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L Abstract:

bb C ‘I’llis is a  r e p o r t  WI WING  of the first cspcriinents  of ally s ize  car r ied  ou t  us ing  t h e
new f i r s t  o r d e r  proof  chcckcr  FOI,. We present two d i f fe ren t  f i r s t  o rder
axiolllatizatinl1.s  of tile Illct~lll~tllclllntics of  the l o g i c  w h i c h  FOL  i t s e l f  c h e c k s  a n d

,
L

3how sew-al 1 )r.mfs w i n g  cnch  ollc. T h e  differewe  between the axiowatizatiorls  is
’that one  defimes the llletalllatllelllatics  ill a Inany sorted logic, the other does riot.
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S E C T I O N  1  INTHC~l~~ICXION

This paper rq~rctcnts  a ftrzt attrrniG at the asmmatization  of  the  metamathrmatics  o f  a  f i r s t  o r d e r
theory  and a t  usin? the new Ibrwof  chcckrr FOL (First Order Logic). The logic which FOL c h e c k s
is described in detail in the uw mnnual  for this program, Weyhrauch and Thomas 1974. It is based
on a system of natural deduction clesc~ibed  in Prawitz 1965,  1970.

Our m o t i v a t i o n  i n  axiomatiznry;  t h e  metamnthematics of FOL w a s  t h e  d e s i r e  t o  w o r k  o n  a n
example which could be used as a case stuciy for projected features of FOL and, at the same rime,
h a d  independent  interest with  I espcct  to I CI)I cspnling  the proofs of significant mathematical results
to a computer.

The eventual ability to clearly espress the theorems of mathematics to a computer will require the
facility to state and prove theorems of metamathematics. There are several clear examples:

a. Mom schemes.  How exactly do we express that

-c-- P(O) A Vn.(P(n) 3 P(n*J )) 2 Vn.P(n)

is an axiom 9:hfwla?  We nfwl  to Lay: “If for any first order sentence P with one free variable y we
denote  by  P(n)  the  formula  &taincd  from P by substitutmg  n for y assuming n is free for y in P,
then the scntcllce

P(8) h Vn.(P(n) 2 P(n+l )) 3 Vn.P(n)

is an axiom of arithmetic”.

- b. Theorem  xhcmns.  The following kind of “theorem” is sometimes seen in set theory books
.

L Vxl .*. xn S. 3T. Vu. (<xl ,..., xn>tT  8 3y.(<xJ  ,..., xn,y>tS)).

I t  a s s e r t s  t h e  cxistenrc  of some  paI titular projrction of n+l-tuples. In its usual formulation this i s
- not a thcorcm of sc’t theory at all, but a metatheorem which states that, for e a c h  n, the above

sentence is a theorem. We do not  know of  any  implementat ion  of  f i rs t  order  logic capable  of
-

expressing the above  notion in a straightforward way.
c

cc-

c. Srr.bsic/itz~~v  dcducfion  trl/~s. Rclow we show how to prove that if there is a proof of VX y.WFF  then
. there is alsd  a proof of Vy x.WFF,  where WFF is any well formed formula. We chose this task because

i t  s e e m e d  rimplc cnouk;h to do, a n d  IS a  t h e o r e m  w h i c h  m a y  a c t u a l l y  b e  u s e d .  T h e  u s e  o f
metatheotcms as rlllry of mfr*rcnce  by means of a reflection principle will  be discussed in a future
m e m o  b y  Rich,trd Wcyhra~rr  II Evfat,tually  w e  h o p e  t o c h e c k  s o m e  m o r e  s u b s t a n t i a l
metati~atl~~ir~atIc~l  theat cm5

- d.  lntcrPstin,q  ~rlntl~*~rlnltc(~I  fltco)f*)rl5. WC ljrcs?nt  two e.uamples.  The f i rs t  is  any theorem about  f in i te
groups. T h e  notiw  of fint!c t,toul)  cannot be defined in the usual f irst order language of group
t h e o r y .  T h u s  m a n y  “thcolCms’* are actually metathcorems,  un less  you ax iomat ize  groups in  set

L
theory. The second theorem  is thr “duality princqAe”  in projective geometry.





s y  s y l  sy2 sy3 sy4 sy5 sy6 ( S Y M (SYMs a r e  logkal symbols)

np npl np2 np3 np4 np5 np6 t N-PLCSYM . (N,PLCSYMs  are symbols which have an ,+ty)

fn fnl fn2 fn3 fn4 fn5 fn6 C OPCONST, (OPCONSTs  are function symbols)

P PI P2 P3 P4 P5 P6 f PRCDCONST; PREDCONSTs  are predicate symbols)

the partial order between thcrc  sorts is defrncd  by the following FC?L declarations:

-
P

MG SEQ 21
MC PROOFTREE z (
MG STRING >i
MG TERM 21
MG FORM 1-4

I- MG BEW ii
MG ATOM 11

L MG INOCONST 21
MG SYM u
M G  N , P L C S Y M  2 (

STRING , PROOFTREE 1 ;
FORM );
TERM , FORM , ATOM , VARSTRING ] ;
INDVAR 1 ;
ELF , SENTCONST , PREDPARB  , AXlOM , BEW ) ;
AXIOM ] ;
INDCONST , SENTCONST , SYM , lNTEGER , N,PLCSYM

INDPAR , INDVAR , AUXSIGN , PREDCONSTB , PREDPiRB };
NUMERAL ) ;
QUANT , SENTCONN 1 ;
PREDCONST , OPCONST , PREDPAR ) ;

\ M C  SORT1  2 ( S O R T 2  ,  SORTn ]
L

should be read as SORT1 is more  gt(rlcral  than SORTZ,...,SORTn  and corresponds to the implicit axioms

L Vg.SORT  1 (gkSORT  1 (g),

I
I Vg.SORTn(g)9jORT  1 (g)

T h e  f i r s t  ciecIa1atiun,  l’ot instance, says  that  strings a n d  d e r i v a t i o n s  a r e  particular  s e q u e n c e s  o f
formulas. Stt ings at r in fact ~~~~~tcnccs  of length 1 and derivations are those sequences satisfying the
prhd  ica te PROOFTREE.

T h e  basic  IIO[~OIIL uf tttr I))r,lal,l~ltt~r’ll’latlcs  vf first order &tc h a v e  b e e n  a x i o m a t i z e d  in terms  o f
strings a n d  qlif>tlc  PF r~f >rt irri:q
f o r  sequrncrs)  a n d  selct.to~  s

The> I)t’imttrvf> functions on them are concatenation (c for strings, CC*
(car ,  cdr  t’or stt 1n8s  and scar ,  scdr f o r  s e q u e n c e s )  c and  C C  a r e  i n f i x

operators.
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SECTION 2 THE AXIOM SYSTEM

In this section we present two axiomatizations  of the metamathematics of first order logic, The main
difference between them is that one is done m a many sorted first order logic and the other not.
T h e s e  axlomatitations  represent  an attempt at exper iment ing wi th  proofs  about  proper t ies  of
formulas  and deduct ions . N o  e f f o r t  h a s  b e e n  s p e n t  o n  g u a r a n t e e i n g  t h a t  t h e  a x i o m s  a r e
indcpenden t. It would not only have been uninteresting but also contrary to our basic philosophy.
W e  w i s h  t o  f i n d  a x i o m s  w h i c h  n a t u r a l l y  r e f l e c t  t h e  r e l e v a n t  n o t i o n s .  A t  t h e  m o m e n t  t h i s
axiomatitation  ts far from being in its final form. Neither the extent of the notions involved nor t h e
best way of expressing them is considered settled.

Section 2.1 The  s o r t s

The sorts we have defined correspond to the basic notions of the metamathematics i .e. terms,
formulas ,  indiv idual  var iables ,  logical  symbols, function symbols etc. and to the notions of the
domains (strings and -sequences of strings) in which the axiomatization has been defined. FOL (see
W e y h r a u c h  a n d  T h o m a s  1974) allows the declaration of variables to be of a certain sort. In the
formulas appearing in this paper the following declarations are assumed:

16gl loWgJg5g6 range over the most general sort

sq sql sq2  sq3 sq4 sq5 sq6 c SEQ (SEQs  are sequences of strings)

pf pfl pf2 pf3 pf4 pf5 pf6 f PROOFTREE (PROOFTREEs  are sequences represen tlng
derivations in FOL)

s sl 62 s3 s4 s5 s6 f STRING (STRINGS are strings)

t 11 12 13 14 15 16 f TERM (TERMS  are strings representing terms)

x xl x2 x3 x4 x5 x6 f INDVAR (INDVARs  are strings representing individual
s variables)

sl ell  1~12 813  914  el5 el6 c E L F (ELFs  are strings representing elementary
formulas)

f 11 12 13 14 15 16 c FORM

t h  t h l  lh2 t h 3  th4 lh5 lh6 f 8EW

A Al A2 A3 A4 A5 A6 ( AXIOM

(FORMS  are well formed formulas)

(BEWs  are theorems of a first order theory)

(AXIOM S are axioms of a particular theory)

CO cl c2 c3 c4 c5 c6 c INDCONST  , (INDCONSTs  are individual constants)

a al a2 a3 a4 a5 a6 ( ATOM (ATOMS are the individual constituents of a string)

n nl n2 n3 n4 n5 k f INTEGER (INTEGER S are integers)

nc ncl nc2 nc3 nc4 nc5 nc6 6 NUMERAL (NUMERALS are numerals)



-. T h e  propel tirs of wtfc tc~lrv,~rtt  trj our ttlcory  h a v e  ken def ined by  the  p r e d i c a t e s  F R ,  F R N ,  GE8  a n d
SET.  FR(x,f)  IS tr w lff tile Van  I:qi)ir)  x has a t  hst o n e  f r e e  o c c u r r e n c e  i n  t h e  w f f  1, while FRN(x,n,f)
and GEB(x,n,f)  31.p  rr~~~~cr~v~~ly  trtv w h e n  t h e  v a r i a b l e  x  o c c u r s  f r e e  o r  bound  at t h e  f~lace  n In t h e
f o r m u l a  f .  T h e s e  pt mllr;ttc~ ;trr cicfIncd i n  -appcndiri 1.6. In addition, some generalized selector
funct ions  are  cit~fitl~rl,  which  rv;~lunt~  the first 01’  the k-th free occurrence of a variable in a wff, or

L the tl~~t-nber  o f  ire fl IY (t(cllt I O~~C(Y The pdlc;lte  SET IS then def ined.  I t  ax iomat izes  the  n o t i o n  o f
s u b s t i t u t i o n  o f  a trrrn  for a n y  irrc occu~~~‘c~~c~~  of a varrable  in a wff.

V x  t 11  12.(SBT(x,t,f  1,fZ)  5
Vnl n2.((n2=(numbfroPocc(x,nl  ,f 1 )*(len(t)-1  ))+nl ) 3

I/-

((-INDVAR(n1 p,l f 1 ) =I (nl p,l f 1 )=(n2  p,l f2)) A
(INDVAR(n1  ~1 f 1) =) ((FRN(x,nl  ,f 1 )DSUBT(t,f2,n2))  A

(-FRN(x,n  1 ,f I ) ‘-3 INVART(n 1 ,f 1 ,n2,12)))) )))

. Vt 12 n2.(SUBT(1,12,n2)  = Vx2 k.((k g l  1)=x2 3 FRN(x2,n2-(len(t)-k),f2)))),

L -

V n  f  1 n l  12.(lNVART(n,fl  ,nl ,f2) = ((GEB(nl  gl f2,nl ,f2) E: GEB(n gl fl,n,f I)) A
(FRN(nl  gl f2,nl,f2) = FRN(n  gl f  1 ,n,fl))  A ( n l  gl f2)=(n  gl f  1 ) ) )

--
I n  t h e  ~I~~VIOIIS  clctll~lt~on, nl i> nny jJ0sltlcm  tn t h e  string  f1 a n d  n2 i s  t h e  c o r r e s p o n d i n g  p o s i t i o n  i n
f 2 .  T h e  ausrllary  ~~~rcllc,ltr S U B T  .tt;\tfs tl~at  t h e  v~r~ablcs  a p p e a r i n g  i n  t h e  t e r m  1 substituted  f o r  a
f r e e  o~~urt~rf~rc  o f  rhe  vdI I;-lltlf:’ x 3rc  St111  free. INVART  defmes w h i c h  p r o p e r t i e s  o f  11 are st i l l  true
for 12. If the term t 15 a v;11 IAljlr, then S E T  I.C~UCCS  to S B V :

a Vxl x 2  11 f2.(SBV(xl,xl,fl,f2)  z
- V n  .((-INDVAR(n gl f 1 )  3 (n gl f I )=(II gl f2) A

( INDVAR(n  gl f 1 ) 3 ((FRN(xl  ,n,f 1) 3 FRN(x&n,f2))  A
(-FRN(x  1 ,n,f 1) =) INVARV(n,f  1 ,f2)))))),

Vn f 1 12.(lNVARV(n,f  I ,f2) - ((GEB(n  gl f2,n,f2) - GEB(n gl f 1 ,n,f 1)) A
(FRN(n  gi fZ,n,f2)  5 FRN(n  gl 11 ,n,f I)) A ( n  gl f2)=(n ~1 f I))),

i

The proof  of the equivakncc  of SBT a n d  SW when t is a variable is very simple. It is based on the
fact that n2 coincidrs  with nl when  the term 1 has length I (see appendix 4). The function sbt (sbv)
eva luates  to  the  s t r ing  rep.-Ming the resul t  of  subst i tut ing a  term (var iable)  for  every  f ree
occurrence of a variable in 3 given wff. sbt  and sbv are defined from the predicates SBT and SW as
follows:

L
V x  t f 1 f2.(SBT(x,l,f  1 ,f2) = sbt(x,t,f  I )=f2)

Vx l  x2  f  I f2.(SBv(x  I ,x2,1 I ,f2) = sb$x  I ,x2,1 1 )=f2)

The  prohlrm  o f  f  Illtlrllf: ttlr Iwsl way of clrfirling  functlolis  111 1:OL  IS ciirc~al:  111 t h e  as~om s y s t e m
g i v e n  Ill  this }MiJf”’ a tlnifcu III way  h a s  n o t  hen f o l l o w e d . In defInl~ly< the ulbstitutton  w e  a r e
intelrsted  i n  ~~IXI~WI~IICF  II~ thr furlcf1uIIs  sbt 3l1rl sbv and 111 drawing conclusions from the fact that a
substitutiorj  h;is  trrrlt made.  It I$ thus usrfill to  have  a  predicate  which  def ines  the  relation  b e t w e e n
f o r m u l a s  beforr  nnd  at’tct ~4 ~llt)~tltutlou  instrati  of mfcring i t  f r o m  t h e  d e f i n i t i o n s  o f  t h e  f u n c t i o n s
( s t a t e d  f o r  cxnmple  3s a sy?tml o f  quntlon.t, 3s 111 Kleene  1952). O n e  o f  t h e  motlvatrons  o f  t h e
present  expprimellt  was to exl11(.1tr  dlfirrrnt w,jys  elf cleftnrng  functions. We do n o t  yet  have enough
e x a m p l e s  o f  proofs to makr 2 cl~;lr statrnwnt ;lbout  this  m a t t e r .
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2.2.1 F o r m u l a s  a n d  t e r m s

Formulas and terms are represented by the string of symbols appearing In them: Terms are defined
recursively as strings which either represent an individual variable or can be decomposed into n+l
substrings representing a function symbol of arity n, followed by n term&  The two predicates
defining terms are:

-

TERMSEQ(B,LAMBDA)

Vs.(TERM(s)  m INDVAR(s) v  3 n  fn.(fn=car(s)  A n=arity(fn)  A TERMSEQ(n,cdr(s))))

V n  s,(TERMSEQ(n,s)  @ ((csr(s)=LPARSYM)  A ((ten(s)  gl s)=RPARSYM)  A

3nl .(TERM(substring(s,2,nI )) A TERMSEQ(n-1 ,substring(s,nlbl ,len(s)-1 )))))

where the function substring(s,m,n)  (see appendix 1.3) returns the substring of s starting from its m-th
element and ending with the n-th. len(s) computes the length of s and (n gl s) selects the n-th element
of s.

Well formed formulas (wffs) are represented as strings which either are elementary formulas
(defined by the predicate ELF) or can be partit ioned into substrings for formulas and logical
connectives. Formulas are dcfmrd  by:

Vs.(ELF(s)  m (s=FALSESYM  v PREDPARO(s) v 3n P.(P=car(s)  A n*rrity(P) A TERMSEQ(n,cdr(s))))),

Vs.(FORM(s)  0 (ELF(s) v 3x f.(s=(x gen 1) v s-(x ex 1)) v
311 f2.(s=(f I &s 12) v s=(f  1 c o n  12) v s=(f  1 imp1 12)) v 3f.s=neg(f) )) ;;

gen Is t h e  i n f i x  o p e r a t o r  that m a p s  i t s  a r g u m e n t s  x  a n d  f i n t o  t h e  stririg (FORALLSYM c x) c f
representing the well formed formula Vx.f. The operator ex is used for the existential quantifier.
dis, con and imp1 are the infix operators for the disjunction, conjunction and implication of two
formulas. Finally, neg  is rhe operator which maps a formula into its negation.

We could possibly represent wffs as structured objects (lists, trees, etc.) which contain all the
information about the structure of the formula and do not require any parsing. This approach
amounts to axiomatizing metamathematics in terms of the abstract syntax of first order logic, instead
of strings of symbols. Both of these possibilities should be explored. We have chosen the first
alternative because:

1) It is the most traditional, i.e. met’Ftmathematlcs, as it appears in logic books, is usually stated in
terms of strings.

-<

2) Axioms in terms of abstract syntax are simply theorems of the theory expressed in terms of
strings. Thus the two representations look substantially the same with respect to “high level”
theorems.

3) Ill-formed formulas can be mentioned. This is of course impossible in an axiomatization in
terms of the abstract syntax.
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T h e  m a i n  throrcm  W C  havp  1~tove~I  rn this aslomatization  o f  t h e  metamathcmnt~cs  s t a t e s  t h a t  i f  VX
y.wff  is I3rovnble in some thcwy, thm V y  x.wff is aho p r o v a b l e .  W e  h a v e  chosen t h i s  t h e o r e m
b e c a u s e ,  cvcn if vet y simlk, it involves  IIFISIC  notIons  o f  p r o v a b i l i t y ,  subslltutlon a n d  u n i v e r s a l
quantification. I t s  IJlmf  is tcuind  III apptltlic~s  5.1-z.  T h e  t h e o r e m  dcpcnds  o n  t h e  f i r s t  t h r e e  l i n e s
o f  t h e  p r o o f . The fll st ~tcp i s  n Icmma statit  t h a t  V x  wff.sbt(x,x,f)=wff,  i . e .  substituting  a  v a r i a b l e  x
f o r  a n y  f r e e  r~currfncr~ of  x  III wff clocsrl’t  chnngc tha t  wff. S t e p s  two a n d  t h r e e  g i v e  s i m p l e  f a c t s
a bout sequcnccs. T h e  theorrm is  then provcrl  1.;~ tnstantlating  t w o  o t h e r  l e m m a s :  I) if Vx.wff is a
theorem, then wff  IS alo a th~owm;  ?) if wff IS provable, then x cannot be free in the dependencies
of the proof of  wff and so Vx.wff IS provable .  Th is  IS of  course  t rue  only  for  theor ies wi th  no f ree
variables in their axioms.

-
b T h e  o n l y  proi)crty  o f  the infrtrnrc  rrrlr?  IIW~  III t h i s  prol;f itlvolves  u n i v e r s a l  quantification.  T h e

r e s t r i c t i o n  o n  t h e  ap~~l~c~l)tl~~y o f  the V-lrltlofluctlon  r u l e  i s ,  t h a t  t h e  v a r i a b l e  t o  b e  rlniversally
q u a n t i f i e d  i n  a  w f f  tnuzl  not al~p;3r  ftre Iti my of i t s  dependencies. T h i s  restriction  is r e f l e c t e d  i n

- our ax1onialtizatir~n  by ttic j~t~~~Iic:;lf~~ A P G E N I  111  this p r o o f  A P G E N I  I S  s a t i s f i e d  b e c a u s e  i f  wff i s
provable,  its drprndr~~r  I~I; nt f’ nxiomt  w i t h  ii0 flt’f7 variabfcs.

c-

-

L -

T h e  f o l l o w i n g  i s - a n  info1 III:II 111  r~)l of ttlc 3t)ovc thcotcms.  If Vx.wff  is p r o v a b l e ,  thfm t h e r e  i s  a
~Jr00ftl w pf whew !rt St ~frllly IF V x  wff. Thf+ s’11IICtict (Vx.wff)  c c  p f  IS s t i l l  a ~3roc~ftrce.  It is o b t a i n e d
b y  appfyinf: the V-clllnlnntrc~rl I utc The  ;I~)~~llcatlon  of this r u l e  d o e s n ’ t  a d d  a n y  drp~~dcncy  to  the
f>rooftree.  A s  rts o n l y  dcl~rtl~lf‘tlCI~‘s ;+re  ~SIOIIIS,  It f o l l o w s  f r o m  t h e  dcfInrtlon  o f  B E W  t h a t  w f f  i s  a
theorem.  On thp other hatlrj, If w f f  IS a thf?uif?m thcrc  exists  a prooftree  p f  w h o s e  f i r s t  efement  i s  wff.
B y  appfytn[; t h e  V-intr  06~1~-f~m tutf>  to p f  ws o b t a i n  t h e  [)rooftree  (Vx.wff) c c  p f .  Thrs r u l e  i s
a p p l i c a b l e  since t heoi f‘ins Iin VI‘ n o  fire vntiabtes In their  dependencies.  It f o l l o w s  t h a t  Vx.wff  i s  a
t h e o r e m .  If VX y.wff  IS prov~l~k  thcrl  Vx.wff  a n d  w f f  a r e  p r o v a b l e  u s i n g  t h e  f i r s t  l e m m a .  F i n a l l y ,  w e
can quantify first over x and thrn over y, obtaining t/y x.wff as a theorem.

-

c
- A  d i f f e r e n t  a s i o m a t i r n t i o n  h a s  hrcn f;ivcn  III an  ear l i e r  ve rs ion  o f  FOL  w h e r e  there w a s  n o  f a c i l i t y

for creating snrtq Wr>  ptescnt  it hP1.e as wr want to do some comparisons between proofs, and discuss

e s o m e  o f  the frlatutrt  r)f l:iJl_,. Sctrnc  rllffc!r’llcc<  bctwpen  t h e  two axiomatizations  a r e  d u e  t o  t h e  n e w

- f e a t u r e s  avait;lhIr  in FOL ‘Thry  will br cirscussed  in  the  next  sect ion.  Here  we only  d i s c u s s  the
di f ference httwcrn  ttl~ drfinltton  of formulas  and terms. The list of all the  ax ioms can be found in

h appendices 2 f 8

tc-

-

.  I n  t h i s  axir)111;1tIz;1tI(,tI, IfI1 llrllt‘~lr ‘lllfl  If‘l‘l115 ,ll’C  strit  tq,t CSf?lltf’d ns 1111’  stmg  o f  t tlf> synlt~ofs
appearing  in thtm ‘Jtq  ,~IC rlct tncd ;IC strrnp,s t h a t  c a n  b e  decompnrrd  unto a srqucnce  o f
su bstri ii&s t rcnl  1 I rtiy, t tif‘ C‘CHI.~~I  IIC~IOI~  o f  thnt fkrmula  o r  t e r m  f r o m  clem~nta~  y forlnulas  a n d
indiviclrral  v;11iat~lrs,  ;~c~~lfliiti~ t o  the u~ii,71 fntmatiofi  rutcs ( s e e  appentllx  2.5 f o r  t h e  test o f  a x i o m s ) .
T h e s e  scqut?ncrs  a r c  clef Inc’rl t)y thr 1jtrtlirntc  T E R M S E Q  f o r  terms a n d  F R R  f o r  w f f s .  A  s e q u e n c e
s a t i s f i e s  t h e  f)rcriic,ltp TERMSEQ pi It rr~pre~~nts  thr history  o f  the  const ruc t ion  o f  i ts  f i rs t  e lement  ( the
t e r m  to tJf? clefin4),  ctat tittg f1rlt11 -tymMs, frtnctions  a n d  i n d i v i d u a l  v a r i a b l e s .  S i m i l a r l y ,  a  s t r i n g  i s  a
w f f  i f  t h e r e  esistq  a ~rqllrtlrc whrch  satlsfics  t h e  p r e d i c a t e  F R R  a n d  represents  t h e  h i s t o r y  o f  t h e
construct ion  of that wff from rtcmcntary  formulas and the logical connectives.
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2.2.2 Rules of inference, deductions and the notion of provability

The rules of inference are defined by the predicates in appendix 1.7. The rules with one premise,
are expressed by means of a binary predicate whose arguments are two sequences of wffs (sq, pf)
which satisfy PROOFTREE. The predicate is true iff pf is the scdr of eq and the first element of sq is a
wff obtained by applying that particular deduction rule to the first wff of pt. The rules with more
antecedents are definrd  in a similar way.

Derivations are recursively defined as sequences of wffs which either are a single wff or a r e
obtained from one or more derivations by applying one of the deduction rules. The recursion is
implicitly stated by saying that there exist objects of sort PROOFTREE which satisfy one of the
predicates defining the rules of inference. These sequences represent the’lineariiation  of a deduction-
tree and are defined as follows:

Vsq.(PROOFTREE(sq)  a
(FORM(sq)  v
3pf.(ORl(sq,pf)  v ANDEkq,pf)  v FALSEEkq,pf)  v NOTl(sq,pf)  v NOTE(sq,pf)  v IMPLl(sq,pf))  v
3 p f  x t.(GENI(sq,pf,x,t) v GENE(sq,pf,x,t) v EXl(sq,pf,x,t))  v
3pf I pf2.(ANDl(sq,pf  1 ,pf2) v FALSEl(sq,pf 1 ,pf2) v IMPLE(sq,pfl  ,pf2)) v
3pf 1 pf2 x 1 x2.EXE(sq,pf  I ,pf2,xl ,x2) v
3pf I pf2 pf3,ORE(sq,pf  1 ,pf2,pf3)  )) ;;

A  s e q u e n c e  o f  wffs is a prooftree  if e i ther  i t  consists  of  a  s ingle  wf f  or  one of  the  fo l lowing
alternatives holds: there exists another  prooftree  and a one premise deduction rule has been applied;
there exist two prooftrees and one of the two premises rules has been applied; finally, there are three
prooftrees and the predicate defining the v-elimination rule is true. Note that the root of a prooftree
is not necessarily a theorem  in a given theory.  A predicate DEPEND has been defined which is true if
a given wff is a dependenct  for the root of a proofbee.  The axioms about DEPEND allows to decide
all the dependencies of a prooftree.

Since some of the deductron rules (the implication introduction, for instance) eliminate dependencies,
not all the leaves of a prooftree pf are dependencies for a wff f such that f=scar(pf). The predicate
DEPEND is true only for those leavrs of the prooftree which the formula f actually depends on, Its

- definition is shown in appenciix 1.8. The axioms DEPEND state which dependencies do not change by
applying the deduction rules and are transferred from one prooftree to the other. The a x i o m s
NDEPND state which rules discharge dependencres  in a given prooftree.

Using this notion of depdeme  ,the provability of a formula in a theory is defihed as follows:

Vf.(BEW(f) g 3sq.(PROOFTREE(sq)  A f=scar(sq)  A Vf 1 .(DEPEND(sq,f 1) =) AXIOM(f 1))));;

A wff f is a theorem  in a given theory if there exists a prooftree whose first element is f and whose
only dependencies are axioms in that theory. We have limited our attention to theories in which
axioms have no free variables. This property is defined by the axiom:

V x  f.(AXIOM(f) 3 -FR(x,f));;

Sect ion 2 .3  The nrain proof in the waIly  s o r t e d  l o g i c
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statemrnts. Hence,  the .statcwnts  ~~roducrtl  b y  t h e m  h a v e  q u a n t i f i e r s  a s  m a i n  s y m b o l s  o r  i t  i s
n e c e s s a r y  to introdlm a qrlantlflw  to procwd  i n  the proof. After t h e  right  i n t r o d u c t i o n s  o r
eliminatiotls have LNYW dot~c-’  to thm, the tautology  commands are used again. This process is
iterated until  the com~)Mloti  of’ the proof. .

The command UNIFY drcides tf a g~vcrl  wff can be obtained by instantiation of quantified  variables
or introduction of them for free ~~c~~rrcnccs  of variables or terms in a second wff. The code for this
command has been writtPt1 by Ashok Chandra  and is still in an experimental stage. In the proofs
presented  herr, t h i s  c o m m a n d  h a s  bt7c:n wmtlally  used f o r  t h e  s i m u l t a n e o u s  i n t r o d u c t i o n  o f  t h e
existential quantifier. As an esample,  consider the following assumption:

1 Vx.(P(x)s(Q(f  1 c f2)M.R(!)))  (I ) ASSUME

the command

un i fy  3x.(P(x)~~f.(Q(f)AR(g(t)))),l  ;

dedrlrrz  in :a <III~/P <tcl)

2 Ilx.(P(x)~3f.(Q(f)E\R(g(t))))  (6) U N I F Y  1

A g o o d  esam/)te nf ,q lombltlc:l.\  IIW (Jf thw fcaturcs  IS found i n  a p p e n d i x  3.3:

1 9  FRR((x1  p,en 1) c c  S Q )  (SEQLJCNCE((xl  p,en 1) c c  SQh(((x1  g e n  1) c c  U)+
SLAMBDAA(ELF(r;car((xl  EPI, 1) c c  SQ))v(FRR(scdr((xl  gen 1) c c  SQ))r\
3sl s2.(STRING(r,I  )A(STRING(s2)A((war((sl  r,sn f) c c  SQ)=NEG(sl  )A

find(l,sl  ,scdr((xI  p,sn 1) c c  SQ)))v((<car((xl  p,en 1) CC SQ)=(sl d i s  ~52)~
find(Z,sl  c s2,scdr((xl  Zen f )  c c  SQ)))v((scar((xl  p,en 1) c c  SQ)=(sI  c o n  s2)~
find(2,sl c s2,scdr((xl  r;en 1) c c  SQ)))v((scar((xl  gen 1) c c  SQ)=(sl  impl  s2)~
find(2,sl c s2,scdr((xl  gen 1) c c  SQ)))v((scar((xl  p,en  1) CC SQ)=(sl  g e n  s2)~(1NDvAR(sl)~
find(1 ,s2,scdr((xl  gen 1) c c  SQ))))v(scar((xl  gen 1) c c  SQ)=(sl  ex s2h(lNDVAR(sl)~
find(  1 ,s2,scdr((x  1  g e n  1) cc SQ)))))))))))))))  --- VE WFFl  (xl g e n  1) c c  S Q

20 STRING(x  I )A(!jTRING(f)A((war((x  I p,w f) c c  SQ)=NEG(xl  ) A
find(  1 ,x 1 ,scdr((xl  p,an 1) cc SQ)))v((scar((xI  p,en 1) cc SQ)=(xl  dis f)A
find(2,xl  c f,scdr((x! p,en 1) c c  SQ)))v(( scar((xl p,en f) CC SQ)=(xl  c o n  f)A
find(2,xl  c f,scdr((xl  p,en 1) c c  SQ)))v((.,pcar((xl  p,on f )  c c  SQ)=(xl  imp1  f)A
find(2,xI  c f,r;cdr((xl  cm 1) c c  SQ)))v((r;cnr((xl  p-m  f) CC SQ)=(xl  g e n  ~)A(INDVAR(~~)A
find{1 ,f,scdr((xl  p,en 1) c c  SQ))))v(r,car((xI  r,en  1) c c  SQ)=(xl  ex ~)A(INDVAR(~~)A
find(1 ,f,scdr((xl  Ren 1) cc  SO) ) ) ) ) ) ) ) ) )  ( 1  2  3  4  5  6  7  8  11 )  - - -  TAUTEQ 1:19

2 1  3.~1 s2.(STRING(sl )A(STRING(x2)A((scar((sl  gen f) c c  SQ)=NEG(sl  )A

find{ I ,sl ,scdr((xl  gen 1) c c  EQ)))v(( :car((xl r,nn  f) cc SQ)=(sl  d is  S2)A

find(2,sl  c s2,r,cdr((rI  Een 1) c c  SQ)))v((scar((xI  gen 1) c c  SQ)=(sl  c o n  S2)A

find(2,sI c s2,scdr((xl  p,en  1) c c  SQ)))v((scar((xl  gon 1) c c  SQ)=(sl  i m p l  s2)~
find(2,sI c s2,scdr((xl  get\ 1) c c  SQ)))v((scar((xl  gen 1) CC SQ)=(sl  g e n  s2)/\(INDVAR(sl)A
find(  1 ,s2,scdr((x  1 gen 1) c c SQ)))) (av pcar((xl  gen 1) c c  SQ)=(sl  ex s2)~(lNDvAR(sl  )A

find(1  ,s2,scdr((xl  g e n  1) c c  SQ)))))))))))))))  (1 2 3 4 5 6 7 8 11) 0-0 U N I F Y  2 0

Line 19 is the instantratton  of an RXlonl.  Ltnc  20 is generated by the command,

T A U T E Q  19:o2a2rr2rr2*2W@l(sl+f  : s2+xl)  1:19;
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note how the use of the FOL subpart designators allows us to mention the desired subpart of 19,
wi thout  ha?:ing to retype K En addition we can do the appropriate substitutions. Line 21 is just a
use of UNIFY:

U N I F Y  19:@2w2#2@2w2  20;

Because we can mention the conclusion, without writing It down explicitly, the amount of typ ing
necessary is severely reduced. Without UNIFY, line 21 would have required two Nntroductions  and
the commands would have been:

31 20 xl+-sl OCC 1,2,3,4,7,&l 1,12,15,16,19,20,23,24;

31 20 f +s2 occ I ,5,9,13,17,18,21,22;

W e  do not enter into a detailed discussion of the command UNIFY. It  is our intension  to do it
elsewhere. It should be thought of as the routine which handles quantifiers In “simple” inferences.
As seen above, the saving to a user can be large.

-

-

‘i

*-
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T h e  dcsirc  to rr~~rwwt  ~nathr~n~t~cs  III a com[Juter i n  a  f e a s i b l e  w a y  certainly  wqult’cs  t/je facility  to

d i s c u s s  metamathcm~7ticnI  rrotlons.  The ;i.uromatizatlon  I)resented  h e r e  only t r e a t s  t h e  syntactic  part

of  the  problem. A n y  nmtm  nf the  models  involved needs the  addi t ion  of  set  theory  to the
axiomatization.  HCJWPVCI~, it is clear from the simple theorems we proved that any practical system
needs more extensive fcatutct Cven  to do a satisfactory job of writing down the theorems we might

want.

A n  irnpol  tanl IJOint fat flltlltf MU.), 1~ how (In a  pract ica l  way)  to  use  these theorems.  Consider  for
instance:

Vxl x 2  f.(BEW(xl  g e n  ( x 2  gsn 1)) 3 8EW(x2  gen ( x l  gen  1)))

What we mean by leflcctm  prlnclptc  IS a rule of FOL which says:

\- //BWf) / / i n  nwta FOL
Imm-----”

I f//f / In FOL

L
T h a t  is ,  i f  in  the axmmnti7:~tIf~tl  of thr  mctam;rt~lenlatics  of FOL,  w e  c a n  p r o v e  the exjstel>ce of an
FOL proof of f, then we CM ,ISSC~I  L f Iti FOL. S u p p o s e  w e  h a v e  a  p r o o f  i n  FOL of V X y.wff.  Then

instant ia t ing the above theorem elves us

BEW(x gen (y g e n  wff)) 3 BEW(y gen (x gen wff))

Since we started with a proof  of Vx y.wff III F@L  and BEW represents the proof predicate for FOL,
w e  c a n  conchide BEW(x gen (y p,en wff)). tJsing m o d u s  p o n e n s  w e  g e t  BEW(y  gen (x  gen wff)), and

u s i n g ;  t h e  above  t ule we c;tll ~C~IICIIICI~ Vy x.wff in FOL.

T h e  esact form o f  s u c h  A t111r rquim  niorr  r~.~~mpl~s  of proofs and is one of the main r e a s o n s  for
- d o i n g  t h e  exa~ny~l~  117 the tnc~mo. I t  I S  n o t  pst n p r o o f  c h e c k i n g  e x e r c i s e ,  b u t  a  c a s e  s t u d y  for

flJncianWntal  qcIcS~IoIIs  of I‘fplPWtlll~ Ill3rhcmntical  tnformatiotl i n a  c o m p u t e r . U s i n g
metamathemat ics  a lso  l~tq)atc~ Ihc way for wmc comprehensive  systems which  can formally  discuss
how they rmson.  That IS exactly what the n~ctar7lathenlatics  is good for.
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APPENDIX I

THE AXIOMS IN THE MANY SORTED LOGIC

1.1 Natural numbers

AXIOM NUMB:
V n l  n 2  n 3 .  ( n l  =n2 3 (nlw3  =) n2=n3)),
V n l  n2. ( n l  =n2 =I) succ(n1 )=succ(n2)),
V n l . B/succ(n I),
V n l  n2. (succ(nl  )=succ(n2)  3 nl =n2) ,
Vnl. nl+8=nl  ,
V n l  n2. n 1 wee (n2)=succ(n  1 l n2) ,
V n l . nl*8=8  ,
Vnl n2. nl *succ(n2)=(nl  *n2)+nl  ;;

A X I O M  INDCT:
(F(B)AVn.(F(n)DF(n*  1))) 3 Vn.F(n) ;;

AXIOM DEFN:
Vn. (succ(n)-1  )=n ,
V n l  n 2 . succ(n1  )-n2=nl -(n2-1) ,
V n l  n 2  n3. (nl<n2 = 3n3.(n3+8  A nlw3m2))  ,
V n l  n 2 . (nlsn2  5 (nl<n2)  v (nl=n2))  ,
V n l  n2. (n2>nl  * nl<n2)  ,
Vnl n2. (n2inl  m nlSn2)  ; ;

1.2 The set of symbols

AXIOM SYM:
Vs. (SYM(a)  E a=LPARSYM v  a=RPARSYM v wORSYM  v amANDSYM v amIMPSYM  v

aaFALSESYM  v asF0RALLSYM  v a=EXISTSYM)  ;;

1 . 3  Strhgs

AXIOM STRING:
vs.
Vsl s 2 .
Vsl s2.
Vsl s2.
Vsl s2.
t/8.
vs.
Vsl s2 s3.
Va.
vs.
Vsl s2.
VS.
VS.

s=car(s)  c cdr(s),
( s l  =LAMBDA  =) car(s1 c s2)=car(s2))  ,
(s 1 +LAMBDA =) car(s1 c s2)=car(sl))  ,
( s l  =LAMBDA  3 cdr(s1  c s2)=cdr(s2))  ,
( s l  {LAMBDA =) cdr(s1  c s2)=cdr(sl))  ,
(s c LAMBDA=LAMBDA  c s) ,
s c LAMBDA=s  ,
( s l  c  (s2 c s3)=(sl  c s2) c s3) ,
(h(a)=1  v a=LAMBDA) ,
Ien(s ,
len(s1 c s2)4en(s 1 )+len(s2)  ,
(len(s)=l  3 ATOM(s ) )  ,
8 gl s a L A M B D A  ,
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vs. 1 p,l s=car(s)  ,
Vs n. (Ml bUn gl s)=Un-1)  gl cdrkd))  ; ;

AXIOM SUBSTRDEF:
V n l  n 2  s l  s 2 . (SUBSTP(s  1 ,s2,nl ,n2J‘ z (len(s2)=n2-nl  *l A(Vn.(n)nl  Anln2 3

n fil 5 1 =(n-nl l 1 ) gi s2)))),
V n l  n 2  s l  ~2. (SlJBSTP(sl  ,s2,nl ,n2) r substring(s1  ,nl ,n2)ss2)  ,
Vsl s2. (SUBS(sl,t12)  k 3nl n2.SUBSTP(sl  ,s2,nl  ,n2));;

T h e  valttc’ of  substrinp,(sl,nl  ,nZ) iq IIIC slll)ctt ;II~ of sl  w h o s e  f i r s t  e l e m e n t  I s  t h e  II Ith elrlnent  of
sl and whew  last clf~wtit I s  tllr IiZtl~ r~lrnirttt.

AXIOM DISEQ:
Vgl g2. (4gl=g2)  = glt(P,2)  ; ;

AXIOM EQS:
V s l  ~2. (Vn.(n gl si=n  gl ~2) z sl=s2) ; ;

AXIOM COMP: --
Vf.
Vfl 12.
Vfl 12.
Vf.
Vfl 12.
v x  12.
v x  12.

AXIOM TERM:

V n  5.

vs.
AX IOM WFF:

vs.

vs.

A X I O M  S E Q :
vsq.
Vsql s q 2 .
Vsql  sq2.
Vsql sq2.

o(f)-(LI’AIISYM  c 1) c  RPARSYM ,
f 1 dis f2=(o(f  I ) c ORSYM) c e(f2)  ,
11 itnpl f2=(o(fl)  c IMPSYM)  c e(f2)  ,
ncg(f)l(f irnpl FALSESYM) ,
f 1 con f2=(o(f  1) c ANDSYM) c e(f2)  ,

x gen 12=(FORALLSYM  c x) c 12 ,
x ex 12=(EXISTSYM  c x) c 12 ; ;

TERMSCQ (II,LAMBDA)  ,
(TERM5FQ(n,s)  - (3nl  .(TERM(substring(s,l  , n l ) )  A

TLHMSCQ(n-1  ,subslrinp,(s,nl  l 1 ,len(s))))))  ,
(TERM(s) INDVAR(s)  v 311  fn.(fn=car(s)  A n=arity(fn)  A TERMSEQ(n,cdr(s))))  ;;

( E L F ( s )  - (:=FALSESYM  v PREDPARO(s)  v 3n P.(P=car(s)  A n=arity(P)  A

TERMSEQ(n,cdr(s))))),
(FORM(s) - (ELF(s) v

3 x  f.((szx  gon f )  V (s=x ex f ) )  V
311 f2.((s  = 11 dis 12) v (s = 11 con 12) v (s = 11 impl  f2)) v
3fs=neg  (f))) ;;

sq=scar (r.q) c c  scdr(sq)  ,
(sq 1 =S\AMBDA 2 scar(sq1  c c  sq2)=scar(sq2))  ,
(sql/SLAMBDA  3 scar(sq1  c c  sq2)=scar(sql))  ,
(sql =SLAMBDA 3 scdr(sq1  c c  sq2)=scdr(sq2))  ,

13
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Vsql sq2.
vsq.
vsq.

Vsql sq2 sq3.
vs.
vsq.
Vsql sq2.
vsq.
vsq.
Vn sq.

(sq 1 /SLAMBDA =) scdrhq  1 cc sq2)=scdr(sql) cc sq2) ,
sq cc SLAMBDA=SLAMBDA  cc sq ,
sq cc SLAMBDArsq  ,
(sq 1 c c  (sq2  cc  sq3)=(sql  GC sq2)  cc  sq3) )
(&an(s)=  1 vs=SLAMBDA)  ,
slen(sq)>fI  ,
slen(sq 1 cc sq2)=slen(sql  )+slen(sq2)  ,
8 sgl sq=SLAMBDA  ,
1 sgl sq=scar(sq) ,
((n> 1) =) ((n sg l  sq)=((n-1) sg l  scdr(sq))))  ;;

AXtOM  SUBSEQDEF:
V n l  n2 s q l  sq2. (SUBSEP(sq1  ,sq2,nl ,n2) 2 (sJen(sq2)=n2wl  --I A

Wn.(n>nl  An,<n2  =) n sgl sq2=(n-nl+l )  s g l  s q l ) ) ) )  ,
Vnl n2 sql sq2. WJW3’(sqt  ,sq2,nl ,n2) 5 subseq(sq1  ,n l  ,n2)=sq2)  ,
Vsql sq2. WJtWWsql  ,sq2)  * 3 n l  nZ.(SUBSEP(sql  ,sq2,nl ,nZ)))  ; ;

AX tOM EQSQ:
Vsql sq2. (Vn.(n  s g l  sql=n sgl s q 2 )  =) sql=sq2)  ;;

1.6 Free  arrd bound var iab les  aud the substitution

AXtOM BOUNDV:
Vx n 1. (GEB(x,n,f)  B 3 s  1 s2 f 1 .(len(sl )*1 <n A n<(len(f)-len(s2))  A

( x = n  gl f)A((f=(sl  c ((x gen f 1) c s2)))v(f+l  c ((x ox 11) c s2)))))) ;;

AXtOM FREEV:
Vx n f. (FRN(x,rr,f)  3 (x=(n  gl 1) A -GEB(x,n,f)))  ,
v x  1. (FR(x,f)  5 Iln.FRN(x,n,f  I);;

AXtOM FIRSTFRDF:
Vx n 1. (FIRSTFREEb,n,f)  5 (FRN(x,n,fl  A Vnl.(xvl g l  f  =) (nlln v GEB(x,nl,f)))))  ,
Vx n 1, (FlRSTFREE(x,n,f)  p firstfreeocc(x,f)=n)  ;;

- AXtOM KFREEOCCDF:
Vx k n 1. (KTHFREEOCC(x,k,n,f)  4 ((k=n A n=B) v

(n=len(f)  A Vn2.(n2>kthfreeocc(x,k-1  ,f) 3 -FRN(x,nZ,f)))  v
(FRN(x,n,f)  A Vnl  .((nl (k A n1M)  3 3n2Jn2tn  A KlHFREEOCC(x,nl  ,n2,f)))))),

Vx k n 1. (KTHFREEOCC(x,k,n,f)  E kthfroeocc(x,k,f)w)  ,
Vx k n 1. (KTHFREEOCC(x,k,n,f)  3 numbfreeocc(x,n,f)=k),
Vx k n 1. (numbfrooocc(x,n,f)=k  3 (KTHFREEOCC(x,k,n,f)  v

(n<kihfreeocc(x,k,f)  A n>kihfreeocc(x,k-1  ,f))));;
AXtOM SUBSTDF:

Vx t f 1 12. (SBT(x,t,f  1 ,f2) ; Vrrl n2.((n2=(numbfreeocc(x,nl  ,f 1 )*(ten(t)-1  ))+nl  )=I
((9INDVAR(nl  g l  11) =, nl g l  11 =  n 2  g l  f2)A
(INOVAR(n1  gl 11) 3 ((FRN(x,nl  ,fl) =) SUBT(t,f2,n2))n

(-FRN(x,nl  ,f 1)=4NVART(nl  ,f 1 ,n2,12))))))),
V t  12 n 2 . (SUBT(t,f2,n2)  3 Vx2 k.(((k  gl t )  = x 2 )  3 FRN(x2,n2-(len(t)-k),f2))),
Vn  f  1  n l  12. (INVART(n,f  1 ,nl,f2) 6 ((GEB(n1  gl f2,nl  ,f2) B GEB(n  gt f 1 ,n,f 1 ))A

(FRN(n1 gl f2,nl ,f2) =’ FRN(n  gl f l,n,f 1)) A n l  gl f2w gt f 1 ) )
Vx t f 1 12. (SBT(x,t,f  1,121 6 sbt(x,t,f  1 )=f2) ;;



L

Checking- metamathematicat  proofs

AXtOM  SUBDEF:
V x l  x 2  11  f2.(SBV(xl  ,x2,11,12) 3 Vn.((-lNDVAR(n gl f l )  3 n gt 11 8 n

(INOVAR(n  gl f 1) = ((FRN(xI  ,n,f I )DFRN(x2,n,f2))  A
gt f2)A

(7FRN(x 1 ,n,f 1 HNVARV(n,f 1 ,f
V n  11 12,

2)))))),
(tNVARV(n,f  I,121 2 ((GEB(n  g l  f2,n,f2) 3 GEB(n gl f 1 ,n,fl ))A

(FRN(n  gl f2,n,f2)  9 FRN(n gl fl ,n,fl))  A n  g t  12 = n gl 11 )),
V x  x l  11 12. (SBV(x,xl,fl,f2) 2 sbv(x,xl,ft)=f2);;

1.7 Rules of itlfercrwe

- AXtOM  ANDIRUL:
Vaq  p f l  p f2 .  (ANDl(sq,pf  I ,pf2)  z 3fl f2.(scdr(sq)z(pfl  cc ~!2)  A scar(sq)=f 1 c o n  12  A

f 1 =r;car(pf  1) A f2mar(pf2))),
vsq pf. (ANDE(sq,pf)  F 311 f2.(scdr(sq)=pf  A scar(sq)~fl  A ((fl c o n  f2)war(pf))v

(12 con f 1 )=scar(pf))));;

AXtOM  FALSERUL:
Vsq pf 1 pf2. (FALSEl(sq,pf 1 ,pf2) 5 311 .((scdr(sq)=(pf 1 cc pf2))A

vsq pf.
(scar(sq)=FALSESYM)  A (neg(f  1 )=scar(pf  1))  A (f 1 =scar(pf2)))),

(FALSEE(sq,pf)  : 3f.((scar(pf)=FALSESYM)  A f=scar(sq)  A scdr(sq)=pf));;

AXtOM  IMPLRUL:
Vsq pf 1 pf2. (IMPLE(sq,pf  1 ,pf2)  5 3f 1 f2.((scdr(sq)=(pf  1 cc pf2))A

vsq pf  fl.
(scar(pf 1 I=(11 impl 12)) A (scar(sq)=f2  A (scar(pf2) * f l ) ) ) ,

WPUD(sq,pf,f  1) s (scdr(sq)=pf  A 312.((scar(sq)m(f  1 imp1 f2))A
(f2=scar(pf))  A 3n.(fl = (n sg l  p f ) ) ) ) ) ,

v s q  pt. (IMPLt (sq,pf 1 s 3f.lMPLID(sq,pf,f  1);;

AX t0M NEGRUL:
vsq pf  1.

vsq pf.
vsq pf f.

v s q  pt.

(NOTtD(sq,pf,f)  E (scdr(sq)=pf  A scnr(sq)=f A (scar(pf)sFAl.SESYM)  A
3n.(n  5gl pf)=f)) ,

(NOTl(sq,pf)  2 3f.NOTlD(sq,pf,f),
(NOTEDhq,pf,f)  : (scdr(sq)=pf  A (scar(pf)  * FALSESYM)A

3n.h  s g l  pf)=f) A (f=neg(scar(sq))))),
(NOTE(sq,pf  ) E 3f .NOTED(sq,pf,f);;

AX tOM ORRUL:
vsq pf. (ORl(sq,pf)  g (scdr(sq)=pf  A 311 f2.((scar(sq)=(fl  d i s  12)) A

f 1 =scar(pf))  v (f2=scar(pf))))),
V s q  pfl pf2 pf3 11 12. (ORED(sq,pfl  ,pfZ,pf3,fl  ,f2) e (scdr(sq)=(pfl  CC  (pf2  CC p f 3 ) )  A

. (SW(pft  )=(f  1  d i s  12) A 3f3.(sCar(pf2)=f3)  A scar(sq)=f3  A

vsq pfl pf2 pf3.
(scar(pf3)=f3))  A 3nl .(nl sgt pf2)=f  t )A3nl .(nl sgt  pf3)=f2))),

(ORE(sq,pf 1 ,pf&pf3)  s 311 fZ.ORED(sq,pf  1 ,pf2,pf3,f  1 ,f2));;

AX tOM EXRUL:
vsq pf x 1. EXl(sq,pf,x,t)  2 35 1 .((scdr(sq)=pf  1) A (scar(sq)=(x  ex f 1)) A

scar(pf)=sbt(x,t,f  1)))  ,
Vsq pf 1 pf2 xl x2 fl. (EXED(sq,pf  1 ,pf2,xl ,x2,11 ) 9 ((scdr(sq)=(pf  1 cc pf2)) A

(scar(pf  1 )=(x1  43x f 1)) A (scar(sq)=scar(pf2))  h

vsq pf 1 pf2 xl x2.vx pf 1.
3n.((n sgl pf2)=sbt(xl  ,x2,1 1) A EXAPPL(x2,pf2,11)))),

1(EXE(sq,pf 1 ,pf2,x 1 ,x2) = 311 .EXED(sq,pf 1 ,pf2,xl(EXAPPL(x,pf,f  1 3 (-FR(x,scar(pf ,x2,f ),
)) A -FR(x,f  1 A Vf 1 .(DEPEND(pf,f 1) 3

-FR(x,I  1 I)));;
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AXIOM GENRUL:
vsq sql x 1,

v s q  sql xl x2.

vx sq.
Vpf .3x.

(GENE(sq,sql  ,x,1) s (scdr(sq)=sql  A FROOFTREEkql)  A
3f.(scar(sqi  )=x g e n  f  A scarkq)  = sbt(x,t,f)))),

(GENI(sq,sq 1 ,X  I ,x2) 1 (scdr(sq)=sql  A PROOFTREEbq  1) A
3f,(scar(sq)=xI  gen f h scar(sq1) = sbt(x1  ,x2,1) A APGENl(x2,sql)))),

(APGENl(x,sq)  s (Vf.(DEPEND(sq,f)  3 -FR(x,fI))  A PROOFTREEbqN,
APGENl(x,pf );;

1.8 Deduct iorl

AXIOM PROOF:
vsq. (PROOFTREE  5 (FORM(sq)  v

3pf.(ORl(sq,pf)  v ANDE(sq,pf)  v FALSEE(sq,pf)  v NOTl(sq,pf)  v NOTE(sq,pf)  v
-. IMPLl(sq,pf  )) v

3pf x t.(CENl(sq,pf,x,t)  v GENE(sq,pf,x,t) v EXl(sq,pf,x,t)) v
3pf I pf2.(ANDl(sq,pf  1 ,pf2)  v FALSEl(sq,pf 1 ,pf2) v IMPLE(sq,pf  1 ,pf2)) v
3pf I pf2 x t x2. EXE(sq,pf 1 ,pf2,xI ,x2) v
3pf I pf2 pf2 pf3.ORE(sq,pf  1 ,pf2,pf3)));;

AXIOM DEPNDG:
vsq 1.
v s q  1.

(DEPEND(sq,f)  3 SUBSSE(f,sq))  I
(fwsq 3 DEPEND(sq,f))  ;i

AXIOM DEPEND:
Vpf pf 1 f. ((pf I =scdr(pf) 3 (DEPEND(pf,f)  H DEPEND(pfl,f))) 0

(ORl(pf,pfl)  v ANDE(pf,pfl)  v FALSEE(pf,pfl)  v
3f 1 .((NOTlD(pf,pf  I ,f I ) v NOTED(pf,pf 1 ,f 1) v IMPLID(pf,pf  1 $1)) A f 1 tf) V
3x t.(GENl(pf,pf  1 ,x,t) v GENE(pf,pf  1 ,x,t) v EWf,pfl  ,x,t)))) f

Vpf p f l  p f 2  f. ( ( ( (p f  1 CC  pf2=scdr(pf))  v (pf2 cc pf 1 =scdr(pf)))  3
(DEPEND(pf,f)  E ((DEPEND(pf  1 ,f) v DEPEND(pf2,f))))  f
(ANDl(pf,pf  1 ,pf2)  v FALSEl(pf,pf  1 ,pf2) v lMPLE(pf,Pfl  ,Pf2) V
3x I x2 f 1 .(EXED(pf,pf  I ,pf2,x  1 ,x2,1 1) A fif 1 )I),

Vpf  pfl pf2 pf3 f. (((((pfl  C C  (pf2 c c  pf3))=scdr(pf))  v
((pfl  C C  (pf3  C C  pf2))=scdr(pf))  v
((pf2  C C  (pfl C C  pf3))=scdr(pf))  v
((pf2  C C  (pf3 c c  pfl bscdr(pf))  v
( (p f3  C C  (pfl  cc pf2))=scdr(pf))  V
((pf3  CC (pf2 cc pf 1 bscdr(pf)))  =)
(DEPEND(pf,f)  5 (DEPENDtpf  I ,f) v DEPENDbf2,f)  V
DEPEND(pf3,f))))”
3f I fZ.(ORED(pf,pfI  ,pf2,pf3,fl,f2)  A f/f1 A fif2)) ;i

AXIOM NDEPND:
Vpf1 p f 2  1. ((NOTiD(pf  I ,pf2,f)  v NOTED(pf  1 ,pf2,f) v IMPLID(pf  1 ,pf2,f)) =

-DEPEND(pf  1 ,f I),
vpf f pf2 pf3 xl x 2 11 EXED(pf  1 ,pfi,pi3,xl  ,x2,f)  3 DEPENDM  1 ,f)) ,-
vpf 1 pfz pf3 pf4 f 1 f 2 .  (OREDipf  1 ,pf2,pf3,pf4,11  ,f2) DEPEND(pf3 - 1 ,f 1) A

-DEPEND(pf  1,121);;
Vf. (BEW(f) 3 3sq.(PROOFTREE(sq)  A f m scar(sq)  A V f  l‘.(DEPEND(sq,f 1) 3

AXIOM(f  1 I)));;

AXIOM THEORY:
vx 1. (AXIOM(f) 2 -FRh,f));;
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AXIOM INFVAR:
Vs.3x.Vn. n gt s + x ;;
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APPENDIX 2

THE AXIOMS IN THE LOGIC

2 . 1  N a t u r a l  n u m b e r s

AXIOM NUMB:
Vnl  n2  n3 . ((INTEGER(n1)  A INTECERh2)  A INTEGER(n3))  3 (nh2 3 (nl=n3 3 nZnn3))),
V n l  n 2 . ((INTEGER(n1  ) A INTEGER(n2))  =) (nl=n2 3 succ(n1  )=succ(n2))),
V n l . (INTEGERhI ) 3 O+succ(nl ),
V n l  n2. (INTEGERhl  ) A INTEGER(n2))  3 (succ(n1)  * succ(n2)  3 n l  = n2)),
V n l . (INTEGER(n1)  2 n1*8=ni  ),
V n l  n 2 . ((INTEGER(n1  )AINTEGER(n2))  3 nl l succ(n2)  = s u c c ( n 1  + n2)),
Vnl. (INTEGER(n1)  3 nl*@=O),
V n l  n2. ((INTEGER(n1)  A INTEGER(n2))  3 nl *succ[n2)+1  *n2)+nl);;

AXIOM INDCT:
(F(0)  A Vx.(,N+EGtR(w) 3 (F(x) =) F(x4  1)))  =) Vx,(lNTEGER(x)  =) F (x) ) ; ;

AXIOM DEFF::
Vn. ( INTEGER(n)  =) (succ(n)-1  )=n) ,
Vnl  n 2 . ((INTEGER(n1)  A INTEGER(n2))  3 succ(n1 )-n2wl +2-l)),
Vnl n 2  n 3 .  ((INTEGER(n))  A INTEGER(n2)  A INTEGER(n3))  3

(nl<n2 3 3n3.(n3+0  A nl w3=n2))),
Vnl n 2 . ((INTEGER(n)  ) A INTEGER(n2))  2 (nlIn2 ” (nltn2)  v (nlw2))),
V n l  n2. ((INTEGER(n1)  A INTEGER(n2))  3 (n2>nl 3 nl<n2)),
Vnl n2. ((INTEGERhi  ) A INTEGER(n2))  3 (n2lnl  * nl$n2)),

2 . 2  T h e  s e t  o f  symbol5

AXIOM SYM:
Vs.

a

2 . 3  S t r i n g s

AXIOM STRING:
vs.
Vsl  s2.
Vsl 62.
Vsl s2,
Vsl 02.
vs.
VS.
Vsl s2  s3 .
vs.
vs.
Vsl s 2 .
vs.

(SYM(a) e a=LPARSYM  v a = R P A R S Y M  v a=ORSYM v amANDSYM  v a4MPSYM  v
a=FALSESYM v a=FORALLSYM v a=EXISTSYM)  ;;

(STRING(s )  =) war(s)  c cdr(s))  ,
((STRING(s1)  A STRING(s2))  =) (sl =LAMBDA  3 car(s1  c s2)=car(s2))),
((STRING(sl)  A STRING(s2))  =I (sl+LAMBDA =) csr(s1  c s2)ww(sl))),
((STRING(s1)  A STRING(s2))  3 (sl =LAMBDA  3 cdr(s1  c s2)wdr(s2))),
((STRING(s1)  A STRING(s2))  =) (sl +LAMBDA  3 cdr(s1  c s2)*cdr(sl))),
( (STRING(s )  3 (s c LAMBDA=LAMBDA  c s)),
(STRING(s )  3 (s c tAMBDA=s)),
((STRING(s1)  A STRING(s2)  A STRING(s3))  3 (sl c (s2 c s3)=(sl  c 62) c s3)),
(STRING(s)  =) (km(a)=1  v a=tAMBDA)),
(STRING(s) 3 lon(s))R),
((STRING(s)  ) II STRING(s2))  3 len(s1  c s2)4en(sl  )+len(s2)),
(STRING(s )  3 hrW=1  3 ATOM(s ) ) ,
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VS.
VS.
vs n.

(STRING(s)  3 Cl gl dAMBOA),
(STRING(s)  3 1 gl war(s)),
((STRING)  A INTEGERhG)  3 ((n>l 1 3 ((n gl s)a((n-1) gl c&(s))))),

AXIOM SUBSTRDEF:
Vnl n2 s l  62.

Vnl n2 sl 82.

Vsl 02.

AXIOM DISEQ:
Vgl 82.

AXIOM EQS:
VSI c2.

AXIOM COMP: -
‘41.
‘451 12.
Vfl 12.
Vf#
Vfl f 2 .
vx 12.
vx 12.

2.4 S e q u e n c e s

AXIOM SEQ:
vsq.
Vsql sq2.

Vsql sq2.

Vsql  sq2.

Vrql sq2.

voq.
vsq.
Vsql tq2 uq3.

VS.
vsq.
Vsql  sq2.
vsq.
vsq.
Vn sq.

AXIOM SUBSEQDEF:

((INTEGER(n1)  A INTEGER(n2)  A STRING(s1)  A STRING(s2))  3
(SUBSTP(s1 ,s2,nl  ,n2) z (len(s2)=n2-nl+l  A (Vn.(ninl  A n,(n2  3
n gl sl =(n-ni + 1) gl s2))))),

((INTEGER(n1)  A INTEGER(n2)  A STRING(d)  A STRING(s2))  3,
(SUBSTP(sl  ,s2,nl  ,n2) 3 substring(s1  ,nl ,n2)=s ,

((STRlNG(s1)  ft STRING(s2))  3 (SUBStsl ,s2) m Jnl nZ.SUBSTP(sl  ,s2,nl  ,n2)));;

bkh2)  E glr’g2)  ;;

MTRINfW  1 A STRINWWI  3 (WlNTEGER(n)  3 (n gl s 1 en g1 ~2)) I ~1 .~z))~~

(FORM(f) 3 (e(f)=(LPARSYM  c 1) c RPARSYM),
((FORM(f  1) A FORM(f2))  3 (11 dis f2)=(e(fl)  c ORSYM) c e(f2)),
((FORM(fI  ) A FORM(f2))  = (11 imp1 f2)+(fl)  c IMfJSYM)  c o(f2)),
(FORM(f) 3 neg(f)=(f  impl FALSESYM)),
((FORM(f1) A FORM0211  = (11 con f2)+(fl)  c  ANDSYM) c e(f2)),
((INWAR A FORM(f2))  =) (x g e n  f2)=(FORALLSYM  c x ) c f2)
((INDVAR(x) A FORM(f2))  3 (x o x  fP)*(EXISTSYM c x) c 12)

,
;;

W?UENCE(sq)  3 sqwartsq)  cc scdr(sq))  ,
((SEQUENCE(sql  ) A SEQUENCE(sq2))  3 (sql  aSLAMBDA  3

scar(sq  1 cc sq2)=scar(sq2))),
((SEQUENCEbql  ) A SEQUENCE(sq2)) 3 ( s q l  #LAMBDA  3

scarbql  cc sq2):scar(sql))),
((SEQUENWsql  ) A SEQUENCEbqZ))  a (~$1  *SLAMBOA 3

scdrkql  cc sqZ)=scdr(sq2))),
((SEQUENWsql)  A SEQUENCE(sq2)) 3 [sql/SLAMBDA  Y

scdrkq  1 cc sq2)=scdr(sq  1) CC sq2)) ,
(SEQUENCE(sq) 3 sq cc SLAMBOA=SLAMBDA  cc sq),
(SEQUENCEbq)  =) sq cc SLAMBDA=sq),
WEQUENWsq  1) A SEQUENCE(sq2)  A SEQUENCE(sq3)) 3

(sql cc (sq2 cc sq3)=(sql  cc sq2) cc sq3))
(STRING(s)  3 (&w(s)= 1 v &LAMBDA)),
(SEQUENCE(sq) 3 slen(sq)/@),
WEQUENWsq1)  A SEQUENWsq2U  3 slen(sq1  c c  sq2)=slen(sql  )*sIen(sq2))  ,
(SEQUENCEtsq) 3 8 sgl sq=SLAMBDA),
(SEQUENCE(sq) 3 1 sgl sq=scar(sq)),
((INTEGER(n)  A SEQUENWsq))  3 Un>l 1 =) ((n sgl, sq)=((n-1) sgl scdr(sq))))  $3

Vn l  n2 sql sq2. ((INTEGER(nl)  A INTEGER(n2) A SEQUENCE(sq1)  A SEQUENCE(sq2)) 3
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(SUBSEP(sql  ,sq2,nl ,n2) 9 (slen(sq2)=n2wl  l 1 A (Vn.(ninl  A n,<n2 =)
n sp,l sq2=(n=nl l 1) sgl sql ))))) ,

Vnl n2 sql sq2. ((INTEGER(nl)  A INTEGER(n2)  A SEQUENCE(sq1)  A S E Q U E N C E ( s q 2 ) )  =)

Vsql sq2.

AXIOM EQSQ:
Vsql sq2.

2 . 5  F o r m u l a s

AXIOM FIND:
vsq.
Vn s sq.

AXIOM FINDTOP:
vsq.
V n  6 sq.

AXIOM TERM:
vsq.

W.
AXIOM WFF:

Vf.

vsq.

Vf.

20

(SUEISEP(sq1  ,sq2,nl ,n2) 3 subseq(sql  ,nl ,n2)=sq2)),
((SEQUENCEbql  1 A SEQUENCE(sq2)) 3 (SUBSSE(sq1  ,sq2)  p

3nl n2.(SUBSEP(sql  ,sq2,nl  ,n2))));;

((SEQUENCE(sq1)  A SEQUENCE(sq2)) 3 (Vn.(n sgl sqbn  sgl s q 2 )  3 s q l  wq2));;

(FlND(13,LAMBDA,sqk  SEQUENCE(s
(FlND(n,s,sq)  y INTEGER(n) A STRING(s) A SEQUENCE(sq)  A

3n sl s2.(lNTEGER(n)  A STRING(s1)  A STRING(s2)  A (Bts  A s<slen(sq))  A
( s l  E(n sg l  sq)) A (s=(sl c ~2)) A FIND(n-I  ,s&sq)));;

(FINDTOP(O,SLAMBDA,sq)s  SEQUENCE(sq)),
(FINDTOP(n,s,sq)  B INTEGER(n) A STRING(s) A SEQUENCE(sq)  A

31 s2,(STRING(sl)  A STRING(s2)  A (#LAMBDA)  A (s=(sl  c ~2)) A
(s=scar(sq))  A FINDTOP(n-1  ,s2,scar(sq))));;

(TERMSEQ(sq)  5 SEQUENCEkq)  A ((slen(sqH  A+INDVAR(  1 s g l  s q ) )  v
(slon(sq)> 1 A TERMSEQ(scdr(sq))  A (INDVAR(scar(sq))  v
3n r,.lNTEGERh)  A S T R I N G ( s )  A (s=car(scar(sq))  A OPCONST(s)  A n=arity(s)  A

FIND(n,cdr(~car(sq)),r,cdr  (sq))))))),
(TERM(t)  F STRING(f)  A Zq.(TERMSEQ(sq)  A t=car(sq)));;

(ELF(f)  9 STRING(f) A (f=FALSESYM  v PREDPARO( f )  v 3n sq.(lNTEGER(n) A

SEQUENCE(sq)  A PREDPAR(car(f))  A n=arity(car(f))  A TERMSEQ(sq)  A

FlNDTOP~n,cdr(f),sq)H~,
(FRR(r,q)  5 SEQUENCE(sq)  A (sq/SLAMBOA)  A (ELF(scar(sq))  v

(FRR(scdr(sq))  A 31 s2.(STRING(sl)  A STRING(s2)  A
(((scar(sq)=neg(sl  ) A FIND( 1 ,xl ,scdr(sq)))  v
(scar(sq)=(sl  d i s  s2) A FIND(2,(sI  c s2),scdr(sq)))  v
(scar(sq)=(sl  c o n  ~2)  A FIND(2,(sl  c s2),scdr(sq)))  v
(scar(sq)=(sl  i m p l  ~2)  A FIND(2,(sl  c s2),scdr(sq)))  v
(scar(sq)=(sl  g e n  ~2)  A INDVAR(sl)  A FlNDll  ,sil,scdr(sq))) v
(scar(sq)=(s  1 ex s2) A INWAR  A FIND( 1 ,s2,scdr(sq))))))))),

(FORM(f) E STRING(f) A Isq.(FRR(sq)  A fescarfsq)));;

2.6 F r e e  arid hound  var iab les  aud the substitution

AXIOM BOUNDV:
Vx n f.(GEB(x,n,f)  e INDVAR  (x) A I N T E G E R ( n )  A F O R M  (1) A 31 s2 f I .(STRING(S~)A

FORM(f  1) A STRING(s2)  A len(si )+l <n  A n<(len(f)-len(s2))  A

(WI &I f)A((f=(Sl  C ((X gWl  fl) C S2))) V (fhl  C ((X 0X f 1) C 13))))));;



.
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c

L-

AXIOM FREEV:
Vx n 1.

vx 1.

AXIOM FIRSTFRDF:
Vx n f.

Vx n 1.

(FRN(x,n,f)  z INDVAR(x)  A I N T E G E R ( n )  A F O R M  (1) A x=(n gl 1) A

-GEB(x,n,f  11,
(FR(x,f)  t In.(lNTEGER(n)  ,! FRN(x,n,f)));;

(FIRSTFREE(x,n,f)  : FRN(x,n,f)  A Vnl.(lNTEGER(nl)  A xwl g l  f  3
(nl >n v GEB(x,nl  ,f)))H,

(FIRSTFREE(x,n,a)  H firstfree(x,f)=n);;

L-

L -

AXIOM KFREEOCCDF:
Vx k n 1. (KTHFREEOCC(x,k,n,f)  F (INDVAR(x)  A INTEGER(k) A INTEGER(n) A

FORM( f )  A (k=O  A n=fl) v
(n=len(f)  A Vn2.((lNTEGER(n2)  A n2>kthfreeocc(x,k-1  ,f)) =) -FRN(x,n2,f)))  v
(FRN(x,n,f)  A V n l  .((INTEGER(nl  )A(nl  <k A nl>B))  3

3n2.(INTEGER(n2)  A n2<n  A KTHFREEOCC(x,nl  ,n2,f)))))),
Vx k n 1. (KTHFREEOCC(x,k,n,f)  E kthfreeocc(x,k,f)=n),
Vx k n 1. (KTHFREEOCC(x,k,n,f) 3 numbfreeocc(x,n,f)=k),
Vx k n 1, (numbfreeocc(x,n,f)=k  3 (KTHFREEOCC(x,k,n,f) v

-- (n<kihfreeocc(x,k,f)  A n>kthfreeocc(x,k-1  ,f)));;

L

AXIOM SUBSTDF:
V x  t 11 12. (SBT(x,t,f  1 ,f2) z ((INDVAR(x)  A TERM(t) A FORM41  1) A FORM(f2))  =)

Vnl n2.((lNTEGER(nl)  A INTEGER(n2) A
n2=numbfrooocc(x,nl  ,f 1 )*(len(t)-1  ))*nl =)
((dNDVAR(n1  gl 11) 2 n l  gl 11 s n2 g l  12) A
(INDVAR(nl  gl f 1 )  3 ((FRN(x,nl  ,fl) =) SUBT(t,f2,n2))  A

(-FRN(x,nl  ,f 1) 3 INVART(n1  ,f 1 ,n2,f2)))))))),
Vt 12 n2. (SUBT(t,f2,n2)  5 (TERM( t )  A FORM(f2)  A INTEGER(n2)  A

Vx2 k.((lNDVAR(x2)  A I N T E G E R ( k )  A ((k gl t)=x2))  3
FRN(x2,n2-(len(t)-k),f2)))),

Vnl f 1 n2 12.(INVART(nl  ,f 1 ,n2,12)  5 (INTEGER(n1)  A FORM(f  1) A INTEGER(n2) A
FORM(f2)  A ( G E B ( n 2  gl f2,n2,12)  0 GEB(n1 gl fl,nl ,f 1 ) )  h
( F R N ( n 2  gl f2,n2,12)  E FRN(n1  gl fl,nl,fl)) A
n 2  gl f2=nl  gl 11 I),

Vx t f 1 12. ((INDVAR(x)  A TERM(t) A FORM(f 1) A FORM(f2))  3
(SBT(x,t,f  1 ,f2)-sbt(x,t,f  1 )=f2)),

v x  t 11. ((INDVAR(X),A  TERM(t) A FORM(f 1)) 3 FORM(sbt(x,t,f  1 ))I;;

c AXIOM SUBDEF:
V x l  x2 f  1 fZ,(SBV(xl  ,x2,1 1 ,f2) 5 ((INDVAR(x1)  A INDVAR(x2)  A FORM(f1)  A F O R M ( f 2 ) )  3

Vn.(lNTEGER(n)  =) ((dNDVAR(n  gl f 1 )  3 n gl f 1 En gl f2) A

(INDVAR(n  g l  11) =) ((FRN(xl,n,fl)  3 FRN(x2,n,f2))  A
(9FRN(x 1 ,n,f 1) 3 INVARV(n,f  l,f2)))))))),

Vn f l  12. (INVARV(n,f  1 ,f2) 5 (INTEGER(n) A FORM(f 1) A FORM(f2) A

I,-
( G E B ( n  gl f2,n,f2) F GEB(n gl fl,n,fl)) A
F R N ( n  gl P,n,f2)  z FRN(n  gl fl,n,fl)) A
n gl f2=n gl f I )),

L
V x l  x 2  f  1 12 .((INDVAR(xi ) A INDVAR(x2)  A FORMIf])  A FORM(f2)) 3

(SBV(x1  ,x2,1 1 ,f2) g sbv(x1  ,x2,f 1 )=f2)),
Vxl x2 11. ((INDVAR(x  1) A INDVAR(x2)  A FORM(f 1)) 3 FORM(sbv(x1  ,x2,1 1)));;

L- 2 . 7  R u l e s  o f  ii~fetwce
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AXIOM ANDIRUL:
vsq pfl pf2.

vsq pf.

AXIOM FALSERUL :
vsq pfl pf2.

vsq pf.

AXIOM IMPLRUL :
vsq p f l  pf2.

vsq pf 11.

vsq pf.

AXIOM NECRUL:
vsq pf 11.

vsq pf.
vsq pf 11.

vsq pf.

AXIOM ORRUL:
vsq pt.

(ANDl(sq,pf  I ,pf2)  z (SEQUENCE(sq)  A PROOFTREE(pf 1) A PROOFTREE(pf2) A
311 f2.(scdr(sq)=(pf  1 cc pf2)  A scar(sq)=f  1 con f2 A FORM(f  1) A

FORM(f2)  A f 1 =scar(pf  1) A f2%ar(pf2)))),
(ANDE(sq,pf)  c (SEQUENCE(sq)  A P R O O F T R E E  A 311 .(scdr(sq)=pf A

FORM(f1)  A (((scar(sq)  con f 1 )=scar(pf))  v
((f 1 con (scar(sq))=scar(pf)))));;

(FALSEl(sq,pf  1 ,pf2)  s (SEQUENCE(sq)  A PROOFTREE(pf  1) A PROOFTREE(pf2) A
311 .((scdr(sq)=(pf  1 c c  pf2))  A (scar(sq)=FALSESYM)  A FORM(f  1) A

(neg(x)=scar(pf  1)) A (xl ascar(pf2))))),
(FALSEE(sq,pf)  5 (SEQUENCEkq)  A PROOFtREE A (scar(pf)aFALSESYM) A

scdr(sq)=pf  )I;;

(IMPLE(sq,pf  1 ,pf2)  3 (SEQUENCE(sq)  A PROOFTREE(pf 1) A
PROOFTREE(pf2) A Vf 1 ,((scdr(sq)s(pf  1 cc pf2)) A FORM(f 1) A

(scar(pf 1 ):(f 1 imp1 (SCar(Sq))) A (SCW(pf2):f 1 )))),
(IMPLID(sq,pf,f  1 )  n (SEQUENCE(sq)  A PROOFTREE  A scdr(sq)=pf  A

FORM(f 1) A 3f2.((scar(sq)=(fl  imp1  x2)) A F O R M ( f  1) A (fhscar(pf))  A
3n.(lNTEGER(n)  A fls(n sgl pf))))));;

(IMPLl(sq,pf  ) 9 3f.lMPLID(sq,pf,f  )I;;

(NOTID(sq,pf,f  1 )  3 (scdr(sq)=pf  A SEQUENCE(sq)  A PROOFTREE  A

FORM(f 1) A 3n.((scar(pf)=FALSESYM)  A scar(sq)weg(f  1) A
INTEGER(n) A ((n sgl pf)=f 1 )))),

(NOTl(sq,pf)  E 3f.NOTlD(sq,pf,f)),
(NOTED(sq,pf,f  1) 5 (scdr(sq)=pf  A SEQUENCE(sq)  A  P R O O F T R E E  A

FORM(f)  A 3n.((scar(pf)=FALSESYM)  A INTEGER(n) A
((n sgl pf )=neg  (scar (sq)))))),

(NOTE(sq,pf)  a 3f.NOTED(sq,pf,f));;

-_

(ORl(sq,pf)  z (scdr(sq)=pf  A SEQUENCE(sq)  A P R O O F T R E E  A
311 f2.((scar(sq)  s (f 1 dis 12))  A FORM(f1)  A FORM( f2 )  A (f 1 =scar(pf)) v
(12=scar(pf))))l,

Vsq pfl pf2 pf3 f 1 12.(ORED(sq,pf  1 ,pf2,pf3,f  1 ,f2) E (SEQUENCE(sq)  A PROOFTREE(pf 1) A
PROOFTREE(pf2) A PROOFTREE(pf3) A FORM(f  1) A FORM(f2) A
(scdr(sq)=(pfl  cc (pf2 cc pf3)) A
(scar(pf 1 )=(f 1 dis f2))A(scar(pf2)=scar(sq))  A (SCar(pf3)=SCar(6q))  A
3nl .(nl sgl pf2)=f 1) A 3nl .(nl sgl pf3)=12)))),

Vsq pf 1 pf2 pf3. (ORE(sq,pf 1 ,pf2,pf3) E 311 fZ.ORED(sq,pf  1 ,pf2,pf3,f  1 ,f2));;
h

AXIOM EXRUL :
vsq pf x 1. (EXI(qq,pf,x,t)  2 (SEQUENCE(sq)  A PROOFTREE  A INDVAR(x)  A TERM(t).A

311 .((scdr(sq)=pf  1) A (scar(sq)=(x  ex f 1)) A FORM(f  1) A
scar(pf)=sbt(x,t,f  1 )))I,

Vsq pf 1 pf2 xl x2 f 1, (EXED(sq,pf  1 ,pf2,xl ,x2,1 1) 5 (SEQUENCE(sq)  A PROOFTREE(pf 1) A
INDVAR(x1)  A INDVAR(x2)  A (scdr(sq)4pf  1 cc pf2)) A FORM(f 1) A
(scar(pf1  )=(x1  ex f 1)) A (scar(sq)8  scar(pf2))  A
3n.((n sgl pf2)=sbt(xl  ,xZ,f 1) A INTEGER(n) A EXAPPL(x2,pf2,f  1 ))))),

Vsq pf 1 pf2 xl xZ.(EXE(sq,pf  1 ,pf2,xl ,x2) 5 EXED(sq,pf  1 ,x1 ,x2)),
vx pf 1. (EXAPPL(x,pf,f)  = (INDVAR(x)  A PROOFTREE  A F O R M ( f )  A -FR(x,scar(pf))  A



-FR(x,f  1 A Vf 1 .(QEPENQ(pf,f  1) a --FR(x,f  1 )I));;

AXIOM GENRUL:
vsq sql x a. (GENE(sq,sql,x,t)  r (SEQUENCEkq)  A INDVAR(x)  A T E R M ( t )  A scdr(sq)=sql A

PROOFTREE(sql1  A 3f,(FORM(f) A scar[sql  )=x gen f A

scar(sq)=sbt(x,t,f)))),
v s q  sql xl x2. (GENlkq,sqt  ,x1,x2)  B (SEQUENCE(sq)  A INDVAR(x  1) A INDVAR(x2) A

scdr(sq)=sq 1 A PROOFTREE(sq  1) A 3f.(FORM(f) A (scar(sq)8xl  gen f) A

vx sq.

vsq.

mwkql  )=sbt(xl ,x2,1) A APGENl(x2,sql)))),
(APGENl(x,sq)  E (INDVARix)  A Vf.(DEPEND(sq,f)  3 -FR(x,f)))  A

PROOFTREE(s
(PROOFTREE = 3x.(lNDVAR(x)  A APGENl(x,sq))) ;;

I

I23

c-I--
2.8 Deduct  ion

AXIOM PROOF:
vsq.

AXIOM DEPNDG:
vsq 1.
vsq f.

AXIOM DEPEND:
Vpf p f l  1.

(PROOFTREE  s (iSEQUENCE  A FORM(sq))  v
3pf.(PROOFTREE(pf)  A (ORl(sq,pf) v ANDEkq,pf) v FkLSEE(sq,pf) v

NOTl(sq,pf)  v NOTE(sq,pf)  v IMPLl(sq,pf)))  v
3pf x t <(PROOFTREE  A INDVAR(x)  A TERM(t )  A

(GENlkq,pf,x,t)  v GENE(sq,pf,x,t)  v EXl(sq,pf,x,t)))  v
3pf 1 pf2.(PROOFTREE(pf  1) A PROOFTREE(pf2) A

(ANDl(sq,pf  I ,pf2)  v FALSEl(sq,pf  1 ,pf2) v IMPLE(sq,pf  1 ,pf2)))  v
3pf  1  p f2  x l  x2.(PROOFTREE(pfl)  A PROOFTREE(pf2)  A INDVAR(x1)  A

INDVAR(x2)  A EXE(sq,pf!  ,pf2,xl  ,x2)) v
3pf 1 pf2 pfI(PROOFTREE(pf  1) A PROOFTREE(pf2)  A PROOFTREE(p f3 )  A

ORE(sq,pf  1 ,pf2,pf3  j))) ;;

(DEPENDCsq,f)  3 (SEQUENCE(sq)  A F O R M ( f )  A SUBSSE(f,sq))),
((SEQUENCE(sq)  A F O R M ( f )  A sq=f) 3 DEPEND(sq,f))  ;;

(((PROOFTREE  A PROOFTREE(pf  1)  A (pf 1 =scdr(pf)))  3
(DEPEND(pf,f ) 9 DEPEND(pf 1 ,f))) E

(ORl(pf,pf  1) v ANDE(pf,pf  1) v FALSEE(pf,pf  1) v
311 .(FORM(f  1) A (NOTID(pf,pf  1 ,f 1) v NOTED(pf,pf  1 ,f 1) v

IMPLID(pf,pf  1 ,f 1)) A f 1 +f) v
3x t .(INDVAR(x)  A TERM(t) A GENl(pf,pf  1 ,x,t) v

GENE(pf,pf  1 ,x,t) v EXHpf,pf  1 ,x,tW)  ;;

AXIOM DEP:
Vpf pfl pf2 1. ( ( ( P R O O F T R E E  A PRQOFTREE(pf  1) A PROOFTREE(pf2)  A

((pf 1 c c  pf2=scdr(pf))  v (pf2 cc pfl =scdr(pf))))  3 (DEPEND(pf,f)  6
(DEPENO(pf 1 ,f) v DEPEND(pf2,f))))  5 (ANOl(pf,pf  1 ,pf2) v
FALSEl(pf,pf  1 ,pf2)  v IMPLE(pf,pf  1 ,pf2) v
3x 1 x2 f 1 .(EXED(pf,pf  1 ,pf2,xl ,x2,1 1) A fff 1 )I);;

AXIOM DEPND:
Vpf pfl pf2 pf3 1. ( ( (PROOFTREE A PROOFTREE(pf  1) A

PROOFTREE(pf2)  A PROOFTREE(pf3) A
(((pfl c c  (pf2 c c  pf3))=scdr(pf))  v
((pfi- cc (pf3 cc pf2))=scdr(pf))  v
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( (p f2  cc  (pft  cc pf3))=scdr(pf))  v
((pf2  cc (pf3 cc pfl))=scdr(pf))  v
( (p f3  cc  (pfl cc pf2))=scdr(pf))  v
((pf3  cc  (pf2,cc pf 1 ))=scdr(pfM  3

(DEPEND(pf , f )  5 (DEPEND(pf  1 ,f) v DEPEND(pf2,f)  v DEPEND(pf3,f))))  =
311 f2.(ORED(pf,pfl  ,pf2,pf3,fl,f2)  A fifl A f+f2)) ,

AXIOM NDEPND:
Vpfl pf2 1. ((NOTID(pf  1 ,pf2,f) v NOTED(pf 1 ,pfZ,f) v tMPLtD(pf 1 ,pf2,f))  3

-DEPEND(pf  1 ,f )),
vpf 1 pf2 pf3 xl x 2 f.(EXED(pf  1 ,pf2,pf3,xl  ,x2,1) =) - DEPENWpf  1 ,f)) ,
vpf 1 pf2 pf3 pf4 11 12. (OREWpf 1 ,pf&pf3,pf4,fl,f2)  =) l DEPEND(pf  1 ,f I ) A -DEPEND(pf 1 ,f2));;

AXIOM PROVABLE:
Vf. (BEW(f) i: F O R M ( f )  A %q.(PROOFTREE(sq)  h fwcar(oq)  A

Vf 1 .(DEPEND(sq,f  1) 3 AXIOM(f  1 I)));;

AXIOM THEORY:
vx 1. (AXIOM(f) 3 - FR(x,f)AFORM(f));;

AXIOM INFVAR:
Vs.3x.Vn. n gt sh) ii
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c A P P E N D I X  3

THE PROOF OF “IF f IS A WFF ALSO . x.f IS A WFF”

3.1 F O L  coml~lands  and prirltout  111  the Illally sorted logic
commands

V E  WFFI,  x g e n  1;
T A U T E Q  (x g e n  f= x  g e n  1) v (x gen f 8 x ex 1);
U N I F Y  --:r2#2#1  , -;

c TAUT --~81 , 1:‘;

. - proof

i-

1 FORM(x  g e n  f)e(ELF(x  g e n  f)v(3xl f 1 .((x g e n  1)=(x1  gen f 1 )v(x g e n  1)=(x1 ex fl ))v
(311 f2.((x g e n  f)=(fl dis f2)v((x g e n  f )=( f l  c o n  f2)v(x  g e n  f)=(fl impl  f2)))v
311 .(x gen f )=neg(f  1 )I))

2 (x g e n  f)=(x g e n  f)v(x  g e n  1)=(x 8x 1)

3 3 x 1  fl.((x g e n  f)s(xl g e n  fl)v(x gen 1)=(x1  e x  fl))

4 FORM(x  g e n  1)

3.2 F O L  commands  iI1 the ear l ier  axionratitation

DECLARE INDVAR A U;
label hpt 1 ;

L ASSUME FORM(f )  A I N D V A R  (xl) ;
l a b e l  t e o l  ;
ASSUME Vf  s.(SEQUENCE(sq)h  sq + SLAMBDA 3 (STRING(s)=, (8 cc 64 + SLAMBDA))$
l a b e l  teo2 ;
A S S U M E  V s  sq.(STRlNG(s)ASEQUENCE(sq)e  scar(s c c  sq)= 6);
l a b e l  t e o 3  ;

c

c-

A S S U M E  V s  sq.(STRlNG(s)&EQUENCE(sq)3  scdr(s  cc sq)a sq);
l a b e l  teo4 ;
A S S U M E  Vsq.(SEQUENCE(sq)Asq+SLAMBDA  f find(1  ,scar(sq),sq));

l a b e l  t e o 5  ;
- A S S U M E  Vf x.(FORM(f)AlNDVAR(x)  3STRING(x  g e n  1));

Sahel teo6;
A S S U M E  V s  sq.(STRlNG(s)r\SEQUENCE(sq)  3SEQUENCE(s  cc sq));
l a b e l  t e o 7  ;
A S S U M E  Vx.(lNDVAR(x) 2 STRING(x ) ) ;

Ve W F F 2  f  ;
L A B E L  ass1  ;
t a u t  3sq.(FRR(sq)Af=scar(sq))  I:-;
A S S U M E  FRR(SQ)  A f = SCAR(SQ)  ;
VeWFFI S Q ;
V o  teal SQ ,x1 g e n  f ;

c
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Ve teo2 x l  g e n  f  ,SQ;
Ve t e o 3  x l  g e n  f $0;
V e  t e o 4 SQ;
Ve t e o 5  f  ,x1;
Ve t e o 7  x l ;
Vo Wff 1 (x 1 gen 1) cc SQ;

TAUTEQ  -:w202r202r2alol[Slef  : 62+X1]  k;
u n i f y  --:~2~2~2~2~2  -;
V e  tea6  x l  g e n  f  ,SQ;
VeWFF2xl g e n f ;
t a u t e q  -:~2~2~1  [sqt(xl  g e n  1) cc SQJ I:-;
u n i f y  --:a202  -;
t a u t  FORM(x1  gen 1) 1:‘;
3e ass 1 ,-,SQ;
ai hptl,-;
VI -,x1 ,f;

3.3 Prilitout  f&the prnaf ill the cnrlicr  axiolllatizatioii

1 FORM(f)AINDVAR(xl  ) (1) 0-9 ASSUME

2 Vsq s.((SEQUENCE(s+sq/SLAMBDAb(STRING(s)~(s  cc  sq)/SLAMBDA))  ( 2 )  - - -  A S S U M E

3 v6 sq.((STRING(s)ASEQUENCE(sq)).%car(s  cc sq)=s)  ( 3 )  - - -  A S S U M E

4 Vs sq.((STRlNG(s)ASEQUENCE(sq)):scdr(s  CC sq)=sq)  ( 4 )  - - -  A S S U M E

5 Vsq,((SEQUENCE(sqb-q+SLAMBDA)zfind(  1 ,scar(sq),sq))  (5) --- ASSUME

6 Vf x.((FORM(f)AlNDVAR(x))~STRING(x  g e n  1)) ( 6 )  - - -  A S S U M E

7 Vs sq.((STRING(sbSEQUENCE(sq)bSEQUENCE(s  cc sq)) ( 7 )  - - -  A S S U M E

8 Vx.(lNDVAR(x)~STRlNG(x))  ( 8 )  - - -  A S S U M E

9 FORM(f)~(STRlNG(f)~3sq.(FRR(sq)Af=scar(sq)))  - - -  V E  WFF2  f

1 0  3sq.(FRR(sq)hf=scar(sq))  (1 2 3 4 5 6 7 8)  - - -  TAUT 1:9

1 1 FRR(SQ)Af=scar(SQ)  (1 1) --- ASSUME

1 2  FRR(SQ)=(SEQUENCE(SO)A(SO/SLAMBDAA(ELF(scar(SQ))v(FRR(scdr(SQ))A3sl
s2.(STRING(s  1 )A(STRING(s2)A((zcar(SQ)=NEG(s  1 )Afind( 1 ,sl ,scdr(SQ)))v((scar(SQ)
=(sl  d i s  s2)Afind(2,51  c x2,scdr(SQ)))v((scar(SQ)=(sl  c o n  s2)Afind(2,sl c 62,
scdr(SQ)))v((scar(SQ)=(sl  i m p l  s2)Afind(2,sl  c s2,scdr(SQ)))v((scar(SQ)=(sl  g e n
s~)A(INDVAR(S  1 )Afind(  1 ,s2,scdr(SQ))))v(scar(SQ)=(sl  ex s2)~(1NDvAR(sl  )Afind(  1,
62,scdr(SQ)))))))))))))))  - - -  VE WFFl  SQ

26

1 3  (SEQUENCECSQ)ASQ+SLAMBDAHSTRING(X~  g e n  fb((x1 g e n  1) c c  SQ)+SLAMBDA)  ( 2 )
- - -  V E  2  SQ,xl  g e n  f
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L

L 1 4  (STRING(xI  g e n  f)ASEQUENCE(SQ)):scar((xl  g e n  1) c c  SQ)=(xl  g e n  f )
(3) - - - V E  3  x l  gen f,SQ

1 5 (STRING(x  1 f)ASEQUENCE(SQ))=scdr((y:  1 fj c c  SQ)=SQ  ( 4 )gen gen - - - VE 4 xl gen f,sQ
L

B 6 (SEQUENCE(SQ)hSQ/SLA41Wh3DAPfind(  1 ,scar(SQ),SQ)  (5)  - - -  VE 5 SQ
b

17 (FORM(f)hlNDVAR(xl  ))=&ringlxl  g e n  1) (6) - - -  V E  6  0,x1
L

1 8 lNDVAR(x1  )sSTRING(x  1) (8) - - -  VE  8  x l

i-

1 9  FRR((xk  g e n  1) c c  SQ)-(SEQUENCE((xI  gen 1) c c  sQ)~(((xl  gen f )  c c  U)+
SLAMBDAA(ELF(scar((xl  gen 1) cc  SQ) )v (FRR(scdr ( (x l  gsn  1) cc %)))A
3~ 1 sZ.(STRlNG(s  1 )A(STRING(S~)A(( scar((s1 p,en  1) c c  SQ)=NEG(sl  )A
find(  1 ,sl , scdr ( (x l  gen  1) cc SQ)))v((scar((xl  gen f) cc SQ)=(sl  dis s2)n

L-

i-

find(2,sl  c s2,scdr((xl  gen 1) c c  SQ)))v((scar((xl  g e n  1) c c  SQ)=(sl c o n  s2)~
find:2,sl  c s2,scdr((xl  gen 1) c c  SQ)))v((scar((xl  g e n  f) c c  SQ)z(sl  impl s2)~
find(2,s B c s2,sedr((x  1 g@n 1) cc SQ)))v((scart(xl  gen 1) c c  SQHsl  g e n  s2)h(lNDVAR(sI  )A

find(l,s2,scdr((xl  gen 1) c c  SQ))))v(scar((xl gen f) c c  SQ)=(sl  ex s~)A(INDVAR(SI)A
find(1 ,s2,scdr((xl  gen f) cc SQ)))))))))))))))  - - -  VE WFFl  (xl gen 1) c c  SQ

2 0  STRING(x1  )h(STRING(f)A(( scar((x1 gen f) cc SQ)=NEG(xl  )A
find(l,xl,scdr((xl  gsn 1) c c  SQ))b((scar([xl  p,w~ 1) c c  SQ)=(xl  d i s  f)A

L find(2,xl  c f,scdr((xl  gen 1) c c  SQ)))v((scar((xl gen f )  cc  SQ)=(xl  c o n  f)A
find(2,xl  c f,scdr((xl  p,en  f )  cc  SQ)))v((scar((xl  g a n  1) c c  SQ)=(xI  i m p l  f)h
find(2,xl  c f,scdr(Ixl  gen f) c c  SQ))M(scar((xl  gen 1) ce SQ)=(xl  g e n  f)A(INDVAR(xl)h

L find(l,f,scdr[(xl  gen 11 c c  SQ)))) v scar((xl( gen 1) c c  SQ)=(xl  ex f)A(INDVAR(xl  )A

find(l,f,sedr((xl  g e n  1) c c  SQ)))))Z))))  (1 2 3 4 5 6 7 8 11) - - -  T A U T E Q  l:19

21 3~1 s2.(STRING(sI  ~A(STRING(s2)h((scar((sl  p,on 1) c c  SQ)=NEG(S~)A
L find(  1 ,sl ,scdr((xl  g e r m  i) cc SQ)))vkcar((xl  gen 1) cc SQ)=(sl  dis s2)~

find(2,sl  c s2,scdr[(xl  gen 1) cc SQ)))v((scar((xl g e n  1) cc  SQ)=(sl  con  s2)~

i find(2,sl  c s2,scdr((xl  g e n  1) c c  SQ))b&car((xl  g e n  1) c c  SQ)=(sl  i m p l  s2)~
find(2,sl  c s2,scdr((xl  g e n  1) c c  SQ))M(scar((xl  g e n  f) c c  SQ)=(sl  g e n  s2)~(lNDVAR(sl)h
find(l,s2,scdr((xl  g e n  1) cc SQ))))v(scar((xl g e n  f) c c  SQ)=(sl  ex s~)A(INDVAR(S~)A
find( 1 ,s2,scdr((xl gen 1) cc SQ))))))))))))))) (1 2 3 4 5 6 7 8 1 1) - - - UNIFY 2 0

2 2  (STRING(x  1 g e n  fbSEQUENCE(SQbSEQUENCE((x1  g e n  1) CC SQ) ( 7 )  ---VE 7 xl GEN f,sQ

L 2 3  FORM(x1  g e n  fb(STRING(x I gen f)AIsq.(FRR(sq)A(xl  g e n  f)=scar(sq)))  - - -  V E  WFF2  xl gen  f

2 4  FRR((x1 g e n  1) c c  SQHxl  gen f)=scar((xl  gon 1) c c  SQ) (1 2  3  4  5  6  7  8  11)  T A U T E Q  I:23

2 5  &.(FRR(sq)A(xl  g e n  f)=scar(sq))  (1 2 3 4 5 6 7 8 11) - - -  U N I F Y  2 4

IL- 2 6 FORM(xl gen 1) ( I 2 3 4 5 6 7 8 I1 ) 0-0 TAUT 1:25

2 7 FORM(x1 gen 1) (1 2 3 4 5 6 7 8 ) - - - 3E 10 26 U

2 8  (FORM(f)AINDVAR(xl  ))3FORM(xl  g e n  1) ( 2  3  4  5  6  7  8 )  - - -  sl 1 2 7

2 9 Vf x l .((FORM(f)hlNDVAR(xl )bFORM(xl gen 1)) (2 3 4 5 6 7 8 ) - - - VI 2 8 x1*x1 f&f



Checking metamathematical proofs 28

APPENDIX 4

THE PROOF OF THE EQUIVALENCE BETWEEN SW AND SBT  FOR VARIABLES

4.1 FOL couln1aud.s  iu the ularly sorted logic

L A B E L  ARlTHl ; ASSUME Vn x.(n*(len(x)-1)=8);
L A B E L  A R I T H 2 ;  A S S U M E  V n .  (Il+n=n);
LABEL ARITH3;  ASSUME Vx .  (len(x)-1)=8;
L A B E L  A R I T H 4 ;  A S S U M E  V n .  (n-8)=n;
LABEL STRING1 ;  ASSUME Vx .  1 gl x s x;

Proof of the First Lemma: Vx f n.(SUBT(x,f,n) 3 FRN(x,n,f))

LABEL HPTLEM; ASSUME SUBT(x,f,n);
Ve  SUBSTDF I ,x,f,n;
T A U T  -:st2,--7;
Ve -,x, I ;
Ve  STRING1 ,x; substr - in --;
Ve ARIT t i3  ,x; subs t r  - in --;
Ve A R I T H 4  ,n; subs t r  - in -0;
TAUTEQ FRN(x,n,f),HP?  iEM* I:-;
=d HPTLEM,-;
LABEL LEMMA 1 ;VI -,x,f,n;

Proof of the Second Lemma: Vn f 1 fZ.(INVART(n,f  1 ,n,f2)  @ INVARV(n,f  1 ,f2))

V e  SUBSTDF2,n,f  1 ,n,f2;
Ve SUBDEF 1 ,n,f 1 ,f2;
TAUT  --:w]  n -:#I ,--,-;
L A B E L  LEMMAZ; Vi -,n,fl,f2;

3 \

Proof of the Main Theorem: Vxl x2 f 1 f2.(SBT(xl  ,x2,1 1 ,f2)=SBV(xl  ,x2,1 l,f2))

LABEL HPT; ASSUME SBT(x1  ,x2,1  1 ,f2);
Ve SUBSTDFO,x  1 ,x2,1  1 ,f2;
T A U T  -:#2,HPT,-;
V E  -,nl,nl;
Ve ARlTHl ,numbfreeocc(xl  ,nl ,f 1 ) ,x2; substr - in -0;

. Ve ARITH2,nl;
Ve SUBDEFO x 1 ,x2,1 I ,f2;
Ve LEMMA1 ,x2,12,nl;
Ve LEMMA2,n  1 ,f 1 ,f 2;
TAUTEQ ---:*20 1 [n+n  I j,HPT+  I:-;
V i  -,nl +n;
TAUTEQ -----:o] ,HPT+]  :-;
31 HPT,-;
VI -,x 1 ,x2,1 1 ,f 2;

4.2 Printout of the proof iu the tuauy sorted logic
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i:.
1 V n  x.(n*(len(x)-l))=O  ( 1 ) ’- -

2 Vn.(O*n)=n  ( 2 )

3 Vx.(len(x)-1 )=O’ (3)
\

I -

‘k 4 Vn.(n-O)=n  ( 4 )

5 Vx.(l  gl x)=x (5)

6 SUBT(x,f,n)  ( 6 )

_-

-L
7 SUBT(x,f,n)aVx2  k.((k  gl x)=x2=+RN(x2,n-(Ien(k),f))

8 Vx2 k.((k gf x)=x2DFRN(x2,n-(ten(x)-k),f))  ( 6 )

9  ( 1  gl x)=xDFRN(x,n-(Ien(  ),f) ( 6 )

I
10 (1 gl x)=x (5)

\
1 1 x=xDFRN(x,n-(k(x)-1  ),f) (5 6)

1 2  (Ion(x)-1  )=O (3)

1 3  x=xaFRN(x,n-0,f)  ( 3  5  6 )

‘. 1 4  (n-O)=n  ( 4 )

1 5  x=xaFRN(x,n,f)  ( 3  4  5  6 )

1 6  FRN(x,n,f) ( 3  4  5  6 )

1 7  SUBT(x,f,n)aFRN(x,n,f)  ( 3  4  5 )

- 1 8  V x  f  n.(SUBT(x,f,n)zFRN(x,n,f))  ( 3  4  5 )

1 9 INVART(n,f 1 ,n,f2)r((GEB(n  gl 12,n,f2)sGEB(n  gl f 1 ,n,f l))A((FRN(n  gl f2,n,f2)r-
FRN(n  gl f 1 ,n,f 1 ))A(n  gl f2)=(n  gl f 1)))

2 0 INVARV(n,f 1 ,f2)-((GEE?(n  gl 12,n,f2):GEB(n  gl f 1 ,n,f l))~((fRN(n gl f2,n,f2)n
FRN(n gl f 1 ,n,f 1 ))A(n  gl f2)=(n  gi 11)))

-
. 2  1  INVART(n,f 1 ,n,f2)dNVARV(n,f  1 ,f2)

\

2 2 Vn f 1 f2.(1NVART(n,f  1 ,n,fZ)slNVARV(n,f  1 ,f2))

\ 2 3  SBT(x1  ,x2,1 1,121 ( 2 3 )

29

2 4 SBT(x1  ,x2,1 1 ,f2)+nl n2.(n2=((numbfreeocc(xl  ,nl ,f 1 )*<(len(x2)-1  ))+nl)a
((dNDVAR(n1  gl f 1 )a(nl gl f 1 )=(n2 gi 12))h(lNDVAR(nl  gl f 1)3((FRN(xl  ,nl ,f 1 )s
SUBT(x2,12,n2))h(-FRN(x1  ,nl  ,f 1 )=INVART(nl  ,f 1 ,n2,12))))))
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2 5 Vnl n2.(n2=((numbfreeocc(xl  ,nl ,f 1 )*(len(x2)-1 ))+nl )a((dNDVAR(nl  gl f 1 )s
(nl gl f 1 )s(n2 gl 12))A(INDVAR(nl  gl f 1 )d(FRN(xl  ,nl ,f 1 )~SUBT(x&f2,nZ))h
(-FRN(x1  ,nl ,f 1 )=dNVARf(nl  ,f 1 ,n2,12)))))) (23)

2 6 nl =((numbfreeocc(x  1 ,nl ,f 1 )*(len(xi!)-1 ))wl jb((dNDVAR(nl  gl f 1 )a(nl gl f 1 )=
(nl gl 12))A(lNDVAR(nl  gl f I )3((FRN(xl  ,nl ,f 1 bSUBT(x2,12,nl  ))A(-FRN(x1  ,nl ,f 1 )a
lNVART(n1  ,f 1 ,nl  ,f2))))) (23)

2 7  (numbfreeocc(x1  ,nl,fl)*(len(x2)-l))=O  ( 1 )

2 8 nl B(O+nl )a((dNDVAR(nl  gl f 1 )a(nl  gl 11 )=(nl  gl 12))A(lNDVAR(nl  gl f 1 )a
((FRN(x1  ,nl ,f 1 )DSUBT(x2,12,nl  ))&FRN(xl  ,nl ,f 1 WNVART(n1  ,fl ,nl ,f2))))) (1 23)

2 9  (O+nl)=nl  (2)

30 SBV(x1  ,x2,1 1 ,f2)zVn.((dNDVAR(n  gl f 1 )D(n gl f 1 )=(n gl 12))A(INDVAR(n  gl f 1)s
((FRN(x 1 ,n,f 1 )=FRN(x2,n,f2))A(lFRN(x 1 ,n,f 1 )dNVARV(n,f 1 ,f2)))))

3 1 SUBT(x2,f2,nl  )DFRN(x2,nl  ,f2) ( 3  4  5 )

3 2 INVART(n1  ,f l~nl,f2)dNVARV(nl  ,f 1,121

3 3 (dNDVAR(n1  gl f I )D(nl  gl f 1 b(nl gl 12))A(lNDVAR(nl gl flb((FRN(x1  ,nl ,f 1)s
FRN(x2,nl ,f2))A(-FRN(x1 ,nl ,f 1 )dNVARV(nl ,f 1 ,f2)))) (1 2 3 4 5 23)

3 4 Vn.((dNDVAR(n  gl 11 )a(n gl f 1 )=(n gl 12))h(lNDVAR(n gl 11 )s((FRN(xl,n,fl)r,
FRN(x2,n,f2))h(qFRN(xl  ,n,f 1 )dNVARV(n,f  1 ,f2)))))  (1 2 3 4 5 23)

3 5  SBV(xl,x2,11,12)  ( 1  2  3  4  5  2 3 )

36 SBT(xl,x2,f1,f2)=M;“(x1,x2,fl,f2) (1 2 3 4 5)

37 Vxl x2 11 f2.(SBT(xl,x2,fl,f2)~SBV(xl,x2,fl,f2)) (1 2 3 4 5)

4 . 3 F O L  c o m m a n d s  i n  t h e  earlier  axiowatizatiolr

L A B E L  ARlTHl ;  ASSUME Vn x.((lNTEGER(n)  A INDVAR(x))~(n*(len(x)-1)=43));
- L A B E L  A R I T H 2 ;  A S S U M E  Vn. ( INTEGER(n)  3 (EI*n=n));

L A B E L  A R I T H 3 ;  A S S U M E  V x .  (INDVAR(x)  =) ((h(x)-1)=0));
LABEL ARITH4;  ASSUME Vn .  ( INTEGER(n)  3 (n-8)=n);
LABEL STRINGI;  ASSUME Vx. (INWAR =) 1 gl x=x);

Proof of the First Lemma:
Vx n f.((INDVAR(x)  A INTEGER(n)  A FORM( f )  A SUBT(x,f ,n))  3 FRN(x,n,f))

LABEL HPTLEM; ASSUME INDVAR(x)AFORM(f)AINTEGER(n)rrSUBT(x,f,n);
LABEL FACT ; ASSUME INTEGER(  1);
v8 SUBSTDF  1 ,X,f,tI;

TAUT -:@2@2fl2@2,--7-j
ve ‘,X, 1 ;
Ve S T R I N G 1  ,x; T A U T  -:*2,HPTLEM:-;substr  - in ---;
Vo ARITH3,x;  T A U T  -:@2,HPTLEM:-;substr  - in ---;
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Va, ARlTH4,n;  T A U T  =+Z,HPYLEM:-;subsfr  - in  ---;
TAU-TEQ FRFJ(x,n,f?,HPTLEM:-;
=4 HPTLEM,-;
LABEL LEMMA 1 ;Vl -~,d,n;

P r o o f  z?f  t h e  Second  l e m m a  :  V k  11 f%.(lNVART(k,Q1,k,f2]  s INVARV(k,fl,f2))

Ve SUBSTDF2,k,Q  B ,k,f2;
V8 SUBDEF 1 ,k,f 1 ,f2;
T A U T  --:asl  t -:@l @--,-;
L A B E L  LEMMA2; Vi -,k,f P ,f2;

P r o o f  sf t h e  Iv!& I-heorcsn:
Vxl x 2  fP f2.((DNDVAR(xI  1 A INDVAR(x2)  A FORM(fl)  A FORM(f2)  A SBT(x1 ,x2,11 ,fZ)) 3

SBV(x  I ,x2,1  I $212

LABEL NPT; ASSUME ONDVAR(x  1 I~INDVAR(X~)AFORM(~~  )hFORM(f2)/\SBT(xl  ,x&f l,f2);

LABEL THTERM;  ASSUME Vx2.(INDVAR(x2)a TERM(x2));
V E  THTERM,x2;
LABEL THNFRO;  ASSUME Vx l  nl fB .INTEGER(numbfreeocc(xl  ,nl ,f 1));

v8 SUBSTDFO,xl  ,x2,1  1 ,f2q
T A U T -:@2@2&2@2@2,HPT:-;
V E  -,nl  ,nl ;

L A B E L  AUX;ASSUME  INTEGER(n1);
VE THNFEO,x  1 ,n H !f 1;

Ve ARITH  I ,numbfreeoccIx  1 !n 1 ,f 1 ),x2; TAUT -:@2,HPT:-;sub&  - in -----a
Ve ARITH2,n  1 ;TAUT -:#2,HPT:-;SUBSTR-IN  ---;
TAUTEQ -:82,HPT:-;
v8 SUBDEFO  x 1 ,x2,1 1 ,f2;
v8 LEMMA  1 ,X&f&d ;

Ve LEMMA2,n 1 ,f 1 ,f2; 1

- T A U T E Q ---:*2#2# 1&2[n+nl],  HPT :-;
=4 AUX,-;
V i  -,nl;
T A U T E Q  ------:# 1, HPT:-;

I

4 HPT,-;
VI .-,x1 ,x2,1 1 ,f2;

4 . 4 Prhitorrt  o f  fhc prfmf  ill flw rarlier axiomatizatiotl

1  V n  x.((lNTEGER(n)r\lNDVAR(x))~(n*(len(x)-1  ))=O) ( 1 )

31

2 Vn.(lNTEGER(n)=>(O+n)=n)  (2) ,

3 Vx(.(INDVAR(x)~(len(x)-1  )d) (3)
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4 Vn,GlNTEGEW(n)s~F-~5=n~  (4)

5 Vx.<rNDVARFn(x)s(l g l  x ) = x )  (5)

6 lN~Vaa(x~a(~ORh~f)A(lNT~GER(n)ASUBT(x,f,~~))  ( 6 )

8 SUBT(x,f,n)~(TERM(x~~~FORM(f)~~lNTEGER(n)~Vx2  k.((lNDVAR(x2)A(lNTEGER(k)A(k  g l  X)
=x2))aPRN(xZ,n-gsa3aaix)-k),f  ))I))

9 Vx2 k.ggr~GYA&(xa)r\(iNT~GER(k)A(k  gl x)=x2))DFRN(x2,n-(fen(x)-k),f))  ( 6 )

80 (IF~DVAR(X)~~~P~TEGER~~  )~(l gl x)=x))BFRN(x,n-(fen(x)-l),f)  ( 6 )

1 1  INWAR(x ~1 x)=x ( 5 9

12 (1 ,$I X)“X (5 6 7)

1 3 ~l~~~VA~4~I;.~U~TEGER(l )hx=x)?~,fRNC~,n-(lendx)-1 ),f) (5 6 7 )

1 4  !NwARgx)~&%lgx)-  1 )=O (3)

1 5 (lan3xi-l~dI ( 3  5  6  7 )

1 6 (INDVAR~X~~A&INTEGER(  1 )Axax)bFRN(x,n-0,f) (3 5 6 7 )

1 7  INTEGER(nbdwObn  ( 4 )

18 (n-O)w (3 4 5 6 7)

1 9  (INDVAR(X)A(INTEGER(  1 )hxex))DFRN(x,n,f)  (3 4 5 6 7)

2 0 FRN(x,n,f) ( 3  4  5  6  7)

2 1 (lNDVAR(x)A(FORM(f)A(lNTEGER(n)hSUBT(x,f,n))))~FRN(x~n,f)  ( 3  4  5  7 )

2 2 V x  f  n.((lNDVARfx,hcFQRM~f)A(lNTEGER(n)ASUBT(x,f~n))))~FRN(x,n,f))  (3 4 5 7 )

2 3 INVART(k,f 1 ,k,f2)-(INTEGER(k)A(FORM(f  1 )A(lNTEGER(k)A(FORM(f2)A((GEB(k  gl f2,k,f2)s
GEB(k  gl f 1 ,k,f 1 ))rr((FRN(k  gl f2,k,f2)-FRN(k gl f 1 ,k,f 1 ))dk gl f2)=(k gl f 1)))))))

. 2 4 INVARV(k,f  1,12)+NTEGER(k)dFORM(f  )h(FORM(f2)h((GEB(k  gl f&k,f2)gGEB(k  gl f 1 ,k,f 11 ) )A

((FRN(k gl 12,k,f2):FRN(k  gl f 1 !k,f 1 ))A(k  gl f2)=(k  gl f 1))))))

2 5 INVART(k,f  1 ,k,f2)dNVARV(k,f  1,129

2 6 Vk f 1 f2.(lNVART(k,f  1 ,k,f2)-INVARV(k,f  1,121)

2 7 INDVAR(x1  )A(lNDVAR(x2)A(FORM(f  1 )A(FORM(f2)hSBT(xl  ,xZ,f 1 ,f2)))) (27)

2 8  VX~.(INDVAR(X~)~TERM(X~))  ( 2 8 )
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2 9  INDVAR(xZ)~TERM(x2)  ( 2 8 )

3 0 Vx 1 nl f I .INTEGER(numbfreeocc(x  I ,n I ,f I 1) (30)

3 1 SBT(x1  ,x2,1  I ,f2b(tINDVARlxI  )WERM(x2)~(FORM(f 1 IAFORM(f2))))Wnl  n2,((lNTEGER(nl  )A

(tNTEGER(n2)r\n2=((numbfreeocc~xl  ,nl ,f 1 )*c(ien(x2)-I  Wnl )))=,((*iNDVAR(nl  gl f 1 )D
(n 1 gl f 1 b(n2  gl 12))A(lNDVAR(n I gl f I )+FRN(x  I ,nl ,f 1 )aSUBT(x2,f2,n2))t+
(+RN(x  1 ,n I ,f I )dNVART(n I ,f I ,n2,12)))))))

3 2 Vnl  n2.((1NTEGER(nl  )~(INTEGER(n2)~n2=((numbfreeocc(xl  ,nl ,f 1 )*(len(x2)-I  ))+nl )))a
((-INDVAR(n  1 gl f 1 )s(nl gl f I )=(n2 gl f2))h(lNDVAR(nl  gl f 1 )s((FRN(xl ,nl ,f 1 )s

- SUBT(x2,12,n2))A(-FRN(x1  ,nl ,f 1 )dNV+RT(nl  ,f 1 ,n2,12)))))) (27 28 30)

L 3 3 (INTEGER(n) )A(INTECER(nl )Anl =((numbfreeocc(xl  ,nl ,f I )*(len(x2)-1  ))*nl )))=I(
(-INDVAR(n1  gl f 1 )s(nl  gl f 1 )=(nl gl f2MlNDVAR(nl  gl f 1 )~((FRN(xl ,nl ,f 1 )=,

L SUBT(x2,12,nl  ))A(-FRN(x1 ,nl ,f 1 )dNVART(nl ,f 1 ,nl ,f2))))) (27 28 30)

3 4  INTEGER(n))  ( 3 4 )

i- 3 5 INTEGER(numbfi-eeocc(x  I ,n I ,f I 1) ( 3 0 )

‘I\
L

36 (INTEGER(numbfreeocc(x1  ,nl ,f 1 ))~INDVAR(x2))~(numbfreeocc(xl  ,nl ,f 1 )*(len(xi!)-1 ))a0 (1)

_ 3 7 (numbfreeocc(x1 ,nl ,f I )*(lon(x2)-1  )):O (1 27 28 30 34)

3 8  (INTEGER(n1  )dINTEGERhl  hlv(O+nl  )))a((-INDVAR(n1  g l  11)3(n)  g l  fl)a(nl gl f2))h
(INDVARhl  gl f 1 M(FRN(x1  ,nl ,fl )~SlJBT(x2,f2,nl))A(~FRN(xl,nl,fl)~
INVART(n1 ,f 1 ,nl ,f2)))))  0 27 28 30 34)

3 9  INTEGER(n1  )D>(O+nl  I=nl ( 2 )

4 0  (O*nl)=nl ( 1  2  2 7  2 8  3 0  3 4 )

41 (INTEGER(n1  )h(lNTEGER(nl hl = n l  )b(HNDVAR(nl  gl 11 )+nl g l  fl)=(nl gl f2))A
(INDVAR(nI gl f 1 )=>((FRN(xl ,nl ,f I )DSUBT(xZ,fZ,nl  ))A(-FRN(x1  ,;I ,f 1)s
INVART(nl ,f 1 ,nl ,f2)))))  (1 2 27 28 30 34)

! -
42 (9INDVAR(n1  gl fl)D(nl gi fl)=(nl  gl f2))A(INDVAR(nl  gl fJ)~((FRN(xl,nl,fl)~

SUBT(xZ,frZ,nl ))A(-FRN(x1  ,nl ,f 1 )dNVART(nl  ,f 1 ,nl ,f2)))) ( 1  2,27 2 8  3 0  3 4 )

4 3 SBV(x 1 ,x2,1 I ,f2H(INDVAR(xl  )A(INDVAR(x2)A(FORM(f  I )~FORM(f2))))=Wn.(lNTEGER(n)~(

c (-lNDVAR(n gl f 1 )D(n gl f 1 )=(n gl 12))A(lNDVAR(n  gl fl )3((FRN(xI ,n,fl )r)
. FRN(x2,n,f2))A(-FRN(x  I ,n,f I )dNVARV(n,f  I ,f2)))))))

4 4  (INDVAR(x2)n(FORM(f2)~(lNlEGER(nl )ASUBT(xZ,f&nl  ))))DFRN(x;Z,nl  ,f2) ( 3  4  5  7 )
L

4 5 INVART(nl ,f 1 ,nl ,f2)dNVARV(nl ,fl ,f2)

4 6  (-INDVAR(n1  gl f  1  )a(nl gl 11 )=(nl  gl f2)h(lNDVAR(nl  g l  f l  )=>((FRN(xl,nl,fl)=,
L FRN(x2,nl,f2))~(~FRN(xl,nl,il hINVARV(n1 ,f 1,121))) (1 2 3 4 5 7 27 28 3 0 3 4 )

3 3

4 7 INTEGER(n) bWNDVAR(nl gl f 1 )D(nl gl f I )=(nl gl 12))A(lNDVAR(nl  gl fl)a
(FRN(xl,nl,fl)~FR N(x2,nl,f2~~~~~FRN~xl,nl,fl)~INVARV(nl,fl,f2))))) (1 2 3 4 5
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7  2 7  2 8  3 0 )

4 8 V n l  .(INTEGER(nl  )D((-INDVAR(n1  gl f 1 )dnl  gl f 1 )=(nl gl 12))h(lNDVAR(nl  gl f 1 )a
((FRN(xl,nl,fl)~FRN(x2,nl,f2))~(~FRN(xl,nl,~l)~INVARV(nl,fl,f2))))))  (1 2 3 4
5 7 27 28 30)

4 9  SBV(x1  ,x2,1 1 ,f2) (I 2 3 4 5 7 27 28 30 34)

5 0 (INDVAR(x1 )A(INDVAR(x2)~(FORM(f  I )~(FORtvl(f2)hSBT(xl  ,x2,1  1,12)))))aSBV(xl  ,x2,f 1 ,f2)
(1 2 3 4 5 7 28 30 34)

34

51 Vxl x2 f 1 f2.((lNDVAR(xl)~0NDVAR(x2)~(FORM(f I )A(FORM(f2)hSBT(xl 1
SBV(x1 ,x2,1 1 ,fZ)) (I 2 3 4 5 7 28 30)

,x2,1 ,f2)))))3
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t- APPENDIX 5

-
b

i-

5.1

THE PROOF THAT UNIVERSAL QUANTIFIER CAN BE INTERCHANGED

LABEL  THI ; ASSUME Vxl x2 f I f2JSBT(xl  ,x2,11  $213 SBW ,x2,fl,f2));
Ve THI , x,x,1  I ,sbt(x,x,f  I 1;
VE SUBSTDF3 x,x, f I, sbt(x,x,f  I );
Ve SUBDEFO x, x,f 1 ,sbt(x,x,f  1);
tauteq -:~2,1:-;
\l8 -,n;
VE FREEVO, x, n, f 1;
VE FREEVO, x, n, sbt(x,x,f  1);
VE SUBDEF 1 n, f 1, sbt(x,x,f  1);
tauteq (n gl f 1 )a(n gl sWx,x,f 1 )),I 1, 17, 18;
Vi  -,n; -_
VE EQS f 1 ,sbt(x,x,f  1 I;
tauteq sbt(x,x,f 1 1st I ,--,-;
Vi -,x,f 1 Cf;

5.2 Printout of the  proof  iu the ulauy sorted logic

I Vxl x2 f 1 f2.(SBT(xl  ,x2,1 I ,f2WWxt ,x2,fl,f2))  (1)

2 SBT(x,x,f  1 ,sbt(x,x,f  1 )+,sBV(x,x,f 1 ,sbt(x,x,f  1)) (1)

3 SBT(x,x,f I ,sbt(x,x,f  I ))Isbt(x,x,f  I )zsbt(x,x,f I )

4 SBV(x,x,f  1 ,sbt(x,x,f  1 ))TVn.((-INDVAR(n gl f I )D(n gl f I )=(n gl sbt(x,x,f I )))A
(INDVAR(n gl f 1 )D((FRN(x,n,f  I )DFRN(x,n,sbt(x,x,f 1 )))A(-FRN(x,n,f  1 )dNVARV(n,
f J ,sbttx,x,f J )))N)

5 Vn.((-lNDVAR(n g l  f  l)a(n gl 11 )=(n gl sbt(x,x,fI )))A(INDVAR(n  gl fl)d(FRN(x,
n,f 1 )aFRN(x,n,sbt(x,x,f I )))A(-FRN(x,n,f 1 )dNVARV(n,f  I ,sbt(x,x,f I)))))) (1)

6 (-lNDVAR(n gl f 1 )D(n gl f 1 )=(n gl sbt(x,x,f 1 )))A(INDVAR(n  gI fl b((FRN(x,n,fl)~
FRN(x,n,sbt  (x,x,1  1 )))A(-FRN(x,n,f  1 WWARV(n,f  I ,sbt(x,x,f  1))))) (1)

7 FRN(x,n,f 1 )z(xs(n  gl f I )AqGEB(x,n,f I )I VE FREEVO x , n , f 1

8 FRN(x,n,sbt(x,x,f  1 ))z(x=(n  gl sbt(x,x,fl ))A~GEB(x,n,sbt(x,x,fJ  )))

9 INVARV(n,f  1 ,sbt(x,x,f  I ))z((GEB(n gl sbt(x,x,f I ),n,sbt(x,x,f  I ))aGEB(n gl f 1 ,n,f 1 ))A
((FRN(n gl sbt(x,x,f  1 ),n,sbt(x,x,f  I kFRN(n  gl f 1 ,n,f 1 ))A(n gl sbt(x,x,f 1 )b
(n gl W))

10 (n gl fl)dn gl sbt(x,x,f  1)) (1)
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1 1 Vn.(n gi f 1 )=(n gl sbt(x,x,f 1)) (I)

I2 Vn.(n gl f 1 )=(n gl sbt(x,x,f  1 ))sf 1 wbt(x,x,f 1)

13 sbt(x,x,fl)=  11 (1)

1 4  V x  f.sbt(x,x,f)=f ( 1 )

5.3 FOL  conmarlds  for t h e  thebrem  in the many s o r t e d  lo&

LABEL FIRSTLEMMA;
ASSUME Vx f,sbt(x,x,f) mf;

LABEL THEONI ;
ASSUME Vf sq.scar(f cc sq) m f ;
LABEL THEONZ;
ASSUME Vf sq.scdr(f cc sq) m sq;

Proof of the Lemma: BEW(x gen 1) 3 BEW(f)

LABEL HPT;
A S S U M E  BEW(x  gen f) ;

LABEL THTAUT;
Ve FIRSTLEMMA x, 1;

Ve PROVABLE x gen f ;
T A U T  -:w2 , -,HPT;
LABEL HPAUX;
38 - ,sq ;

Ve GENRULO f cc sq ,sq,x,x;
LABEL THNl ;
V e  THEONI 4 w
Ve THEONZ 1, s q ;
TAUTEQ ---:o2r2w24u(fl*  f] ,I:-;
UNIFY ---~02w~w2 ) -;
TAUTEQ -----:a 1 , I :-;

Ve PROOF f cc sq ;
LABEL GENE 1;
v i  GENI(f c c  sq,sq,x,x) , -0 , EXI(f c c  sq,sq,x,x)  ;
U N I F Y  --:*2r2#2wl  , - ;
LABEL PROOFTR;
TAUT ---:n  1) I:-;

1\e HPAUX 9202;
ve - vfl:
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Vo DEPEND0 f cc sq, sq,f  1;
U N I F Y  -:aZa2*2a2aZ,  GENE1 ;

- -

L

-.

L-

T A U T E Q  DEPEND(f  cc sq,f  I ) 3 AXIOM (f 1) ,I :-; .
V i  -,fl+fl;
T A U T E Q  THNl 92 a THNl  :wl ,THNl;
Ai PROOFTR, - , -- ;
LABEL USEFUL;
Ve PROVABLE 1;
UNIFY -:a2 ,--;
TAUT --:* I ,1:-i
LABEL Cl THl ;
4 HPT,-;
Proof of the Lemma: BEW(f) 3 BEW(x gen 1)

LABEL HPTI ;
1 ASSUME BEW(f);

t

TAUT USEFUL:@2  , -,HPT 1 ,USEFUL;
30 - ,sq;

-_

.

.

A8 -:@2#2;
Ve -, 11;
Ve GENRUL2 x,sq;
Ve THEORY x,fl;
TAUTEQ --:@2a 10 I [f&f I] ,HPT I :-;
Vi - ,fI+fl;
T A U T  ---0:~ 1 ,HPT 1:‘;

Ve GENRULI  ((x gen  1) c c  s q )  ,  s q  ,x,x ;
LABEL THN2;
Ve THEONi x gen  f , sq ;
Ve THEON x gen f , sq ;
TAUTEQ ---:r2@2#2w  1 [f 1 + 1) , THTAUT,HPTI  :-;
UNIFY ----:w2a2a2  , -;
TAUTEQ -----:o 1 , THTAUT,HPT 1:‘;

Ve P R O O F  (x gen 1) cc sq ;
LABEL GENI  ;

c vi  - -  ,  GENEUx  gen f )  c c  sq,sq,x,x) , EXl((x  g e n  1) GC sq,sq,x,x) ;
U N I F Y  --:*2~2@2,1  , - ;

LABEL PROOFTR 1;
TAUT --0:~ 1, HPT 1 :-,THTAUT;

Ve D E P E N D 0  (x gen 1) cc sq, sq,f  I ;
31 CENI ,x+1 OCC 3 6 9,x+x1 OCC 2 4 6;

TAUTEQ DEPEND((x  gen f) cc sq,f 1) 3 AXIOM (f 1) ,THTAUT,HPTl  :-;
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Vi -,fl+fl;
TAUTEQ THN2#2 = THN2:wl  ,THN2;
Ai PROOFTRl  , - , -- ;
Ve PROVABLE x gen 1;
UNIFY -:*2 ,--;
TAUT --:o 1 ,THTAUT,HPTI  :-;
LABEL C2THl;
31 HPT 1,‘;
~1 ClTHl ,C2THl;
LABEL THl ;
V I  -,x,f;
Ve THl x1,x2 g e n  1;
V e  THl  x2,1;
Ve THl  xl,f;
Ve THl  x2,x1  g e n  1;
TAUT ----:a 1 3 -:a 1, THl  :-;
vi ‘,X 1 ,x2,f;

38

5.4 Ptirltout of the proof  of the theorem in the m a r r y  sorted logic

1

2

3

4

5

6

7

8e

9

V x  f.sbt(x,x,f)sf  (1)

V f  sq.scar(f  c c  sq)*f  ( 2 )

V f  sq.scdr(f  c c  sq)gsq  (3)

BEW(x  g e n  1) ( 4 )

sbt(x,x,f)=f (1)

BEW(x  gen f)~3sq.(PROOFTREE(sq)A((x  gen f)=scar(sq)AVf  1 .(DEPEND(sq,f  1 )=AXIOM(f  1))))

%q.(PROOFTREE(sq)A((x  gen f)=scar(sq)AVf  1 .(DEPEND(sq,f  1 )oA;IOM(f 1)))) (4)

PROOFTREE(sq)A((x  gen f)=scar(sq)AVf  1 .(DEPEND(sq,f  1 )aAXIOM(f 1))) (8)
1

GENE(f  cc sq,sq,x,x)F(scdr(f  cc sq)ssqh(PROOFTREE(sq)A3f  1 ,(scar(sq).(x  gen f 1 )A
scrr(f cc sq)=sbt(x,x,f  1 )))I

1

10 scsr(f  cc sq)sf ( 2 )

11 ccdr(f  c c  sq)=sq  (3)

12 scsr(sq)=(x  gen f)Ascar(f  cc sq)=sbt(x,x,f)  (1 2 3 4 8)

13 3f 1 .(scar(sq)=(x  gen f 1 )ASCar(f  cc sq)=sbt(x,x,f  1)) (1 2 3 4 8)

14 GENE(f cc sq,sq,x,x)  (1 2 3 4 8)

15 PROOFTREE(f cc sq)=(FORM(f  cc sq)v(3pf.(ORl(f  cc sq,pf)v(ANDE(f  cc sq,pf)v
(FALSEE(f cc sq,pf)v(NOTl(f  cc sq,pf)v(NOTE(f  cc sq,pf)vlMPLl(f  cc sq,pf))))))v
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(3p f  x  f.(GENI(f cc sq,pf,x,t)v(GENE(f  cc sq,pf,x,t)vEXl(f  cc sq,pf,x,t)))v
(3pf I pf2.(ANDI(f  cc sq,pf 1 ,pf2)v(FALSEI(f cc sq,pf I ,pf2)vIMPLE(f  cc sq,pf I ,pf2)))v
3pf 1 pf2 x t.EXE(f  cc sq,pf 1 ,pf2,x,t)v3pf  1 pf2 pf3.0RE(f  cc sq,pf 1 ,pf2,pf3))))))

1 6 GENI(f cc sq,sq,x,x)v(GENE(f cc sq,sq,x,x)vEXl(f cc sq,sq,x,x)) (1 2 3 4 8 )

1

- -

I-
17  3pf x t.(GENI(f cc sq,pf,x,tMGENE(f  cc sq,pf,x,t)vEXl(f  cc sq,pf,x,t))) (I 2 3 4 8)

1 7 18 PROOFTREE(f cc sq) (1 2 3 4 8)

! 9 Vf 1 .(DEPEND(sq,f  1 bAXIOM(f  1)) ’ (8)

t-

L

20 DEPEND(sq,f 1 )~AXIOM(f  I) (8)

2 1 PROOFTREE(f  cc sqb(PROOFTREE(sq)=+((sq~scdr(f  cc sq)a(DEPEND(f  cc sq,fl  )1
DEPEND(sq,f  1 )&(ORl(f  cc sq,sqMANDE(f  cc sq,sq)v(FALSEE(f  cc sq,sq)v

(3f.((NOTID(f  cc sq,sq,f)v(NOTED(f  cc sq,sq,f)vlMPLlD(f  cc sq,sq,f)))/\f+f 1 )v
3 x  t.(GENI(f cc sq,sq,x,t)v(GENE(f  cc sq,sq,x,t)vEXl(f  cc sq,sq,x,t)))))))))

;--
22  3x t,(CENI(f cc hq,sq,x,t)v(CENE(f  cc sq,sq,x,t)vEXl(f  cc sq,sq,x,t)))  (I 2 3 4 8)

,
iL

2 3 DEPEND(f  cc sq,f 1 )DAXIOM(f  1) (1 2 3 4 8)

2 4 Vf 1 .(DEPEND(f  cc sq,f 1 )sAXIOM(f  1)) (1 2 3 4 8)

L

2 5  f=scar(f  c c  s q )  ( 2 )

26 PROOFTREE(f  cc sq)A(f=scar(f  cc sq)AVf 1 .(DEPEND(f  cc sq,f 1 )aAXIOM(f 1))) (1 2 3 4 8)

2 7 BEW(f)~3sq.(PROOFTREE(sq)A(f=scar(sg)f  I .(DEPEND(sq,f  1 )DAXIOM(f  1 I)))

i 2 8 %q.(PROOFTREE(sq)/\(f=scar(sq)hVf  1 .(DEPEND(sq,f  1 )DAXIOM(f  I)))) (I 2 3 4)

2 9  EIEW(f)  (1 2 3 4)

L

3 0  BEW(x  gen fbBEW(f) (1 2  3 )
I

a 3 1  BEW(f)  ( 3 1 )
,

3 2 3sq,(PROOFTREE(sq)A(f=scar(sq)r\vf  1 .(DEPEND(sq,f  1 bAXIOM(f  I )I)) (31)

3 3 PROOFTREE(sq)A(f=scar(sq)AVf  1 .(DEPEND(sq,f 1 )BAXIOM(f  1))) (33)

3 4 Vf 1 .(DEPEND(sq,f  I bAXIOM(f  1)) (33)

35 DEPEND(sq,f  1 )=+AXIOM(f 1) (33)

39

3 6  APGENl(x,sq)~(Vf.(DEPEND(sq,f)~~FR(x,f))~PROOFTREE(sq))

3 7 AXIOM(f 1 )-FR(x,f  1)

38 DEPEND(sq,f 1 )a-FR(x,f 1) (3 1 33)
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3 9 Vf 1 .(DEPEND(sq,f  1 )=FR(x,f  1)) (3 I 33)

4 0  APGENl(x,sq)  ( 3 1  3 3 )

41 GENl((x  gen 1) c c  sq,sq,x,x)~(scdr((x  p,en 1) c c  sq)%qA(PROOFTREE(sq)h
311 .(scsr((x  gen f) cc sq)=(x gen f 1 )A(scar(sq):sbt(x,x,f  1 )AAPGENl(x,sq)))))

4 2  scar((x g e n  f) c c  sq)=(x g e n  f) (2)

4 3  scdr((x  g e n  1) c c  sq)=sq  ( 3 )

4 4  scar((x g e n  1) c c  sq)=(x g e n  f)r\(scar(sq)=sbt(x,x,f)AAPGENl(x,sq))  ( 1  2  3  3 1  3 3 )

4 5  311 .(scar((x  g e n  1) cc  sq)=(x gen f  1 h(scar(sq)=sbt(x,x,f  1 )hAPCENl(x,sq)))  (1 2 3 31 33)

4 6  GENI(Cx g e n  1) c c  sq,sq,x,x)  ( 1  2  3  3 1  3 3 )

4 7 Pf?OOFTREE((x  gen 1) cc sqk(FORM((x  gen 1) cc sq)v(3pf.(ORl((x  gen f) cc sq,pf)v
(ANDE((x gen 1) cc sq,pf)v(FALSEE((x  gen 1) cc sq,pf)v(NOTl((x  gen 1) cc sq,pf)v
(NOTE((x  gen f)-cc sq,pf)vlMPLI((i  gen 1) cc sq,pf))))))v(3pf  xl t.(GENI((x gen 1)
c c  sq,pf,xl ,t)v(GENE((x  gen 1) cc sq,pf,xl ,t)vEXl((x g e n  1) cc sq,pf,xl  ,t)))v
(3pf 1 pfZ.(ANDI(( x gen 1) cc’ sq,pf  I ,pfZ)v(FALSEl((x  gen 1) cc tq,pf  1 ,pf2)v
IMPLE((x gen 1) cc sq,pf 1 ,pf2)))v(3pf I pf2 xl t.EXE((x  gen 1) cc sq,pf 1 ,pf2,xl ,t)v

- 3pfl p f 2  pf3.0REUx g e n  1) c c  sq,pfl,pf2,pf3))))))

4 8  GENI((x  g e n  1) cc sg,sq,x,x)v(GENE((x  g e n  1) cc sq,sq,x,x)vEXl((x  g e n  1) cc sq,’
sq,x,x)) (1 2 3 31 33)

4 9  3 p f  x l  t.(GENI((x  gen 1) c c  sq,pf,xI,t)v(GENE((x g e n  1) c c  sq,pf,xl,t)v
EXl((x gen f) cc sq,pf,,*l ,t))) (1 2 3 31 33)

50 PROOFTREE((x  gen 1) cc sq) (1 2 3 31 33)

51 PROOFTREE((x  g e n  1) cc  sq)~(PROOFTREE(sq)~((sq=scdr((~  geq 1) cc  sq)s(DEPEND(
(x gen 1) cc sq,f 1 )-DEPEND(sq,f  1 )))y(ORl((x  gon 1) cc sq,sq)v(ANDE((x  gen 1)
c c  sq,sq)v(FALSEE((x  gen 1) cc sq,sq)v(~f.((NOTlD((x  g e n  f) cc sq,sq,f)v
(NOTED((x  gen 1) c c  sq,sq,f)vlMPLID((x  gon 1) c c  sq,sq,f)))Af+fl  )v
3 x 1  t.(GENl((x g e n  1) cc sq,sq,xl  ,t)v(GENE((x  g e n  1) cc sq,sq,xl,t$vEXI(
(x gen 1) c c  sq,sq,x 1 ,t)))))))))

5 2  3 x 1  t.(GENl((x g e n  1) cc sq,sq,xl  ,t)v(CENE((x  g e n  1) cc sq,sq,xl  ,t)v
EXl((x gen 1) cc sq,sq,xl,t))) (1 2 3 31 3 3 )

53 DEPEND((x  gen 1) CC sq,f 1 )DAXIOM(f  1) (I 2 3 31 33)

54 Vf 1 .(DEPEND((x  gen f) cc sq,f 1 )DAXIOM(f  1)) (1 2 3 31 33)

5 5  (x g e n  f)=scar((x  g e n  1) c c  sq) ( 2 )

5 6  PROOFTREE((x  g e n  1) c c  sq)A((x gen f)=scar((x  g e n  1) c c  sq)h
V f 1 .(DEPEND((x gen f) cc sq,f 1 )DAXIOM(f 1))) (1 2 3 31 33)

,

40

5 7 BEW(x  gen 1)53sq.(PROOFTREE(sq)h((x  gen f)=scar(sq)AVf  1 ,(DEPEND(sq,f  1 )aAXIOM(f J ))))
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_-
w,

L-

5 8 3sq.(PROOFTREE(sq)A((x  f)=scar(sq)AVf  1 .(DEPEND(sq,fgen 1 )aAXIOM(f I)))) (1 2 3 3 1)

59 BEW(x gen 1) (1 2 3 31)

6 0 BEW(f)zBEW(x  g e n  1) (1 2 3)

61 BEW(x  f)=BEW(f)  ( 1  2  3 )gen

6 2  V x  f.(BEW(x  g e n  f)TBEW(f))  (1 2 3)

6 3  BEW(x1 g e n  ( x 2  g e n  f))EBEW(x2  g e n  1) (1 2 3)

64 BEW(x2  f)EBEW(f)  (1 2  3 )gen

65 BEW(x1  f)sBEW(f)  ( 1  2  3 )gen

6 6  BEW(x2  g e n  ( x l  g e n  f))=BEW(xl  g e n  1) ( 1  2  3 )

6 7  BEW(x1  g e n  ( x 2  g e n  f))d3EW(x2  g e n  (x l  g e n  1)) (1 2  3 )

6 8 V x  1 x2 1. (BEW(x1  g e n  ( x 2  g e n  1)) 3 BEW(x2  g e n  (xl g e n 1))) (1 2 3)

5.5

L A B E L  H P T ;  ASSlJME  INDVAR(x)  A FORM(f1)  ;
L A B E L  THl ;  A S S U M E  Vx l  x2 f 1 f2.((1NDVAR(xl)  A INDVAR(x2)  A FORM(f  1) A FORM(f2)  A

SBT(x  I ,x2,1 1,121) 3 SBV(x1 ,x2,1 1 ,f2));
LABEL TH2 ;  ASSUME hdlNDVAR(x)  3 TERM(x) ) ;
LABEL TH3 ;  ASSUME trx.(FORM(x)  3 STRING(x));
Ve THl , x,x,1 1 ,sbt(x,x,f 1);
Ve TH2, x;
Ve T H 3 ,  11;
Ve TH3, sbt(x,x,f  1);
VE SUBSTDF3 x,x, f 1, sbt(x,x,f  1);
VE SUBSTDF4 x,x, f 1 ;
Ve SUBDEFO x, x,f 1 ,sbt(x,x,f  1);
t au teq  -:a2#2,1:-;
Ve -,n;
VE FREEVO, x, n, f 1 ;
VE FREEVO, x, n, sbt(x,x,f  I);
V E  SUBDEFI n, f 1, sbt(x,x,f  1);
t a u t e q  I N T E G E R ( n )  =) ((n gl 11  )=(n gl sbt(x,x,fl))) I:-;
V i  -,n;
VE EQS, f I ,sbt(x,x,f  1);
taut -:@2W2,1:-;
=+i, I:-;
VI ‘,X,f 1 +f;
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5.6 Printout nf the proof of the tnailr lemma in the  second axiomatizatiolr

1 INDVAR(x)AFORM(f  1) ( 1 )  A S S U M E

2 Vxl x2 f 1 12.((lNDVAR(x 1 )h(lNDVAR(x2)h(FOdM(f 1 )A(FORM(fZ)ASBT(xl ,x2,f 1 ,f2)))))=,
SBV(x1  ,x2,1 1 ,f2)) (2) ASSUME

3 Vx.(INDVAR(x)~TERM(x))  (3) A S S U M E

4 Vx.(FORM(x)%iTRINC(x))  ( 4 )  A S S U M E

5 (lNDVAR(x)A(lNDVAR(x)A(FORM(f  1 )A(FORM(sbt(x,x,f 1 ))ASBT(x,x,f 1 ,sbt(x,x,f 1 ))))))s
SBV(x,x,f 1 ,sbt(x,x,f  1 )) (2) VE 2 x , x ,  11 , sbt(x,x,fl)

6 INDVAR(x)3TERM(x)  ( 3 )  V E  3  x

7 FORM(f  1 )=+STRING(f 1) (4) VE 4 f 1

8 FORM(sbt(x,x,f  1 ))aSTRING(sbt(x,x,f  1)) (4) VE 4 sbt(x,x,f  1 )

9 (lNDVAR(x)dTERM(x)A(FORM(11  )AFORM(sbt(x,x,f 1 )))))=@BT(x,x,f 1 ,sbt(x,x,f 1 ))I
sbt(x,x,f 1 )=sbt  (x,x,1 1 )) VE SUBSTDF3 x , x , f 1 , sbt(x,x,f  1)

1 0 (INDVAR(x)h(TERM(x)AFORM(f  1 )))aFORM(sbt(x,x,f  1)) VE SUBSTDF4 x , x , 11

1 1 SBV(x,x,f  1 ,sbt(x,x,f  1 ))~:((lNDVAR(x)~(lNDVAR(x)~(FORM(f  1 )hFORM(sbt(x,x,f  1 )))))s
Vn.(lNTEGER(n)D((-INDVAR(n  gl f 1 )D(n gl f 1 )=(n gl sbt(x,x,f  1 )))A(INDVAR(n  gl f 1 )
z((FRN(x,n,f  1 )DFRN(x,n,sbt(x,x,f  I )))A(-FRN(x,n,f  1 )dNVARV(n,f  1 ,sbt(x,x,f 1))))))
)) VE SUBOEFO x , x , f 1 , sbt(x,x,f 1)

1 2 Vn.(lNTECER(n)D((-lhWAR(n  ~1 f 1 )D(n p,l f 1 )=(n  gl sbt(x,x,f 1 )))h(lNDVAR(n  gl f 1)
a((FRN(x,n,f 1 )=>FRN(x,n,sbt(x ,x,f 1 )))A(-FRN(x,n,f 1 )a
INVARV(n,fl ,sbt(x,x,f  1 ))))))I (1 2 3 4) 1 : 11

13 lNTEGER(n)s((-INDVAR(n  gl f 1 )dn gl f 1 )=(n gl sbt(x,x,f  1 )))h(lNDVAR(n gl f 1)s
((FRN(x,n,f 1 )DFRN(x,n,sbt(x,x,f 1 )))&FRN(x,n,f 1 )DlNVARV(n,f 1 ,sbt(x,x,f 1))))))
(1 2 3 4) VE 12 n

14 FRN(x,n,f  1 )z(x=(n gl f 1 )A-GEB(x,n,f  1)) VE FREEVO x , n , f 1

15 FRN(x,n,sbt(x,x,f  1 ))r(x=(n  gl sbt(x,x,f 1 ))A-GEB(x,n,sbt(x,x,f  1))) VE FREEVO x , n , sbt(x,x,f 1)

. 16 INVARV(n,f  1 ,sbt(x,x,f  1 ))z(lNTEGER(n)A(FORM(f  1 )A(FORM(sbt(x,x,f  1 ))h((GEB(n gl
sbt(x,x,f  1 ),n,sbt(x,x,f  1 )):GEB(
n gl f 1 ,n,f 1 ))A((FRN(n  gl sbt(x,x,f!l  ),n,sbt(x,x,f  1 ))oFRN(n gl f 1 ,n,f 1 ))A(n  gl
sbt (x,x,1  1 ))=(n gl f 1 ))))I)  VE SUBDEFl  n , f 1 , sbt(x,x,f  1)

17 INTEGER(n)dn  gl f 1 )=(n gl sbt(x,x,f 1)) (1 2 3 4) 1 : 16

1 8  Vn.(lNTEGER(n)D(n  gl 11 )=(n gl sbt(x,x,fl))) (1 2 3 4) V I  1 7  n  * n

19 (STRING(f 1 )ASTRING(sbt(x,x,f 1 )))~(Vn.(lNTECER(n)dn gl f 1 )a(n gl sbt(x,x,f 1 )))s
f lasbt(x,x,f 1)) VE EQS f 1 , sbt(x,x,fl )
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L 20 f bsbt(x,x,f n ) (I 2 3 4) 1 : 19

21 (INDVAR(x)AFORM(f 1 ))af 1 =sbt(x,x,f 1) (2 3 4) aI 1 20

2 2  V x  f.((lNDVAR(x)nFORM(f))~f=sbt(x,x,f))  ( 2  3-4) VI 21 x c f fl c x

b.

- 5.7 FOL cmnmalrds  in the earlier aniolnatitatioll

LA8EL  FIRSTLEMMA;
ASSUME Vx f.(ClNDVAR(x)h  FORM(f)) 3 sbt(x,x,f)  =f);

c LAB
ASS

I_ LAB
ASS
LAB
ASS

i- LAB
ASS
LAB
ASS
LAB
ASS
LAB

4. ASS

i-

L

EL THEON  1;
llME Vs sq.((STRING(sh  SEQUENCE(sq))=,  scar(s  cc sq) = 6);
EL THEON2;
JK Vs sq.((STRING(s)A  SEQUENCE(sq)hcdr(s  cc sq) m sq);
EL THl;
JME Vx f.((lNDVAR~x)nFORM(f))~FORM(x  gen f));
EL TH2;
JME Vf.(FORhi(f)  2 STRING(f)) ;
SL TH3;
IME Vf sq.((FORMM(f)ASEQUENCE(sq))=6EQUENCE(f  cc $9));
:L TH4;
JME Vx.(lNDVAR(x)s  TERM(x));
ZL TH5;
JME Vpt.(PROOFTREE(pf)>SEQUENCE(pf));

Proof of the Lemma BEW(x gen 1) 3 8EW(f)  Under the Assumption:  lNDVAR(x) A FORM(f)

LABEL HPTT;
ASSUME INDVAR(X)A  FORM(f);
LABEL HPT;
A S S U M E  BEW(x  gen 1) ;

LABEL THTAUT;
. Ve FIRSTLEMMA x, 1;

Ve PROVABLE x gsn f 8
V E  THl x,f;
T A U T  --:02*2,  HPTT:-;
Ve TH2,f;

. Ve TH3,f,sq;
VE TH4,x;
VE TH5,sq;
LABEL HPAUX;
38 ----- ,Sq ;

v8 GENRULO f cc sq ,sq,x,x;
LABEL THNl ;
Ve THEONl f, sq;
v8 THEON 1, s q ;
TAUTEQ ---:82~20202@2~2~  I [f l+ 1) ,l :-;
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UNIFY ----:w2w2w2w2w2n2  ) -;
T A U T E Q  -----:wl , 1:‘;

Ve PROOF f cc sq ;
LABEL GENE 1;
T A U T E Q  PROOFTREE(sq)/\lNDVAR(x)ATERM(x)A(GENl(f  cc sq,sq,x,x) v --: v

EXI(f  c c  sq,sq,x,x))  1:‘;
U N I F Y  --:*2fi2#2@d  , - ;
LABEL PROOFTR;
T A U T ---:o j ) 1:‘;

he H P A U X  9202;
ve - I 11;

Ve DEFEND f cc sq, sq,f 1;
AE GENE1 :w2;
UNIFY --:n2w2~2iQw2,  - ;

TAUTEQ DEPEND(f cc sq,f 1) 3 AXIOM (f 1) ,I :-;
Vi -,fl+fl; --
T A U T E Q  f=scar(f  cc sq) 1:‘;
Ai P R O O F T R ,  - , -- ;
LABEL USEFUL;
Ve PROVABLE 1;
U N I F Y  -:r2*2 ,--;
T A U T  -9:~ 1 ,l :-;
LABEL ClTHl;
=4 HPT,-;

Proof of the Lemma BEW(f)  3 BEW(x gen 1) Under the Assumption: INDVAR(x)  A FORM(f)

LABEL HPTl;
A S S U M E  BEW(f);

TAUT USEFUL:@2 , -,HPT  1 JSEFUL;
AE -:*2

- _ 38  - 64;

A0 -9202;
ve -, 11;
v8 GENRUL2  x,sq;
Ve THEORY x,fl;

. TAUTEQ --:a244 1020 1 [f+f 1 ] ,HPTT,HPTl  :-;
Vi - ,fl+fl;
T A U T  ---I:*  1 ,HPTT,HPT  1:‘;

Ve GENRUL 1 ((x gen f) cc sq) , sq ,x,x ;
LABEL THN2;
Ve THEONl x gen f , sq ;
Ve THEON x gen f , sq ;
V E  THl x ,f;
VE TH2 x gen 1;
VE TH5 sq;
TAUTEQ -----:W2W2W2~  1 [f 1 + f ]  ,HPTT, THTAUT,HPTl:-;
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UNIFY -------:#2W2#2  , -;
VE TH3, x gen f,sq;
T A U T E Q  ---------:a 1, HPTT ,  THTAUT,HPTl  :-; .

v8 PROOF  (X gt3n  f) CC Sq ;
V8 TH4,x;
LABEL GENl;
TAUTEQ PROOFTREE  A INDVAR(x)  A TERM(x) A 1 ---: v GENE((x gen f) cc sq,sq,x,x) v
EXl((x g e n  1) c c  sq,sq,x,x))  HPTT,HPTl:-;
U N I F Y  ---:@2*2~2wl  , - ;

LABEL PROOFTRl ;
T A U T ----:* 1, HPT 1 :-,THTAUT,HPTT;

v8 DEPEND  (X gt3II  f) CC  Sq, Sq,f 1;
AE GEN 1:#2;
3 i  - ,x+tOCC258  11;
3i -, x+x1 occ u-3 5 7;

TAUTEQ DEPEND((x  gen 1) cc sq,f 1) =) AXIOM (f 1) ,THTAUT,HPTT,HPTl:-;
V i  -,fl+fl;
TAUTEQ x  gen  f  = scar((x  gen 1) cc sq),HPTT,HPTl:-;
Ai PROOFTRl,  - ,  - -  ;
Ve PROVABLE x gen 1;
U N I F Y  -:w2#2  ,--;
TAUT --:@ 1 ,THTAUT,HPTl  :-;
LABEL C2THl;
=I HPTl ,-;
11 Cl THl ,CZTHl  ;
LABEL  THGEN;
31 HPTT,-;
V I  -,x,f;
Ve THl x1,x2 g e n  f ;
Ve THl x2,1;
Ve THl xl,f;

- Ve THl x2,x1  g e n  f ;
VE THl ,x 1 ,f;
V E  THl ]x2,f;
T A U T  (lNDVAR(x  1) A (INDVAR(x2)  A FORM( f ) ) )  3 (BEW(x1 gen (x2 gon 1)) l

BEW(x2 g e n  ( x l  g e n  f))),THGEN:-; ’
VI .-,x1,x2,1;  -

1 V x  f.((INDVAR(x)~FORM(f))rJsbt(x,x,f)=f)  (1) A S S U M E

2 Vs sq.((STRING(s)ASEQUENCE(sq))~scar(s  c c  sq)=s)  ( 2 )  A S S U M E

3 VS sq.((STRING(s)ASEQUENCE(sq))~scdr(s  c c  sq)=sq)  ( 3 )  A S S U M E
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4  V x  f.((INDVAR(x)~FORM(f))~FORM(x  g e n  1)) ( 4 )  A S S U M E

5 Vf.(FORIvl(f)~STRING(f))  ( 5 )  A S S U M E

6 Vf sq.((FORM(f)hSEQUENCE(sq))~SEQUENCE(f  c c  s q ) )  ( 6 )  A S S U M E

7 Vx.(lNDVAR(x)~TERM(x))  ( 7 )  A S S U M E

8 Vpf.(PROOFTREE(pf)=>SEQUENCE(pf))  ( 8 )  A S S U M E

9 INDVAR(x)AFORM(f)  ( 9 )  A S S U M E

1 0  BEW(x  g e n  1) (IO) A S S U M E

1 1 (INDVAR(x)hFORM(f))wbt(x,x,f)=f  (1) VE 1 x , f

1 2  BEW(x  g e n  f)F(FORM(x  g e n  f)A3sq,(PROOFTREE(sq)h((x  gen f).scar(sq)hVfl  ,(DEPEND(
sq,f 1 )zAXlOM(f  1))))) VE PROVABLE x gen f

1 3  (INDVAR(x)AF~RM(f))~FORM(x  g e n  f )  ( 4 )  V E  4  x  ,  f

14 %q.(PROOFTREE(sq)A((x  gen f)=scar(sq)AVf  1 .(DEPEND(sq,f  1 )sAXIOM(f 1)))) (1 4 9 10) 9 : 13

1 5  FORM(f)DSTRING(f)  ( 5 )  V E  5  f

16 (FORM(f)‘=QUENCE(sq)j=‘SEQUENCE(f  c c  s q )  ( 6 )  VE 6 f , sq

1 7  INDVAR(x)aTERM(x)  ( 7 )  V E  7  x

1 8  PROOFTREE(sq)=>SEOUENCE(sq)  ( 8 )  V E  8  s q

19 PROOFTREE(sq)A(  (x gsn f)=scar(sq)AVf  1 .(DEPEND(sq,f  1 )DAXIOM(f  1))) (19) ASSUME

2 0  CENE(f  c c  sq,sq,x,x)%(SEQUENCE(f  c c  sq)A(lNDVAR(x)h(TERM(x)A(scdr(f  c c  sq)wqh(PROOFTREE(sq)h
311 .(FORM(f  1 )A(scar(sq)=(x  gen f 1 )A
scrr(f cc sq)=sbt(x,x,f  1 )))I)))) VE GENRULO f cc sq , sq , x , x

2 1  (STRING(f)ASEQUENCE(sq))Dscar(f  c c  sq)=f ( 2 )  VE 2 f  ,  sq ,

2 2  (STRlNG(f)ASEQUENCE(sq))=+scdr(f  cc sq)=sq (3) VE 3 f  ,  sq

23  FOf?M(f)A(scar(sq)=(x  gen f)Ascar(f  cc sq)=sbt(x,x,f))  (1 2 3 4’5 6 7 8 9 10 19) 1 : 2 2

24 3f 1 .(FORM(f  1 )A(scar(sq)=(x  gen f 1 hcar(f cc sq)=sbt(x,x,fl  1)) (1 2 3 4 5 6 7 8 9 10 19) U N I F Y  2 3

25 GENE(f  cc sq,sq,x,x)  (1 2 3 4 5 6 7 8 9 10 19) 1 : 24

2 6  P R O O F T R E E ( f  c c  sq)-((SEQUENCE(f  cc sq)hFORM(f  cc sq))v(3pf.(PROOFTREE(pf)A(ORl(f  cc sq,pf)v
(ANDE( f  cc  sq,pf)v(FALSEE(f  cc r,q,pf)v(NOTi(f  cc sq,pf)v(NOTE(f  cc sq,pf)v
lMPLl(f c c  sq,pf)))))))v(3pf  x t.(PROOFTREE(pf)A(lNDVAR(x)h(TERM(t)A
(GENI(f cc sq,pf,x,t)v(GENE(f  cc sq,pf,x,t)v
EXI(f cc sq,pf,x,t))))))v(3pf  1 pf2.(PROOFTREE(pf  1 )A(PROOFTREE(pf2)A(ANDl(f  cc sq,pf  1 ,pf2)v
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-- (FALSEB:f  C”J  sq:pf  1 ,pf2)vIMPLE(f cc sq,pf 1 ,pf2)))))v(3pf 1 pf2 xl x2.(;PROOFTREE(pf  1 )A

(PROOFTREE(pf2)A(INDVAR(xl  )dINDVAR(x2)AEXE(f  cc sq,pf  I ,pf2,xl  ,x2)))))v3pf  1 pf2 pf3.
(PROOFTREE(pf  1 )A(PROOFTREE(pf2)~(PROOFTREE(pf3)AORE(f  cc sq,pf 1 ,pf2,pf3)))))))))
VE PROOF f cc sq

2 7  PROOFTREE(sq)r\~lNDVARo/\(VERM(xh(GENi(f  c c  sq,sq,x,x)v(GENE(f  c c  sq,sq,x,x)v
EXI(f cc sq,sq,x,x))))) (1 2 3 4 5 6 7 8 9 10 19) 1 : 2 6

28 3pf x t.(PROOFTREE(pf)~(INDVAR(x)A(TERM(t]~(GENI(f  cc sq,pf,x,t)v(CENE(f  cc sq,pf,x,t)v
EXl(f cc sq,pf,x,t)))))) (1 2 3 4 5 6 7 8 9 10 19) UNIFY 2 7

-

I

29 PROOFTREE(f cc sq) (1 2 3 4 5 6 7 8 9 10 19) 1 : 28

3 0  V f  1  .(DEPEND(sq,f  1 )DAXlOM(f  1 ) )  (19)  AE 1 9  :w2#2

3 1 DEPEND(sq,f  1 )~AXIOM(f 1) (19) VE 30 f 1

3 2 ((?-;7OOFTREE(f  cc sq)r\(PROOFTREE(sqhsq=scdr(f  cc sq)))s(DEPEND(f  cc sq,f 1 )dIEPEMD(sq,fl  )))s
(QRi(f  cc sq,sq)v(ANDE(f cc sq,sq)v(FALSEE(f  cc ss,sq)v(3f.(FORM(f)n((NOTID(f  cc sq,sq,f)v
(NOTED(f  cc  sq;s-q,f)vlM?LID(f  cc  sq,sq,f)))Af+f  1 ))vZlx  t.(lNDVAR(x)h(TERM(t)A
(GENI(f  c c  sq,sq,x,t)v(GENE(f  CC sq,sq,x,t)vEXl(f  cc sq,sq,x,t)))))))))
VEDEPENDfccsq,sq,fl

3 3  INDV AR(x)A (TERMVt(xh(GENI(f cc sq,sq,x,x)v(GENE(f
(I 23 4 5 6 7 8 9 10 19) AE 27 :#2

CC sq,sq,x,x)vEXl(f

L 3 4  3 x  t.(lNDVAR(x)dTERM~tb&ENl(f  cc  sq,sq,x,t)v(GENE(f  cc  sq,sq,x,t)vEXl(f  cc  sq,sq,x,t)))))
- (1 2 3 4 5 6 7 8 9 10 19) UNIFY 3 3

35 DEPEND(f cc sq,f 1 )BAXIOM(f I ) (1 2 3 4 5 6 7 8 9 10 19) 1 : 34

3 6 V f  1 .(DEPEND(f  c c  sq,f  1 )DAXIObI(f  1)) (1 2  3  4  5  6 7  8  9  f 0 19) VI 3 5  f 1 + f i

37 f=scar(f  cc sq) (1 2 3 4 5 6 7 8 9 10 19) 1 x 36

3 8 PROOFTREE(f  cc sq)A(f=scar(f  cc Sq)Avf 1 .(DEPEND(f  cc sq,fl @AXIOM(f  1)))
(1 2 3 4 5 6 7 8 9 10 19) Ai (29 (37 36))

39

40

41

42

43

44

45

BEW(f)-(FORM(f)A3sq.(PROOFTREE
VE PROVABLE f

(Sq)A(f=SCar(Sq)AVf .(DEPEND(sq,f )DAXIOM(f 1)))))

47

3sq.(PROOFTREE(sq)A(f=scar(cq)AVf  1 .(DEPEND(sq,f  1 bAXIOM(f1))))  (1 2  3  4  5  6  7  8  9  1 0 )  U N I F Y  3 8

BEW(f)  (1 2 3 4 5 6 7 8 9 10) 9 ,39 , 40

BEW(x  gen f)=BEW(f)  (1 2 3 4 5 6 7 8 9) 31 10 41

BEW(f)  ( 4 3 )  A S S U M E

FORM(f)A3sq.(PROOFTREE(sq)h(f=scar(sq)AVf  1 .(DEPEND(sq,f  1 bAXIOM(f  1)))) (43) 43 , 43 , 39

3sq.(PROQFTREE(sq)A(f=scar(sq)AVf  I .(DEPEND(sq,f  1 bAXIOM(f 1)))) (43)  AE 44 :a2

.
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4 6 PROOFTREE(sq)A(f=scar(sq)AVf  1 .(DEPEND(sq,f  1 )aAXIOM(f  1 ) ) )  (46 )  ASSUME

4 7 Vf 1 .(DEPEND(sq,f  1 )DAXIOM(f  1)) (46) AE 46 :@2n2

4 8 DEPEND(sq,f  1 )=>AXIOM(fl)  ( 4 6 )  V E  4 7  11

4 9 APGENl(x,sq)~((INDVAR(x)~Vf.(DEPEND(sq,f)~~FR(x,f)))~PROOFTREE(sq))  VE GENRUL2 x , sq

50 AXIOM(f  1 )+FR(x,f  1 )AFORM(f  1)) VE THEORY x , f 1

5 1 DEPEND(sq,f  1 )-FR(x,f  I ) (1 2 3 4 5 6 7 8 9 43 46) 9 , 43 : 50

52 Vf 1 .(DEPEND(sq,f  1 )-FR(x,f  1)) (1 2 3 4 5 6 7 8 9 43 46) VI 51 fl + 11

53 APGENl(x,sq)  (1 2 3 4 5 6 7 8 9 43 46) 9 , 43 : 52

5 4  GENl((x  g e n  1) c c  sq,sq,x,x)  (SEQUENCE((x  gen f) c c  sq)A(lNDVAR(x)A(lNDVAR(x)A
(scdr((x gen  1) cc sq)=sq/\(PROOFTREE(sq)h311  .(FORM(f  1 )A(scar((x  gen 1) cc sq)=
(x gen f 1 )A(scar(sq)=sbt(x,x,f  1 )AAPGENl(x,sq)))))))))
V E  GENRULl  (K gen f) cc sq , sq , x , x

5 5 (STRING(x  g e n  f)ASEQUENCE(r;q))Dscar((x  g e n  1) c c  sq)s(x g e n  f ) ( 2 )  V E  2 x gen f , sq

5 6  (STRING(x  g e n  f)nSEQUENCE(sq)hcdr((x  g e n  1) c c  sq)=sq (3) VE 3  x  gen f I s q

5 7  (lNDVAR(x)AFORM(f))~FORM(x  g e n  1) ( 4 )  V E  4  x  ,  f

5 8  FORM(x  g e n  fbSTRING(x  gen 1) ( 5 )  V E  5  x  g e n  f

5 9  PROOFTREE(sq)~SFQUENCE(sq)  ( 8 )  V E  8  sq

60 FDRM(f)A(scar((x  g e n  f )  c c  sq)=(x gen  f)A(scar(sq)=sbt(x,x,f)AAPCENl(x,sq)))
(1 2 3 4 5 6 7 8 9 4 3 46) 11 , 4 3 : 5 9 , 9

6 1 311 .(FORM(f  1 )&car((x gen 1) cc sq)=(x  gen f 1 )A(scar(sq)=sbt(x,x,f 1)~

APGENl(x,sq))))  (1 2  3  4 5 6 7 8 9  43  46 ) UNIFY 60

6 2  (FORM(x  g e n  f)ASEQUENCE(sq))BSEQUENCE((x  g e n  1) cc  sq )  (6 )  VE  6  x  gen  f  ,  sq

63 GENl((x  gen 1) cc sq,sq,x,x)  (1 2 3 4 5 6 7 8 9 43 46) 9 , 11 , 43 : 62

6 4  PROOFTREE((x  Q,WI 1) c c  s,q)-((SEOlJENCWx  gsn 1) c c  sq)hFORM((x  g e n  1) c c  sq))v

(3pf.(PROOFTREE(pf)h(ORl((x  p,cn 1) cc  sq,pf)v(ANDE((x  g e n  1) cc  sq,pf)v
(FALSEE((x p,en 1) cc sq,pf)v(NOTl((x  gen f) cc  sq ,p f )v (NOTE( (x  gen  1) cc sq,pf)v
IMPLl((x  gen  f )  c c  sq,pf)))))))v(3pf x I t.(PROOFTREE(pf)A(INDVAR(xl  )E\(TERM(t)A
(GENl((x  gen 1) c c  sq,pf,xl  ,t)v(GENE((x  p,en 1) c c  sq,pf,xl ,t)vEXl((x g e n  1)
cc sq,pf,x 1 ,t))))))v(Jpf  I pf2.(PROOFTREE(pf  I )A(PROOFTREE(pf2)A(ANDl((x  gen f)
cc sq,pf  1 ,pf2)v(FALSEl((x  gon f) cc sq,pf  1 ,pf2)vlMPLE((x  gen 1) cc sq,pf 1 ,pf2)))))v
(3pf 1 pf2 xl x2.(PROOFTREE(pf  I )rr(PROOFTREE(pf2)dINDVAR(xl  )A(INDVAR(X~)AEXE(
(x gen 1) cc sq,pf 1 ,pf2,xl  ,x2)))))v3pf I pf2 pf3.(PROOFTREE(pf  1 )A(PROOFTf?EE(pf2)A
(PROOFTREE(pf3)AORE((x  g e n  1) cc sq,pfl,pf2,pf3))))))))) VE PROOF (x gen 1) cc sq

6 5  INDVAR(x)3TERM(x)  ( 7 )  VE 7  x
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c . 6 6  PROOFTREE(sq)h(lNDVAR(x )A(TERM(x)A(GENI((x  gen 1) c c sq,sq,x,xMGENW
cc sq,sq,x,x)vEXl((x  gen 1) cc sq,sq,vd)))) (1 2 3 4 5 6 7 8 9 43 46) 9,43 : 65

c

6 7  3pf x l  t.(PROOFTREE(pf)A(lNDVAR(xl  )A(TERM(~)A(GENI((x  g e n  1) c c
(CENE((x  g e n  1) cc sq,pf,xl  ,t)vEXl((x g e n  1) cc sq,pf,xl J))))))
(1 2 3 4 5 6 7 8 9 4 3 4 6 ) UNIFY 6 6

gen  1)

q,pf,x  1 ,w

68 PROOFTREE((x  gen 1) cc sq) (1 2 3 4 5 6 7 8 9 43 46) 43 : 67 , 11 , 9

c
L

6 9  ((PROOFTREE((x  gen  f )  cc  sq)r\(PROOFTREE(sq)Asq=scdr((x  g e n  1) cc  sq)))=(DEPEND(
( x  gen  1) cc  sq,f  1 )FDEPEND(sq,f  1 )))z(ORl((x  gen 1) cc  sq,sq)v(ANDE((x  gen 1) c c
sq,sq)v(FALSEE((x  gen 1) cc  sq,sq)v(3f.(FORM(f)A((NOTID((x  g e n  1) cc  sq,sq,f)v
(NOTED((x  gen 1) c c  sq,sq,f)vlMPLID((x  g e n  1) cc Sq,Sq,f)))Af+fl  ))v3xI t.(

INDVAR(x1  )A(TERM(t)A(GENl((x  p,en 1) cc  sq,sq,xl ,t)v(GENE((x  g e n  1) cc  sq,sq,xl,
t)vEXl((x gen 1) cc sq,sq,xl  J)))))))))  VE DEPEND (x gen 1) cc sq , sq , f 1

7 0  INDVAR(X)A(TERM(X)A(GENI((X  gon 1) c c  sq,sq,x,x)v(GENE((x  gen 1) c c  sq,sq,x,x)v
EXl((x gen 1) cc sq,sq,x,x)))) (1 2 3 4 5 6 7 8 9 4 3 4 6 ) AE 6 6 :#2

i-
7 1 ~~.(INDVAR(X)A(TERM(~)A(GENI((X  gen 1) cc sq,sq,x,t)v(GENE((x  gen 1) cc sq,sq,x,t)

vEXl((x gen 1) <f sq,sq,x,t))))) (1 2 3 4 5 6 7 8 9 4 3 4 6 ) 7 0 x + t OCC

7 2  3 x 1  t.(INDVAR(xl  )A(TERM(t)A(GENl((x  gen 1) c c  sq,sq,xl,t)v(GENE((x  gen f )  c c  s q ,
sq,xl ,t)vEXl((x gen 1) cc sq,sq,xl ,t))))) (1 2 3 4 5 6 7 8 9 4 3 4 6 ) 7 1 x+x1 OCC

73 DEPEND((x  gen 1) cc sq,f  1 )DAXIOM(f  I ) (1 2 3 4 5 6 7 8 9 43 46) 11 , 9 , 43 : 72

7 4  V f l  .(DEPEND((x  g e n  1) c c  sq,f 1 )~AXIOM(fl))  (1 2  3  4  5  6  7  8  9  4 3  4 6 )  V I  7 3  11 + f  1

75 (x gen f)=scar((x gen 1) cc sq) (1 2 3 4 5 6 7 8 9 43 46) 9 , 43 : 74

7 6  PROOFTREE((x  gen 1) c c  sq)A((x  gen f)=scar((x  g e n  1) c c  sq)AVfl  .(DEPEND((x  gen 1)
cc sq,fl )~AXIOM(f 1))) (1 2 3 4 5 6 7 8 9 4 3 4 6 ) Ai (68 (75 74))

77 BEW(x  gen f)z(FORM(x  gen f)A3sq.(PROOFTREE(sq)A((x  gen f)wsr(sq)nVf  1 .(DEPEND
(sq,f  1 )zAXIOM(f 1))))) VE PROVABLE x gen f

7 8 3sq.(PROOFTREE(sq)A((x gen f)=scar(sq)A\df 1 .(DEPEND(sq,f 1 )dXIOM(f 1) ) ) )
(1 2 3 4 5 6 7 8 9 10 19 4 3 46)  UNIFY 76

79 BEW(x  gen 1) (1 2 3 4 5 6 7 8 9 43) 11 , 9 , 43 : 78

8 0  BEW(f)aBEW(x  g e n  1) ( 1  2  3  4  5  6  7  8  9 )  31 4 3  7 9

81 BEW(x  gen f)zBEW(f) (1 2 3 4 5 6 7 8 9) :I 42 80

iL 8 2 (lNDVAR(x)AFORM(f)b(BEW(x  gen f):BEW(f))  ( 1  2 3 4 5 6 7 8 ) =d 9 81

8 3 V x  f.((lNDVAR(x)AFORM(f))~(BEW(x gen f)TBEW(f))) (1 2 3 4 5 6 7 8 ) VI 8 2 x , f

8 4  (INDVAR(XI)AFORM(X~  g e n  fb(BEW(x1  g e n  (x2 g e n  f))@EW(x2  g e n  1))
(1 2 3 4 5 6 7 8 ) VE 8 3 x l , x2 gen f

L
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8 5  (INDVAR(x2)AFORM(f))dBEW(x2  g e n  f)?BEW(f))  ( 1  2  3  4  5  6  7  8 )  V E  8 3  x 2  ,  f

8 6  (INDVAR(x1  )AFORM(f))D(BEW(xl  gen f)TBEW(f))  ( 1  2  3  4  5  6  7  8 )  VE 8 3  xl , f

8 7  (INDVAR(X~)AFORM(X~  g e n  f)b(BEW(xZ  gen’(x1  g e n  f))mBEW(xl  g e n  1))
(1 2 3 4 5 6 7 8) VE 8 3 x2 , x l lgen f

- 8 8  (INDVAR(x1  )AFORM(f))DFORM(xl  gen 1) ( 4 )  V E  4  x l  ,  f

89 (lNDVAR(x2)hFORM(f))=>FORM(x2  g e n  1) ( 4 )  V E  4  x 2  ,  f

9 0  (INDVAR(x1  )A(INDVAR(x2)AFORM(f)))=>(BEW(xl  g e n  ( x 2  g e n  f))EBEW(xZ  g e n  ( x l  gen  1)))
(1 2 3 4 5 6 7 8) 84 : 89

50

9 1 V x l  x 2  f.((INDVAR(x 1 )A(INDVAR(x2)AFORM(f)))~(BEW(xl  g e n  ( x 2  g e n  f))sBEW(x2 gen  (
xl gen 1)))) (1 2 3 4 5 6 7 8) VI 9 0 x l , x 2 , f
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