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Numer i ca I Exper i men t s W ith The Spectral Test-

A b s t r a c t

F o l  locling Marsagl ia and D i e t e r , t h e  s p e c t r a l  t e s t  f o r  l i n e a r
congruential  random number  gene ra to rs  i s  deve loped  f rom the  g r i d  o r
l a t t i c e  p o i n t  model  r a t h e r  t h a n  t h e  F o u r i e r  t r a n s f o r m  m o d e l ,
modi f ieat i ons  to  t he  pub1  ished  a l g o r i t h m s  w e r e  t r i e d ,

Severa  I

re f  i nen ien ts ,
One of  these

wh ich  uses  resu l t s  f rom lesse r  d imens ions  to  compu te
h i gher d i mens i ona t ones,
s u b s t a n t i a l  l y .

was found to decrease the computat ion t ime
A  c h a n g e  i n  t h e  d e f i n i t i o n  o f  t h e  s p e c t r a l  t e s t  i s

p r o p o s e d  i n  t h e  s e c t i o n  e n t i t l e d  “ A  Q u e s t i o n  o f  I n d e p e n d e n c e ” .

Background

The values of  the LCRNG (Linear Congruent iat  Random Number Generator)

X gax +c mod m
i + l i

w h e n  p l o t t e d  o n  t h e  x  a x i s , I  ie on a one dimensional  gr id. That is,
t h e  d i f f e r e n c e  b&ween  a n y  p a i r  o f  t h e m  i s  a  m u l t i p l e  o f  s o m e  i n t e g e r  a:

x - x =LJ

L.

I

i

f o r  s o m e  i n t e g e r  L, 2 is  1 for  a maximum per iod RNG, but  is
. at least 2 if c = 0 and ni i s a power of 2, Depending upon the number

t h e o r y  u n d e r l y i n g  t h e  c h o i c e  o f  a ,  c ,  a n d  m, i t  i s  poss ib le  t h a t
no t  a l  I  o f  t he  m/J g r i d  p o i n t s  b e t w e e n  0  a n d  m-1 will b e  g e n e r a t e d ,

I f  i n s t e a d  w e  p l o t  c o n s e c u t i v e  p a i r s  o f  v a l u e s

L tx ( x 1, (x ( x 1, . * * ,
12 23

(x,x 1, .*.
i i+l

a s  (x, y) c o o r d i n a t e s , w e  w i l l  g e t  a  t w o  d i m e n s i o n a l  g r i d . This means
t h a t  t h e  ( v e c t o r )  d i f f e r e n c e  b e t w e e n  a n y  p a i r  o f  p o i n t s  i s  t h e  s u m  o f
i n t e g e r  m u l t i p l e s  o f  tiJo c o n s t a n t  v e c t o r s ,  c a l l e d  b a s i s  v e c t o r s ,
d e f i n e  t h e  g r i d . To  f i nd  these  bas is  vec to rs ,  we  have

which
a

X -ax + c - K m
i+l i

X =ax t c - M m
. j+l j

for some i n teger s K and M, and so

tx ) x 1 - ( x , x  1 = 1L 3, a L 8 - Ul-K) m)
j j + l i i + l

= L i, (1, a) - (M-K) (0, m)
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a sun1 of intecjEr-  mcll t iples of t h e  b a s i s  vectors

iJ (1, al and (0, ml .

Simi larly, if consecutive triplets are plotted in 3 space, we ui II
f i n d  a  t h r e e  d i m e n s i o n a l  g r i d  LJith b a s i s

2 . .

d (1, a, a 1, (0, m, 01, and (0, 0, ml .

T h i s  p a t t e r n  e x t e n d s  t o  n  d i m e n s i o n s .  We w i l l  ca l l  such  a  g r i d
basis F and denote its vectors by f , 1 I j 5 n ,

We can  rega rd  an  n  d imens iona l  g r i d  as  an  x  d imens iona l  g r i d  o f
n - x  d i m e n s i o n a l  g r i d s  a n d  s a y  t h a t  x  o f  t h e  n  b a s i s  v e c t o r s
” connec  t ” i d e n t i c a l  c o p i e s  o f  t h e  n  - x  d i m e n s i o n a l  subgrid
g e n e r a t e d  b y  t h e  r e m a i n i n g  n  - x  b a s i s  V e c t o r s . T h i s  even
w o r k s  clhen  x = n, if LJe d e f i n e  a  z e r o  d i m e n s i o n a l  g r i d  t o  b e
a  p o i n t . ( T r y  r e r e a d i n g  t h i s  w i t h  n  = 2 or  3 and x - 1 or 2.1

N o t e  t h a t  t h e  o n l y  w a y  t h a t  t h e s e  v e c t o r s ,  a n d  t h u s  t h e  g r i d ’ s
s t r u c t u r e , depend on the ” i ncr emen  t ” c is in the value of 8, the
s m a l  l e s t  d i f f e r e n c e  b e t w e e n  RNG  o u t p u t s . 1 f c i s  c h o s e n  s o  t h a t
a i s  c_)reatcr  t h a n  1 , I-re i.liI I  o n l y  g e n e r a t e  e v e r y  8th subgrid o n
the  one  cf i mens  i ona I gr i d  genera ted  by

2 3
(1, a, a ( a ) *., 1 .

T h e  o n l y  o t h e r  e f feet
and t o  change t h e or de

o f v a r y i ng c  i s  t o  s h i f t  t h e  e n t i r e  g r i d
n uh ich the  g r id  po in ts  a re  genera ted .

.

T h e r e  a r e  i n f i n i t e l y  m a n y  b a s e s  f o r  a  g i v e n  g r i d ,  f o r
i f  c l  a n d  c a r e  tl.10 hasis v e c t o r s  i n  a n  n  d i m e n s i o n a l  g r i d ,  t h e n
we can rep I ace d by d - c and st i  I  I  reach the same points,
s i n c e  L/e c a n  a  h.lays reLlr i te

K d + L c as K (d - c) t K+L)  c .
c

W e  c o u l d  r e p e a t  t h i s  p r o c e s s  q t imes  to  rep lace  d  by  d  - q c, a n d
w e  c o u l d  a l s o  i n v o l v e  o t h e r  p a i r s  o f  v e c t o r s , I n  t h e  p a r t i c u l a r-
c a s e  o f  t h e  b a s i s

2
c? (1, a, a 1, (0, m, 01, and (0, 0, m)

wb cocrlc~  r e d u c e  t h e  poL/ers of  a module m b y  s u b t r a c t i n g  a p p r o p r i a t e
m u l t i p l e s  o f  t h e  l a t t e r  t w o  v e c t o r s  f r o m  t h e  f i r s t .

I
1 N o w  suppct  se, for examp I e, tha t  we  a re  examin ing  the  th ree  d imens iona l

gr i cl of some  LCRNG. It GIi I I I ie entirely blithin t h e  c u b i c a l  r e g i o n

0 5 x <: m , 0 s y < m , 0<z<m

s i n c e  a l  I  o f  t h e  R N G  v a l u e s  a r e  module m,



i

IL

W e  could imagine as a physical model a clear plastic cube c o n t a i n i n g
m/d  do ts  ( i n  one  to  one  co r respondence  w i t h  t he  one  d imens iona l
gr i cl) .
a r r a n g e d

A s  c/e r o t a t e  t h e  c u b e  i n  v a r i o u s  clays, w e  u i i  I  s e e  t h e  d o t s
in var i ous 13  I anar gr ids,

bases.
corresponding to various Choices of

I f  t-Je c a n  o r i e n t  t h i s  c u b e  s o  t h a t  a l  I  o f  t h e  p o i n t s  f a l  I  i n  a  f e w
w i de I y separa ted l-7 I anes,
p u t  them t h e r e ,

ue s h o u l d  b e  d i s s a t i s f i e d  w i t h  t h e  RNG  t h a t
s i n c e  t h e  g a p s  betlreen t h e s e  p l a n e s  r e p r e s e n t  l a r g e

r e g i o n s  o f  i m p o s s i b l e  t r i p l e t s  o f  c o n s e c u t i v e  o u t p u t s , Concomitantly,
t h e s e  fern p lanes  wou ld  be  undes i rab l y  c rowded  w i th  the  po in t s  t h a t
shou ld  be  occupy ing  the  i n te rven ing  gaps . Thus ,  t he  w ides t
s e p a r a t i o n  betueen  n-1 d i m e n s i o n a l  subgrids i s  a  m e a s u r e  o f  t h e
uni formi ty  of  the RNG, when i ts  outputs are grouped n at a t i m e ,

T h e  d e t e r m i n a t i o n  o f  t h i s  d i s t a n c e  i s  t h e  s p e c t r a l  t e s t  i n  n  d i m e n s i o n s .

I f  t h e  g r i d  w e r e  a  r e g u l a r  c u b i c  o n e , there uould  be a basis of three
m u t u a l  l y  p e r p e n d i c u l a r  v e c t o r s  o f  e q u a l  l e n g t h .
wou ld  con ta in  m /d  po in t s ,  t he re  wou ld  be  abou t

Since the whole grid

113
(m/d) =

p o i n t s a long  each  one  d imens iona l  subgrid, making the basis vectors a b o u t

l/3 213
it m

. in length. U n f o r t u n a t e l y  t h e  (unreduced)  b a s i s  v e c t o r s  d e f i n e d  b y  t h e
LCRNG  a r e  a n y t h i n g  b u t  s h o r t  a n d  r e g u l a r .  I n  f a c t ,  t h e y  a r e  s o  l o n g

t h a t  t h e y  a l  I  p r o t r u d e  f r o m  t h e  c u b e  o f  i n t e r e s t !
2

Knu t h e t J I r ecommenrl.  1
(Assuming a > m as

I n  o rde r -  t o  rosol v e SLICII a  g r id  i n to  more  w ide ly  separa ted ,  more
dense I y popu I at ed subgr i ds,
p e r p e n d i c u l a r  b a s i s  v e c t o r s .

w e  must f i nd  sho r te r  and  more  nea r l y
We c a n  d o  t h i s  w i t h  a n  a l g o r i t h m

a n a l o g o u s  t o  E u c l i d ’ s  GGD--by r e p l a c i n g  a  g i v e n  b a s i s  v e c t o r  w i t h
t h e ” r ema i rider ” resulting from subtracting some other basis vector

-from i t  a s  m a n y  t i m e s  a s  ui I  I  m i n i m i z e  t h e  r e m a i n d e r ’ s  l e n g t h ,  By
a n a l o g y  cri th o r d i n a r y  d i v i s i o n ,
can be ca I I ed the “quo t i en t ”

t h i s  number  o f  poss ib le  sub t rac t i ons

o f  by t e d i o u s  i t e r a t i o n :
y, and can be computed directly instead

c. cl
cl = round ( --- 1

d l ci

w h e r e  c l  i s  t h e  d i v i s o r ,  c  i s  t h e  d i v i d e n d ,  a n d  c  - q  d  i s  t h e
r ema i rider .
d i v i s o r ,

c l  i s  t he  componen t  o f  t he  d i v idend  pa r -a l  lel to  the
div ided by the length of  the div isor,  then f inal  Iy r o u n d e d

t o  t h e  n e a r e s t  i n t e g e r .

Th is  ui I I leave the remainder with the least poss ib le  componen t  p a r a l l e l
t o  t h e  d i v i s o r ,
t h e  g r i d ,

s u b j e c t  t o  t h e  q u o t i e n t  b e i n g  a n  i n t e g e r  t o  p r e s e r v e

3



Trad i t i on s u g g e s t s  t h a t once a d v i s o r  i s  chos en,
i t  s h o u l d be r ewa i ncler ed Lfit h al of the other bas i s vector

Eventual ly this process, cal I it the F process, wi I I get stuck when
al I quotients of pairs are zero. It would be nice if, after all this
work, we ~oulct be sure that the resulting basis contained the vector
I inking the most 1,1ideIy separated subgrids. Unfortunately, example 8
wi I I shoLJ this hope to be vain. We ha<e,  however, two more weapons.
The neater of them is another collection of n vectors, computed from
t h e  b a s i s , and called the dual basis. We will denote it by E and its
e l e m e n t s  b y  e  . They  have  the  fo l l ow ing  mag ic  p roper ty :

for 1 5 i, j 5 n,

e .f =0 if i z j, but
i j

e.f =I.
i i

T h i s  m e a n s  t h a t  t h e  j t h  dual b a s i s  v e c t o r  i s  p e r p e n d i c u l a r  t o  t h e
n - l  climen~ional  subgr  id c o p i e s  c o n n e c t e d  bg t h e  j t h  v e c t o r  o f  t h e
o r i g i n a l  b a s i s , -and conven i en t I y, t h e  l e n g t h  o f  t h e  d u a l  v e c t o r  i s
j u s t  the r e c i p r o c a l  o f  t h e  p e r p e n d i c u l a r  s e p a r a t i o n  b e t w e e n  t h e s e
cop i es. T h u s ,  t o  p e r f o r m  t h e  s p e c t r a l  t e s t ,  w e  n e e d  m e r e l y  f i n d  t h e
s h o r t e s t  v e c t o r  i n  t h e  d u a l  g r i d , (Techn ica l l y , there are many dual
grids corresponding to shifting al I of the points by a n y  c o n s t a n t ,
b u t  t h e  v e c t o r s  betLleen thea, and hence the dual basi s, remain the
same. )

F i r s t  i-le f i nd  the  cjual b a s i s  f r o m  i t s  d e f i n i t i o n ,  b y  f o r m i n g  a n  n  b y
n  m a t r i x , f ,  w h o s e  roL/s  a r e  t h e  o r i g i n a l  b a s i s  v e c t o r s . Then we
i n v e r t  a n d  t r a n s p o s e  i t  t o  f o r m  t h e  d u a l  m a t r i x  e . Repeating this on
e  g i v e s  f  a g a i n , ver i fyirig the dual i ty. S i n c e  s u b t r a c t i n g  t h e  i t h
v e c t o r  f r o m  t h e  j t h  i n  o n e  b a s i s  c o r r e s p o n d s  t o  a d d i n g  t h e  j t h  t o  t h e
i  t h  i n  t h e  o t h e r  b a s i s , I-le 1.ri I I sti I I have a basis if we run the F
p r o c e s s  o n  t h e  d u a l  b a s i s  i n s t e a d  o f  o n  t h e  o r i g i n a l  o n e .  Call t h i s
t h e  E  p r o c e s s . The  rec ipe  fo r  t he  spec t ra l  t es t  now m igh t  read :
C o m p u t e  t h e  d u a l  b a s i s  f r o m  t h e  o r i g i n a l  g r i d  b a s i s ,  r u n  t h e  E
p rocess  un t i  I a l  I  the dual  vectors are of  minimal length,  a n d  r e t u r n
t h e  r e c i p r o c a l  o f  t h e  s h o r t e s t . U n f o r t u n a t e l y ,s there is no way to
guaran tee  tha t  t he  vec to rs  a re  m in ima l  when  the  E  p rocess  ge ts  s tuck
( e x a m p l e  2 ,  n  =  4).

A S Knuth has observed (3.3.4, ex. 22, 231, a good strategy is to
m a i n t a i n  both  b a s e s , and sLlitch from E to F when E gets stuck, simply
by i n t e r c h a n g i n g  t h e  to-ro  m a t r i c e s  w i t h  r e s p e c t  t o  t h e  r e m a i n d e r i n g
opef-at  ion. Then, i f  F  ge ts  anywhere , return to the E process. When
F gets stuck, t h e  cilgor i thm qui t s ,
h a v e  rlnst(lck E, Sad to say,

even though F’s dying attempts m a y
a f t e r  a l l  o f  t h i s  t h e r e  i s  s t i l l  a  s l i m

c h a n c e  that t h e  s h o r t e s t  v e c t o r  l e f t  i n  t h e  d u a l  b a s i s  i s  n o t  t h e
s h o r t e s t  e x p r e s s i b l e  a s  a s u m  o f  i n t e g e r  m u l t i p l e s  o f  d u a l  v e c t o r s
(al t h o u g h  t h e  a u t h o r  has n e v e r s e e n  th i s  excep t  i n  cases  where  the
m a t r i c e s  Glet-e f i r s t  t rans fo rmed  by  an  exper imen ta l  p rocess  wh ich  w a s
neither E no F. Remember  to  see  e x a m p l e  8.1 T h u s  w e  r e s o r t  t o  t h e
u I t i mate cleapon: exhaus t i ve  search .



F o r t u n a t e l y , Coveyou  md flacpherson  h a v e  show t h a t  i  f  a n  integer
combination of the vectors R ) 1 ( j 5 n, is to be of minimal

length, t h e  c o e f f i c i e n t  o f  e  c a n n o t  e x c e e d

j -.

c = [le I If II
j min j

i  n  nlacfn i tucfe, GIhere e i s  t h e  s h o r t e s t  e  a n d  f
min i

is the jth vector
j

o f  t h e  dual basis ( i n  th i s  case  the  dua l  o f  t he  dua l ,  i.e. t h e
c u r r e n t  b a s i s  f o r  t h e  L C R N G  g r i d ) . Thus if e is the s q u a r e
matrix rJith basis vectors as rows, we must minimize the length
of the vector z e over al 1 nonzero  vectors of integers z with

L

i

We can om i t those z
tr i ed,

llhich are  mere ly  the  nega t i ves  o f  ones  a l ready
for- a totgl s e a r c h  o f

(2 c + 1) (2 c + 1) **. (2 c + 1) - 1
1 2 n

. cases. F o r t u n a t e l y ,  o n l y  o n e  c has ever been as large as 2 in

the autI,Jor’s experience with the combined E and F s t r a t e g y , (We have
been us 1 ng stuck to mean n consecut ive fai lures to reduce the search
vo I unle, r a t h e r  t h a n  n
q u o t i e n t s  0.1

- 1, hence n, consecutive divisors with all

The  p rocess  desc r ibed  above  can  be  re f ined  in  severa l  ways .



Ref inement  0

Sca le  up  E , t h e  d u a l  b a s i s ,
e l e m e n t s .

b y  a  f a c t o r  o f  m t o  a v o i d  f r a c t i o n a l
I n  f a c t ,  m o s t  d e r i v a t i o n s  o f  t h e  s p e c t r a l  t e s t  r e g a r d

th i s  i n teg ra l  dua l  bas i s  as  an  au tomat i c  consequence  of s c a l i n g
t h e  g r i d  b a s i s  c l o w n  b y  a f a c t o r  o f  m t o  f i t  i n  t he  un i t  cube .

Ref i nenien t 1

One step of the E process, using e as divisor, can affect (shorten)
j

o n l y  t h o s e  e f o r  w h i c h  q is z 0,
i i

In t h e  F  b a s i s ,  o n l y

f  c a n  c h a n g e ,
j

very occasionally growing longer (example 11, (thus

i n c r e a s i n g  c and thus the search length), Mimi larly, one step of

t h e  F  p r o c e s s  wi I I  o n l y  a f f e c t  c e r t a i n  f  ,  a n d  o n l y  o n e  e  .
i j

A  c l e v e r  a l g o r i t h m  c o u l d  s a v e  i t s e l f  m a n y  s q u a r e  r o o t s  b y
m i n d i n g  t h i s .

F o r  t y p i c a l  s p e c t r a l  t e s t s  ( w i t h  n  > 21, t he  E p r o c e s s  p r o d u c e s
much more rap i cl I y convergent c than the F process, even though

the E process LJi I I occasionally lengthen an f . A good algorithm
j

might retract any step which increased the exhaustive search volume,
or perhaps save up and return to the best  bases i f  the l a s t  f e w
s t e p s  l e n g t h e n  t h e  e x h a u s t i v e  s e a r c h  j u s t  b e f o r e  g e t t i n g  s t u c k .

I  t  a p p e a r s ,  hoNever, tha t  a t  l eas t  fo r  HYING g r i d s ,  s e a r c h  v o l u m e s
h a r d l y  e v e r  cyOLJ  s i g n i f i c a n t l y . Thus,  a version of the program w a s
modified to run each process unti I all of the quotients in its matrix
uere 0 , and  on l y  t hen  compu te  the  c  vec to r . This seemed to gain

‘about 20% over Dieter ’s strategy of  def in ing a process  to be  s t u c k
af te r  n consecu t i ve  fa i l u res  to  bea t  the  p rev ious  sma l les t  s e a r c h
vo I unie .
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Refinement 2

a m u s t  always d i v i d e  m, and  thus  the  en t i re  g r i d  b a s i s , There fo re
t h e  e n t i r e  g r i d  m a y , i n  e f f e c t ,  b e  s c a l e d  d o w n  b y  a i f  we  take  m
t 0 mean mod6  I us/d, - ’i n s tead  o f  j us t  t he  modu lus ,

Thus, t h e  b a s i s  m a t r i c e s  a r e  i n i t i a l i z e d :

f, t h e  g r i d  m a t r i x e, m t imes  the  dua l  mat r i x

2 n - l
I1 a a . . . a 1 1 m
I I I
I I I
IBm0,..0 1 I -a
I I I
I I I 2

I 0 0 m l *� 0 I

I-a
I

. . 1
“*I 1 1 n - l I

I000 ,..m 1 I-a 0 0 **. 1 1

where , f o r  e f f i c i e n c y , the powers of a are taken mod m.

Ref i nement  3

Of ten, t h e  s p e c t r a l  t e s t  i s  d e s i r e d  f o r  s e v e r a l  c o n s e c u t i v e  n ,  i n
w h i c h  c a s e  t h e r e  i s  t h e  o p p o r t u n i t y  t o  u s e  t h e  c o n s i d e r a b l y  r e d u c e d
b a s e s  l e f t  o v e r  f r o m  t h e  c a l c u l a t i o n  i n  d i m e n s i o n  n-l t o  i n i t i a l i z e
t h e  b a s e s  i n  d i m e n s i o n  n. I n  f a c t ,  t h i s  t e c h n i q u e  i s  s o  s u c c e s s f u l
that i t  is usuc7l l y  b e s t  t o  p r o c e e d  i n c r e m e n t a l l y  f r o m  d i m e n s i o n  2 ,
e v e n  i  f  o n l y  o n e  c  (n) i  s  d e s i r e d , ( O m i t t i n g  t h e  i r r e l e v a n t
exhaust i  ve searches. 1 The  c rossover  po in t  i s  be tween  n=3 and  n -4 ,
w i t h  a  speedup f a c t o r  o f  2.5 t y p i c a l  f o r  n=8.

The  cons t ruc t i on  o f  t he  n  d imens iona l  bases  f rom the
p r e v i o u s  o n e s  i s : ad jo in  t o  t he  r i gh t  o f  f  a  new  co lumn  wh i ch

n - l
is (ae m o d  m) t i m e s  i t s  l e f t m o s t  c o l u m n ,  t h e n  a d j o i n  t h e  r o w

f = 1 0 0 0 . . . m 1
f-l

to t h e  hot t o m ,  s a y ,  o f  f , Fo r  e ,  ad jo i n  t o  t he  bo t t om the  row

n - l
I -a 0 0 II* 01 mod m

t h e n  t o  t h e  r i g h t  a d j o i n  t h e  c o l u m n  o f  a l l  8s a n d  a  1 .



A  s t r a n g e  f a c t , i I lustrated b y  e x a m p l e  2 ,  i s  t h a t  i n  o r d e r  t o
p r o f i t  f r o m  t h i s  i n c r e m e n t a l  s t r a t a g e m ,  o n e  m u s t  i n t e r c h a n g e
the  p rocesses  so  tha t  F i s  used  in  p re fe rence  to  E . It is a l s o
i m p o r t a n t  t o  u s e  t h e  n e w  v e c t o r ,  f  a s  t h e  f i r s t ’ d i v i s o r .

n

A l l  t h i s  i s  b e c a u s e  n  - 1
i n t o  t h e  l a s t  c o l u m n  o f  f ,

very large numbers have been introduced
and rema i rider i ng them by the n th

v e c t o r  r e d u c e s  t h e m  mod m uhi l e  a n y  o t h e r  o p e r a t i o n  o n  f  o r  e
j u s t  s o r t  o f  s p r e a d s  t h e s e  b i g  n u m b e r s  a r o u n d , Note that this
incremental  approach is not  equivalent  to star t ing wi th an n by n
matr ix and reducing just  the f i rst  vector pair ,  then the first
three, etc., since the F prom&m  would be stymied with only 0s to
use against the higher powers of a, while the E process would be
e r r o n e o u s l y  d i s c o u r a g e d  b y  r a p i d l y  g r o w i n g  c from those huge

J

number 5 accumu la t i ng  i n  t he  r i gh tmos t  co lumns  o f  f .

A f te r  severa l  hundred  exper imen ts ,  the  au tho r  has  on ly  once  seen
t h i s  i n c r e m e n t a l  m e t h o d  f a i  I  t o  f i n d  t h e  m i n i m a l  v e c t o r  b e f o r e  t h e
e x h a u s t i v e  s e a r c h ,
(Examp  I e 8.1

This was also the only time a final c exceeded 1,

-- j

Refinement 4

I n  t h e  tuo d i m e n s i o n a l  c a s e , the E and F processes are equivalent,
since the e and f matr ices can be interchanged by negat ing a row
and co I umn of  each, a-d then swapping rows. These operat ions,

. i f  p e r f o r m e d  s i m u l t a n e o u s l y  o n  e a c h  m a t r i x ,  p r e s e r v e  d u a l i t y  a n d
canno t  change  any th ing  abou t  t he  sho r tes t  vec to r  a lgo r i t hms  excep t
p o s s i b l y  t h e  o r d e r  i n  Irhich d i v i s o r s  a r e  i n v e s t i g a t e d ,  But i n  t w o
dimensions there is only one possible f i rst  d iv isor,  a f t e r  w h i c h
the divisors must al ternate anyway,

c Thus, blhen n = 2, it is unnecessary to switch processes, or even
m a i n t a i n  t h e  d u a l  m a t r i x  a n d  c  , at least until the exhaustive search,

Even further simplification results from the observation that the
two dimensional  spectral  test  on a and m wi l l  emulate B r a d l e y ’ s
ref inement of  Algor i thm X (Knuth,  4.5.21  for the gcd of a and m

- e x c e p t  t h a t  i t  ui I  I  s t o p  a b o u t  h a l f  w a y  t h r o u g h .
9
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R e l a t i o n  t o  t h e  S e r i a l  T e s t

Both  t h e  s p e c t r a l  a n d  s e r i a l  t e s t s  i n v e s t i g a t e  t h e  u n i f o r m i t y
o f  a  Llhole p e r i o d  o f  n-tuples i n  a n  n  d i m e n s i o n a l  c u b e , But
t h e  s e r i a l  t e s t  m e r e l y  m e a s u r e s  t h e  d e n s i t y  o f  p o i n t s  i n  subcubes,
w h i  le t h e  s p e c t r a l  t e s t ,  u s i n g  t h e  g r i d  i n f o r m a t i o n e f f e c t i v e l y
tranforms  t h e s e  subcubes i n t o  a  Llorst c a s e  orientatjon,
u p  t o  s i z e

SO t h a t ,

1
--Mm--

le I
min

at l east ha I f wou I d be empty and ha I f wou I cl be propor  t i onate ly too
f u l  I . I t  s e e m s  p a r a d o x i c a l  t h e n ,  t h a t  t h e  s p e c t r a l  t e s t  o n

.

T

I

23 12 35
2 +2 + 5 mod 2 c o u l d  h a v e  t h e  p o o r  f i g u r e  o f  m e r i t  ,815 i n
tt.Jo  cli men5  i  ons  and t h e  v e r y  good f i g u r e  2 . 7 8  i n  t h r e e , s i n c e  a
g e n e r a t o r  f Iunking a  l o w  d i m e n s i o n a l  s e r i a l  t e s t  s h o u l d  s u r e l y  flunlc
a hi c_lher o n e . ( S e e  f i g u r e  o f  m e r i t  d e f i n i t i o n  i n  E x p l a n a t i o n  o f
E x a m p l e  P r i n t o u t s  s e c t i o n . 1 T h e  e x p l a n a t i o n  i s  t h a t ,  a s  n  i n c r e a s e s
t h e  n u m b e r  o f  p o i n t s  i n  t h e  c u b e  r e m a i n s  m/a, a n d  t h u s  t h e  d i s t a n c e s ’
be tc reen  the  nea res t  po in t s  g row,  rough ly  as

I
l/n 1 - l/n

d ni .

Thus, i f  w e  a r e  t o  c o m p a r e  s e r i a l  t e s t s  i n  s e v e r a l  d i f f e r e n t  d i m e n s i o n s ,
.  we  mus t  i nc rease  the  s i ze  o f  t he  subcuhes  in  such  a  way  as  to  p rese rve

t h e i r  t o t a l  n u m b e r ,
snia I I .

e l s e  t h e  p o i n t  d e n s i t y  c o u n t s  IJi I I b e c o m e  u n r e l i a b l y

NOLJ  suppose Lie have an LCRNC whose n dimens i ona I maxi mum subgr id
s e p a r a t i o n  i s  n o t  m u c h  g r e a t e r  t h a n  f o r  n  - 1  d i m e n s i o n s .
(Dccas  i ona I I y t h e y  c a n  e v e n  b e  equa I ; see  examp  I es 2 a n d  3, n L?  4
t h r u  8 . 1  S u p p o s e  f u r t h e r  t h a t  l.le a r e  s e r i a l l y  t e s t i n q  t h i s  R N G  i n
n - 1 d i m e n s i o n s  ui th a subcube  e d g e  l e n g t h  o n l y  s l i g h t l y  smal ler t h a n
t h e  cJr id s e p a r a t i o n , and that the subgrids  are roughly parallel t o
t h e  f a c e s  o f  t h e  s u b c u b e s .
betbleen subgr-  i cls,

T h e n  m a n y  subcubes  w i l l  f i t  o r  n e a r l y  f i t
c a u s i n g  s e v e r e  d e n s i t y  f l u c t u a t i o n s ,

jump  t o  n  d i m e n s i o n s ,
But when we

the increase in subcube size will mean that
sIJbcubes  L1i I  I  n o  l o n g e r  f i t  betLleen t h e  s u b g r i d s ,  t h u s  d r a s t i c a l l y
improvit-q t h e  s e r i a l  t e s t  r e s u l t .



A Ouestion  of  Independence

O n e  s u b t l e  d i f f e r e n c e  b e t w e e n  c u r r e n t  f o r m u l a t i o n s  o f  t h e  s e r i a l
a n d  s p e c t r a l  t e s t s  i s  t h a t  t h e  s e r i a l  t e s t  i s  p e r f o r m e d  o n
d i s j o i n t  c o o r d i n a t e  tuples, e g

Ix ( x 1, Ix ( x 1, ..a

12 34
. .

w h i l e  t h e  s p e c t r a l  t e s t  i s  p e r f o r m e d  o n  o v e r l a p p i n g  o n e s ,  e g

(x ( x 1, (x ( x 1, a.*

12 23

The former sequence is c lear ly preferable,  s ince i t  i s  u n b i a s e d .

T o  m o d i f y  t h e  s p e c t r a l  t e s t  t o  u s e  d i s j o i n t  t u p l e s ,  w e
n e e d  m e r e l y  d e t e r m i n e  t h e  a o f  t he  one  d imens iona l  g r i d
resu l  ting f rom us ing  on ly  every  n th  RNG va lue .

For i ns tance, in a ful I per’iod L C R N G ,  d = 1,  but  i f  the modulus
i s  e v e n , say  a  la rge  power  o f  2 ,
odd and even.

the values will be alternately
Then  the  spec t ra l  t es t  i n  two  d imens ions  shou ld

use 3 = 2, o r  e q u i v a l e n t l y ,  m/2 i n s t e a d  o f  m . Example 7 is a
case crhere, in  fou r  d imens ions , the maximal separation of subgrids
i s  q u a d r u p l e d  by t h i s  m o d i f i c a t i o n ,  t h u s  d r a s t i c a l l y  r e d u c i n g
K n u t h ’ s  f i g u r e  o f  m e r i t  ( n e x t  s e c t i o n )  f r o m  4 . 4 7  t o  ,073, If
we use the actual  modulus instead of  m/a in the c(n) formula,
t h i s  f i g u r e  r e d u c e s  t o  ,018. I n  p r a c t i c e ,
th i s “ r e s o n a n c e ”

the user could destroy
in the last two bits of his RNG simply by discarding

e v e r y  f i f t h  v a l u e , assuming  tha t  h i s  conce rn  ove r  ~(4) a r o s e  f r o m
u s i n g  q u a d r u p l e s  o f  v a l u e s . A  d i f f e r e n t  w a y  t o  l o o k  a t  i t  i s  t h a t
Knuth’s figure of merit may be too sensitive for large values, and
t h a t  l o g  m o d u l u s / e  , t he  number  o f  i ndependen t  bits,  uould  b e

min

i

i

.

b e t t e r . U n f o r t u n a t e l y , this would have to be multiplied by n for
compar i son between di f ferent dimensions.
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Exp lana t ion  o f  Examp le  P r in tou ts

The  examp les  be low ind ica te  how the  spec t ra l  test behaves  in  severa l
i n t e r e s t i n g  c a s e s  s e l e c t e d  f r o m  t h e  a u t h o r ’ s  e x p e r i m e n t s .
examp I e i s

Each
spec i f i ed  by  a  coded  sequence  o f  l e t t e rs  and  numbers ;

ou tpu t ,  uhich was  genera ted  by  s l i gh t  va r ian ts  o f  the  MACSYMA
the

p r o g r a m s  i n  t h e  a p p e n d i x , can be understood as fo l lows:

P r o c e d u r e  spec(a, m ,  n, nn) performs the spectral test on the LCRNG
w i t h  mul tip1 ie r  a ,  modu lus  m, i n  d i m e n s i o n s  n  t h r o u g h  n n ,

I n  t h e  l e f t m o s t  c o l u m n , a n  F  i n d i c a t e s  t h a t  t h e  g r i d  b a s i s  i s  u s e d  i n
t h e  f o l  l o w i n g  t r a n s f o r m a t i o n :
used .

a n  E i nd ica tes  tha t  the  dua l  bas is  i s
The  vec to r  i nd i ca ted  by  the  second  co lumn i s  chosen  as  d i v i so r ,

a n d  a l  I  o f  t h e  o t h e r  v e c t o r s  i n  t h a t  b a s i s  a r e  “ r e m a i n d e r e d ”  b y  i t ,
a s  descr i bed ear I i er. I f  a l l  q u o t i e n t s  a r e  0, n o  l i n e  i s  p r i n t e d  f o r
that cl i v i sor and another d i v i sor i s tr i ed.
n e x t  c o n s i s t s  o f  t h e  c  ,

The vector printed o u t
indicat ing the size of  the exhaust ive s e a r c h

j

i  f  n o  f u r t h e r  r e d u c t i o n s  w e r e  p o s s i b l e .
t h e  s q u a r e d  l e n g t h  o f  t h e

T h e  i n t e g e r  f o l l o w i n g  i s

b a s i s .
s h o r t e s t  v e c t o r  c u r r e n t l y  i n  t h e  d u a l

F ina l l y ,  TRUE ind ica tes  a  new low exhaus t i ve  search  vo lume,
FALSE means no such luck. n  c o n s e c u t i v e  d i v i s o r  v e c t o r s  w i t h o u t
a  TRUE means  tha t  t he  p rocess  i s  s tuck . When both are s tuck,  the

2
e x h a u s t i v e  s e a r c h  i s  p e r f o r m e d ,  a f t e r  w h i c h  e

min’
the  squa re  o f  t he

t r u l y  m i n i m a l  d u a l  v e c t o r  l e n g t h  i s  p r i n t e d  ( a b b r e v i a t e  t h i s  q u a n t i t y
d) . On  the  nex t  I  i ne  a r e  a ,  the  mul tipi i e r :  m ,  t h e  m o d u l u s ;  n ,
t h e  d i m e n s i o n ; a n d  f i n a l l y , K n u t h ’ s  f i g u r e  o f  m e r i t

n n/2

min
c(n) = 4------- *

m (n/Z)  !

When  both p r o c e s s e s  arc! s t u c k , ’ the  exhaus t i ve  search  ra re ly  ,improves
-upon t h e  c u r r e n t  s h o r t e s t  v e c t o r ,



Example 0

Here  a  pa r t  icular ly success fu l  E  p rocess  reduces  c  (the s e a r c h
v e c t o r )  t o  o n e  c a s e : b u t  f o r  l a c k  o f  a  s p e c i a l  c h e c k ,  i t  f i n d s  o n e
more  use less  E  s tep  and  an  equa l l y  use less  F  s tep .
( 4 t h  c o l u m n )  f a i l s  t o  s h r i n k ,

Note that when d
t he  on l y  c  vec to r  en t r y  (3 rd  co lumn)

GJhich c a n  change  i s  the  one  indicated”by t h e  2 n d  c o l u m n ,
c o r r e s p o n d i n g  t o  t h e  d i v i s o r  v e c t o r ,

(C0) spec(2654435789,2?32,4,4)8
E 4 13967335, 5959262, 5959262, 15852981 35512803584646 TRUE
E 1 K351899,  5 3 5 9 2 6 2 , 5959262, 15852981 35512803584646 TRUE
E 2 [116721,  120956, 816496, 2172061 666665718102 TRUE
E 3 K’611, 130G8, 3066,  234681 7782610788 TRUE
E 4 [El, 8 4 ,  1 9 ,  1 5 3  3 2 5 1 5 2  T R U E
E 1 T5,  54, 19, 151 328152 TRUE
E 2 [S, 7, 19, 151 3251.52 T R U E
E 3 [5, 7, 1, 1Sl 328152 TRUE
E 4 [l, 1, 0, 01 13558  TRUE
E 1 [0, 1, 0, 01 13558  TRUE
E 2 C0, 1, 0, 01 13558 FALSE (Next three divisors = 0 -) stuck try F)
F 3 (0, 1, 0, 01 13558 FALSE (It’s no use,
13558

but F f i n d s  o n e  not&ero  q u o t i e n t )

2654435789 4294367296 4 0.211203495
TIRE= 40024 MSEC,
(40 s e c . Well, nobody said MACSYMA was designed for number crunching)

L

1 2



Example 0,  cont inued

S a m e  prol:,Iem us ing  ( s lower )  F  p rocess ,
and i s  rescued  by E, Again,

which gets stuck after one
some t ime  i s  was ted  in  the  end  t r y ing

step

to reduce search to less than one case. Note that several elements
o f  t he  c ( s e a r c h )  v e c t o r  c a n  s h r i n k  i n  o n e  s t e p ,  e v e n  t h o u g h
d doesn'  t c h a n g e . -.

I

i

i

(C00) SPEC(2654435789,2?32,4,4)8
F 1 T437552842,  5 4 1 6 8 7 6 1 2 ,  5 3 4 8 5 4 2 1 4 ,  5 4 2 7 9 2 9 3 4 1  43196445834888$964  TRUE
E 2 [3967335,  1585298, 4849577, 49215581 35512803584646 TRUE
F 2 1833086,  1585238, 4849577, 43215581 35512803584646 TRUE
F  1  C&33086,  S88582, 45074121,  49215581 35512803584646 TRUE
F 2  1839086,  588582,  1502064,
F  3  [833BR6 5E85S3

39288751 35512803584646 TRUE
1502064, 38423081 35512803584646 TRUE

F 1 [839886:  58858;:  938813,  33452561 35512803584646 TRUE
F  2  1517959,
F  3  [41730'?

363326, 534O41,  20199701 13532031745394 TRUE
363326, 534041, 15822951 13532031745394 TRUE

F 1 T417305:  363326, 517959, 5555671 13532031745394 TRUE
F  3  [33X2, 81199, 115757, 944011 675882938706 TRUE
F 4 T48720, 73941, 115757, 944011 675882938706 TRUE
F 1 [48720,  65388, 115757, 932621 675882938706 TRUE
F 2 148386,  65537, 114965, 454433 666665718102 TRUE
F 4 [44078,  64352,  74139,  454431 666665718102 TRUE
F 1 C31084,  45381, 43130, 320461  3 3 1 5 4 4 4 8 8 8 2 0  T R U E
F 2 [30X, 443,  350,  3131 31640830 TRUE
F 3 [303, 421,  350,  lYS1 3 1 6 4 0 8 3 0  T R U E
F 4 1133, 421, 313, 1353 31640830 TRUE
F 1 [133, 418,  193,  1401 31640830 TRUE
F 3 1133,  394, 193, S51 3 1 6 4 0 8 3 0  T R U E
F 4 W7,  394,  55 ,  551 31640830 TRUE
F 3 [lo, 35, 6, 63 479910 TRUE
F 4 [10, 34, 6, 61 473910 TRUE
F 1 [10, 13, 6, 61 479910 TRUE
F 3 110, 12, 6, 61 479310 TRUE
F 4 110, 8, 6, 61 479910 TRUE
F 2 [9, 8, 6, 61 479910 TRUE
F 3 CY, 7, 6, 61 47991B  TRUE
F 4 [l, 0, 1, 13 13558  TRUE
F 1 El, 0, 1, 11 135% FALSE
F 2 [0, B, 91, 11 13558 TRUE

-F3 [B, B,  0 ,  13 13558 FALSE
F 1 TO,  0, 0, 13 13558  FALSE
F 2 LB, 0, 0, 11 13558 FALSE
E 3 IO, 0, 0, 11 13558 FALSE
E 4 LB, 0, 0, 11 13558  FALSE
13558
2654435789 42945167296 4 0,211203495
TIME= 128120 MSEC.
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Examp  I e 1

A n  e x a m p l e  c,rherc t he  E  p rocess  qets stuck dth the search volume at
3 3 0 7  c a s e s ,  r e s c u e d  by F, but only down  t o  314  cases ,
a c h i e v i n g  d =  1 5 0 9 is  remarkab le  fo r  severa l  reasons .

T h e  f i r s t  s t e p
1509  uill t u r n

o u t  t o  b e  t h e  s h o r t e s t  s q u a r e d  length..
o f  8 . 2 7 .

I cad i ng to a spec t acul ar c i6) -.
W e i r d e r  i s  t h e  f a c t  t h a t  i t  m a n a g e d  t o  s i m u l t a n e o u s l y  r e d u c e

d and i n c r e a s e  t h e  s e a r c h  v o l u m e .
( C o u r t e s y  o f  D a v i d  Hoaglin,  H a r v a r d  S t a t i s t i c s  D e p t . )

(Cl)  spec(253634132,=t31-1,6)8
E 6 1104749768, 170403637, 170403637, 170403637, 170403637, 880781821
E 5 [~5224117,  23037399502827771 TRUE

41033803,  41038@3, 41033803,  20465004, 212095401 168377298864281f+
E 4 [18182,&S,  16574916, T R U E
E 3 Kl2718,  996752,  16574916, 9462745, 8266495, 85672371 274727840407065 TRUE
E 2 L’35476, 150306 ,  310236,  569053,  497115,  5152001 9 9 3 5 1 4 5 4 9 5 1 3  TRUE

113228,E 1 L14487,  2 8 3 4 7 ,  2 1 8 6 9 4 ,  1 9 1 0 4 8 ,  1 9 7 9 9 8 1  1 4 6 7 3 8 7 9 4 2 7 8  TRUE
22486,E  6  [7824,  15301-1,  4 1 2 4 5 ,  3 6 0 3 1 ,  3 7 3 4 2 1  5 2 1 9 4 8 7 5 6 8  T R U E

12143,E 5 1148, 289, 22274, 19458, 128521 1522250787 TRUE
229,  421,  155,  2431E 4 [148, 283, 229, 545324 TRUE

110, 155, 2431E 3 [148, 289, 207, 545324 TRUE
110, 155, 2431E 2 [76,  116, IOK, 545324 TRUE

56, 73, 1243E 1 [10, 31, 28, 143953 TRUE
15,  21,  331 10250E 6 [6, 19, 17, 9, TRUE

E 5 [6, 19, 17, 3,
13, 61 3882 TRUE

E 4 T6,  19, 17,
3, 61 3882 TRUE

9, 3, 61 3882 FALSE
E 3 [4, 12, 1, 5, 2, 41 1593 TRUE

. E 2 [4, 1, 1, 5, 2, 41 1593
E 1 Cl, 1, 1, 5, 2,

TRUE

E 6 [l, 1, 1, 5, 2,
41 1593 TRUE

E 5 [l, 1, 1, 5, 3,
11 1593 TRUE

E 4 11, 1, 1, 3,
11 1509 FALSE

E 2 [l, 2, 1, 3,
3, 11 1509 TRUE

E 6 [l, 2, 1, 3,
3, 11 1509 FALSE

F 3 [l, 1, 1, 1,
3, 11 1509 FALSE

E 2 [l, 1, 1,
1, 13 1509  TRUE

1, 1, 11 1509 FALSE
F 2 [l, 1, 1, 1, 1,
F 1 rl, 1, 1, 1, 1,

11 1503  F A L S E

F 6 [l, 1, 1, 1, 1,
11 1509 FALSE

F 5
11 1509  F A L S E

d
1509

II, 1, 1, 1, 1, 11 1503  FALSE

253634132 2147483647 6
TIME= 339425 MSEC.

X.2686827
(Long exhaust i ve search, )
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Example 1,  cont inued

Same problem, same process,
c y c l i n g  f o r w a r d s  t h r o u g h  m a t r i x  o f  d i v i s o r s

bu t  i t  somehow avo ids  ge t t i ng  s tuck  by
instead of  backwards

T h e s e  q u a l i t i e s  o f  l a r g e  t e s t  v a l u e ,  m a n y  aLproach s e q u e n c e s  a n d '
large f i n a l  s e a r c h  a r e  a l l  a s s o c i a t e d  w i t h  h i g h l y  i s o t r o p i c  &ids.

(C01)E 6 1104743768,  SFEC(253634132,2~31-1,6,~)~
170483637, 170403637, 170403637, 170403637, 880781821

E 1 [48732&  2%3733958X?7771
377125,E 2 14R7X6,  3 7 7 1 2 5 ,  3 7 7 1 2 5 ,  9 7 7 1 2 5 ,  505056J 9 5 4 7 7 3 2 6 5 6 8 9  TRUE TRUE

33G141,E  3  11UW2,  3 7 7 1 2 5 ,  9 7 7 1 2 5 ,  9 7 7 1 2 5 ,  5850561  954773265689  TRUE
110GX,E 4 [1287(33,  20:?225, 321579, 321579, 1662171 103413054855 TRUE
83302,E S [SS4!30, 152277, 72252 9 242151, 1251621 58637107354 TRUE

3 8 2 7 5 ,  69367,E 6 [X%3,  1 9 2 5 ,  3 3 1 9 7 ,  3 3 0 7 6 ,  575091  12379232699 TRUE
3519,E 1 [63, G4, 1669, 1965, 7691 31315685 TRUE

118,  56,  66,  251E 2 163, 18, 35476 TRUE
118, 56, 251E 3 163, 18, 66, 35476 TRUE
2 2 ,  5 6 ,  6 6 ,  2 5 1E 4 [63, 18, 35476 TRUE
2 2 ,  1 2 ,  6 6 ,  2 5 1E 5 [24, 7, 8, 35476 TRUE

4, 3, 31 5083E 6 124, 7, 8, TRUE
4, 3, 31 5089E 1 13, 4, 5, TRUE

2, 1, 11 1859E 2 13, 5, 5, TRUE
2, -2, 1 3  1 8 5 9E 3 13, 5, 3, FALSE
2, 1, 11 1853E 4 13, 5, 3, TRUE
1, 1, 11 1859E 5 [3, 5, 3, TRUE

i
1, 2, 11 1859 F A L S E

E 1 [2, 5, 3, 1, 2, 11 1859 FALSE
E 2 [2, 1, 2, 1, 1, 11 1593 TRUE

. E3[2, 1 ,  2 ,  1 ,  1 ,  1 3  1 5 3 3  F A L S E
E 6 K, 1, 2, 1, 1, 11 1593E 1 [l, 3, 2, FALSE

E 3 II, 1, 1,
1, 1, 11 1593 TRUE
1, 1, 11 1533E 5 II, J, I, TRUE
1, 1, 11 1593E 2 [l, 1, 1, FALSE
1, 1, 11 1509 F A L S E

L F 1 II, 1, 1, 1, 1, 11 1509 FALSE
1509
253634332 2147483647 F
TIME= 314353 MSEC.

8.2626827

L
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Examp  1 e 2

L

L

Somewha t  un fo r tuna te  e f f ec t s  o f  us ing  E  p rocess  i n  i nc remen ta l  mode
( o n  sonletlhat  u n f o r t u n a t e  muI t ipl i e r  d i s t r i b u t e d  b y  I B M )
H e r e ,  r-re n r e  usiny t h e  l e f t o v e r  m a t r i c e s ,  a s  i n  Refinemint 3
b u t ,  c o n t r a r y  t o  s u g g e s t  i o n ,
N o t e  t h e  l a r g e search v e c t o r s

w e  are s t i l l  u s i n g  E  i n s t e a d  of*F
c r e a t e d  - i n  t h e  t r a n s i t i o n  t o  nex; n

A b o u t  t h r e e  t i m e s  a s  m a n y  s t e p s  a r e  r e q u i r e d  f o r  n  = 6 in increm&tal
E mode  t h a n  are r e q u i r e d  f o r  doing  n = 6  d i r e c t l y  ( n o t  s h o w n )
H a d  E  got ten  s tuck  ear l  i e r , F probably would have helped immeksety.

For t-i - 2, the  equ iva lence  o f  t he  E  and  F  p rocesses  w i l l  mean  tha t
t h e  F  I,roCess wi I  I  r a r e l y ,  i f  e v e r ,  f i n d  a  nonzero q u o t i e n t  a f t e r
t h e  E  pror,css  g e t s  s t u c k .

(c2) ~~~ec165533,2~31,2,5)S
E 2 Cl, 01 2147221544 TRUE
E 1 II, 0 1  2 1 4 7 2 2 1 5 4 4  F A L S E
2147221544
65533 2147483643 2 3.1412093

E 1 C,
E2

11780311,  463381 2147221544 TRUE
I0, 0, 101 1 1 8  T R U E

E 3 10, 0, 11 118 TRUE:
E 2 t0, 0, I.1 118 FALSE
E 3 10, 0, 11 118 F A L S E
118
65533 2147483648 3 2,50024006E-6

. E 1 121, 879,  1465655,  101 1 1 8  T R U E
E 2 121, 0 ,  1 4 6 5 6 5 5 , 101 118 TRUE
E 3 Cl, 0, 5, 103 118 TRUE
E 4 Cl, 0, 5, 101 11s FALSE
E 1 T0,  0, 5, 103 116 ‘IRUE
E 4 T0,  0, 5, 23 116 TRUE
E 2 T0,  0, 5, 21 116 FALSE
E 3 [0, 0, 1, 23 116 TRUE
E 4 T0, 0, 1, 11 1lF; TRUE
E 3 10, 0, 1, 11 116 FALSE
E 4 C0, 0, 1, 11 116 FALSE
F 1 T0,  0, 1, 13 116 FALSE
F 2 T0,  0, 1, 11 116 FALSE

- 116
65533 2147483648 4  3.09211674E-5

16



L

t
IL.

L

.

JE
E  1  [473, 2 3 2 6 ,  385S060,

103
E 2 [473, 10, 3855060, 7842552, 116 TRI

784X57,  101 116
E  4  C473,  1 0 ,  3 8 5 4 3 5 2 ,  7 8 4 2 5 5 2 ,  li6 TRlli
E 3 C473, 10, 3854952, TRlJF

101
101 116E 1 [10, 10, 3554952,  1927326, TRUE

1327326, 103 116E 2 [10, 0, 3854952, TRUE

1927326, 101 116E 3 f10, 0, 947330, TRUE

1927326, 103 116E 4 E10,  0, 947330, TRUE

473665, 101 116E 1 10, 0, 947330, TRUE

E  3  C0, 0 ,  2 3 2 5 1 5 ,
4731&S,  101 116 TRUE
473665,  101 116E 4 10, 0, 2X%15,  TRUE

116403, 101 116E 3 [0, 0, 57216, TRUE

116403, 101 116E 4 [0, 0, 57216, TRUE

E 3 10, 0, 14053,
22X03, 101 116 TRUE

E 4 [0, 0, 14059,
28603,  103 116 TRUE

E 3 [0, 0, 3450,
7030, 101 I16 TRUE

E 4 10, 0, 3450,
7030,  101 116 TRUE

E 3 10, 0, 844,
1720, 101 116 TRUE

E 4 [0, 0, 844,
1720, 103 116 TRUE

E 3 10, 0, 208,
417, 101  116 TRUE
417, 103 116 TRUE

E 4 10, 0, 208, 105,
E S [0, fi, 208,  105,

101 11G TRUE

E 3 10, 0, 47, 105,
101 116 FALSE

E 4 [0, 0, 47,
101 116 TRUE

E 5 [0, 0, 47,
18, 101 116 TRUE

E 3 [0, 0, 4,
18, 101 11G  F A L S E

18, 103 116 TRUE
E 4 [0, 0, 4, 2, 101 116 TRIJE
E 5 [0, 0, 4, 2, 11 116 TRUE
E 1 [0, 0, 4, 2, 11 116 PALSE

. E 3 E0, 0, 1, 2, 11 116 TRIJE
E 4 [0, 0, 1, 1, 11 116 TRUE
E 5 [0, 0, 1, 1, 1 1
E 1 18, 0, 1, 1, 11

116 FALSE

E 2 18, II, I, 1, 11
111; FALSE
110 FALSE

E 3 [0, 9, 1, 1, 11 llr; FALSE
E 4 10, 0, I., 1, 13 116 FALSF
F 5 [0, 8, 1, 1, 13 116 FALSE
F 1 [0, 0, 1, 1, 11 116 FALSE
; : 3 10, 0 1 1. 11 116 FAL'X

[0, 0: 1: 1: 13 116 FALiE
116
655X!  :' /474,%64Z  5 3,5S2332E-4

-TIM& 2X209 MSEC.
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Example 2, cant inued

E Works hes t non-i ncremen ta I I y. F o r  t h i s  p a r t i c u l a r  m u l t i p l i e r  o f
6 5 5 3 3 ,  the c l  of  116,  which is  such a d isaster  for  n = 3, p e r s i s t s
appnr-entI~I  throclqh  11  - 13, f o r  I.lhich i t  g e t s
3.00 .

a very  respectabt e c(9) o f
(The orlthnr Iack~;~lt  the \~c7tir?nce  f o r  t h e  1093 c a s e  f i n a l  s e a r c h , )

For n - 10, rl 2 K4.
9-- t q) I r’s f fi CIIII

rl~t~-~  clots n o t  mean  th;lt i  t  i s  3 g o o d  i d e a  t o  gobble

To
t t-1 i 5 qc~nr~f~n  t or JI~CI  then cli scrird a  f e w  i n  s o m e  p a t  t e r n .

,-ttl;~ I I~;*F-’  1 he rbf f (3;.  t.r, r.jf t hi s , (?cr-form t h e  s p e c t r a l  t e s t  o n  t h e  g r i d
basirl lrhn:.e f i rst  Victor s k i p s  t h e  p o w e r s  o f  a  c o r r e s p o n d i n g  t o  the
cl i scar~clecl vn I IJCS. riot.  C' prec i se 19,
a n d  7th v a l u e  o u t  o f  e v e r - y  eight,

i  f  you  p ropose  to  d i sca rd  the  3 rd
de le te  the  3rd and  7 th  r ows  and

c o l u m n s  f r o m  t h e  e i g h t  d i m e n s i o n a l  b a s i s  m a t r i c e s , O f  c o u r s e ,  i f  y o u
a r e  j u s t  d i s c a r d i n g  e v e r y  o t h e r  v a l u e ,  y o u  c o u l d  j u s t  r u n  t h e  r e g u l a r

2
t e s t  o n  ;7 i n s t e a d  o f  3 .

(C02)  spec(65533,2t31,8,8)$
E 8 110647,  6 5 5 3 3 , 65533,E 7 [10647,  65533, 65533, 65533,

65533,E 6 f10647,  65533, 65533, 65533,  65533,
65533, 65533, 187071
65533, 23328,

42g45740g0

65533,E 5 [10647,  65533, 65533,
187071

TRUE

65533, 65533,
21402,

E 4 [4, 27, 27, 6, 25964,
23328,

42g45740g0
187071

TRUE

21402, 23328,
4294574$9$

187071
TRUE

4294574090 TRUE

E 3 14, 27, 5, 6,
10, 8, 9, 71 746 TRUE

10, 8, 9, 71 746 TRUE
E 2 [l, 0, 2, 2, 4,
E 1 [0, 0, 2, 2,

3, 3, 33 116 TRUE

E 8 [0, 0, 2, 2,
4, 3, 3, 31 116 TRUE

E 7 [0, 0, 2, 2,
4, 3, 3, 23 116 TRUE
4, 3, 3, 21 116 FALSE

E2 10, 0, 1, 1, 1, ;5,
E 8 E0, 0, 1, 1, 1,

3, 21 116  FALSE

E 7 [0, 0, 1, 1, 1,
3, 3, 13 116 TRUE

E 6 [0, 0, 1, 1, 1,
3, 1, 11 116 TRUE

E 5 NJ, 0, 1, 1, 1,
1, 1, 11 116 TRUE

E 8 [0, 0, 1, 1, 1,
1, 1, 13 116 FALSE

E 7 [0, 0, 1, 1, 1 ,
1, 1, 13 116 FALSE

E 6 [0, 0, 1, 1, 1,
1, 1, 11 116 FALSE

F 5 L0, 0, 1, 1, 1,
1, 1, 11 116 FALSE
1, 1, 11 116 FALSE

- F 4 [0, 0, 1, 1, 1, 1, 1, 11 116 FALSE
F 3 [0, 0, 1, 1, 1,
F 2 [0, 0, 1, 1, 1,

I, 1, 11 116 FALSE

F 1 NJ, 0, 1, 1, 1,
1, 1, 11 1 1 6  F A L S E

F 8 [0, 0, 1, 1, 1,
1, 1, 11 116 FALSE

116
1, 1, 11 116 FALSE

65233 2147483648 8 0.34220817
TIME= 484930 MSEC,

18



k;t’

b

1

Example 3

T h e  F  process i n  i n c r e m e n t a l  n~ocle, same a = 65533,
t r a n s i t i o n s  t o  n e x t  n. N o t e  n i c e ,  s m a l l

(C3) spcc- G5533,2?31,Z,8)$

F 1 [1, 0) 2147221544
F 2 fl, 01

TRUE
2147221544

2147221544 FALSE

F 3 [0, 0, 103 118 TRUE
F 1 [0, 0, 41 118 TRUE
F 2 0% 0, 11 118 TRUE
F 1 [0, 0, 11 118 FALSE
F 2 10, 0, 11 118 F A L S E
E 3 [0, 0, 11 118 FALSE
118
65533 2147483648 3 Z.),500:4006&6

3 11
-j 1fi
116
116
116
116
116

G TRIJE
TRUk
FALSE
FALSE
FALSE
FALSE '
FALSE

65533 214 748X48  4 3.0X1 1G74E-5

F 5 [0, 0, 4, 4, 101 116 THCIE'
F 1 [0, 11, 3, 1, 21 .I If;: TRUE
F 2 I0, 0, 1, 1, 21 116  f'ALC;E
F 3 [0, 0, 1, 1, 11 lit; ‘IRLE
F 4 10, 0, I, 1, 11 111,  f ALSE
F 1 10, 0, 1, 1, 11 116 f:ALSE
F 2 10, 0, 1, 1, 11 116 FALSE
E 4 10, @, 1, 1, 13 1lG  FALSE
E 5 [0, 0, 1, 1, 11 116 FALSE
E 3 [0, 0, 1, 1, 11 116 FALSE

,116
65533 2147483648 5 3.552332E-4

F 6 [0, 0 ,
F 1 [0, 0 ,
F2 10, 0,
F 3 f0, 0,
F 6 C0, 0,
E 3 [0, 0,
116

6 TRUE
TRUC
TRUE
FALSE
FALSE
FALSE

65533 2147483648 6 3.75614646&3

(6 is shorter than 4 or 5! 155 sets SO far)
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P’
;

i

F 7 10, 0, 4, 3 ,F 1 [0, 0, 1, 1, 3, 101 116 TRUE
F 2 [0, 0, 1, 1, 1, 1, 11 11G TRUE

1,F 3 10, 0, 1, 1, 1, 11 116 FALSE
F 4 [0, 0, 1, 1, 1, 1, 11 1 1 6 FALSE

1,F 1 (0, 0, 1, 1, 1, 11 Ii6 FALSE

E 3 c0, 0, 1,
1, 1, 1, 11 1 1 6

FALSEE 4 [0, 0, 1, 1, 1, 1, 13 116 FALSE -.
1,116 1, 3, 13 116 FALSE

6 5 5 3 3  21474E3648 7 0.03G387356

F 8 h3, 0, 5 ,  5,F 1 10, 0, 1, 1, 3, 1013, 116 TRUE
F 2 10, K 1, I, 1, 1, 21 11GI, TRUE

1,F 3 10, 0, 1, 1, I, 21
1, 1,

116 FALSE
F 4 [0, 0, 1, 1, 1, 1, 11 116 TRUE
f= 6 C0, 0, 1, 1, 1, 1, 1, 11

1,
116 FALSE

F 7 [0, 0, 1, 1, 3, 1, 11 1 1 6 FALSE
F 1 r0, 0, 1, 1, 1, 1, 11
F 2 [@, 0, 1, 1,

1, 116 FALSE
1, 1, 111, 116 FALSE

E 5 [0, 0, 1, 1, 1, 1, 1, 11
E 6 [0, 0, 1, 1,

116 FALiE
1, 1, 1 11, 116 FALSE

E 7 [0, 0, 1, 1, 1, 1, 111, 116 FALSE
E 8 t0, 0, 1, 1, 1, 1, 1 1

1,
1, 116 FALSE

116 -9, 1, 1 11, 316 FALSE

65533 2147483648 8 0.34220817
( A p p r o x i m a t e  t i m e :  7 0 0  s e c . )
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Exmp  I e 4

A part icu I ;II- Ig gncwl  nwl t i pl i c a t o r  front  a n  e x t e n s i v e  search
b y  F . JWEiSPI1~r N o t e  IxIpftJI E  on  n  = 4 .

(C4) spec (1638613,2?32,2,5)8
F  1  1318,  1523  GS6553G47776 7 R U E

-.F 2 C l ,  133 43343602iQ TRUE
F 1 Ll, 13 4 9 3 4 3 6 0 2 5 2  T R U E
4934360282
1690G13  4294967296 2  3X09:3246

F  3  [123~
F  1  K011,
F 2 (6. 96
F 3 [3, f;,
F 1 IL', 3.
F 2 II, 2,
F 3 I0, 1,
F 1 [0, 1,
E2 [0, 1,
21625SY,

) 3 4 3 2:K?31  E’,c;04~1
139, ‘18481  14095556

2 8 1  C735450G  TRIJE
'161 22::'5754l; T R U E

(-;I  73524f;::  TRIJE:
0 1  Z’l6:‘5SS  TRUE
0 1  Z?16:_'558  TRUE
01 Zl62S55 FALSE
01 2162555  F A L S E

1690613  4294367296 3 3.1015612
--

F  4  1 3 3 3 ,  173, 1 9 ,  8 0 5 1  G4YOc;2
F 1 K'9, 1 5 8 ,  1 9 ,  1 3 5 1  G1750
_F 2 r4 , 58, 6, 81 84S94
F 3 P,

TRUE
2, 6, 1 I

F 4
84572

[l,
TRUE

1, 2, 13- - 8457:- TPljE
. t- 1 II, 1, 1, 11

E 2 10,
8457;_‘TRllE

1, 1, 11
E 3 [0,

62910 TRUE
1, 1, 1162910 G2310 FALSE

1600613  4294967z96  4 4.547254

F5
F 1
F 2
F3
F 4
FS

J J
I=2

F':
FS
E  3 .
E 4.
E2
4224

c73,  ZG,
E65,  2 2 ,

298 TRUE
0 TRUE

TRUE
TRUE

39, 1833  33490 TRUE
32, 131 I?2994  TRUE
0 ,  21 :1ZW4  TRUt

11 15110 TRUE
11 l-XI-i/, TRIJE
J I @2/t FALSE
83 1-12X  T R U E
01 4.1’24 TRUE
0 1  4224 FALSE
03 4224 FALSE
01 4224 FALSE
01 4224 FALSE
01 4224  F A L S E
03 4224 FALSE

1 6 9 0 6 1 3  4234967296  5 1.421178
TIME= 121136 MSEC.
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i

KY38  TRUE
30 TRUE
TRUE

F 4 Ilit
. F 1 [14

F 2 u,
F 3 il.
F 4 m,
F 1 10,
F 2 Lo,
F 4 E8,
F 2 18,
167558
3051757r3 3 25 34 353738365: 4 4.0322757

I- 5 C104,  22,F 1 34, 123, 2871 Lo,%%4  T R U E
- 1104, 22,

F 2 CS, 16, 7,
34, 33, 271 EZGi4  TRUE

F 3 Cl, 0, 8,  31  42752
2 ,

TRUEF 4 0,  13 5344Cl, 0 , TRUEF 5 2 , 0 ,  13 5 8 4 410, 0 , FALSEF 1 1, 0,  13 5344 TRUE
-

[0,
0, 1,F 2 - 0 ,  13 5844C0, 0 , FALSEI= 4 1, 0, 03 5 8 4 4C0, 0 , TRUEF 1 1, 0,  01 584410,
0, 3,

FALSE5844 0 ,  0 3  Wt4 FALSE

305175781Z5  343597X.%8  S 0.33996696
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YClU  HAVE  17’1 JN frLJT  OF 1. I ST SPACE. DO YOU WANT  MORE7
;i": ALL; NONE;  OK; A LEvtL-NO.  OR THE NAME OF A SPACE.

5 ;
?‘A Cj’38’:i  ilf;Ec::,
(MAC‘SYMA--kIREAK)

+ - e x i t :



rt _-

L

I
i

I
1

1

L

F 11, 0: 2147221544 TRUE
E 11, 0; 2147221544 FALSF
2147221544
65533 2147483648 2 3.1412093

F 10, 8, 11 118
E (0, TRUE

0, 13 118118 FALSE
-.

65533 2147483648 3 2,50024006E-6

F &8, 0, 13 116
E 10,

1, TRUE
0, 1, 13 116116 FALSE

65533 2147483648 4 3,09211674E-5

F 10, 0,E t0, 1, 1, 13 116116
0, 1, TRUE

1, 11 116 FALSE
65533 2147483648 5 3,552332E-4

F II, 01 2146697320 TRUE
E Cl, 03 2146697320 FALSE
2146697320
65541 2147483648 2 3.1404424

F [0, 0, 13 726
E [0, TRUE

0, 13 726
726 FALSE

65541 2147483648 3 3.81560716E-5

F C0, 0, 1, 11 726
E [0, TRUE

0, 1, 13 726
726 FALSE

65541 2147483648 4 1,2111924E-3

F 10, 0, 1, 11
E 10,

1, 726
0,

TRUE
1,726 1, 13 726 FALSE

65541 2147483648 5 0.034810489

F [l, 03 2141984744 TRUE- E Cl, 03 2141984744
2141984744 FALSE

65549 2147483648 2 3.13354826

F 10, 8, I.3 29238
E J0, TRUE

0, 11 29238
29238 FALSE

65549 2147483648 3 9.75169825E-3

F LO, 0, 1,
E C0,

11 29238 TRUE
0, 1,23238 13 29238 FALSE

65549 2147483648 4 1.96442376

F [I,E Il. 1, 1, 1, 01 51321, 1, TRUE5132 1, 01 5132 FALSE
65549 2147483648TIME- 5426644 4.6247172

MSEC.



Example 7

(Program modified as in Example 6). Another good Janssens number but
look LJhat happens if we use m/4 instead of m fo'r n - 4 in 2nd set'

SO as to consider only independent tuples, Taking every 4th pain;
quadrup:s-cj  the length of the grid vector which was already connecting
the most widely separated subgrids--th'e  worst possible outcome. In
the dozen or so other cases tried , the degradation uas much less swere.

I
L

1
c

(C7) spec(1664525,2?32,2,4)8
F Ii, 13 4938916874 TRUE
E [l, 11 4938916874 FALSE
4338916874
1664525 4294967296 2 3.61261544

F El, 0, 01 2322494 TRUE
E II, 0, 01 2322434 FALSE
2322494
1664525 4234367236 3 3.4519195

F [0, 1, 1, 01 63712 TRUE
E [0, 1, 1, 03 63712 FALSE
63712
1664525 4234967236 4 4.6639335
TIME= 52365 MSEC,

(C07)  spec(1664525,2?30,2,4)8
F II, 03 310518218 TRUE
E Cl, 01 310518218 FALSE
310518218

(Th

1664525 1073741824 2 0.90852543

s data really app
31

iestomod2  ,I

F [0, 1, 01 412832 TRUE
E 10, 1, 01 412832 FALSE
412832

(Th

1664525 1073741824 3 1.0347817

s data really app
30

es to mod 2 ,I

F I0, 0, 0, 11 3382 TRUE 32
E [0, 0, 0, 13 3982 FALSE
3982

(This data really applies to mod 2 .)

1664525 1073741824 4
_ TIME= 44372 MSEC.

0.072873961

(C37) 3982*16;
TIME= 6 MSEC.
(iI 63712

26
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Example 8

Some pathology of incremental F mode, For a - 663608301, n - 7, E
tried tc beat d = 390 and tripled the exhaustive search instead,
On the next case, a = 663608303, n = 7, E manages to win. Later,
when a - 663608933, n = 7, we have a serious failure of E to find
the smal  lest d. Instead, for the first time in the author’s experience,
a 2 appears in the final search vector, and the (very) exhaustive
search actual Iy finds a smaller d. In the final case, a - 663608941,
(a multiplicator  constructed by Dieter to have a good two dlmensional
serial test), n =
7. Actual ly,

7, we have another minor misstep of E. Note unlucky
these problems are just hard to find for small n.

underlying cause of this pathology is that, were it not for the
The

inefficiency, we would be better off hunting a small d using E firet,
then trying to reduce the search with F. It is an empirical fact that
F increases d far more rarely (if at all) than E increases the search
vo I unle. When the author tried to run E and F alternately until both
were stuck, they fell into a period 2 oscillation modifying one
vector in the case a - 663608333, n - 6,
would happen anyway on the case n

In an effort to eee  what

to stol, the n = 6 loop.
= 7, the author manually intervened

Somewhat unfortunately, due to the additional
reduction of the n = 6 bases, this “ping-pang”  variation was never
confronted with the matrix which led E to create the
[l, 1, 1, 2, 1, 4, 13, but instead F came right up with five 1s and
two 0s and cf = 442.

(C8)  FOR A:663608901 STEP 8 DO SPEC(A,2?32,2,7);
F 10, 13 3397158986 TRUE
E C0, 11 3397158986 FALSE
3397158986
663608901 4234367236 2 2.4848827

F [I, 0, 01 1490074 TRUE
E El, 0, 03 1490074 FALSE
1490074
663608901 4294967296 3 L773946?4

F IS, 0, 1, 01 13408 TRUE
E [0, 0, 1, 01 13408 FALSE
13408
663608901 4294967296 4 0.20655603

-
F f0, 1, 0, 0, 03 1078 TRUE
E T0, 1, 0, 0, 03 1078 FALSE
1078
663608901 4294967296 5 0.046761183

F i0, 1, 1, 0, 0, 01 1078 TRUE
E 10, 1, 1, 0, 0, 01 1078 FALSE
1078
663608901 4294967296 6 1.50728331

F Cl, 0, 1, 0, 0, 0, 01 330 TRUE
E [l, 1, 1, 0, 0, 0, 01 390 FALSE
390
663608901 4234967296 7 1.28868447
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F 10, 11 626928730
E [0, 11

TRUE
626928730

626928730
FALSE

663608909 4294967296 2 0.45857269

F II, 0, 03
E 11, 0,

465630 TRUE
01 . .

465630
465630 FALSE

663608909 4294967236 3 00303877604

F Cl, 1, 1, 03 53172
E El, 1,

TRUE
1, 01

53172
53172 FALSE

663608909 4234967296 4 3.2484476

F [0, 0, 0,
E 10, 0,

1, 11 6314 TRUE
0, 1, 11 6314

6314
FALSE

663608909 4294967296 5 3.8823978

F [l, 0,E II, 0, 1, 1, 0, 03 1406 TRUE1,
1406 1, 0, 01 1406 FALSE

663608909 4294967296 6 3.34421745

F H, 1, 1,E II, 1, 1, 1, 11 9961, 1, TRUE0,
F Cl, 1, 0, 11 5341, 1, TRUE0,
E [l,

1,
0, 11 5341, 1, FALSE

--.
0,

1, 0, 11 534 FALSE
. 534

663608909 4294967296 7 3.8709251

l * .

F [l, 03 3236682938 TRUE
E Cl, 0J 3236682938 FALSE
3236682938
663608933 4294967236 2 2.367501

F 10, 0, 13 311352
E [0, 0,

TRUE
13

311352
311352 FALSE

- 663608933 4294967296 3 0.16943623

F 10, 1, 0, 01 13562
E 10, 1,

TRUE
0, 01 13562

135@
FALSE

663608933 4294367296 4 0.21132812

F tl, 1, 1, 1, 01 7298
E II,

TRUE
1, 1, 1, 03 7298

7298
FALSE

663608933 4294967296 5 5.5763277

28



i.

1

F II, 0, 0,E [l, 0, 0, 0, 11 958 TRUE0,
958 0, 0, 11 958 FALSE

663608333 4294367296 6 1.0578767

F Cl, 1, 1,
E Cl, 1,

1, 1,
1, 1 ,

13
746 TRUE442 2, 1, 1, 11 746 FALSE -.

663608933 4294967296 7 1.99709308

F II, 03 1606825210 TRUE
E Cl, 03 1606825210 FALSE
1606325210
663608941 4294967296 2 1.17532684

F [l, 0, 01 477530
E [l, 0,

TRUE
01 477530

477530
FALSE

663608941 4294367236 3 0.321832295

F Cl, 0, 0, 01 45014
E fl, 0,

TRUE
0, 0345014 4-5014 FALSE

663608941 4294967296 4 2.3281182

F t0, 0, 0,
E 10, 0,

0, 11 2582 TRUE
0,2582 0, 11 2582 FALSE

. 663608341 4294367296 5 0.41517307

F II, 0, 1,E [l, 0, 0, 0, 01 788
788

1, TRUE
0, 0, 01 788 FALSE

663608341 4234367236 6 0.58873131

F [0, 0, 0,E [0, 0, 0,0, 1, 01 3380, TRUE
338

0,
0, 1, 11 338 FALSE

663608941 4234367236 7 0.78096013



Program Listing

time: translate:modedeclare([value(better),value(tr)~,boolean,
Ea, ap,modulus,n,  i, j,k,gg,d,mm,nn,pl,  integer)$
radprodexpand:  f a 1 ses

spec(a,modulus,n,nn):~ (d:mm: (a*modulusPW*n),  scalarmatrixprfalus,
f:moclulus*e:  identtn-l), ap:l,
for k thru n-l do(e[k,ll:-f  El,kl:ap, ap:ratdisrep(rat(a*ap))),
8 r1,1 I : IllOdU I us,
for n:n thru nn do block(mm:n~m*(a~modulus)~2,
e: transpose(addrow(transpose(addrow(e,ematrix&  i:n-I,-ap,l,l))),

ematrix(l,n,l,l,n))),

ematrix(l,n,modulus,l,n)),
scalarmatrixp:ap:ratdisrep(rat(a*ap)),
c:reverse(z:reverse(y:ematrix(l,n,0,1,1)  [ll)),
t, if tr(‘f,‘e)  or tr(‘e,‘f)  then go(t) else ktn,
U* if (z[kl:z[kJ+l)>c[kl  then go(w),
V, if (k:k+l)>n  then d:min(d,  (b:z.e).transpose(b)) else’

(z Ikl : -c [kl , go(v) 1,
WV if (k:k-I)>0 then go(u) else
print~a,moduIus~n,ev~~print~d~aXpi~~~n/~)/moduIus/gamma(n/2+1),n~m~r))))~

tr(ff,ee) :=for  j do li:l+remainder(i,n),
gg: (g: (vf:ev(ff))  Eil).b:transpose(g),
for k thru n do q[kl:entierIvf[kl,b/gg+l/2),
q[il:$, if q#z and better0  then (mm:p,return(true))

. else if j=n then return(falseH8

.

better():= (II,ee::substinpart((q,ve)[ll+ve[il,ve:ev(ee),i),
ff::vf-transpose(q).g,
for k thru n do cf:min(c~,e~kl.transpose(e~kI)),
p:L for k thru n do (c[kl:isqrt(entier(d*f[kl.transpose(fEkl)/modulus~2)),

p: (2~ [kl +I) *p) ,
printlff,  i,c,d,  is(p<mm)))lI

Notes

Thi s was done over the ARPANET on the MIT MACSYMA System, to

- which 1 am indebted both for the language and the machlne time,

The first three lines are optional. They turn on the timer and
make type declarations for efficiency.

2
d and mm are best e and search volume so far.

m i n
sea I-arma t r i xp: unfortunately, MACSYMA can regard a 1 by 1 matrix
as a scalar, but not vice versa.

f :  t h e  g r i d  b a s i s  m a t r i x ,  e :
a mod m.

the dual, ap: consecutive power8  of
modulus is a special variable such that ratdisrepIrat(x))

is the residue of least magnitude mod modulus.

transpose (addrow  (transpose(addrow  . . . : MACSYMA lacke an addbolumn,
reverse is a fast way to copy a I ist of 0s. gamma h/2+1 1 t
pedantry for (n/2) !, %pi: fi, substinpart(e,r,i):  rsplacee  ith
row of e with r, evaluating r first,
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The Modified Program

time: translate:modedeclare(~value(better),value~tr~~,boo
Ta,ap,modulus,n,i,  j,k,gg,d,mm,nn,pl,integer)S
radprodexpand:  f a 1 se$

8pec(a,modulus,n,nn): = Id: mm: (a*modulusIT (2un)  , scalarmat
f:modulusue:  ident(n-l),  ap:l,

ixpr fake,

for k thru n-l do(e[k,ll:
eEl,ll:modulus,

-f U,kJ:ap, ap:ratdisrep(rat(atap)l),

for n:n thru nn do block(mm:mm~(a~modulus)~~,
e: transpose(addrow(transpose(addrow(e,ematrix(i,  i:n-I,-ap,l,l))),

ematrixIl,n,l,l,n))),

i
L

1
L Note

can,

f: addrow  1 transpose (addrow  ( f: transpose (f 1, ap*f (11 1) ,

scaIarmatrixp:ap:ratdisrepIrat(a*ap)l,
c:reverse(z:reverse(c~:ematrix(l,n,0,1,1)  [ll)),
t, tr(‘f,‘e), if tr(‘e,‘f)  then go(t) else k:n,
u, if (z[kI:z[kltl)>c[k~  then go(w),
v, if (k:k+l)>n then d:min(d,  (b:i!.e),transpose(b))  else (z[kl:-c[kl,go(vI),
W9 if (k:k-I)>0 then go(u) else
print(a,modulus,n,ev((print(d)*%pi)t(n/~)/moduius/gam~a(n/2+l),nu~er)~~)$

tr(ff,ee) :=(for  j- thru n do Wltremainder(i,n),
gg: (g: (vf:ev(ffI)  NLb:transpose(g),
for k thru n do q[kl:entier(vf[kl.b/gg+l/Z),
q[il:0,if  q#z then (j:l, ee:: substinpartUq.ve)  [ll+vetil,vetev(ee),  i),

ff::vf4ranspose(q),gII,
i f better (1 then fmm:p,  true) ) !!

bettero:
p:L

=tfor  k thru n do d:min(d,e[kl.transpose(etkl&
for k thru n do (c[kl:isqrt(entier(d*f~kl.transpose(f[kl)/moduiua~Z)),

p: (2*c[kItl)xp),
print(ff,c,d,  is(pcmm)M

Since both of these versions use the F process incrementally, it is
usual ly best to start with n
E process,

= 2. To convert either version to the
just change the line beginning

-tr(ff,ee):=  .,. to read tr (ee, ff) *.*
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