  dffflculty  1s

somewhat alleviated  by the LABEL command (388 below), The
exoectec  t o  be Simply

files a r e
sequences of commands, so several  fl Is9 may

easl lY be concatenated withGut  edi t ing,II



The CAWTL command,
-w--w-"--a-----I--c

CANCEL ?<sZepname> ;

This steps back through the <stepname> given, otherwfse  Just the last
step a Cancelled stem are removed from the SIMPSET, Goal trials
encountered wi II be ApAL$l%4ed, It is not POSSfb/e to cancel back Past
qny ste2 which Droves a goal,

The INFIX command,
-cII*-------w-m---

INFIX -r,r<tdeWfier>,,,,  i

Trr i s causes all the <Identitier>s named to be treated exactly as
tinf iX>es ( s e e  &ctiOn 3.5). I n ParttcUlar, the user must
henceforward It!" them ln non-infix contexts,

PREFIX ,,-,(identifk>,,,,  i

This revokes the infix status of al 1 <identifiet>s named, Standard
<infjx>es are immune from thlsa hQwever*

The LABEL con?mand,
~--*---"-I-I"----

LAREL cW_,GdentifW>  ?<stepname>, --I i

Each-<identifiq> is attached 8s a label to the step indjcnted by the
<stePnarre> if Dresent, otherwise to the next step to be generated,
Thus after "LABEL DD - ;" the previous step and Its Predecessors and
successors may be later referenced by the <stepname>s VlO~~, *(,00-P,
” ) Otj+l” etc.
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3.5 Sim~iifioation Rules,
~~~~mmrn~a~~~~~~~~~~~~~~~~

At any stage in a pr‘i)Ot, there is a Current get -of
simplification rules, steps may be added t 0 or removed from the
simpllfloatlon rule set (SIMPSET)  in five ways;

* BY SASSUME (See Wetion 3.2)
l BY the SIMPSET oommand (See Section 3,4),
l BY the goal taotic SIMPL  (See S e c t i o n  3.3)
l If the SIYPSET WRS modified by attacking a'goai
with a SASSUMption Isee section 3.3) or by
ush the SIMPL taoticr then it will be automaticaiiy
reinstated when the goal is oroved or ABANDONed,
l BY CANCEL (see seOtion 3,4).

Simplification Is invoked only by the SIMPL ruie, (3.2) and by ihe
SIMPL tacth (3,X), The rules are then appllsd repeatedly to ail
subterms of the appropriate awff or term until they oan be adpl/rd no
further,

An aoplicatfon of a simpiiflcation rule s 5 t cbnsists t n
finding ail occurrence8 Of s and replacing them by t (80 the user
tiust be carefu I not to make something l i k e  F(X)5 G(F(XH
simpilficatlon rule, or he will cause indefinite expansjonl),  It
addition, in the case of a simpiifiontion rule Vx y
Instances of s

5 t all
R gained by rWaoln9 XtYI.,. by arbit;&'t&ms i; s,

will be replaced by the appropriate lnstanoes of t,

There are f iv0 built in rules: COW (X-CONVERSION), MIN2
UJUW I UU) and CONDT, CONDU, CONDF Wmptification  of conditionals)
(see these rules of inference in 3,2), Together with the prevlousiy
mentloned feature, this will allow the assumption

e
VX Y,HD(CONS(XIYI) 3 X 8

when used as a simoiiflcation rule, to reduce

HD(CONS(sl,s2)).

v i a cxx Y,XJ(Sl#S2~

to 31 0

Suah formulae may usually be kept permanently in the SIMPSET, Others,
notably the SASSUMotions of the CASES tactic, will Gome and go under
3ystem controi, Still other3 the user will need to handle htmsalfi a
good eXamPb 13 the result of FIXP on a recursive definftlon of form
s 5 fax,tJ - the result has form s B t(s/x)
indefinitb:

and so oan lead t o
exPansion as a SlmPlifioation rule, but will not do so in

the case that the recursbe computation, which It Will carry Out,
terminates as a consequence of other members of SIMPS&

.!I,  5*I @'I': 'MS . ,* II y I 1'4 ,I*  I 'I,, .
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f ) ate for E:roupinY skntax patterns8
? before a pattern means optional,

f'--cc --I means one or tqore instances of the pattern P,
-w- I% *"I means on73 cf 7or6 instances of P separated

by covmasi,

twff> ::= ,--,<awff>p--

<awff> ;:= 3 --- ( v *cI- r<identifier>,,_- I <term>:: 1 -Ic1
<term> (5 ICI <t9r?l>

<term> ::= ~;nfixtern>l<cond~tisnalterm)
---.

<condition&lterm>  ::= <infixterm> * <term> , <term>

<Infixterm> ::= <simpleterm> 3 WI-- (<infix><simpleterm>),,,

<closedterm> ::= <identifier>l<~term>~<~term>l<termname)(
(<term>)

<termname>  ::: ?( :Gl:<steonafle> 1 U :<integer> 1 W.IW)

<Aterm> ::= C X w-m < I d e n t i f i e r > , , , , <term> 3

<aterm> ::= c QI <identifier> , <term> ]

<identtfier> ::= < w o r d >  1 !<lnfix> 1 - 1 a

<word> ::= - - - (<letterV~dWt~l  ” I , , -

. <infix> ::= arly o f  the single characters
nuJJ+-~~Av/\etlL<>#=~~~~

or any <word> with current INFIX status (3,4)

spm3s tray oCcur any&here e%cect within a <word>, but are only
necessary to sep%rats <worg>s  cc t,o seDarate  @V from a dig!t
(e,g, ir? Vx, Zsx Z TT" 1, The latter Is because the tq~1SP2
parser takes ", 3" as a sln?le elernen+, or token,

The brackets round <Xterm>s and <aterm>s may be omitted when
no arblguity arises,

Exarrples fO)lOwr NrJith Intended interPretatiOn:
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0 F*Q*X,Y,R*Y,Z is a <conditionalterm>,  abbrevfatlng

P~Q*x,~),  (R+Y,t)

0 AP(AP X YJ) is a <simpl.eterm>,  abbreviating

AP(AP(X,Y),z)  or AP((AP(X))YtZ)

or (AP((AP(XI)Y))Z

(Thus the type which we should associate w!th
AP is (p4@*p)), where 0 is the type of
individuals,)

8 XX YJWLL X+Y,TL Xp is a <Xterm>,  abbreviating

. P : : X E Y is an <awff>,  abbreviating
--.
P4X,UlJ : P*Y,UG

a VL F(X,X) 5 y is an <awffL  abbrevlatlng

c i-

L
c

-.
c

c-

m vx Y, X=Y :: x E Y is an <awff>,  abbreviating

xx Y'x=Y-auu 5 xx Y,X=Y+Y,UU

0 !C 3 Ax L, x=WI(LbTT, wTL(L)

illustrates the "I"- tng (which may pronounced "shrbkb&'
or perhaps "how(Ing")  of <infiX)es,  which is necessary
whenever they are mentioned in a non-infixed ConteXt'e

Many examples  of <wff>s  and tawff>s  occur throughout this paper,

Caution!: Some commands refer to OccUrrenceS  of a <term> in a <wff>,
Occurrences are counted from left to right after al 1 OccurrencBs of
tt : : it (which Is an abbreviation for (8gibititY  reasons Only) hatIe been
expanded as indicated in the exampbst and with <infi%>as  consIdered
as prefixed,

c



We flow describe how the usw m a y  create, store a w a y ,  a n d  fetch axioms
and theorems, so that he can build UD a file of results over S@Wrbl
sessions on the commuter, and does not have to start from scratch
each tine,

W e  s t a r t  with 8 single examGle, and then describe  the new commands In
det,ai  1,

+*+++*AXIOM  LISTS: ,,,,,,,,VX,WJLL X : :  Y 5 N I L , . , , ;

IThe User creates an auiaq consisting of several
I<awff>s: the example uses only one8 SO the others
laro represented by ---, The system lists them
lfor hlm - as new deps - and 4 I I remember the
lcdlecticm by its name: - LISTS,

AXICP  LISTS
1 II D I
2 " D 0
3JX,NULL(X)  :: X Z &IL
4 I - I

**+**SASSUME  NULL Y$TT;
5 NuLL(YETT (5)
**++*APPL 3,Y;
6 tXX,kULL(X)*X,UUI(Y) E ~XX,NULL(X)*NIL,UUJ(Y)
*****SIMPL  6;
7 YENIL (5)

INote that the SASSUMption  5 has been use& So
lit appears  as a conditfon  for 7,

*****THEOREt  UNIQUEqULL:  7;

IThe user wants to keen the result 7 - he will b@
I Ibe able to Instantiate for Y in later US@, SO t h e

Isystem r e a l l y  t r e a t s  It a s  a  metatheorem, The
Isystem  writes It In full for him, reminding  him
lthat It depends on LISTS:-

THECREM(LISTS)  UNICUENULL:  YZNIL ASSUME NULL(YETT

(SUPPOSG that the user proves some more theorems,
land then wants to keep his axioms (there may be
(others besides LISTS>  and theorems. He s a y s :
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****"SHOW AXIOMS 4XFILE;
*****SHOW THEOREMS THFILE;

IH8 can ac tua l ly  select jijst some to be keat (3~1, Alao
Ilf he omits the filename, they will not be kept
but displayed,

“0. NOW, ON SOME LATER OCCASION: D-D

IThe user decides he now wants to talk about Its&
iand would like the theorems that he PreviouslY proved"

*****FETCH AXFILE--;  THFILE;
AXIOM LISTS
15 - --
16---
17 VX,NULL(X) 8: x 3 NIL
18--o

THfOREM (LISTS) UNIQUENULL:  YENIL ASSUME lqULL(yj~Tt

IRmember there may have been other axioms and
khwrems on these files (they should hava been
ht least rearesented by --I
Ibother),

8 but ~8 didn't

I
lThe crucial point is that all varfab(es  whioh

e Iare free in the t h e o r e m ,
ton whkh It depends,

but not free In the awfoms
maY be instantiated, and the

luser can force an instantiation by usfng the theoi;em
las an inference rule, SuPPose later he proves !sied 23)x

1He applies the theorem, a3 follows (and In this '
lcase the only free tnstantlable  variable 1s YIt

*****USE UNIQUENULL 23r
24 HDWSNIL (15 18)

IIt is Possible that not all the inStantiabi8  Varfabla~
loccur in the hyootheils of the theorem; the full
ldefinitlon of the USE oammand shows how they may
lbe lnstanttated.
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We cow ilive  the new commands which concern axioms  and theoiems,

The AXIOM command,
cc--*---------"*--

. .

AXIOM <ldentifter>  : ,-,~~~st8Pnam8>i<awff>}, -99 i

The system  Will remember alI the <awf f>s, mentloned explicitlY  O f
designated by an <stePnaqe>, b y  t h e  n a m e  <iaentifier>;  it a l s o  l i s t s
then- - each 4th a new stepnumber, Thereafter, any THEOREMS created,
and saved by the SHOW command, will be tagged as dependent on this
axim,

The THEOREM comma-nd,

T H E O R E M  ( <identifier>  : <stepname>  t

?I ( 9-9 ,<ldentifier>,,,- 1 1
<;dent:fier>  : <wff> ?( ASSUME <wff> 1 1 ;

The f 1 rst optlcm is for namfng  a proved  result - deskmated  by
<steware> - as a theorem, The second oat ion iS for namjng  a n
expl felt sentence - i,e, <wff> ?f ASSUME (Wff) 1 - as a theorempld
saying what axjoms  It depends on (the lists of <ident;fter>s a
list of axiom names),

In the first option,  the system WflI remember the theorem  by name,
and tag it a s  dependent on al I  axioms Or3s3nt in the sYstsm,

1-n the second option, the system  wi I I check that the axioms mentioned

are oresent (If not it Will warn YOU) and in a n y  case will remember
the theorem by name, and tag it as dependent on the axloms mentioned.
This option is used bY the s4’stm as follows. when the user
THELFEM on a fl le using the SHOW command, what the system

saves a
wrh8S o n

the . file 1s precisely an instance of the second  option, so that when
the tiser FETCHes the theorem on a later occasion he wil I be warned of
any aDproPrlat8 axioms that are not Present  so that he can FETCH
therl too.
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USE <identifier) ?,,,,<steoname>,:,,  ?( t ,,,,<rnstantiatlbn>,---  ) I

-- (instantiatjon) :ts <identlfIer> c <term>

L The first Cldentifier> must be a THfQREM name, and the sysiem checks

L, that al I axfoms on which it depends ar@ mesent, The ryatsm traa$s
the theorem as a metatheorem in that all its free
those whioh

wrhbles, enoeot
are free in aCorns on which It deoends, are tieatrd as

metavarlables t o  be The
L-- InstantIatlot7 I n

Instantiated,
p a r t  tn tW  ways,

U58r WImillrs 6hs
Fhtr the list of <stednrmr>s

deslgnws a Hst of <awff>s, and some or all of
a r e bound bY matching this

the ~rtavailablrs

i.- theorem,
list to the arrtecedsnt I'ist of iha

1 Second Wnce there may be matavariabl@s whioh Occur only In $VB
L oonseQuent Of the='theorom)  the user may give a list of jn8iantlati&ns

each of which binds a tern to a m8tavarlab)a.

L Aw ~etavarlables not thus instantiated  will just be Id a8 they
Stand, After matching, the USE command will generate a new siep

r which IS ShlY the apDrOprfat8  instantiation of
the theorem, ExampIer

the cbnsequsnt of

L

t

l+****AXJOM  AXi: XiiY;
IAXIoM Ax1
I1 XEY
I
~***++THEOREF  (AXf) THlt P_=Z ASSUME tSR;
1" 9 9
1" 9 -

w
115 FWZG(x,y) (2 4)
I
Iw-WJSE 7~1 15, PcH(X);
I16 H(X),=F(YI  (2 6,
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The sYstem returns with an a s t e r i s k : Y O U  are now talking io LISP,

W’JIT)

This WI I I Initialize the system,whlch returns wlth 5 -agtrr!sksr you
are ready to generate a Proof by the commands of Seotion 3. 5
usterlsks is alNays  the s ignal  far a command. Remember, al I oommands
end with a semlcolon,

To finlsp a Drtd (after maybe preserving it on a file uslna
SHOW) type

$i

.The s y s t e m  ~111 tyoe ENDPROOF  a n d  Y o u  are t h e n  r a n d y  t o  atart anOthOi

woof with

UNIT),

It is Possible to save your dote Image so ag to iesume ihe
PrOOf  at a later tlm8, To do this tyae

tC
SAVE <fI lename>

-and you can then either contfnue fmmedlately  by

START
(RESUME)

o r  -at a )atQr t i m e  b y

RUN <fl lename>
(RESUME)

c



T h e r e  a r e  thr$e t y p e s  @f error mWSaW:

GD If y o u  commit  a s y n t a x  error  i n  a commancL  the system s a y s

SYNTAX ERROR! TRY AGAIN
u+u**

Qp If your command Is semantically suspect - for example,  you
try to apply TRAYS (transitivity)  to two s t e p s for which it is
insporopr iate - YOU will get something like

MASTYTRANS; TRY AGAIN
uuuuu

@ If you break the system samehgw and wt a' LISP error,
usclallY somethlncl=9  ike

3 2 4 6  ILL !!EM REF F90Fl AT3M
9
++uu+

then you can try something different (your fht command may yield a
s y n t a x  error, In which case Just repeat ItI I however, this should
not occur and Valco(m fqewey  c?r I would like to know how It occurred,

I f the system gets Into a IOOP (the only known cause Is if
your SIMPSET allotis Indefinite expanriion) then

TC
START

e (RESU$:)

w i l l restore You, If YCU thweby a9ort a (long O r l00PhJ)
simplification invoked by the SIMPL t ac t i c  Y O U  will also need to
AEjAfuDOti,
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