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0. Abstract

Computation of the Limited Information Maximum Likelihood Estimator

(LIMLE) of the set of coefficients in a single equation of a system of

interdependent  relations is sufficiently complicated to detract from other

potentially  interesting properties. Although for finite samples the

LIMLE has no moments [l%],  asymptotically  it remains normally distributed

[2] and retains other properties associated with maximum likelihood. The

most extensive application  of the estimator has been made in the Brookings

studies [7]. We believe that current methods of estimation are clumsy,

and present a numerically  stable estimation schema based on Householder

transformations  and the singular value decomposition. The analysis

permits a convenient demonstration  of equivalence with the Two Stage

Least Squares Estimator (TSLSE) in the instance of just identification.

1. Introduction

In a system of interdependent relations, suppose a given structural

equation is denoted by

YY + (X1’ x2) a + u = 0.
[J0 _ -

The n x (L+1) matrix Y = (Y*, y) represents n observations on L endogenous

variables Y* and n observations on an endogenous variable y elected as

subject of the equation. X1 is the n x K1 matrix of n observations on

the K1 included exogenous variables, X2 is the n x K2 matrix of n observatic
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on the K2 excluded exogenous variables, and u is an n x 1 vector of

disturbances. X = (Xl, X2) and is of order n x K, where K = K1 + K2,

y and B are unknown coefficient vectors, save for the last element of

y which is -1, whence y' = (y*', -1).

Assuming X1 and X of full rank, define the two residual operators

Ml = I - xl(x;xl)-lx;.

M =I- x(x'x)-lx',

The LIMLE is then determined by solving the determinantal  equation

IY'MIY - pY'My/ = 0

for the smallest value of P, say j. The corresponding  solution for G,

with last element -1, in

(YIMIY-;Y'My) j = 0

is the LIMLE of y, with the LIMLE of B being

Derivation  of this solution may be found, for example, in [3], [14, pp.

166-1731,  [6, pp. 335-3441, [2O, pp. 500-503, pp. 679-6861, and [9, pp. 38-441.

The LIMLE is sometimes identified with the Least Variance Ratio Estimator

(LVRE), and Least Generalized  Residual Variance Estimator (LGRVE), or the

Smallest Canonical Correlation  Estimator (SCCE). Because of the simplicity

of its derivation  the LVRE is usually presented in texts, for example

[16, pp. 384-3871, [15, pp. 166-1731, [6, p. 3461, [lo, p. 3381, [17, pp.

567-5711, [5, pp. 411-424, pp. 663-6661, and [9 , pp. 45, 461. The LGRVE
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is proposed in [3], and [lo, pp. 338-3411, while the SCCE is derived in

[4] and [l]. The four estimators are not necessarily identical at all

times, since under certain conditions (to be discussed below) on the

number of available observations , one may exist while another may not.

This confusion has led to some meaningless  statements in certain texts,

especially with respect to the equivalence of the TSLSE and LIMLE in

cases of just-identification.

In the following section we present the computational  schema for the

LIMLE, while in section 3 we discuss the TSLSE and in section 4 present

the determination  of the asymptotic variance matrix of these estimators.

3
-, Algorithm  for the LIMLE

There exists an orthogonal n x n matrix Q, the product of K < n-

Householder transformations  [12] such that, for

Q= (Q,, Q,, Q,),

where Q, is n x K,; Q, n x K,; Q, n x (n-K),  Q annihilates X as
L L L L 3

Q'X = R3'

R2

where R
1 is an upper-triangular  non-singular  K

1 x Kl matrix, R2 is similarly

upper-triangular  non-singular  K
2

x K29 R3 is Kl x K2, and the zero matrices

have appropriate  order. Clearly

xl = QIRl

and

X = Q4R



where

Q4 = (Q,, Q,>,

r 7

R = .

Further, it is readily verified that

M=I-
Q4Q1

= Q3Q;

CL-

1

t

i
L

and

Ml = 1 - Q,Q;

= Q,Q; + Q,Q$

Suppose the transformation  Q applied to Y yields

= (Q'y*, Q'y> =

I

Zf9 zl

z;, z2

z ?t
3' z3

such that matrices with subscript 1 have K
1

rows, while subscript 2 indicatesL

K2 rows, and subscript 3 indicates (n-K)  rows. An asterisk denotes a

matrix with L columns, and the partition of Z 1' 3, z 3
corresponds to that

of Y = (y*', y). Alternately,

3
Y= ' QiZi

i=l
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3
y* = C QiZift,

i=l

and

Y’MY = z;z3,

Y ‘MIY = z;z2 + z;z3.

The determinantal  equation for i now becomes

L

/Z;z2+z~Z3-~z~Z31  = 0

or

1
7I

L

/~~~2-w)z;z,~ = 0 .

If the particular equation is over-identified, K2 > L or K

Z2, which is K2 x (LSl),
2 5 L+l so that

has full column rank with probability one, and

the inverse (Z,$Z2) -1 exists with probability one. We therefore consider

I (z;z,rlz’z3 3-&i TI = 0

and search for the largest eigenvalue of (Z;Z2)-1Z<Z3.

Assuming z2
has full rank L+l and since K2 5 L+l,

there exists an

orthogonal K
2 2

x K matrix H, the product of L+l Householder transformations,

su,-h that

H'Z2 = lG
t 0

z2 = HIG



where G is an upper-triangular, non-singular  L+1 by M-1 matrix, and H

is K2 x (L+l).
1

It follows that

and

t
i

I

L
h

L

i

The matrix  G-l may be readily computed since G is

[19

upper-triangular, see e.g.

p* 3 1 ,  18, p* 4271. If, now, n 2 K+L+l, consider the singular

value decomposition  [13,  147 of Z3G-1 as

Z3G-l = U A V'

tghere U is (n-K) x (L+l), A and V are (L+l)  x (L+l), A is diagonal and

u'u = I
L+l = v'v = VV'.

Obviously

(G-l) ’ ZjZ3G-l = VA2V’

or

(G-l)'Z;Z3G-1V = VA2

= (r&, 6;v2, . . . 62
L+l vL+l >

where 6 2 2 2
1 2 E2 F. l l l L $+I say, are the diagonal elements of A 2

, and

V
,i

is the column vector of V corresponding to 6..2
1

Since

G-1(G-1)1Z;Z3G-1yl  = (G-lv
-2'
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6: is the eigenvalue sought, and we define

h

; = G-iv
-1'

The LIMLE of y is given by

A *

h

where yL+l is the last component of q.

Since

(xixl)-lXi  = R;l”; ,

e= -(Xix,)-lX;yj

-1 A
= -RI Zly.

When K < n < K+L+l the singular value decomposition  of (G -l) 'z; = UAV' is-

used with

r = G-‘u-1
of 6

2
where u

-1
is the eigenvector corresponding  to the largest value 6

2
iA 1

i=l, . . . . L+l; and j is G normalized appropriately. In either case

; = 1+q2.

3. The LISLE and TSLSE

When the given structural equation is just-identified,  K2 = L. Consider

the difference
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Y'MlY-Y'MY  = Z'Z
2 2'

Since Z2 has less rows (K2) than columns (L+l), Z;Z2 is necessarily

singular and

1 IY'MlY-Y'MY/ = 0

implying 1-1 = 1, which provides the case of the TSLSE, 131, [20, p. 5041.

In [5, p. 4241 the equivalence of the TSLSE and LIMLE is claimed

by assuming Y'MlY = Y'MY (W*=W), which obviously need not be true. Indeed

there seems to be general confusion as to the behavior of these two

1
t

IL

residual moment matrices. In [6, p. 3391 Y'MlY and Y'MY (Wll and W* )
11

are

claimed to be positive definite, while in [15, p. 172 ] Y'MY (W
AA

) is

claimed to be positive definite. Since Y'MY = Z'Z
3 3'

a necessary condition

for non-singularity, with probability  one, is that Z
3

have at least as

many rows as columns, or that n > K+L+l.- In the derivation  so far we

have only required n > K.- (This includes derivation of the classical

determinantal  equation),

Clearly, when K < n < K+L+l the LGRVE does not exist (since it is-

derived through the minimization  of a determinant involving (Y 'MY) -I) .

Hence equivalence with the TSLSE [lo, p. 3443 which exists for n '> Kl+L+l

may be impossible in certain instances. Even the LVRE is of spurious

interpretation  in such instances since the denominator of the ratio being

minimized  is positive semi-definite  and hence may assume a zero value.
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For a range of n values (L+l of them) the estimators LVRE, LGRVE,

and SCCE may not exist, while the LIMLE will. If the number of included

endogenous variables is large for a particular relation in an interdependent

system, this will define an equivalent number of observation values over

which the LIMLE alone will exist.

4. Asymptotic Covariance

The asymptotic variance-covariance matrix of (y*', it> is given by the

two-stage least squares asymptotic covariance, or by

w=s 2

where

and ,Bo is the two-stage least squares estimate of B, while it consists of
'1

the first L components of the two-stage least squares estimate of y. The

normal equations for the two-stage least squares estimators are

or

y*‘x
1

‘ix1 IL r::

B 1
-0 1

Z;'Rl r
To* m

zpl +

RiR1 I I;B
L

-0 RiZ1

z2*‘:2I
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We now apply Householder transformations as

reducing the first L+K
1 columns to upper triangular form S, whence

it3*
! Ii

-0

1111 flfl .

S2 may now be computed from above and the asymptotic covariance matrix

found as

A FORTRAN program listing follows.
.

L

L
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IMPLtClT PEAL*8 (A-t&@-Z)
Dlb~ENSION XY(25,25),S(25),U(25,25),V~25)
PEAL*4 HEAD(20),FrlT(20)
DIMENSION GINV(25,25)
DIMENSION GAMMA(25),RETA(25>,Z3GfNVf25,25)
DlFlENSlON XXY(625)
EQUfVALErJCE  tXY(l,l),XXY(l)>
f'EAP  lO,F!PROR
DO 500 NRUN=l,NPROB
PRINT 726

726 FOWlAT(lH1)
c

REAT! 7776, FEAD
7776 FOPWAT(20A4)

10
READ lO,?J,Kl,K2,L
FORMAT(16 IS)

c r.1 IS f!UMMR  OF ROWS IN ALL MATRtCES
C K1,K2, L ARE TYE NUtMERS OF COLUWJS IN Xl,X2,Y*, PFSPECTtVELY
C

READ 11, FMT
11 FORMAT(20A4)

C
KSUM=Kl+K2+L+l

C KSUM IS I'JUMRER  OF COLUMNS ItI FULL MATRIX XY
C THF MATRIX HAS TYE FORM
C ( Xl x2 YI
C
C

1

P!DlM=25
C '!UMREF?  OF ROWS DECLAPED

K=:Kl+K2

c

LPI=L+l
KPl=K+l
rIMKl=v-Kl

i
I

L

L

C
C
c
c

READ Tc(E XY MATPI X FRObf CARDS, '3Y ROWS, IN THE OWWP

c ( Xl
c

x2 Y)

PO 100 l=l,N

100
rZEAn (5,FrAT) (XY(I,J),J=~,KSUM)
CONTINUE

c
C I'EAD IS AN ALPWAhJUMERI C TITLE TO DFSIGf?ATE TFJE EIVFN WIN

777s
PRINT 7775,pEAD
FOPMAT(lY1,2(!A4)
PRlbJT 7773, b!, Kl, K2, L

7773 FORMT(lHO, 'N=',J5, 2X, 'Kl=', l5,2X,'K2=',15  2X 'L=@
PRINT 7772 8 l ,151

7772 FT)RFqAT(lf'O,  'XY MATRIX')
DO 602 l=l,N

602
PRINT 6Ol,tXvtt,J),J=l,KSUM)
COWTIWE



IF(Kl+L.En,K) GO Tr! 1031
fF(Kl+L.GT,K) Gr) TO 1092
PRINT 640

c
c f-'CnFdf'l REDCJCES TYE FIRST K COLlJMNS  OF TpE RECTANGULAR
C wITRlX XY Tr) UPf'F?? TRIANGULAR FORM, AND APPt.lFS THE Pflr,l,qTfFtfG
C pfXJSEUOLDER  TRAYSF(WlATIr)~JS  TO Tf-!E c?EF"AINlNE  CCLU!jb!S.

601
fXLL HCOM'I(WIM,~~/,  K, KSU!-l,XY,S)

640
FO~MAT(lHO,8D16.6)
FORMAT(l!JO,/,/)
DO 667 I=l,K2
I79 667 J=l,LPl

C
667 XY(l+K1,J+Kl)=XY(l+K1,J+K)

c-

L
c

VOlf COblPUTE PfIUSEHOLDER  RFFLECTIONS  TO 9EDUCE 22 A K2 p,Y L+l
fd/?TRlX  WHOSE FtRST LOCATldN IS XY(K1&+1),

C TRIANGULAR FOR14
TO &PPER

C
I'ALL  "COMP1(N~lM,K2,LP1,LPl,XY~Kl+l,KPl),S)

L- C CALL TME RESULTfNG SQUARE TRIANGULAR MATPIX G, b/r-rERE  E JS
C (L+l) BY (L+l).

C A L L  TNVPT2( LPl, XY(Kl+l,KPl),GINV,  F~IDIF~I,
1 (s,220)

t C

t

L.

!

r

h

c
/i

C FORM PRC)DUCT OF Z3* C!NVFRSE
rJPv=r~!-K
D@ 200 I =l, F!MK
I'?0 200 J=l,LPl
SU~�=O l on0

C lNDFX1 !S INDEX IN XY OF Lrl)CATIC)N  PRECFDIFJG FIRST ELEyENT fyF 23
INDEXl= K*Nnlhl + K
DO 300 KK=l,LPl
I NW= IIIPEX1 + (KK-l)*NPfM  +t
s lJr,j = SU!! + XXY(lb!Dl)*GINV(KK,J)

(3 23(l,KK)* CIp!VERSE(KK,J)
300 CWTINIIE

Z3cINV(I,J)=SU~?
200 COf\JT  I N!JF

NW l=WK
NlrU=LPl
IFLAG=
IF(M.GE.K+LPl)  GO TO 700
IFLPG=l
no 701 l=l,LPl
fl=l+l
00 701 J=II,LPl
I!TD=Z3cuNV(I,J)
Z3~1NV(I,J)=Z3GINV(J,l)

701 Z?WNV(J,I)=\:rTD
I Eb!r)=w4K-LPI
DO 702 l=l,lEMP
HRr!\d=LPl+  l
DO 702 J=l,LPl

702 Z3cl~!V(~J~llll,,1)=Zjr;lNV(J,NRC)I.!)



C
C CflMP1JTE SINGULAR VALUE DECOMPOSITION OF Z3*GINVERSF

700 CALL ~SVr!~Z3GtNV,NPIM,H~lW,~~~~~l,~!W2,O,.T~lJE.,.TR~E.,S,!J,V)
PRINT 7767

7767 FORMAT(lHO,'MUHAT')
RMU=~.~DO+~.OD~/S(~)**~
PRINT 601, RMU
PRINT 640
"NU=WU-l.Of!O
RNlJ2=1.0PO/S(21**2
RMU2=RNU2+1.000
tWFLAG.EQ.0) GO TO 703
DO 704 I=l,LPl

704 vtr,l)=u(l,l)
c
c SNVE WE LINE/m SYSTW' ~*GAMMA=V, WEPE V
r ASSf'WATED WTY Tf-rE LARGEST S IIWJLAQ  VAL!lE

1s TFJE sly~[,q,4p VECTOR

c
C NOTE THAT c IS ALf'EAOY UPPER TPIANGUL/\,R

C
703 CALL TS(W/2(Lpl, XY(Kl+l,KPl),NDlM, V(l,l),GAPdrqA,&220)

C NC)RMALfZE G A M M A  TO !-W/E LAST  COMPONE~~T -1
IF (GAF-lflA(L~1).~~!.0.000)  cc! TO 2 2 0

c f? ts CL+11 RY (L+l)
DO 350 l=l,L
CM?P'A ( I > =-

350 COWT I NIIE
CAMMA( I )/GAWA(LPl)

k CfWPtJTE REStDUAL VARfANCE
S?UAR=~~~U/(RMIJ-~.~~~)/GAMMA(LP~)/GP,P~~~A(LP~)/~?FL~AT(P!)
~AMt~A(LPl)=-l.ODO
PRINT 7766

7766 FORMATfIYO, 'GAMMA')
PRINT 6Ol,(GAMMA(i),l=l,Lpl~
PRINT 640

C
INDEXl=K*F~T)IM

(3 lfJM31 IS THE FIRST LOCATION OF II, \WlC~ IS IN THE FIRST
c Poll, ANf? THE (K+l)ST COLUMN OF XY
c Zl IS Kl f?Y (L+l)
c
C FORM P?CINJCT OF TFlE MATR I X Zl * GAMMA

DO 360 I=l,Kl
sur~l=o, ODO
DO 370 KK=l,LPl

c
INfIIl=INPEXl+ (KK-l)+NPIM  + l

INDEX OF Zl(I,KK)
SlJ?l=

370
StJr' + XXY(tNDl)*GAMMA(KK)

CONTINUF
BETA(I)=SUp,!

360 CONT I NUE
c
C SOLVE Pl*QETA = -Zl * GAMMA



CALL TSOLV2(Kl,XY,NDIM,~ETA,BETA,&220)
@O 3 8 0  I=l,Kl
BETA(I)=-BETA01

380 CONTINUF
PRINT 7765

7765 FORMPT(lHQ,'BETA')
PRINT 6O1,~RETAO),l=l,K1)
PRINT 640
PRINT 707,SQUAR

i 707 FORMAT(///,' RESIDUAL VAPfANCE',D16.6)
C
C CWPUTE ASYMPTOTIC VARIANCES

NJ=Kl+L
?JJl==NJ+l
PO 668 f=l,K2

c n o  6 6 8  J=l,LPl
668 XY(l+Kl,J+K)=XY(I+Kl,J+Kl)

c)O 677 I=l, LPl.
DO 677 J=l,LPl
Utr,J)=O,OD0

I,
DO 677 M=l, WKl

677 U(I,J)=U(l,J)+XY(M+Kl,I+K)*XY(M+Kl,J+K)
DO 669 I=l,Kl

i
DO 669 J=l,Kl

669 GlNV(l,J)=XY(l,J)
DO 670 J=l,L

f DO 6 7 0  I=l,K
L 670 XY(I,J)=XY(l,J+K)

DO 671 I=l,Kl
DO 671 J=f,Kli

I 671 XY(I,J+L)=GINVO,J)
i PO 672 J=l,Kl

Il=J+lc
DO 672 I=lI,K

i 672 XY(I,J+L)=O,ODO
DO 678 f=l,K

I 678 XY(I,NJl)=XY(I,KSUM)
CALL HCOrrPl(NDIM,K,r~~J,PfJl,XY,S)
CALL TNVRT2(NJ,XY,C;fNV,N~IM~220)
CALL TSOLV2(NJ,XY,NDIM,XY(1,NJ1),S,&2201
S(LPlI=-1,ODO
SQUAR=O.O@O
DO 680 I=l,LPl
suM=o,oDo
DO 6 7 9  J=l,LPl

679 SW=SIJM+UO,J)*S(J)
680 SWJAR=SOUAR+S(  I )*SUM

SQUAR=SQUAR/DFLOAT(N)
DO 6 7 5  I=l,L
s(I)=o.oDo
00 674 J=f,NJ

674 S~I)=S~f)+GlNV(I,J~*~lNV(I,J)
675 Scl)=S(I)*SOUAR

00 676 f=l,Kl
Z3ClNV(I,I)=O.ODO
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Il=l+L
DO 676 J=II,NJ

676 Z3~fNV(l,l~=Z3GINV(I,l~+~lNV(ll,J)*~l~JV(ll,J~
PRINT 713

713 FORMAT(///' ASYMPTOTIC VARIANCES Am 2 VALUES F0R w?MMA'/)
PRINT 6O1,(SO),l=l,L)
DO 714 I=l,L

714 GAM~~A(I)=GA~l~~A(I)/DSr!RT(S(l))
PRINT 601,(GAMMAO),f =l,L)
no 715 l=l,Kl

715 Z3GINV(I,l~=Z3GINVO,l~*SqjAR
PRINT 716

716 FWMAT(/// ASYMPTOTIC VARIANCES AND Z VALUES Fm? RETA'/)
PRINT 601, (Z3GINV(I,I ),l=l,Kl)
I)0 717 l=l,Kl

717 ~FTA(l>=RETA(l)/DSQRT(Z3GlNV(l,l))
PRINT 6Ol,~BETA(J),I=l,Kl)
KJ=2*(K2-L+1)
KM=K2-L
AN=DFLOAT(N)
TESTl=AN*  RNtJ
TEST2=AN*DLOG(RMU)
PRINT 730,TESTl,TEST2,KM
TESTl=TESTl+AN*RNU2
TEST2=TEST2+AN*DLOG(RMU2)
PRINT 731,TESTl,TEST2,KJ
TESTl=DFLOAT(N-K)*RNU/DFLOA?(K2)
TEST2=DFL@AT(N-K)*RNU2/DFLOAT(K2)
PRINT 732,TFSTl,TEST2,K2,NbjK

730 FWWAT(////' N*(MUHAT-1)  IS',F12.3,//,' N*LOG(MUHAT)  IS',F11.3,//,
1' CHI-WUARE D.F,',112)

7 3 1  FDRt!AT(////' N*(MUHAT(l)+M[JHAT(2>-2) lS',F12.3 // ' N*Lf-IG(pq!HbT(l)
l+MWAT(2)) IS',F11.3,//,' WI-SOIJARE D.F ',12X'll;)

7 3 2  FORMAT(/,'//' (~0K)*(M~!tlAT(l)-l);K2  IS',Fi2.3,/; ' (N-K)+(/qJHATQ)-
21)/W IS',F12.3//,' F DISTq!%JTION '?.F.',l12,3X;',',3X,l4)*
GO TO 500

220 PRINT 221
221 FORMAT(lHO,'SINGULAR  UPPER TRlANG!lLAR MATRIX')

XI Tr, 500
1091 PRINT 1093
W93 FOpMAT(//' THIS EQUATION IS JUST IDE!'lTIFIED  AbID T~D!@-STAGF'/'

1 SQUARES IS APPROPRIATE')
LEAST

GO TO 500
1092 PRINT 1094
If%4 FORMAT{//' THIS EQUATION IS NOT IDEMTIFIARLE')
500 CONTINUE

STOP
c
C
P

FNT!
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SURROUTINE ~SVD(A,M~lAX,NF-1AX,~1,N,P,~~!IT)rll,’~lT~-41!,S,~!,V)
IMPLICIT REAL*8 (A-f’,O-2)
DIMFNS I O N  A(MMAX,  NMAX),U(MMAX,NMAX),V(Nt-IAX,  WAX)
PIMENSION S(N),R(loo>,C(loo),T(l~~)

TlJ I S S!Jr,ROtJT  I NE COMPUTES TfJE S I NGIJLAR VP LUE T,ECObqPfiS I T I fl!!
OF A REAL M*F! MATf?lX A, I . E, I T COMPUTES MATR I f’fS U, S, ANn ‘J
SUCH THAT

A = II * S * VT ,
Wr-rERE

U I S AN M*N MATR I X ANh UT*If = I, (UT=TRANSFvSE
OF U),

V IS AN N*N MATRIX AND VT*V = I, (VT=TRAKPOSE
OF VI,

AND S IS AN N*N DIAGONAL MATRIX,

DESCRIPTION OF PARAMETERS: _

A = REAL*8 ARRAY. A CONTAINS THE MATRIX TO BE DFC@wOSEQ.

MPAX  = INTEGER*4 VARIABLE. T!AE NUI!RE!?  OF DECLARED rZT!!% I f’? Tk!F
ARRAYS A AND U.

NMAX = INTEGER*4 VARIABLE. THE NtJfWT OF DECLARED ROIifS IN TfjE
ARRAY V.

F?, rl = Ir\JTEEER*4 VARIABLES. THE NUMRER OF J?C!I,.!S Ar\JD GOL!Jw!S
IN THE MATRIX STORED IN A. (N<=M<=lOO. IF IT IS
F\JECESSARY  TO SOLVE A LARGER PROBLE~d,  THEN THE
AMOUNT OF STORAGE ALLOCATFD TO T?jE ARRAYS R, C, AND
T MUST RE INCREASED ACCORDINGLY.1

I FJTEGER P
LOGICAL WITHU,!dITHV
WITHU, b!ITHV = LGc;lCAL*4 VARIABLES. IF LJITHU=.TRUE., T!!F:hj

THE MATPI X U IS COMPUTED AND STORED IN THE APDAY II.
SIMILARLY FOR V,

S = REAL*8 ARRAY, S(l), . . S(9) CT,t\JTAIK’ THE DlAT:r!~~!AL
ELErlEP\JTS  OF TFG MATf?lX S ARkRED SO TH0’ S(I)>=S( l+l),
l=l, . . . , N-l.

U/V = REAL*8 ARRAYS. U, V CONTAI N Tk!F MAT!? I CES U AND V.
IF ‘*flTHU=.TRUE, AND WlTHV=.FALSE,, T’jEhI THE ACTUAL
PARAMETER CORRESPOND I NC; TO A AP!I) U F”AY BE THE SA!lE,
SIMILARLY FOR V IF h’ITHV=.TRUE.  AfiJD k’lTHI!=.FALSE,.

P = INTEGER*4 VARIABLE. IF P>O, T!‘EN COLUMNS N+l,
N+P c)F A A!?E ASSUMED TO CONTAIN THE COLwNS PF ii&”
MATf?lX 13. TH I S MATR I X I S MULTI PL I ED PIY UT, AplJ’? UPON
EX I T, A CONTA I FJS I N Tt’ESE SAME CI)LlfbIh!S  THE N*P f:!ATF?  I X
tJT*!3. (P>=O)

TvlS SURROUTI NE I S P TRANSLATIOv OF AN ALGOL 60 PR(ICED!!FF
PESCR I BED IN TJ’E ARTI CLE “S I rlGCJLAR  VALUE DECflhAPnS ITI clt! Ably!
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c C
c
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C
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LEAST S'WADFS SOLUTIONS" r☺l☺r l

T"F TWYSLATION k'AS OWJE'RY  P
'?AT'q. 14 (197n), PP. 403-Q?.
WStMEp AT WLL TELEPIiI)b!E

LMQRATWIES  l#Jl Trl! SOME W/M!& AND FPITlWG nflr;lE  fjy f?.
UWEWOT)D AT STANFORD UNIVERSITY,

DATA ETA /2341000000~00000~/
DATA Tf'L /ZO~10000000~00OnO/

N P=N + P
!l 1 = f:J + 1

"WSE~JOLDER REDUCTIOF! TfI E(lDIAGC)?JAL FfW?
c(1~=o.OPo
K=l

10 Kl=K+l

ELIWNATION OF A(I,K), I=K+~, . . . , F-)
Z=O. on0

20
J-W 20 l=K,F?

Z=Z+A(I,K)**2
P(K)=O.OPO
IF (Z.LE.TOL) GOTO 70
M;Q;TtZ,

!.!=DAiS(A(K,Y))
Q=l.ODO
IF (~WdE.O.ODO)  ~=A(K,K)/\J
A(K,Y)=Q*(Z+k!)
IF (K.EO,NP) GOTO 70
90 50 J=Kl,NP

p=o. or)‘0

30
DO 30 I=K,M

fi=q+A(I,K)*A(I,J)
q=Q/tz*(z+w))

40
DO 40 I=K,M

50
A(l,J)=A(l,J)-~*Atl,K)

CON T I N U E

PMSE T-RANSFORIdATI  OpIJ
a=-A(K,K)/nA~S(A(K,K>)
DO 60 J=Kl,rIP

60
c

ACK, J)=Q*A(K,J)

c E L I M I N A T I O N  O F  A(K,J),  J=K+2,  . . . , FJ
70 IF (K.EQ.N) GOT0 140

z=o. of?0

80
PO 80 J=Kl,fI'

Z=Z+A(K,J)**2
C(Kl)=O.ODO
IF (Z.tF.TOL) GOTO 130



Z=PSN?T(Z)
fYKl)=Z
!+=DARS(A(K,Kl))
q=1,000
IF W.NE.O.ODO) o=A(K,Kl)/W
A(K,Kl)=f')*(Z+M)
DO 110 I=Kl,FA

~=O.OnO

30
PO 90 J=Kl,P!

fl.=?+A(K,J)*A(I,J)
~=Q/(Z*(Z+l?))

100
DO 100 J=Kl,FI

llr)
Atr,J)=A(l,J>-Q*A(K,J)

CONTlNlJE
c
c PI!ASE TRANSFORMAT ION

~=-A(K,Kl>/DAsS(A(K,K1))
DO 120 f=Kl,F?!

126)
C

A(I,Kl)=A( l,Kl)*Q

131) K=Kl
C;OTC! 10

C
C TOLERANCE FOR NEGLIGIF)LE ELEFIENTS

140 EPS=O,ODO
DO 150 K=l,I!

S(K)=9(K)
T(K)=C(K)

I50 EPS=DMAXl~FPS,S(K)+T(K))
EPS=EPS+ETA

c
C INITIALIZATION OF I! AND V

IF (.UOT.IIITHU) W-IT0 180
DO 170 J=l,FI

160
PO 160 l=l,F4

U(l,J)=O.ODO
170 U(J,J)=l.ODO

c
180 IF (.NOT,\*/ITUV) GOT0 210

PO 200 \J=l,N

190
n o  1 9 0  i=i,rJ

V(I,J)=O.ODO
200 V(J,J)=l.ODO

c
c W ~IAG~NALIZATION

210 .nO 380 KK=l,M
K=Nl-KK

c
c TEST FOR SPLIT

220 DO 23O LL=l,K
L=K+l-LL
IF (~AM(T(L)).LE.EPs!  GOTO 29O

230
I F  (DAR~(S(L-~)).LE.EPS) ~OTQ 2 4 0
CO!JT I WE



f, CANCELLATlOrI
240 CS=O,ODO

s~l=1.01)0
Ll.=L-1
90 280 l=L,K

F=SN*T(I)
TW=CS*T(I)
IF (PAw(F).LE.FPs)  ~OT~C! 291)
Y=SW
'.!=DS!RT(F*F+W*H)
s ( I > =\*I
cs=P/!~!
Sri=- F/I*!
IF (.FJOT.ldlTHU)  GOTT) 260
DO 250 J=l,l\l

X=MJ,Ll)
Y=U(J,I)
U(J,Ll)=X*CS+Y*SN

250 U(J,I)=Y*CS-X*SM
260 IF (rJP.EQ.h!) GOTO 280

DO 270 J=l\ll,NP
r)=A(LI,J)
R=A(l,J)
A(Ll,J)=Q.*CS+R*S?d

270 A(I,J)=P*CS-n*Sr!
280 CONT I NUE

c
C TEST FOP CONVERGENCE

290 !d=S(K>
IF (L.EQ.Y) GOT0 360

C
c nRlGlN SHIFT

X=S(L)
Y=!xK-1)
G=T(K-1)
!4=T(K)
F"(~Y-~~J)*~Y+W~+(~-~~)*(G*H))/(~.O~~~~~~)
C=DSW?T(F*F+l.ODO)
IF (F.LT.O.ODO)  c=-c
F=(tX-w)xtx+w)+(Y/(F~G)-~~)~~~)/X

c
c OR STEP

CS=l.ODO
sN=i. I)DO
LI=L+l
PO 350 I=Ll,K

G=T(I)
v=str>
F-r = s 1.j * c
G=CS*C
!AI=PS~PT(t!*tJ+F*F)
Tfl-l)=w
CS = F/I*!
S N = Y / ',,I
F=X*CS+G*SN



-

c

C=G*CS-X*SN
‘J=Y *SN
Y=Y*CS
IF (.NOT.WITHV) GOTO 310
DO 300 J=l,Fl

X=V(J,I-1)
W=V(J,l)
V(J,I-l)=X*CS+W*SN

300 V(J,I)=\q*CS-X*SN
310 W=DSWT(H*M+F*F)

S( I-l)=\+/
CS=F/W
SN=H/W
F=CS*G+SN*Y
X=CS*Y-SN*G
IF (.MOT.WITMJ) M'TO 330
PO 320 J=l,N

Y=U(J,l-1)
!+=U (3, I 1
U(J,I-l)=Y*CS+W*SN

320 IJ(J,lbW*CS-Y*SN
330 IF (N.EO,rjP) GOTO 350

PO 340 J=Nl,NP
O.=A(l-l,J)
R=A(l,J)
Afl-l,J)=Q*CS+R*SN

340 A(I,J)=R*CS-Q*SN
350 CONTINUE

c
T(L)=O.ODO
T(K)=F
S(KI=X
GOT0 220

C
c CONVERGENCE

360 IF (b!.GE.O.ODO) GOTO 380
S(K)=+
IF (.NOT.WITHV) GOTO 380
DO 370 J=l,N

370 V(J,K)=-V(J,K)
380 CONTINUE

C
r SORT SINGULAD VALUES

DO 450 K=l,!I
G=- 1,ODO
J=K
no 390 I=K,tl

IF (S(I).LE.G) COT0 39(!
~=S(l>
J=l

390 CONTINUE
IF (J.EO..K)  GOT0 450
S(J)=S(K)
S(K)=G
IF (.!lOT.I*JITHV)  GOTO Slcl
PO 4l)o l=l,b!



rl=V(I,J)
V(I,J)=V(I,K)

4 0 0 V(I,K)=O
410 IF (.NOT.!~IITt!lJ)  GQTo 430

PO 420 I =l,N
n,=U(l,J)
tJ(I,J)=U(I,K)

420 IJ(l,K)=O
430 IF (N.EQ."IP) GOTO 450

no 440 l=Nl,rdP
O=A( J,l)
A(J,I)=A(K,I)

440 A(K,I)=O.
45r) CONTINUE

c
c BACK TRANSFORMATION

IF (.NOT.WITYU)  GOT0 510
DO 500 KK=l,N

K=Nl-KK
IF (R(K).En.0.000) GOT0 500
F=-A(K,K)/DABS(A(K,K))
DO 460 J=l,F!

460 U(K,J)=O.*U(K,J)
Do 490 J=l,rJ

r>.=o. on0
PO 470 I=K,M

470 Q=Q+A(I,K)*U(I,J)
o=~/(DAPS(A(K,K)>*n(K))
PO 480 I=K,tI

480 U(l,J)=U(l,J>-n*Atl,K)
490 CONTINUE
500 CONT I NUE

c
510 IF (.NC)T.h'lTW,') GOT0 570

IF (N.LT.2) GOTO 5711
PO 560 KK=2,N

K=Nl-KK
Yl=K+l
IF (C(Kl).E~,O.Ol?~) GOTO 560
~=-h(K,Kl)/DA~S(A(K,Kl))
PO 520 J=l,N

520 V(K1, J)=Q*V(Kl,J)
PO 550 J=l,R

r\=o l on0

I?0 530 I=Kl,N
530 f?=O.+A(K,I)*V(I,J)

~=~/(DA~S(A(K,Kl))*C(Kl))
DO 540 I=Kl,.Li

540 V(l,J>=Vtl,J,-q.*A(K,I)
550 CONTINUE
560 CONT I Wl!E

c
570 "ETIJRN

END
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S~J~n~lJTINE  TWLV2 (N, Lu, IDIM, R, x, ,q

INTEGER N, IDIM
PEAL*8  LU( IPIM,Y), ?(?,I), x(p)

r SNVES L!J*X =
c

B, WERE L!J I S I.JPW? TP IAMIJL/!P,

c
T~“LV2 fS A MODI FI CATlOIf OF THF USUAL SnLVE2,
r,Ff?‘PZ. k’!-!  1 (34 FQ L LG!.!?

--

INTEGER 1, 3, t P, I PI, Ml, r!Pl., I RACK
PEAL*8 StJM +.
I!Pl = fd + 1

f FI (LWJ, w. EP. 0. of-m
X(N)

RETU?N 1
= f?(N)/LU(F!,Ii)

1F(I!.Ef=!.1) RETURN

c-

(1

3

PO 4 I RACK =2,rl
I = WI - IBACK

I GfJES FROM (N-1) TT! 1 .

I PI = I+1
SUM = o.ono
no 3 J=IPl,N

surf =
CONT I NO F

SUP + LC’( t,J)*X(J)

IF (LU(f, t),Eqo.ono)
xw =

RETUPN 1

WNT I NtJE
m(I)-SuM)/LU~I,I)

f’ETURFJ
LAST CAR? OF SlJWW!!~ NE TSOLV2,
ENI)



SIJP.f?OUT t!JF wwi (r-m I M, M, !!, ~!T~TAL,  A, !I)

I NT Fr: E R r-t-“10 I hl, ‘1, “!
DWCLE PRECISION A(MDIM,N),U(!q

c
c

1

P-’ ‘) I M = OECLARED RW D IF1ENS  ION OF A
?f= F*JUI?!W? OF ROlJS
N= uUb,4”IE* OF CCILJJMNS  OF A WOSE UPPE” PC,nTlQ?S ARE TQ
f?F RET)U(7ET! TO TRIANGULAR FORr\l. AFTER REDUCT I f-V/,  THE
MATRIX A b/l LL CONTA I N AN I’! BY FJ UPPFP TQ 1 ANGL!L&R FlJ\TP l X
l!J ITS UPPEP LEFT COFWER,
?/TOTAL= TOTAL NtJflBER  nF COLtlwNs  OF A.
W LL BF APPL I ED TO ALL COLIJMNS

TFIE TRANSFQRMAT  l @NS

Ff’m STANI)ARD LEAST-SnUARES  PR&LEIlS, NTr)TA  L=hJ.

A= r1 BY r!TOTAL P-?ATRlX  lrJlT~ ~-?,GE,~ToTAL
I PI PVT, ‘?ATPIX TO RF REDIJCEI)
WJTPIJT,

U=
nEI)UCET!  MATR I X AtIT, l !~JFfW?f’14Tl  g?r ARPJJT RFT){J(-T 1 qpp~

‘IECTW OF LENGTH !I
I N PUT, I GP,JO?ET,
WT PUT, l NFORWT I Ob! ABOIJT RED!!cT l ~F:I

P O  G K=l,f?I

FIND REFLECTION TIJAT ZEROS A(I,K),l=K+l,...,f’

PLP#=O.O
Pcl 1 I=K,tl

‘.J( I )=A( I,K)
!‘LPFJA=ALPJ-IA+U(  II-2

fV,rT I NIJE



r

ALPW=TSSfVT(ALpf~A)
lFWY).LT.o,o)
U(K)=~J(K)+ALPMA

ALPW=-ALPHA

I!ETl=ALPtjA*tJ(K)
.? ( K , K ) =-ALPFM
lF(RETA.EQ.0.0 .W. K.En. !!TOTAL) CfJ TI? 6

L (1 TRlANmJLAR R E S U L T  I S  STORED  (>J A(1 J )
c

1.LE.J

I c
-CTnf'S MFININT; REFLF(3Tfr,!IS  A R E  &R;n (y IJ AFJ~ Rc’S=j- I)F fi


