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Abstract.

A FORTRAN subroutine is described for finding interpolating natural

splines of odd degree for an arbitrary set of data points. The subroutine

makes use of several of the subroutines in de Boor's package for

calculating with B-splines. An ALGOL W translation of the interpolating

natural spline subroutine and of the required subroutines of the de Boor

package are also given. Timing tests and accuracy tests for the routines

are described.
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We now explain how a piecewise polynomial function can be expressed

as a linear combination of B-splines.
I+1

Let 5 = (Si)i be a strictly

increasing real sequence and let k be a positive integer. If Pl' l l ., pe

is any sequence of & polynomials, each of order k (or, degree < k)

then we define a corresponding piecewise polynomial f of order k by

the prescription

f(t) = Pi(t) if fi < t < si+l ; i = 1929...,R .

We arbitrarily make f continuous from the right at the interior

breakpoints, i.e.,

We denote

order k

_ Note that

f(Si) for i = 2,...,R .

the collection of aJ-1 such piecewise polynomial. functions of

with breakpoint sequence 5 = (Q):Li bY

P
k,S l

l?

k☺ E:

is a linear space of dimension k& since it is isomorphic

to the direct product of 1 copies of Tk , the linear space of all

polynomials of order k (degree < k) . A convenient way to represent

a piecewise polynomial function f E-i&, 5 is bY

f(t) = ~ 'r i(t -5i)r-1 t
r=l '

5. < t < si+l , i = 1,2,...,RI- (2.7 >

where Cr,i
= D'-'f(s-!)/(r-l)!  , r = l,...,k ; i = l,...,R . Then the

j-th derivative of f at a point t is given by

Djf(t) = g Cr i(t-Si)r-l-j(r-l)!/(r-l-j)!  .
r=j+l '

(2.8)

We often wish to impose upon f the conditions that it have a certain

number of continuous derivatives. We may write such conditions in the form



jmps2
Dj-lf = 0 t for j = l,...,yj, , i = 2, . . .) I ' (2.9)

I

for some vector v = (v.)'
12

with nonnegative integer entries. The subset

of til fe-,& satisfying (2.9) for a given v is a linear subspace

of Tk I which we denote by 7
9 k, 5, v l

- -

In order to obtain the B-spline representation of a piecewise

polynomial function
f ET& 5, v

we need the following theorem which

was proved by Curry and Schoenberg [5] and by de Boor [4].

Theorem.
1+1

For a given strictly increasing 5 = (si>, , and given

nonnegative integer sequence v = (v.)
R

12' with vi. < k , all i , set

R R
n= k + C (k-Vi) = k' - C Vi = dims

. .I= 2 1= 2 - k, 51 v- d
(2.10)

and let t = (t )
n+k

i l
be any non-decreasing sequence so that

( >i tl 5 5 < l �* 5 tk < 51 >- Sf+l-  I-< L+l 5 tn+k

(ii) for i = 2,...,1 , the number Q occurs exactly k-vi times in t .

Then the sequence Nl k,...,Nn k of B-splines of order k (or degree k-l)
9 7

corresponding to the knot sequence 5 is a basis for ?p
kl 53 v

considered
w -

as functions on bk� tn+ll l

From this theorem we see that the B-spline representation for the

piecewise polynomial function fEyk,s,v is- -

. ti < t < ti+l

i-

and k<i<n

f(t) = i arNr k(t) ) (2.11
r=i-k+l 9

or ti < t < ti+l and i = n- -

where a = (a )
n

i l are the coefficients of f with respect to the B-spline
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basis (Ni k)T for pk 5 v on the knot sequence t .
' ' ' Then the j-th

derivative of f at a point t is given by

.

Djf(t) =
' 'r j+lNr,k-j(t)r=i-k+j+l ,

where

ar ' j=O

ar, j+l = 9

(k-j > rj - ar-l,j
-tr ' j>O

r+k-j

provided that either ti < t < ti+l and k < i < n
-

or ti < t < ti+l and i = n .- -

(2.12)

(2.13 >
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3. Representation of the Interpolating Spline.

Given a set of data points (xi,yi) , i = N1,N1+l,.,.,N2  with

XNl < 52 < l l l < 52 ’ we seek the interpolating natural spline function

s(x) of degree 2m-1 with knots xN~,...,%~ . For convenience in the

FORTRAN implementation of the algorithm we shall assume throughout that

Nl=l. Then N2 is the number of data points. For our interpolating

natural spline s(x) we wish to make use of the B-spline representation

given in equation (2.11) and the theorem on which it is based. We choose

k = 2m , I = N2-1 . Since Dj-'S(x) , j =: 1,2,...,2m-1 , are continuous

at all interior knots, we have vi = 2m-1 , all i , and we easily find

that n = N2+2m-2 . We choose

ti
= x1 , i = 1,2,...,2m

'2m+i-1 = x. ' i1 = 2,3,...,~2-1

.
tN2+&+j.-2 = 52 ' l = 1'2,...,2m b

(3 J>

The knot distribution is shown in Figure 1.

x1 x2 3 x4 . . . 52-3 TN 2-2 xN2-l 'N2
I t 1 1 1 . t 1 1 A 1

1 1 I
5 t2Ul+l &I+2 tm3 . . . tN2+2rd+ tN2+2m-3 t

N2+2m-2 tN2+2m-1

'N2+2m

'Lrn

Figure1

tN2+4m-2



From equation

.

s(t) = ;;
r= i-2m+l

(2.U) we have the B-spline representation

aNr r,2m (t>

and 2m <i < N2+2m-2

. (3.2)

and i = N2+2m-2

Now S(x) must satisfy the interpolating conditions

S(Xi) = yi , i = 1,2,...,N2 (3.3)

and the natural spline end conditions

DjS(xl) = DjS(xN2) = 0 , j = m,m+1,...,2m-2  if m > 1 . (3.4)

Substituting equation (3.2) into equations (3.3) and (3.4) we obtain the

following set of equations for the determination of the ar :

2m .
DjS(xl) = c

r=l
ar DJNr &(x1) = 0 , j = m,m+l,...,2m-2

'

2mti-1
S(xi) = c . arNr 2m(xi) = yi , i = 1,2,..,,N2

r=i '

(3.5)

N2+2m-2 .
D~~(xN~) = c arDJNr2m(%2)=0  , j= m,m+1,...,2m-2  . (3.7)

r=N2-1 '

We now show that these equations lead to a (2rn-1).banded system

of linear equations for the determination of the aV . In Section 2 it

was pointed out that l!Jr 2m(t) is
'

. otherwise. From equation (2.5) we

multiplicity d. ,
J

DSNr 2m(t) is
'

positive for tr < t < trt2m and zero

conclude that at a knot t; of
J

continuous for s = 0,1,...,2m-l-d,  .
J

In-particular, if d. = 2m-1 , then
J

Nr ,(t> is continuous at t.
' J

but none of its derivatives is continuous at t. . *If d. = 2m , then
3 3

even N, ,(t) is discontinuous at t. . For the coefficients in
' 3

equations (3.6) we therefore conclude that
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N2m+i-1,2m xi( >

Nr,&(xi) # O

’ Nr 2m(xl) = 0 , r = 2,3,...,2m '
'

= 0

i = 2,3,...,N2-1
., r=l, . . ..2m+i-2

N~2+a  2 2m(s2) # 0 Y- ' Nr 2m(X&2) = 0 Y r = N2,...,N2+2m-3 .'

For the coefficients in equation (3.5) we find that

.
DJNr,2mb1)  # 0 , r = %4...J+l

j=

= 0 , r = j+2,...,2m

and for the coefficients in (3.7)

.
DJNr m(%2) = 0 , r = N2-l,...,N2+2m+j

'

# 0, r = N2+2m-2-j,...,N2+2m-2

m,m+l,...,2m-2

1 3 = m,...,2m-2  .

If we denote the non-zero coefficients of the system of equations

given bY (3.5)’ (3.6)’ (3.7) bY x , then the coefficient matrix has

the form:
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We have boxed the coefficients of y and aN2+2m 2 to emphasize the

fact that these two coefficients can be calculated at once and eliminated

from the remaining equations yielding a banded matrix with m-l

subdiagonals and m-l superdiagonals. We use the first and last

equations of (3.6) to obtain

"1 = yl/Nl 2m(xl)'

"N2+2m-2 = 'N2jNN2+2m-2 2rn(XN2)  ''

Then from (3.5) and (3.7) we have

j+l
c s DjNr,a(xl) = -a1 DjN1,2m(X1)
r=2

j = m,m+1,...,2m-2

(3 08)

and

r=N2+2m-2-j
*r " Nr 2m(%2) = '%2+&-2 " NN2+2mw2(s*)  (3.9)'

N2+2m-3

'

j= 2m-2,***, m .

The remaining equations are given by (3.6) with the first and last

equations omitted. Now we have a banded system; the unknowns are

;t,'9' l **yaN2+2m-3 which we rename zp 9 ...,z~~+~-~ . We note that

the diagonal elements of the system matrix are in order

,

93J2 2m(Xl)  Y Dm”‘N (x )3,2m 1 "**'
D2m-2N

m,2m x1 '( >'

Nm+l 2m(x2) '' Nm?-2 Pm($) y'ooy' NN2+m 2 &(x&2-1) '- '

D2"02NN2+m-1,2m(xN2) '
b-3
D NN2+m 2m(xN2) '***' DmN~2+&-3,~(~~)  l�

The subdi-agonal  and superdiagonal elements are also values and derivatives

of B-splines evaluated at the knots.



All the elements of this matrix are calculated by using the

subroutines of de Boor's B-spline package [4]. The elements of the

matrix are stored in diagonal form for use of the band matrix solver

subroutines BANDET and BANDSL which are essentially FORTRAN implementations

of the corresponding ALGOL 60 procedures given by Martin and Wilkinson [lo].

The diagonal elements are stored as Q(i,m) , the subdiagonal elements

as Q(i,j) , j = 1,2,...,m-1 , the superdiagonal elements as Q(i,j) ,

j = m?-l,m+2,...,2m-1  , where i = 1,2,...,N2+2m-4  .

The solution of this system of equations yields the coefficients ar

of the B-spline representation (3.2) for the interpolating natural spline

s(t) l The values of S(t) and its derivatives can be evaluated at any

point by means of subroutines in the de Boor package. In particular

we can obtain the piecewise polynomial representation (2.7) (or (1.1))

of S(x) by evaluating the function and the derivatives at the breakpoints.
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I,:

4. The FORTRAN Subroutine.

Before describing the FORTRAN subroutine NATSPP for the interpolating

natural spline we first describe briefly those subroutines of the de Boor

package [4] which are used in the subroutine NATSPP.

We begin with a summary of the FORTRAN variables and their intended

use and a terse summary of the subprograms and their intended use,

The B-spline representation consists of

TO) ,...,T(N+K) , the loot sequence, assumed nondecreasing; if t appears

j times in this sequence, then the (K-j)-th derivative

mayjumpat t.

A(1) I -d(N) Y B-spline coefficients for the function represented on

(T(K), T(N+l) > .

NY

KY

the number of B-splines of order K for the given knot

sequence.

order (= degree +l) of the B-splines; should be < 20 .

The piecewise-polynomial  representation consists of

x1(1),...,x1(LX1+1) , the breakpoint sequence, assumed increasing.

C(l,l),.-..,C(K,LXI)  , values of derivatives at breakpoints; precisely

C(J,I) is (J-1).st derivative at XI(I)+ ,

J l,...,K .= Note that the coefficients in (2.7)

and (1.1) are these derivatives divided by (J-1): .

KY order (= degree +l ) of polynomial pieces; should be < 20 .-

S)ther variables are defined in the subroutine summary which follows:

14



subroutine BSPLDR(T,A,N,K,ADIF,NDERIV)

Constructs divided difference table for B-spline coefficients

preparatory to derivative calculation and stores it in

ADIF(l,1),..., ADIF(N,NDERIV)  . Ekpects NDERIV in the interval

Used only in BSPLPP, prior to call of BSPLEV.

subroutine BSPLEV(T,ADIF,N,K,X,SVALUE,NDERIV)

[&K1 l

Calculates value of spline and its derivatives at X from B-spline

representation and returns them in SVALUE(1)'  . ..' SVALUE(NDERIV) . Can

use A for ADIF if NDERIV = 1 . Otherwise must have ADIF filled

beforehand by BSPLDR. Uses INTERV and BSPLVN. Used only in BSPLPP.

subroutine BSPLPP(T,A,N,K,SCRTCH,XI,CyLXI)

Converts B-spline representation to piecewise-polynomial representation.

SCRTCH is temporary storage of size
owe l Uses BSPLDR and BSPLEV.

Used in NATSPP, the subroutine for natural spline interpolation.

subroutine BSPLVN(T,JHIGH,INDEX,X,ILEFT,VNIKX~

Calculates value of all possibly'nonzero B-splines at X of order

J = .max(JHIGH,(J+l)*(INDEX-l)] on T . ILEFT is input, assumed so that

T(ILEFT) < T(1LEFT-Q) ; get division by zero otherwise. If

T(ILEFT) < X 5 T(ILEFT+l) (as would be expected) then VNIKX(1) is

filled with B-spline value N(ILEFT-J+I,J) at X , I = l,...,J .

Get limit from right or left, if X = T(ILEFT) or T(ILEFTt1)

respectively. Can save time by using INDEX = 2 in case this call's

desired order J is greater than the previous callts order (saved in J)

provided T , X , ILEFT and VNIKX are unchanged between the calls.

Otherwise, use INDEX = 1 . Used in BSPLEV, BSPLVD and NATSPP.

15



3.

subroutine BSPLVD(T,K,X,ILEFT,VNIKX,NDERIV)

Calculates value and derivatives of order < NDERIV of all

B-splines which do not vanish at X . ILEFT is input, assumed so that

T(ILEFT) < T(ILEFT+l) ; get division by zero otherwise. If

T(ILEFT) 5 X 5 T(ILEFT+l) ( as would be expected) then VNIKX(I,J)

is filled with value of (J-1).st derivative of N(ILEFT-K+I,K)

at X , I = l,...,K, J = l,...,NDERIV  . Get derivative from right

or left if X = T(ILEFT) or T(ILEFT+l) , respectively. Expects

NDERIV in [l,K] . Uses BSPLVN. Used in NATSPP.

subroutine INTERV(XT,LXT,X,ILEFT,MFLAG)

Computes largest ILEFT in [l&XT]

It is assumed that XT is a one-dimensional

a nondecreasing sequence of real numbers.

ILEFT and MFLAG as follows:

/

such that XT(ILEFT) 5 X .

array of length LXT containing

The subroutine returns integers

I ILEFT MFLAG

The value of ILEFT is saved in a local variable IL0 which under

certain conditions is used to start the search for ILEFT in the next call.

The local variable IL0 is initialized to the value one.

Note that only BSPLPP, BSPLVN and BSPLVD are called directly by the

natural spline interpolation subroutine NATSPP. In addition to these

subroutines of the de Boor package, NATSPP also calls subroutines BANDET

and BANDSL for the solution of the linear system CX = B where C is an

16



unsymmetric band matrix. These subroutines were taken from the library

of the Stanford Center for Information Processing. They are translations

of ALGOL 60 procedures given by Martin and Wilkinson [LO]. They are

fully described in the complete listing of the FORTRAN subroutines in

Appendix I.

Turning now to the subroutine NATSPP for the interpolating natural

spline we note that it is a direct implementation of the method described

in Section 3. First we give a summary of the FORTRAN variables and their

intended use. The heading of the subroutine is

SUBROUTINE NATSPP(N2,~,N4,M,JQ,MM,X,Y,A,C,T,QTRL,INT,VNIKX)  .

The input parameters are as follows:

N2 ’ the number of data points.

N4, = m+b@+  .

M Y 2*M-1 is the degree of the natural spline

admissible values range from 1 to N2 .

-, = 2*M, the order of the natural spline.

MM' = 2*M-1, the degree of the natural spline.

x0) Y .-,X(JJQ) J abscissas of the data points which must be strictly

monotone increasing.

Y(l) ‘...‘Y(N2) ’ ordinates of the data points.

The output parameters are as follows:

N3' = N2-l+MM , the number of B-splines in the B-spline representation (1.2).

A(1) I.-‘A(W) Y the coefficients of the B-spline representation (1.2) of the

natural spline.

C(l,l),...,C(MZ,N2-1)  , the coefficients of the piecewise polynomial

representation (1.1) of the natural spline.

17



n

They

give

The remainder of the parameters are only for temporary storage.

are included in the declaration in order to make it possible to

them variable dimensions. They are:

T(1) ,...,T(N2+4*M-2) , the knot sequence.

Q(W), . ..Y Q(Nh@ Y elements of the band matrix of the equations for

the calculation of the A(1) .

TRL(1,1),...,TRL(N4,M-1)  , matrix for storing lower triangular matrix

of the LU decomposition of the band matrix.

INT(~),...,INT(N~)  , vector for recording row interchanges during

decomposition of the band matrix.

VNIKX(1,1)'...,VNIKX(M2'MM)  ' matrix for storing values and derivatives

of B-splines as needed.

The subroutine NATSPP begins by computing the knot sequence T(1)

from the abscissas of the data points. In order to get the coefficients

of the first M-l rows of the band matrix which are given by (3.8) we

Cdl

BSPLVD(T,M2,X(l),kE,VNIKX,MM)

to obtain VNIKX(I,J)  = DJ-lNI ,(X(l)) ' I = l,...,E , J = l,...,MM .
'

We use these to calculate A(1) and the coefficients of the first M-l

rows and their right members. For the coefficients of the last M-l

rows of the band matrix which are given by (3.9) we call

to obtain VNIKX(I,J)  = DJ-lNN2-2+I,W(X(N2))  , I = lyo..,M2 Y

J l,...,MM .= We use these to calculate A(N2+2*M-2) and the

coefficients of the last M-l rows and their right members. For the

coefficients of the rest of the rows of the band matrix which are given

18



by (3.6) (omitting first and last equations

BSPLVN(T,M2,1,X(I),I+MM,VNIKX)

) we call

to obtain VNIKX(J,l)  = NI-l+J &X(I)) , J = l,.~.,M2 , I = 2,...,N2-1 .
'

The band matrix system is then solved using BANDET and BANDSL to

obtain the coefficients A(1) . Finally we call

to calculate the derivatives needed to produce the coefficients of the

piecewise polynomial representation. Note that in BSPLPP, C(J,I) has

the value DJ'lS(X(I)+) whereas in NATSPP, C(J,I) has the value

DJ-'S(X(I)+)/(J-1):  .

The complete listing of NATSPP with all embedded subroutines is

given in Appendix I.
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5. The ALGOL W Procedure.

Since we have available ALGOL W versions of the procedure NATSPLINE

of Algorithm 472 of Herriot and Reinsch [8] and of Algorithm 480 of

Lyche and Schumaker [9], it would be much easier to make comparison

tests with the algorithm using the de Boor package [4] to calculate the

interpolating natural spline if it were implemented in ALGOL W, The

FORTRAN subroutine NATSPP was therefore translated into an ALGOL W

procedure DEBNAT.

First the subroutines of the de Boor package used in NATSPP were

translated into ALGOL W procedures with the same names and the same

parameters. Special care was needed to deal with two unusual features

of the FORTRAN package. In order to save the value of the local

variable IL0 of INTERV and of the local variable J in BSPLVN from one

call to the next, these variables were made global to all the procedures

of the de Boor package (J was renamed JJ). For the same reason the

arrays DELTAM and DELTAP used in BSPLVN were made global. These global

quantities were initialized prior to any calls of the package procedures.

The other unusual feature of the FORTRAN subroutines was use of VNIKX

as a one-dimensional array in BSPLVN and as a two-dimensional array in

BSPLVD. This was handled by making VNIKX a two-dimensional array in

BSPLVD and introducing a corresponding one-dimensional array NVNIKX

local to BSPLVD,

The ALGOL W procedures BANDET and BANSOL are completely similar

to the corresponding FORTRAN subroutines. They are fully described in

the complete listing of the ALGOL W procedures in Appendix II.

Because of the greater flexibility of ALGOL W in using dynamic array

declarations, it was possible to reduce the number of formal parameters

20



in the procedure DEBNAT compared to those in NATSPP. The heading of

the procedure is

PROCEDURE DEBNAT(INTEGER  VALUE Nl,N2,M; REAL ARRAY X(*);

REAL ARRAY A(*,*); REAL ARRAY CFF(*));

The input parameters are as follows:

Nl,N2 , subscript of first and last data point.

MY 2*M-1 is the degree of the natural spline

admissible values range from 1 to N2-Nl+l .

X(Nl::N2) , contains the given abscissas X(1) which must be strictly

monotone increasing.

A(Nl::N2,0::2*M-1)  , contains the given ordinates as zero-th column,

i.e., A(L 0) represents Y(I) '

The output parameters are as follows:

A(Nl::N2,0::2*M-1)  , the ciefficients of the piecewise polynomial

representation (1.1) of the natural spline with

C.
J,i

= A(i,j-1) . ( A(N2,O) is unchanged and no

values are assigned to the last row of A .)

CFF(l::N2-N1+2*M-1)  , the coefficients of the B-spline representation (1.2)

of the natural spline.

The ALGOL W procedure DEBNAT is an exact translation of the FORTRAN

subroutine NATSPP. The complete listing of DEBNAT with all embedded

procedures is given in Appendix II.

Included among the tests described in Section 6 were tests to verify

that NATSPP and DEBNAT produced the same results.

Another advantage of the ALGOL W procedure is that it is much easier to

convert it to double precision arithmetic than it is to convert the FORTRAN

subroutine NATSPP and the de Boor FORTRAN package to double precision

arithmetic.
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I.

Tests.’ ‘.

Both the FORTRAN subroutine NATSPP and the ALGOL W procedure DEBNAT

were tested extensively on the IBM 370/168  at the Stanford Center for

Information Processing.

In order to verify that the routines were operating correctly for

the evaluation of the polynomial coefficients of the spline S(x) , the

values of $S(x)/j! , j = 0,1,*.*, 2m-2 were calculated at the right-

hand endpoint of each subinterval [xi,xi+l) and compared with their

values (the coefficients in equation (1.1)) at the left-hand endpoint of

the next subinterval. For the first test we used the five data points

(-3'7) , (-1'11) , (0'26) , (3'56) , (4'29) with nonequidistant

abscissas. Table I shows the results of a typical run using the FORTRAN

subroutine NATSPP with m = 2 for these data points. The first line

of each box gives the tabulated quantities at the given value of x

-which is the left-hand endpoint of the subinterval, and the second line

of the box gives the tabulated quantities at the right-hand endpoint of

the same subinterval. Similar results were obtained for m = 1,3,4,5

for the same data points. The close agreement of these quantities

DjS(x)/ji , j = 0,l' . . ..2m-2 to the left and right of each breakpoint

shows that the spline function and its derivatives satisfy the specified

continuity conditions. This is a good indication of the correctness of

the results. Note that in Table I S"( -3) differs very slightly from

its specified value of 0 and that S(0) and S(3) differ from their

prescribed values in the least significant digit. Exactly the same results

were obtained using the ALGOL W procedure DGBNAT. These results are very

close to those obtained by using NATSPLINE which are given in Table I of

Algorithm 472 [8].
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X s(x) S’ (4 s" (x)/2 S" ' (x)/3!

-3.000000 7.000000 -1.999995 0.4291534 x10W5 1.000000

10.999999 9* 999986 5 l  9 9 9 9 9 5 1.000000

-1.000000 ll.000000 9.999997 6.000000 -1.000001

25 l  9 9 9 9 8 18.99998 2 l  9 9 9 9 9 7 -1.000001

0 25.99995 18.99998 2.999995 -1.999998

55 l  9 9 9 9 1 - 1 6 . 9 9 9 9 7 -14 l  99999 -1.999998

3.000000 55m998 4.6 l 99998 - 1 4 . 9 9 9 9 9 4.999987

2g.00000 -32.00000 -.3242@ x10 -4 4 l 999987

4.000000 2g.00000

Table I. Cubic Natural Spline.

Five nonequidistant knots. Coefficients

calculated by NATSPP.
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The same test was run for ten data points (xi,yi) with equidistant

abscissas x. = i

yil= {r;ord;;ngy :- 1,2,~..,10 . (4.1)

For m = l,..., 5 the FORTRAN subroutine NATSPP and the ALGOL W procedure

DEBNAT gave the same results. In all cases the specified continuity

conditions at the breakpoints were satisfied.

The previous tests established that the FORTRAN subroutine NATSPP

and the ALGOL W procedure DEBNAT produced identical results. Further

tests for accuracy and timing were carried out using only the ALGOL W

procedure DEBNAT. Corresponding results for the accuracy of NATSPP

can be inferred frcrm these tests.

As a check on the correctness of the piecewise polynomial coefficients,

long precision versions of DEBNAT and NATSPLINE from Algorithm 4'72 [8]

were used to calculate the polynomial coefficients for the data points

(-3’7) , (-bn) , (~6) ) (3,56)  , (429) (data for Table I) for

m = 1,2,...,5 . When rounded to short precision, the corresponding

coefficients calculated by the two procedures were identical, (Except

that for DjS(l)/j!  , j 2 m,...,2m-2 , NATSPLINE gave the specified

values 0 and DEBNAT gave values of order 10
-t

, t > 9 .) The

same comparison test was run for the set of N2 data points6 - at . .,w.--rM..-  * (FiY Yi >- .- - 4." c

with equidistant abscissas Xi = i and ordinates given by

yi =

’

odd

even
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Values of N2 = 10,20y...,50  and m = l,2,...,7 were used.' Again

when the long precision coefficients were rounded to short precision,

the corresponding coefficients calculated by the two procedures were

identical (with the same exceptions as above and occasional differences

in the least significant digit for the case m=7).

In order to study the effect of round-off error build-up, both long

and short precision versions of DEBNAT were used to calculate the B-spline

coefficients and the piecewise polynomial coefficients. From the previous

comparison tests we see that we can regard the long precision coefficients

to be correct and hence the differences between the long precision and

short precision coefficients are the errors in the latter. This error

test was first run for the data points of Table I for m = 1'2, . ..' 5 .

For m = 1 all short precision coefficients calculated by DEBNAT are

exactly correct. For m = 2 , the maximum errors in the B-spline

coefficients and in the piecewise polynomial coefficients were of order

approximately 10-5 . For m = 3 and 4 the maximum errors increased

to about 10 -3 . For m= 5 the errors exceeded one and the results

were unacceptable. This may be due in part to the fact that for five

points, m = 5 is an extreme case. Tests were also run for the example

with equidistant knots and ordinates given by (6.2). Values of

N2 = 10,20,..., 50 and m = 1,2,...,7 were used. The results for

m = 1,2,3,4 were similar to those for the data of Table I. For m = 5

the maximum errors were of order 10
-2 . For m = 6’7 the maximum

errors exceeded one.

-Long precision and short precision versions of NATSPLINE were used

on the same data to find the errors in the piecewise polynomial coefficients

calculated by short precision NATSPLINE. The results appeared to be
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:I 011 !L Ldl1a-t  better than for DEDNAT. For the data used in Table I, the

maximum errors in the piecewise polynomial coefficients were 0 for

m C. 1 and of order 10
-5 for m = 2,...,5 . For the example with

equidistant knots and ordinates given by (6.2)’ the maximum errors in the

piecewise polynomial coefficients were 0 for m = 1 , of order 10 -5

for m = 2'3 , of order 10
-4 for m = 4 , of order 10-2 for m = 5 ,

and of order 10
-1 for m = 6’7 .

We conclude that DEBNAT should not be used in short precision for

m>5 and NATSPLINE should not be used in short precision for m i 7 .

In addition to the tests for accuracy, timing tests were carried

out for long precision and short precision versions of both DEBNAT and

NATSPLINE on the IBM 370/168 computer at the Stanford Center for Informati.on

Processing. The tests were made using the example with equidistant knots

and ordinates given by (6.2). Values of N2 ti 10,20,...,100 and

m-= 1,2,...,7 were used. The time for both procedures was found to be

approximately proportional to the number N2 of knots. For DEBNAT the

time was found to be approximately proportional to m1.7 for rnz 3

while for NATSPLINE it was approximately proportional to m2 . The

actual times were almost exactly the same for the short precision and

long precision versions.

The time T in seconds for the execution of the procedure DEBNAT

was-found to be approximately

T = (N/60)(.0265m1'7) , m 2 3 l

This formula seriously underestimates the time for m = 1 and 2 .

For NATSPLINE the time was found to be approximately

T = (N/60)(.015m2)  .
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For m < 5 the times for NATSPLINE were somewhat less than those for

DEBNAT, but for m > 6 the times were nearly the same.-

Since we found that for the IBM 370/168 the times for short precision

and long precision are nearly the same, we recommend the use of long

precision for all calculations using these procedures. Converting the

given ALGOL W procedures to long precision requires only replacement of

all real identifiers by long real identifiers. The same recommendation

would apply to any machine on which long precision is approximately as

fast as short precision.

For reasons of accuracy we would also recommend the use of double

precision for the FORTRAN subroutines. We have not attempted to convert

the FORTRAN de Boor package to double precision.
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APPENDIX I

S U B R O U T I N E  NATSPP(NL,~Y~,N~,M,ML,MN,~,Y,~ ,i,T,0,TKL,iNT,VNlhX)
N A T S P P  C O M P U T E S  T H E  CdEfkILItNTs  Uf- i3drd  ItiE PItCtrJISE
POLYNOHIAL  REPRESENTAT13h  AU3 T H E  ti=bPLiYt R E P R E S E N T A T I O N  uf A
N A T U R A L  SPLLNE S(X) O F  0EGHEt  (d+M-iJ,  INTtRPOLATING  T H E
O R D I N A T E S  ,Y(IJ A T  POANJS X(I),  l--A  rtiK3hut-i  NtL,

PIECEhISE POLYNMIAL  KEPKESENJATIJIU:
F O R  X X  I N  (x(IJ,X(ItlJJ,  I=l,...,Ju-i,
S(xx)=C(l,IJ+C(2,lJ+T+...~~(~*M,~J~~**~~*~-lJ
W I T H  T=XX-X(I).

B-SPLINE  REPRE~ENTATIirN:
F O R  X X  I N  (X(lJ,X(NZJJ,
S(XX)~AA(lJ+N~l,Z*~,XXJ+4~LJ*NiZ,L*’Y,XXJ+.-.

+A(NZ+Z+t+2~*N(  N2+2*bL,L*M,Xx)
W H E R E  N(J,Z*H,XX  J 13 Ti)E (N~KYACiLtDJ  ts-s?LiNE  Of- UE;;REk
(2*M-1J  O N  T H E  K N O T  Std3tNLt  T13J ,...,T(aL*MJa
INPUT:

NZ T H E  N U M B E R  ui- OATA  P O I N T S
N4 =NZ+MZ-4
M ZJW-1 I S  THE 3 rGRtE OF T H E  NATJRAL  S P L I N E ,

ADMLSSIBLE  VALJtS  KA;YGt FKbM  I T3 N2,
R E C O M M E N D E D  VALUtS  ARt NlrT  i;AtATtR T H A N  5  ( S A Y )

H2 =Z*cH,  T H E  OR3E3  Of Jtit NAJWAL  SPLANE
MM =2*M-1,  T H E  oE;REt  OF THt NAi-Jt(Aim  S P L I N E
X(lJ,.~.,XW2J AdSCiSSAS 3f Jtif OATA  PUINTS kHICH

M U S T  BE STKlCTLY  MUNUiuNt  iNC&tASING
YllJ ,..,.,Y(N2J DWdIYATtS  UF THt tiAlih  ?uINTS

O U T P U T  :
N3 =N2-1  MM, T H E  NUH6tR W d-3PClNtS  IN T H E

B - S P L I N E  RfiP~tiSkNfATI01u  UF Tilt N A T U R A L  SPLINt
A( 1J ,...A(N3J THt GJtFfACItruTct  u#- Trit 6-SPLINE

REPRESENTATluN L)F T H E  NAfL)KAL  SPLINE
C(l,lJ ,w..C (MZrNd-1J itiE COEfklCIEYT5  O F  T H E  PIECtwlSI:

PQLYNOMIAL  RtP(ESENfATIUN  W TtiE N A T U R A L  SPLINt
TEMPORARY STORAGE:

T(LJ ,..~.,T(N2+4W=LJ THE KNUT  3t.iJEYCt
Qll,lJ,+...,Q(N4,Mi!J ELEMtNTs  uf Jtit dANU M A T R I X  O F  The

ECJUAT I O N S  60& T H E GALCaAT13N  3F T H E  A (  I)
TRL(L,lJ,..., TRL(N4,  ‘d-1 J HACHIX  FDtt 511)R  I N G  LUWtR-TkIAJt,  ll_Ab

HATRI X OF THti -cl L)ECc)HPDSITici.\  3F THE  BAND  HATHIX
INT(lJ ,m.., INT(N4J 3tGJ3R FUK  Kt,J4di;\Jki  R O W  INJERCHA~L,LS

D U R I N G  DECUMPUSITIJN  Di- Itlt t)A:JtJ M A T R I X
VNIKXllrlJ ,a- .,VNiAISL Hd,YMJ AAfKix  l-J& S T O R I N G  VALULS  4’d.J

D E R I V A T I V E S  DF B-SPliNcs Aa Ntci)tL)
D I M E N S I O N  X~~J,Y~~J,T(~J,U~Y~,A&,A~A~,VJIKX~M~,MMJ,THL~~~,~~,

1 INT(lJrC(N2,l)
D O  S  I=l,M

5 T( IJ=XllJ
N2Ml=N2-1 ,
0 0  6  I=l,N2Hl

6 T( I+MM)=X(I  J
N3=N2Ul  + WM
D O  7  I=l,HZ

7 T( i+N3J=X(NZI
G E T  COEFFICXEhTS  O F  F I R S T  M - l  KOwa

C A L L  BSPLVD(T,W,X(lJ,W,VN~KX,MriJ
Al=Y(LJ/VNIKX(l,lJ
MHl=M-1
IF (M.EQ.1)  G O  T O  7u
D O  4 0  I=l,#IMl

D O  41 J=l,MH
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6 1 .

6 2 .
6 3 .
6 4 .
65.
66.
6 7 .
6B.
69 .’
7 3 .
7 1 .
72.
7 3 .
7 4 .
75.
IS.
77.
78.
79,
81).
81.
82 l
8 3 .
8 4 .
85.
8 5 .
8 7 .
8 8 .
8 9 .
90,
91,’
92.
93,
9 4 .
95 l
9 6 .
9 7 .
9 8 .
99,

103.
101.
1 0 2 .
1 0 3 .
104.
A05 l

105 0

107 0
103.
1 0 9 .
lL0.
111.
112.
11s.
114.
1 1 5 .
Lib.
117.
Ll8.
AlJ.
121)”
121.

C
C
C

-c
C
C
C
C
C
C
C
C

E

41 Q(I,J)=O.
HP I=tl+I
LL=M-I
DO +2 C=2,MPI

LL=LL+l
4 2 Q(i,LL)=VNIKXIC,J’i~
4 0 A( I)=-A1*VNIKX(ld+PU

GET COEFFICIENTS O F  NEXi bid-2 KOllrs
7 0  HH;L=H-2

DO 30 1=2r)l2Hl
C A L L  BSPLVNU,M2,A,Xl  IJrA+~H,VNAhXJ
IM2=I+H+42
D O  1 6  L=l,f’lM

16 Qc IH2,L~=VNiKX(Ls1  J
3 0 A( I?l24=Y(  11

GET COEFFICIENTS OF LASJ H-A i(OkiS
C A L L  BSPLVD(Tr~,X(NL)rY3~~~~KX#~~~
ANP=Y  (NZ)/VNIKX(  H2r 1)
I F  (M.EQ.11 G O  TO 8 0
DO 5 0  I=1 ,nn1

I I=N2+N2-E  I
DC) 5 1  J=l,HH

51 Q(IIrJbO.
HPI=H+I
MPIMl=HPI  - 1
LL=M-I
D O  5 2  L=l,HPIMl

LL=LL+l
5 2 U(II,LI=VNIKXILLIIPI)
5 0 A (  IAJ=-ANP*VNIKX(nL,HPI)
8 0  C O N T I N U E

C A L L  BANDET(lRL,  INT,UsYQr~-ArL*f+Ah
CALL BANDSC(TRL,  iNT~AtU~Nurn-lrL*~-l)
D O  6 0  I=lrh4

J=N3-I
6 0 A( J)=A(J-1)

Atl)=Al
A(N3)=ANP
C A L L  eSPLPP(frA,N3,M1!r~rXtC,LXI)

D O  1 2  I*l,NZMA
FAC=l.O
D O  12 3=2,H2

FJ=FLOAT(  J-l)
FAC=F At. *F J

1 2 CIJ,I1=C(J,AJ/FAC
R E T U R N
E N D
sS*~S~**~SS,~~S*~CU*:SS~C~++  siA& J i)p b&lldtJ  ~)~+$I$*#$$$$tlrflOrltISr019rIt+

P&f OR T O  d/L3/ IL
5ANDET  A N D  5 A N D S L  AR&i TwO  SJdttiJuJAtuts  ycrlAbtI  S O L V E  C*X = 8
MEN C  I S  A N  UNSYMMETRLC  WY0 MAJkIx  L JdtV lrlILL  hOHK 16’ITt-i
SYUMETRIC  B A N D  MATRI.GES  &3T  TAKt N O  AUuANicrGE  06 T H E I R
STRdCTURE)  l

C  H A S  M l  SUBDIAGONALS  AlLD ML SiJPtwikbdiWALS.
T H E  MATkIX  C  I S  TRWF34kD  Jl) A uV HAkLYu  E A C H  OIAGONAL  UF
C A  C O L U M N  O F  A . THUs  A  I S  NX(nl+k+I)  rldEN C I S  NXN.
A  T Y P I C A L  A  I S  P ICrUKta  tiEL3Y. (3 titdt is 4X49 hiTH
2 SUBDIAGONALS  A N D  1 S3P  tk~AACtiWiL

0 0 CL It i) Ll lr2)



122.
1 2 3 .
1 2 4 .
125,
12b.
1 2 7 .
128.
1 2 9 .
1 3 3 .
131.
1 3 2 .
1 3 3 .
13%.
1 3 5 .
136.
1 3 7 .
138.
1 3 9 .
1436
141.
1 4 2 .
143.
14+.
1 4 5  l
145 *
1 4 7 .
1 4 8 .
149.
153.
151.

- 152.
lS3.
lS4.
1 5 5 .
156.
157.
1 5 8 .
LS9.
163.
16L*
162 l
1 6 3 .
1 6 4 .
165.
165.
1 6 7 .
1 6 8 .
169 l
170.
1 7 1 .
172.
1 7 3 .
1 7 4 .
175.
175.
177.
1 7 8 ,
179.
180.
18L.
1 8 2 .

C i) C[L,lJ i(L,ZJ L(L,J)
c C(3,lJ C( 3,2J G(j,SJ blj.4)
C Cl4,ZJ C(4.3) L14,4J J
C
C
C

c”
C
C
C
C
C
C
C
C
C
C
C
C

C
c
C
C
C
C
C
C
C
C
C
C
C
C
C

2 5

5 0

6 0
4 0
4s

12
?9

8 2

8 0
8 1

THIS 1RANSFURMATION  I5 JHt iL)LLdrrNG,  usbJMING  ThAT C I1 ,J)
I S  A BAND  E L E M E N T  I N  G:
C(I,JJ --> Atl,Ml+l+iJ-IJI
A L L  O T H E R  E L E M E N T S  di- A AKC  d

BANOET  F I N D S  THE L U  otCOHPi.hITiuN  df- A ,  STWING
T H E  LOWER  T R I A N G U L A R  M A T R I X  I N  H ANI, Nx!IA M A T R I X ,
AND OVERtiRIlING  T H E  clPPkK TrtiANtdLAK  HAJ~IX  I N T O  A .
BANDSL U S E S  fHIS  DECUMP~3ATA3A  Jti SuLvt A*X = B kHERk
T H E  R I G H T H A N D  S I D E  iS IYYUT Ilu JHt vtLid4  tir  ANO X IS
O U T P U T  I N  T H E  VECTOti 8.

THESE ROUlINES W E R E  TI(4VSLATtU  k-RUM  TH3SE  PRESENTEU  HY
J* hILKINSON  LN NUMtciAbwHt  ‘4ATHtMAJAK  v3c 9, P 2 8 3
TRANSLATORa  B A R B A R A  HVUtH, ,S3 SERKA tiuJSt, X3124

S U B R O U T I N E  BANDET(M,iNT,A,i~,MA,n3)
D I M E N S I O N  W~N,ML~,INl(N~  ,A(ti,H3J

W----AN  NXMl M A T R I X  f-34 si3KING LUwth iR1ANGUlAk
M A T R I X  OF Lcl UtGdqPuSA  TIUiv CIF A

INT--- A N  NXl V E C T O R  i--c)* KtLdKdA&  hbfi  AVrtkCHANbES
DlJRI  N C  DECOMPLlsl  JI UJ

A - - - - - A N  NX(MLtMZtlJ H4TkIX  nhOsE  GU~YYS A R E  THE L)IAl;OhlALS
O F  C ,  T H E  BAND  H4TKiX  t)kIG  dtGJYPdstD
A(*,lJ - Al*,MlJ AKt SdtWIAliuVALS  dk C
A(*,Hl+l) A s  diAGdNAL  JF b
A(*,M1+2) - AA*,YL+ML+AJ  Aht !dPt&diAGONALS  UF C

N - - - - N U M B E R  OF R O W S  1N A
Ml----NUM5ER  O F  SUf301Aiuh~ALS  I N  L
M3--- T O T A L  N U M B E R  OF 3IAGUNALS  IPi C t A.t. W I D T H  CIF HAh\dlJ

M3 = M l  t# SUBDIAGSJ  + M2 (rr sJPt~UiAGSJ  +l

R E A L  M
L=Ml
D O  4 0  I=ldYL

KZ=M 1+2-  I
D O  5 0  J=K2,N3
AtI,J-LJ=A(fdJ
L=L-1
K2=M3-L
00 6 0  J=KZ,H3
AU,JJ=O.O

C O N T I N U E
L=Ml
D O  7 0  K=l,k
X=A(K,lJ
I=K
KZ=K+1
I F  (L.Ll.NJ C=Ctl
I F  (L,LT.KZJ G G  T O  81

D O  8 0  J=K2  ,L
I F  (ABS(A(J,lJ~-4dS(XJ1  Bl),tiO,dL
X=AC  J,lJ
I=J
CONTINUE

INT(KJ=I



183.
18%.
105.
185.
187.
188.
189.
1 9 3 .
191.
192.
1 9 3 .
194.
195.
1 9 6 .
1 9 7 .
1 9 8 .
19s.
2 0 0 .
2 0 1 .
2 0 2 .
203.
204.
2 0 5 .
2 0 6 .
2or.
208.
203.
213.
2 1 1  l
212.
213.
214.
215.
2 1 5 .
211.
218.
219.
2 2 0 .
2 2 1 .
2 2 2 .
2 2 3  l
2 2 4 .
225.
2 2 6 .
2 2 7 .
2 2 9 .
2 2 9 .
2 3 3 .
2 3 1 .
2 3 2 .
2 3 3  l
2 3 4 ,
2 3 5 .
2 3 6 .
2 3 7 .
230.
2 3 9 .
2 4 3 .
2 4 1 .
2 4 2 .
2 4 3 .

7 3
77

9 0
7 8
8 3

110
LOO
7 0

C
C
C
C

75

2 0 0

I F  (XJ 73#75,73
IF (1-K) ?7,78,77

00 9 0  J--f ,M3
X=A(K, 3)
A(K,JJ=A(  I ,  J J
A(l,Ja=X
I F  (L..CT*K2)  G O  r3 70
00 10.0  J=K2  ,L
H(K,J-K)=A(  J,lJ/4((,A~
X=H(K,J-K)
00 110  JJ=2,!43
A(J,~~-l)=ACJ,JJ)-6(K,JJ)*~

A( J,W31=0.0
CONTiNUE
R E T U R N

A  S U B R O U T I N E  C A L L E D  tiK3JR NJST  t)E SU?PLAE~ T O  H A N D L E
T H E  Z E R O  PIVIT S I T U A T I O N ; 4 SAHPLt  RUJfl3t FOLLUWS

C A L L  E R R O R
R E T U R N
END
SUBROUT  I N E  ERRCK
F O R M A T  (11’ Z E R O  PlVUr ‘1
W R I T E  (6,2QO)
RETURN
END

11

12

14
15

2 0
1s

3 2
4 0

A L L  PARAHETERS  S A M E  A S  IN BANDET  EXGtPr  FJR:
B---R!GHTHANCl  SIW OF LiNkAft  SYbTtH C*x = 8

S O L U T I O N  I S  Rk:TclRYtl)  I N  8

R E A L  M
I N T E G E R  W
L=Ml
D O  1 0  K=l,N
I=INT(K)
I F  ( 1 - K )  1.1,12,11
X=6(K)
B(K)=B(I)
B(IJ=X
KZ=K+  1
IF (L.LT.Nl L=L+l
I F  tL.LT.K2) G O  T O  1 3

00 2 0  I=K2,L
X=M(K,I-K)
84 I l--6( 1)-X*6(K)

CON1  I NUE
L=l
D O  3 0  CI=l,N
I=N+l-I  I
X=8(1)
W=  I-1
I F  (L-1) 32,33,32

00 C O  K=2,L
X=X-A(I,K)*B(KtiuJ
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244.
2 4 5 .
246.
2 4 7 .
248.
2 4 9 .
2 5 3 .
2 5 1 .
2 5 2 .
253.
2 5 4 .
2 5 5 .
256.
257  l

238.
2 5 9 .
2 6 0 .
2 6 1 .
2 6 2 .
263.
2 6 4 .
2 4 5 .
266.
261.
2 6 8 .
2 6 9 .
2 7 0 .
2710
2 7 2 .
2 7 3 ,
234.
275.
2 7 6 .
2tt.
278.
2?9.
280.
281.
2 8 2 .
283.
204.
2 8 5 .
2 8 6 .
287.
2 8 8 .
2 0 3 .
2 9 0 .
2 9 1 .
2 9 2 .
2 9 3 .
2 9 4 .
2 9 5 .
2 9 6 .
2 9 7 .
2 9 8 .
2 9 9 .
3 0 0 .
3 0 1 .
3 0 2 .
3 0 3 .
3 0 4 .

3 3 BtI)=X/AtI,l)
I F  (L-H31 31,30,30

3 1 L=L+ 1
3 0 CONT I NUE

R E T U R N
E N D

C SSlrl$***rtltSI1C1CJtS*tS#rt*tSSStt  EiiJi) Of Ljj$Nub~  tttt*l**SfSS41S8tStt***~~***
S U B R O U T I N E  8SPLDR  ( T, A ,  N ,  Kt ADih N3tk AV 1

C O N S T R U C T S  OIV.DiFF.TABLE f-04 k3-SPLtNt  G3tFF. PIEPARATORV  TCi DERiV.CALC,
UlMENSION  T(1) ,A~i),AI)iF(N,NOERI~)
D O  10 I=l,N

LO ADIF(I,lJ = A(I)
KHIO  = K
D O  2 0  10=2,NDERiV

K M I O  = KWID  - 1
F K H I O  = FLOAT(KNI01
D O  2 0  I=IO,N

Ifw#IO * I  +  IcHIi)
01 FF = TLIPKMdDJ - TilJ
I F  (OIFF .EO. 0.4 GO rti L3
ADIF41,ID) = (AJiF(A,IU-A) - AiJik4  i - l ,  ID-l))/iJIFf*t=KMid

2 0 CONTINUE
Rt iJr(:J

EN0
S U B R O U T I N E  BSPLEV  ( T, AOIF, N, K, X, jl(AimdE, NOEHIV 1

C A L C U L A T E S  V A L U E  O F  S P L I N E  ANJ  ITS DERIVAiAYtS A T  *X* F R O M  t+RtPti.
DIMENSION T(l)  ,AOIF(N,N>ttiIVJ,S~A~dt~~J
DIMENSION VNIKXt20)
00 5 1OUNW+l,NDERIV

S SVALUE(  IDUMMY,  = 0 .
KM1 = K-l
C A L L  INfERV(T(KJ  ,N+.l-<Jl,X,I,MFCAGJ

= I+KMl
:F OIFLAGJ 9Y,ZL),3

9 I F  4X .GT.  T(I)) GO TU 9 9
10 IF 41 .EU.  K) GO l-u 99

1=1-l
I F  (X .EQ. T(I)) G O  ro Ai)

.C
C *I+ H A S  B E E N  F O U N D  I N  1k,YJ SU THAT Tlii .LE. X -LT. T(i+l)
C ( O R  .LE.  T(I+lJ, I F  r(i) .Ll. Tl i+iJ = TtN+L1 I.

2 0  KPlMN  = K+l-NDERIV
CALL EW’LVN(T,KPl~N,A,X,  A,VYAKXJ
I O  = NOER I V

2 1 L E F T  = I - KPltlN
D O  2 2  L=l,KPlMN

LEFTPL = LEFTeL
2 2 S V A L U E  ( IDI = VNAK~~LJ*ADI~(A~~TYL,~~~  + SVALUE(  IuJ

ID = IO - I
I F  (10 .EQ. 01 GU ru 99
KPlUN = KPlMN + 1
C A L L  BSPLVN(T,O,Z,X,  I ,VNiKXJ

Gu Ill LA
c

9 9 RE TJKN
E N D
S U B R O U T I N E  8SPLPP  ( T, A ,  N, K, SCRTCH,  xl, C, CXI J

C O N V E R T S  &SPLINE REPRESfMTAliilN  TO PAECtwlSt PdLYNOMIAL  REYRESENTATION
D I M E N S I O N  T(A1tA~l~~SC~~CH(N,KJ,XI~A~,C~K,AJ
CALL BSPLDR(T,A,N,K.SC~TCHIKI
LX1 = 0
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305 .
3 0 6 .
3or.
308.
309.
310.
311.
3lL l

3 1 3 .
3 1 4 .
3AS.
31s.
317 .
318 .
319.
3 2 3 .
3 2 1 .
322 l
3 2 3 .
32(i e
325.
326 0
321.
3 2 8 .
329 o
3 3 3 .
3 3 1 .
332 l
333 0
3 3 4 .
335. -
336 -
3 3 7 .
3 3 8 .
339 0
340 e
341..
342 l
343 0
344 l
34s 0
346 -
347 0
348e
349 -
35om
3S1 l

3S2 o
353 0
3 5 4 .
35s l

3 % .
357 m
358.
3 5 9 .
3 6 0 .
36L -
362 a
36) l
3 6 4 .
365.

XI(L) = l(K)
00 5 0  ILEFl=K,N

I F  (T(ILEFT+11  .EJ. 1llciFtJJ i i 3  JJ 5 0
LX1 = LX1 + 1
Xf(LXI+l)  = T(ILkFT+lJ
CALL ~SPLEV(T,SCRTC~,N,K,X~(AXAJ  &(A,Lx~J  ,K)

s o C O N T I N U E
C

At J3RY
flw
SUBRWTINE  tlSPLVD  ( 1, <* XI AC&T,  vNAKX, NDkRIV J

C A L C U L A T E S  V A L U E  A N D  DERIYmb  3f A L L  B-bPLANtS  rlHICH DIJ N O T  V A N I S H  A T  x
OIMtNSfUN  T(1) ,VNIKX(r(,t’YDtAIJJ
UIMENSIUN  A(20.20)

P

;: F I L L  VNIKX(J,IDERIV)r J=il)tR.lV, .m. rk rrAlr(  IdINZERO  V A L U E S  O F
C I)-SPLLNtS O F  CROER  K+1-il)iAAd  e iUtRlv=\uttsAv, l m e  ,l, B Y  R E P E A T E D
C  C A L L S  T O  t)SPLVN

C A L L  ~~SPLVN(T,K+~-NU~~(~J,~,~,AL~~J,V~~~KXLN~~R~V,N~)ERLV)J
IF (NOERIV -LE. 1) 6u Iti 39
IDEHIV = NCtRf\r
0 0  1 5  b2,NDERfV

IDERVM  =  IDERIV-A
DU I1 J=dDERiV,K

11 V h f  KJI J - l ,  IDERVHJ = J1uI~Xt3rl~~K1dJ
I D E R I V  = I D E R V M
C A L L  BSPLVN(T,O,L1XIlLri~~VN~K~~  i3tUVrLDERIV))

15 CONTf  NUE
C

D O  20 i=lrX
00 1 9  J=l,K

19 A(A,Jl = 0 .
2 0 All,!) = 1.

KM0 = K
D O  4 0  H=2,  ND&R  I V

KM0  = KMD-1
F K N D  * FLOATi  KMDJ
I = ILEFT
J = K

2 1 JMl = J - l
IPKMC = I + KMD
DIFF = TiIPKWJ - J(A)
IF (JMl  .EQ. 01 G3 lu L b
I F  (DIFF .EU. 0.4 w iu L3
0 0  2 4  L=l,J

2e A(L,JJ = (A~L,JJ - A(L,~-A~~‘/3At-i=*fKHD
2s J= JHl

Ifi-
6~) Jd C A

26 If (OIFF .EC. 0.4 b&A Jb 30

c -
A( LrL) = A~l,l~/Ui~~*f~~.I

30 - 00 4 0  i=l,K
v * a.
JLOU = MAX04 I ,HJ
D O  3 5  J=JLCM,K

3 5 v = A(1 ,JI*VYlKXLJ,H~ + k
4 0 VIYIKMI,W)  = V
9 9 kt r&Y

EN0
SUbROUTINE  B S P L V N  ( 1, 3rdiGd, hL)tXe  Ar IA~FT, VNIKX 1
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366.
3 6 7 .
3 6 8 .
3 6 9 .
3 7 3 .
3 1 1 .
3t2.
313.
3 7 4 .
3 7 5 .
3 7 6 .
371.
3ta.
3-q
380.
381.
3 8 2 .
3 8 3 .
3 8 4 .
3 8 5 .
3 8 6 .
3 8 7 .
3 8 8 .
389,
393,
3 9 1 .
3 9 2 .
3 9 3 .
3 9 9 .
3 9 5 .
3 9 4 .
3 9 7 .
3 9 8 .
3 9 9 .
4 0 3 .
4 0 1 .
4 0 2 .
4 0 3 .
4 0 4 .
4 0 5 .
4 0 6 .
40?.
4 0 8 .
4 0 9 .
410.
4 1 1 .
4-12.
413.
416.
4 1 5 .
415.
4 1 7 .
418.
4 1 9 .
4 2 3 .
4 2 1 .
4S2.
4 2 3 .
4 2 4 .
4 2 5 .
426.

C A L C U L A T E S  THE V A L U E  O F  A L L  PDS5ldLY  iJOhui=Hd  d-SPLINES A T  *X* OF
C O R D E R  WAX(JHIGti,UtlJ~IN~EX-1JJ  O N  +T*.

OIMENSION  f(l)  ,VNIKX(AJ
D I M E N S I O N  DElThH (204 ,WL TAPI 204
OATA  J/l/,DELTAM,DELTAP/40*~.~

rid Jil ~U,ZOJ,lNDtX
10 J = 1

VNIKXll)  = 1 .
I F  4 3 .GE. JHIGHJ GU JU 33

C
2 0 I P J  * ILEFT+J

DELTAPtJJ  ;f T(IF3J  - X
IMJPl  = flEff-3+1
OELTAM(JJ  =  X  - T(iM3PPJ
V M P R E V  = 0 .
JQl s J.+l
D O  2 6  L=l,J

JQlRL * 39 1 - C
VM = VNfKX(L)/(0ELTAPILJ  t ut~TAti13PlMLJ)
VNIKXiLJ = VMIDELTAPILJ + VMPKtv

2 6 V M P R E V  = VM*DFLTAM(JPlMLJ
VNIKX1JPlJ  = VMPREI,
J = 391
I F  (3 .Lf. J H I G H J 6I1 Ju 10

C
9 9 fit JJKII

E N D
S U B R O U T I N E  I N T E R V  ( XJ, UT, X, ILkbJ,  riFl.AG J

C O M P U T E S  L A R G E S T  ILEFT I N  iA,LXTJ  S U C H  T H A T  XTIALEFTJ  .LE, X
DfMENSfON #(KT(LXT  J
D A T A  IL0 /I/
IHI = IL0 + 1
I F  (Iii! .Lf. L X T J iiu ri) LO

I F  (X .GE. XffLXfJJ G O  fu Al3
I F  (LXT .LE. 1) 60 TO 9 0
IL0 = LxT - 1

LPU J-u 21
2 0  I F  tX .GE. XT(IHIJJ Gc) JU ++,o
2 1  I F  (X .GE. XT{ I L O J J ! cu lu A33

C+*+*  NOU X .Lf. Xf( IHf) . FINO L~YEK  8~3~0
3 0  ISTEP = 1
31 IH! = IL0

IL0 = IHI - ISTEP
I F  (IL0  .LE. 1J GU Ju 3 5
I F  (X -GE. XT4 ILO)) GU iu 50
ISTEP = I STEP*2

bu Jd 3 1
35 IL0 = 1

iF (X .LT. XfllJJ GU Tu 3 3
bil  rlr 5 3

C**** N O W  X  .GE. X1( I L O J  m FIYO dPPth  803Nd
4 0  ISTEP = 1
4 1  I L 0  = IHI

IHI = -IL0 + ISTEP
I f  W-if .GE. LXTJ bi) rL4 $3
I F  1X .LT. xT(XHIJ) G3 TU 3u
ISTEP * I STEP*2

GU TU +A
45 I f  (X .GE. XT(LXTJh GO TU LA3

IHI = LXT
C+***  NOU XTtILO,J -LE. X -AT. XJiIHIJ  . iuAdAc)w THE  I N T E R V A L
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4 2 7  a
4 2 8 .
4 2 9  a
4 3 3 .
4310
4 3 2  *
4 3 3 .
434.
4 3 5  *
4 3 6 .
4 3 7 .
4 3 8  o
439 l

443.
44i l
442.
443. *
4 4 4  a

*4 4 5 .

5 0  HIOOCE = (ILG + IHIb/L
I f  (WIODLE -EC?. IL04 bU ELlr 13d

C NOTE. I T  IS ASSUHED  THAI. Mli)UCt = Ac3 Ad ;ASE Ii-41 = ILO+l
I F  tx .LT. XlH4l~DLt~~ G&J Tu 5 3

XL0 = f4fODLE
GU lu 50

5 3 IHI = MiODLf
WJ 10 Bill

C****  S E T  O U T P U T  A N D  RtTURN
90 HFLAG = -1

iLEFT = L
Cct i3itrJ

1 0 0  MFLAG = 0
ILEFT  = IL0

kk rdKiY

1 1 0  H F L A G  = 1
ILEFT = LX1

kf TI)HN
END
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1.
2 .
3.
4.
5.
5.
T.
3 .
9 .

1 3 .
11.
1 2 .
1 3 .
1 4 .
1 5 .
15.
17.
19. 1
1 9 .
2 3 .
21.
XL *
2 3 .
24.
2 5 .
2 5 .
2 7 .
28.
29,
33.
3 1 .

;::
34.
3 5 .
36.
3 7 .
3 8 .
39.
40,
4 1 .
4 2 .
4 3 .
44.
4 5 .
45.
47 l
4 8 .
4 9 .
5 3 .
51. -
52. _
5 3 .
5 4 .
5 5  c
5 6 .
57.
59.
5 9 .
60.

AlFFT'NDIX  II

PROGEOURE  DEBhAT(  INTEGkR VALJE  NlrNLvH;  titAA A R R A Y  X(*t);
R E A L  A R R A Y  Ail,*); R E A L  A R R A Y  CFF(*or)  1;

CQMMENT  DEBNAT C O M P U T E S  TrlE C O E F F I C I E N T S  O F  BOTH  T H E  P I E C E W I S E
P O L Y N O M I A L  REPRESENTATI3N A N D  THt d-SPLINt R E P R E S E N T A T I O N  O F  A
N A T U R A L  S P L I N E  S(X) uF DEGREE  42*M-AJ,  I N T E R P O L A T I N G  T H E
O R D I N A T E S  Y(I) A T  POINT>  X(I) t I=NL TtiRJiJGH  N2.

PIECEkISE POLYNOMAAL  RtPRtstNTuTItiN:
F O R  X X  I N  (X(1),X(1+1)),  I=:YAr...rNZ-lr
S(XX)=A(I,O)+A(I ,l )*J+.. .+AII,L+M-AJ+T+*(L+M-I)
W I T H  J=XX--X( I).

8-SPLINE  REPRtSENTATION:
F O R  X X  fN tX(NlJ rX(N2JJr
S(XX)=CFF(l~~N(L,2*M,XXJ+CFF~2J*N~~~dWXXJ+-..

+CFF(N2-N1.+L~M-1l*N~NL-NA+L+~-l,2~M,XX~
W H E R E  N(J,2*M,XX) IS Trt: (NJRMACALEO)  B-SPCINE  O F  D E G R E E
(2*M-1)  O N  ‘ T H E  K N O T  StddtNCE  T(J)r...,T(3+2*MJ.
I N P U T :

Nl ,N2 S U B S C R I P T  O F  F I R S T  A N D  CAST OATA P O I N T
M 2*M-1  I S  T H E  DtGREt  O F  THk ,YAI-JR41  S P L I N E ,

A D M I S S I B L E  VAL3ES  RANGt  );RW4 1 T-ii NZ-Nl+l,
R E C O M M E N D E D  VALUES  AAk N U T  GRkAltR  T H A N  7  (SAY1

X(N1:  :N2) C O N T A I N S  T H E  G I V E N  A B S C I S S A S  X( 1) W H I C H
Ml,ST B E  STRIGTLY  WNOTuNE INCRtASING

A(N1 ::NZ,O::Z*M-11  C3NTAINS  THt GIVtv O R D I N A T E S  A S  Z E R O - T H
C O L U M N ,  1-t. Ai I.01 REPHtSENTS Y(ib

O U T P U T  :
A(Nl::N2,0:  :2*M-lJ TdE CiliiFfICiENTs  Jf rHE P I E C E W I S E  P O L Y N O M I A L

R E P R E S E N T A T I O N  CIf T H E  NATURAL  Sf’cINE, (ALN2,O)  I S
U N C H A N G E D  AW \1O VIQL3ES  ARt ASSIGNED T O  T H E  L A S T
R C W  O F  A)

CFF(1:  :NZ-N1+2*M-1)  T H E  GOEFFiCItNTS  3F T H E  B-SPLI N E
R E P R E S E N T A T I O N  UF 1HE NATdRAL  SQL INE;

I F  (M >  O J  A N D  (M <= NZ-Nl+lJ  T H E N
B E G I N
P R O C E D U R E  BSPLDR(REAL  A R R A Y  T,At*J;  INTEbkR  VALUE  NtK;

R E A L  A R R A Y  ADIF(*,*)  i IIYTEGER  V A L U E  N D E R I V ) ;
CCHMENT  C O N S T R U C T S  DIV,  DIFF. T A B L E  F O R  1395PLINE  CCJEFF.

P R E P A R A T O R Y  T O  DERIV.  CACC..  AHRaY  D I M E N S I O N S  A R E  A S
FOLLOkS: T (I: r*N+KJ  t All::NJr ADiF  1 : :N,l::NDERIV).
N D E R I V  S H O U L D  B E  I N  (2,KJ;

B E G I N
I N T E G E R  KMID;
R E A L  DIFF;
FOR  I :=l U N T I L  N  D O  A3IF(lrA):=A(Id;
KMID:=K;
F O R  X0:=2  U N T I L  NOERIL  iJ0
BEGIN

KMID:=KWID-1;
F O R  I : = I D  U N T I L  N DO
B E G I N

DIFF :=T( I+KMIOJ  - T(I);
I F  OIFF-=0  T H E N

ADIF  I ,  IO) :=~AtiIf(f,IO-i4 - Adif  4 I-l,ID-1)  )/DIfF*KMIO
END -

END
END B S P L D R :
P R O C E D U R E  BSPLEViREAl  A R R A Y  T(+J  ; HtAL A R R A Y  ADIF(*  ,*J ;

INTEGtiR  V4L3E N,K; AcAL  ~ALJE  X:
R E A L  ARRAY SVaLUEI*J; INTiGER V A L U E  N D E R I V ) ;

C O M M E N T  C A L C U L A T E S  V A L U E  O F  SPLiNt ANI)  1TS 3tAIVATIVES A T  X  f--ROM
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6 1 .
62.
6 3 .
6 4 .
6 5 .
6 6 .
67.
6 8 .
6 3 .
7 3 .
7 1 .
7 2 .
7 3 .
7 4 .
7 5 .
7 6 .
7 7 .
7 8 .
7’3.
8 0 .
8 1 .
8 2 .
8 3 .
8 4 .
8 5 .
8 5 .
8 7 .
8 3 .
b 9 .
9 0 .
91*
9 2 .
Y3.
9 4 .
9 5 .
96.
9 7 .
9a.
9 9 .

1 0 3 .
1 0 1 .
1 0 2 .
1 0 3 .
101.
105.
105.
1 0 7 .
1 0 8 .
109.
1 1 0 .
111.
112.
113.
1 1 4 .
1 1 5 .
1 1 6 .
1 1 7 .
113.
1 1 9 .
1 2 3 .
1 2 1 .

B - R E P R E S E N T A T I O N . A & R A Y  OlHtlvsIONS  A R E  A S  F O L L O W S :
I(l::N+K),  ADIf(A::N,1;:NDEHAV),  ~~~AL~E~~=:NDERIV);

BEGIN
R E A L  A R R A Y  VNIKX(l::Ki;
R E A L  A R R A Y  TJ( 1: :N+l);
I N J E G E R  KMl,HFLAG,I,CEfT,IO,KPlHN;
F O R  I D U M M Y t=l bNJIL N3fRIV 00 SVAuEt1DJMHY) :=O;
KM1 :=K-1;
F O R  1 D U M M Y :=A U N T I L  N+l DU JJ(10JMMYJ:=T(iUUMMY+K-1);
INTERVIJJ,  N+l-KM  l,X,i, ‘4FLAG)  ;
I :=I+KMl;
I F  MFLAGCO  T H E N  G O  Ji) S39
ELSE IF MFLAG=O THEN GO JO b20;
I F  X>T( 11 T H E N  G O  T O  S99;

s10: I F  I=K T H E N  G O  T O  S 9 9 ;
I :=X-l;
I F  X=T(I) JhEN G O  J O  SlO;

C O M M E N T  i H A S  8EEN SOJN3  A N  (K,Nb S O  JHAC J(Il<=X<=TJI+ll
(OR C=T( X+1), I F  JIi)<J(i+AI=J(Y+l)l;

s20: KPlMN:=K+l-NDERIV;
BSPLVN(1,KPlMN.l  ,X,I,vNAKXI;
ID:=NDERIV;

SZI: L E F T : = I-KP AMN:
F O R  L :=1 U N T I L  KPLMN QO

SVALlJE(  IO):=VNIKX(LJ*AOiF(LEfJ+L,i0~  + SVALUE(IDJ;
x0:=10-1;
If IO=0 T H E N  G C  T O  3 9 3 ;
KPlMN:=KPlnN+l;
BSPLVN(T,0,2,X,I,VNiKXJ;
GO TO S21;

s99  :
END  BSPLEV;
P R O C E D U R E  BSPLPP(REAL A R R A Y  T,UW; INJtGEa  VA L U E  N,K;

R E A L  AKRAI  SC&JCH(*,*); 4iiAL  A R R A Y  XI(*);
R E A L  A R R A Y  C(+,+b; IIuTtritII  R E S U L T  LXX 1;

CGMMENT  CONVERTS &SPLdNE  RSPRESENTATAON  r3 P IECEWI SE POLYNOMI AL
R E P R E S E N T A T  I O N . A4RAY  DiMtNSLUNb  ARt  AS F O L L O W S :
T(l::N+K), A(l::NI,  SCRJCHIl::h,l::KJ, XI~l::LXI+l1,
C(1 ::K,l: :LXI), CXI=N-K-A  iF N O  3EPAEAfED  K N O T S ;

B E G I N
BSPLUR(T,A,N,K,SCRJCH,K);
LXI:=O;
XI(l) :=T(K);
FOR ILEFJ : = K  UNTIL N ~0

I F  11 ILEFT+ -=TdiLtFJ)  iHEN
BEGIN

LXI:=LXi+l;
XI(LXI+iJ : =J( ilEFT+  J i
BSPLEVtJ,SCRTCH,Y,K,XI(LXAJ  ,C(*~AXIJ ,K)

E N D
END BSPLPP:
P R O C E D U R E  BSPLVN(REAL  AHd4f J(*J; ANJEud  VALUE JHIGH,INOEX;

Rt AL VALUE Xi iNTtGtR  VALJc I L E F J ;
REAL ARRAY VNIKX(*) J; e

C O M M E N T  C A L C U L A J E S  T H E  VAL3E  O F  ALL Yu35113~Y  NONZERO  B - S P L I N E S  A T  X
O f  ORDER  MAXi JHIGH, (33+1) L ANutX-L  J J JN T . INDEX=1  O R  2 .
J J ,  OELTAN,  DELJAP  ARt (;CCJ6Ac  vAAAA~A~S.
B E F O R E  T H E  F I R S T  CALL  ONk  HJSJ  acJ JJ=l A N D  A L L  E L E M E N T ’ S  OF
D E L T A M  A N 0  OELJAP  =  4 0 . AKtiAY I)IMtNbIONS  A R E  A S  F O L L O W S :
T(1 : :N+K) , VNiKX(A::K), D~LTAM(L::&J,  DELTAP(l::KI;

BEGIN
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Lila 1NitbtH JPl,JPLML;
113. HtAL VMPHt  V ,VM;
124. 1F INDEX=1  T H E N
lL>. BtGI\
1 423. jJ:=l;

111. VNIKX(  1 ):=l:
123. I f -  JJ>=JhIGH THE& Gu T-3 599
113. E N D ;
133. S20: DELTAPiJJ) :=T( ILEFT+JJ) - X ;
1 3 1 . utLTAM(JJ1  : = X  - TI IAL~T-JJ+LJ;
1 3 2 . VHPt;tV:=O;
1 3 3 . Jf’l:=JJ+l:
13%. F O R  L :=l L;kIlL  J J  03
133. t)tGAN
133, JPlML: - JYl-1;
137. VPl :=VNiKX(C)/IDELIaulC)  t DECTAM(JPLYL));
133. VNIKXLLJ :=VM*DELTAP~LJ  + dMYKtb;
139. LMPREV : =VM*CI~LTA#(JP~I’IL)
143.' tNC  :
141. VNIKX(JPlj  :=VMPRtV;
1 4 2 . JJ:=JPl;
143. LF JJ<JHlbH T H E N  G O  TJ >LU;
144 ‘, s99:
145. END f33PL V N ;
145. PHLLiU;r’E  SSt’LVC(REAC  AhK4Y Tl*i; i&ILcrtd  VALJE  K;
147. REAt VULJ, X ; INTtutn VAAJE  ILEFT:
143. H E A L  AK~AY  VNiKX(+,*1 ; I1\lTtdtR V A L U E  NDERIV):
142. C O M M E N T  C A L C U L A T E S  VALUEr AYi) UERIVS. db-  A L L  a-SPLINES  W H I C H  D O
153. N U T  V A N I S H  A T  X. AKKAY  01MEluSAulti~  A&E A S  F O L L O W S :
1 5 1 . Itl::h+K) 9 VNIaxlA:  :K,1::&UchAkb;

-1SL. 6EGIN
1 5 3 . INTiuEH  IDEKIV,IDERVM,~~~,A,J,J~A,J~~~;
154. HEAL  VtDIT-F;
1 5 5 . HtAL  A R R A Y  NVNIKX(  1::KJ;
1 5 6 . iitiAL A R R A Y  A(l::K,l::O;
1 5 7 . LUMMtNT  F I L L  VNIKXIJ,A3thll/), J=lutRAu,.a.,K  W I T H  NONZERO
1 5 3 . LALUES O F  B-SPLINtiS  UF urld)tK  K+A-IDERIV,
153. IOEKIV-NDERIb ,.rr,l dY Kti'tAd-td  C A L L S  T O  BSPLVN:
1 6 3 . dSPLVN(T,K+l-NDERIV,i,A,  ALtFI,Nu,iqiKx);
161. FUR  1 D U M M Y :=NDERIV UI’JI~L  ti 3cl
1 6 2 . VNIKXI ICUMMY,NDEkiv~ : =l~VNAKAII~3~MY=UUt~IV+1);
163, I F  NOERiV<=l  ThEN G O  13 b,s)9;
164. IDERI v :=NDfRiV;
162. FUK i:=L clNTlL NDERIL 3~
165. BebIN
167. IDERVM:=IOERIV-1;
163. F O R  J : =  IDER I V  UNTlt  i 3b
1 6 3 . VNIKX(J-1,TDEkii~J:  -VNlKXId,  IdthlV);
173. IDERIV : =IDERVM;
171. BSPLVN(  l,Op 2, Xv ILti-T, i\dNlnX);
172*- FUR I D U M M Y :=IDERIV cr\TlL  K L)u
173. VNIKX( IOU)4MY,dUttdi  VI :=NVEUAKXI  ADJrdHY-ADEKIV+l  J
174. - tND;
175. F O R  I:=1 U N T I L  K  D O
175. BEGIN
1 7 7 . F O R  J:zl U N T I L  K DO
173. A( 19 J) :=C;
179. A(ItIl:=l
183. E N D ;
1 8 1 . K M O :  =K;
182. F O R  M :=2  U N T I L  NDERirl OJ



366.
3 6 7 .
368.
369.
3 7 3 .
311.
3 7 2 .
31s.
3 7 4 .
3 7 5 .
376.
371.
37a.
3 7 9 1
380.
381.
382.
383 0
3 8 4 .
3 8 5 .
3 8 6 .
3 8 7 .
3 8 8 .
389 a
393 0
3 9 1 .
3 9 2 .
3 9 3 .
3 9 9 .
3 9 5 .
3 9 4 .
3 9 7 .
3 9 8 .
3 9 9 .
403.
4 0 1 .
4 0 2 .
4 0 3 .
4 0 4 .
4 0 5 .
406.
40?.
408.
409.
410.
411.
4-12.
4 1 3 .
416.
4 1 5 .
415.
Cl?.
418.
4 1 9 .
4 2 3 .
421.
4S2.
4 2 3 .
4 2 4 .
4 2 5 .
426.

C A L C U L A T E S  TfiE V A L U E  O F  A L L  PoS5ldCY iJOhui=Hd  d-SQLIMES A T  *X* OF
C O R D E R  WAX(JHIGH1(3+L)(IN)EX-I))  ON +T*.

OIHENSION  f( 1) ,VNIKX(A)
D I M E N S I O N  ilElThl(20&  ,OEL  TAPI  ;LO)
D A T A  J/l/,DELTAMrDELTAP/QD*~.~

rid ril did,ZOJrlNDtX
10 J = 1

VNIKXIIJ = 1 .
I F  4 3 .GE. JHIGH) GU TU 33

C
2 0 IPJ * IlEFT+J

DELTAPtJb  ;f T(1F.i)  - X
IMJPl  = ILEFT-3+1
OELTAM(JJ  =  X  - T(iMJPP1
V M P R E V  = 0 .
JQ1  s J.+l
00 2 6  L=lrJ

JQlW * 39 1 - L
V M  = VNfKX(L)/(0ElTAPIL)  t Ut~TAti1 JPlMCJ 1
VNIKXiLJ = VMIDELTAPIt.1  + VHPKtV

2 6 V M P R E V  = VH*DELTAM(JP1HL1
VNIKX1JPlJ  = WPREI,
J = 391
I F  (3 .Lf. J H I G H J GLJ  J-u 10

C
9 9 fit TJKII

E N D
S U B R O U T I N E  I N T E R V  ( X1, LkTr  XI ILtFi-8  riFl.AG J

C O M P U T E S  L A R G E S T  ILEfT  I N  (AgLXT)  S U C H  THAT  XTliLEFTJ  .LE, X
D I M E N S I O N  KT(LXT  J
OATA  IL0 /I/
IHI = IL0 + 1
I F  (IHI  .Lf. L X T J iiu ri) LO

I F  (X .GE. XffLXfH G O  Tu AA3
I F  (LXT .LE. 1) GO TO 9 0
IL0  = LxT  - 1

LPU J-u 21
2 0  I F  tX .GE. XT(IHIJJ GU TU ++,o
2 1  I F  (X .GE. XT{ I L O J J ! cu ru A33

C+*+* NOU X .LT. XT{ IHI) . FIND  i.dYfiK 8~3~0
3 0  ISTEP = 1
31 IHI = IL0

IL0 = IHI - ISTEP
I F  (IL0 .LE. 1)
I F  (X -GE. XT{ ILO))
ISTEP = I S T E P * 2

35 IL0 = 1
iF (X .Lf. XT1 1)) Gu Tci 33

bil Tlr 5 3
C****  N O W  X  .GE. XT{ I L O J  m FIYO dPPth  t)&JNd

4 0  ISTEP = 1
4 1  IL0 = IHI

IHI = -IL0 + ISTEP
If (IHI .GE. LXTJ
I F  1X -LT. XT(XHIl)
ISTEP * I  S T E P * 2

4 5  I f  (X .GE. XTtLXTJh Gil TU ~13
IHi = L X T

C+***  NOU  XT(ILO,J  -LE. X .AT. XIiIHI) . IMA&UU  THE  I N T E R V A L
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4 2 7 . 5 0  M I D D L E  = (ILG + IHIJ/L
4 2 8 . I f  (WIODLE -EC?.  1104 bU ELlr 13d

4 2 9 . C N O T E . I T  IS A S S U M E D  THAI. L4li)DCt = Ac3 Ad ;ASE IHL = ICO+l
4 3 3 . I F  tx -LT. xl(MlDDLt~~ G&J Tu 5 3
431. XL0 = M I D D L E
4 3 2 . Gu Tu 50
4 3 3 . 5 3 IHI = M I D D L E
434. WJ 10 Bill
4 3 5  * C****  S E T  O U T P U T  A N D  RtTURN
4 3 6 . 9 0  MFCAG  = - 1
437. iLEFT = L
4 3 8 . Cct i3itlJ

439 l 1 0 0  MFLAG  = 0
443. ILEFT  = IL0
44i. kk rdKiY

442. 110 H F L A G  = 1
4 4 3 .  * ILEFT = LxT
4 4 4 . kf TI)HN
445. * E N D
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1.
2.
3.
4.
5.
5.
T.
3.
9.

13.
11.
1 2 .
13.
14.
15.
15.
17.
18. 1
19.
23.
21.
XL.
23.
24.
25.
25.
27.
28.
29.
3 3 .
3 1 .

;::
34.
35.
36.
37.
38.
3 9 .
40.
4 1 .
42.
4 3 .
4 4 .
4 5 .
4 5 .
4 7 .
4 8 .
4 9 .
5 3 .
51. -
52. _
53.
54.
55 c
56.
57.
59.
59.
50.

P R O C E D U R E  DEBhATt  INTEGkK  VAA3E NlrNLvH; titAL  A R R A Y  xl*);
REAL ARRAY Al*,*); R E A L  A R R A Y  CFFl*or)  J;

C O M M E N T  OEBNAT  C O M P U T E S  TrlE C O E F F I C I E N T S  O F  B O T H  T H E  P I E C E W I S E
POLYNOWIAL  REPRESENTATI3N A N D  THE d-SPLINt R E P R E S E N T A T I O N  O F  A
N A T U R A L  S P L I N E  SlXJ uF D E G R E E  42*M-A),  I N T E R P O L A T I N G  T H E
O R D I N A T E S  Y(I) A T  POINT>  Xl1 J t I=NL TtiRiJiJGH  N 2 .

PIECEkISE POLYNOMAAL  RtPRtstNTuTIDN:
F O R  X X  I N  (X(I~,X(I+lJJ,  I=:YAr...rNZ-lr
S(XX)=A(I,OJ+A(I ,l)*J+...+AII,L+M-A~*T**l~*M~l~
W I T H  J=XX-X11).

8-SPLINE  REPRtSENTATION:
FOR XX IN 4XlNlJ  rX(N2JJr
SlxX)=CFF(lJ~N(L,2*M,XXJ+CFF42J*N~~~d+!~XXJ+...

+CFFlN2-N1.+L~M-1l*N~NL-NA+L+M-l,2~M,XX~
W H E R E  N(J,2*M,XX) IZi r1-4: ~NC)RMACALED)  B-SPCINE  O F  D E G R E E
12*M-1J  O N  ‘THE KNOT StddtNCE  TlJJr...,TlJ+Z*MJ.
I N P U T :

Nl,N2 SUBSCRIPT OF FIRST AND CAST OATA POINT
M 2*M-1 IS THE DtGREt OF THE iYAT~RA1 SPLINE,

A D M I S S I B L E  VAL3ES  RANGk );RL#~  1 Tii NZ-Nl+l,
R E C O M M E N D E D  VALUES  ARt N U T  i;RtATtR T H A N  7  (SAY1

XlNl: :N2) CGNTAIblS  T H E  G I V E N  A B S C I S S A S  X( 1) W H I C H
Ml,ST B E  STRIGTCY WNDTuNE  I N C R E A S I N G

AlNl ::NZ,O::Z*M-11  C3NTAINS  THE GIVtY O R D I N A T E S  A S  Z E R O - T H
C O L U M N ,  I . E .  A l  1.0) REPHtSENTS Y(iJr

O U T P U T  :
A(Nl::N2,0:  :2*M-l) TdE CdEFFICiENTs  Jf T H E  P I E C E W I S E  P O L Y N O M I A L

R E P R E S E N T A T I O N  W T H E  N A TU R AL Sf’cINE, (A(N2,OJ  I S
U N C H A N G E D  AW \10 VIQLJES  ARt ASSIGNED T O  T H E  L A S T
R C W  O F  A)

CFF(l: :N2-N1+2*M-1)  T H E  GOEFFiCItNTS  3F T H E  B-SF’11  N E
R E P R E S E N T A T I O N  UF T H E  NATdRAL  SQL INE;

I F  (M > 0) A N D  (M <= NZ-Nl+lJ T H E N
BEGIN
P R O C E D U R E  8SPlDRtREAL  A R R A Y  T,AtW;  INTEbkR  VALUE  NtK;

R E A L  A R R A Y  ADIF(*,*Ji IIYTEGER  V A L U E  NOERIVJ;
CCHMENT  C O N S T R U C T S  DIV. DIFF. T A B L E  F O R  139SPLINE CDEFF.

P R E P A R A T O R Y  TO DERIV. CALL..  AHRaY  D I M E N S I O N S  A R E  A S
FOLLOkS: T 11: r*N+KJ  t All::NJr ADiF A : :N,l::NOERIVl.
N D E R I V  S H O U L D  B E  IN 12,KJ;

B E G I N
INTEGER KMID;
R E A L  DIFF;
F O R  I :=1 UNTIL N DO A3IFllrAJ:=A(IJ;
KMID:=K;
F O R  ID:=2 U N T I L  NDERIL  iJ0
BEGIN

KMID:=KWIO-1;
F O R  I : = I D  U N T I L  h DO
B E G I N

DIFF : = T l  I+KMIDJ - T(i);
I F  DIFk=O  T H E N

ADIF I, IO) :=iAtiiflf,iD-iJ - Adif 4 I-l,ID-1)  )/DIfF*KMID
EN0 -

END
E N D  B S P L O R :
P R O C E O U R E  BSPLEVlREAl  A K R A Y  T(+J  ; KkAL  A K R A Y  ADIFl* ,*J ;

INTEGtiR  V4L3E N,K; AcAL  ~ALJE  X:
R E A L  ARRAY SVALUEI*J; INTiGER V A L U E  NDERIVJ;

C O M M E N T  C A L C U L A T E S  VALUE O F  SPLiNt ANI)  1TS 3tAiVATIVES A T  X  f--ROM
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6 1 .
62.
6 3 .
64.
6 5 .
66.
67.
6 8 .
6 3 .
7 3 .
7 1 .
7 2 .
7 3 .
76.
7 5 .
7 6 .
7 7 .
78.
7’3.
8 0 .
8 1 .
8 2 .
8 3 .
8 4 .
8 5 .
8 5 .
8 7 .
8 3 .
b3.
9 0 .
91*
9 2 .
Y3.
9 4 .
9 5 .
96.
9 7 .
9a.
9 9 .

1 0 3 .
1 0 1 .
102.
103.
101.
105.
105.
1 0 7 .
1 0 8 .
109.
110.
111.
1 1 2 .
113.
1 1 4 .
1 1 5 .
1 1 6 .
1 1 7 .
1 1 3 .
1 1 9 .
1 2 3 .
1 2 1 .

B - R E P R E S E N T A T I O N . A R R A Y  OlHtlvslONS  ARE AS F O L L O W S :
T(l::N+KJ,  ADIf(A::N,1~:NDEHAV),  ~~~AL~E(~=:NDERIV);

B E G I N
R E A L  A R R A Y  VNIKX(l::Ki;
R E A L  A R R A Y  TT(  1: :N+l);
I N T E G E R  KMl,~fCAG~I,CEfT,ID,KP1~N;
F O R  I  DUMMY t=l bNTIL  N3fRIV  00 SVAuE(103MHYJ  :=O;
KM1 :=K-1;
FOR 1  DUMMY :=l U N T I L  N+l DU TT(103MM~):=T(IUUMMY+K-1);
INTERVtTT,  N+l-KM  l,X,~i, ‘4FLAGJ  ;
I :=I+KMl;
I F  MFLAGCO  T H E N  G O  Ji) S39
E L S E  IF MFLAG=O  T H E N  GO T O  b20;
I F  X>T( 11 T H E N  G O  T O  S99;

s10: IF I=K THEN GO TO S99;
I :=1-l;
I F  X=T(I) ThEN  G O  T O  SlO;

C O M M E N T  f H A S  8EEN SLIJN3 AN (KsNb SO JdAC T(IJ<=X<=T(I+lJ
(OR C=T( I+lJ 9 IF TI1J<T4I+A)=J(Y+l)J;

s20: KPlMN:=K+l-NDERIV;
BSPLVN(TtKPlMN.1  ,X,i,iiNAKXJ;
ID:=NDERIV;

S2l: L E F T : = I-KP 1MN:
F O R  L :=l U N T I L  KPLMN DO

SVALUE(  ID):=VNIKX(CJ*ADiF(LEfT+C,iO~  + SVALUE(IDJ;
ID:=ID-1;
If ID=0 THEN GC TO 393;
KPlMN:=KPlHN+l;
BSPLVN(T,0,2,X,lrVNiKXJ;
G O  T O  S 2 1 ;

s99  :
E N D  BSPLEV;
P R O C E D U R E  BSPLPP(REAL AkRAY  T,4(*1; IEITtGER  VA L U E  N,K;

R E A L  AKRAI  SC&JCH(*,*); 4iiAL  A R R A Y  Xl(*);
R E A L  A R R A Y  CW,+b; II\(JtritII  RESULT LXIJ;

CGHMENT CONVERTS &SPLdNE KSPKESENTAJAON r3 P iECEW1 SE POLYNOMl  AL
REPRESENJAT ION. A4RAY  c)IMtNSLUNb  ARt AS FOLLOWS:
T(l::N+KJ,  A(l::NJ,  SCRJCHIl::N,l::KJr  XI(l::LXI+l),
C(1 ::K,l:  :LXI Jm LXI=N-K-A  iF N O  3EPAtAfED  K N O T S ;

BEGIN
BSPLDR(T,A,N,K,SCRTCH,KJ;
LXI:=O;
XI(l) :=T(KJ;
FOR ILEFT : = K  UfuTIL N ti0

I F  T( ILEFT+U -=TdILtFT)  THEN
B E G I N

LXI:=LXI+l;
XI(LXI+iJ :=TULEFJ+A);
~SPLEV(T,SCRTCH,Y,K,XI(LXA)  ,C(*~AXIJ ,Kl

E N D
E N D  BSPLPP:
P R O C E D U R E  BSPLVNtREAL  ARd4f ft*J; ANTEud  VALUE JHIGH,lNDEX;

R t  A L  VALUE Xi iNJtGtK  VALJc  ILEFT;
REAL ARRAY VNIKX(*) 4; e

COHHENT  C A L C U L A T E S  T H E  VALVE O f  ALL Yu35113~Y  NONZERO  8-SPLINES A T  X
O F  O R D E R  MAX(  JHIGH, (33+1  J L AIU~~A-L 11 JN T . INDEX=1  O R  2 .
J J ,  DELJAN,  D E L J A P  ARt (;C06Ac vAA/AdAtS.
BEFORE T H E  F I R S T  CALL ONk  H J S J  acJ JJ=l A N D  A L L  ELEMENtS OF
D E L T A M  A N D  D E L J A P  =  CO. AKtiAY DIMtN310NS A R E  A S  F O L L O W S :
T(1 : :N+K) 9 VNiKX(A::KJ, D~LTAH(L::KJ~  DELTAP(l::K);

BEGIN
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Ail 0 1NitbtH JRl,JPLML;
113. HtAC VMYHt  V ,VM;
1 2 4 . 1F INUCEX=l  T H E N
AL>. BtGl\
1 423. jJ:=l;

111. VNIKX(  1 ):=A:
123. I f  JJ>=JhIGH THE& Gu l-3 599
113. E N D ;
133. S20: L)ECTAP(JJ) :=T( ILEFT+JJ) - X ;
1 3 1 . utLTAM(JJ1  : = X  - T( IALFT-JJ+lJ;
1 3 2 . VHPt;tV:=O;
1 3 3 . JPl:=JJ+l:
1 3 4 . F O R  L :=l L;kVIL J J  03
135. t)kGAN
1 3 s . JPAMC: - JYA-1;
137. VPl :=V~iKX(CJ/(DELraulC)  t iIECTAMtJPlYL)I;
135. VNIKX(LJ :=VM*DELTAP~LJ  + dMYKtV;
139. LMPREV : =VM*DtLTA#(J~lnL)
1 4 3 . ’ tNC :
1 4 1 . VNIKXiJPlj  :=VMPRtV;
1 4 2 . JJ:=JPl;
143. LF JJ<JHlbH T H E N  G O  TJ >LU;
144 ‘, s 9 9 :
145. END f33PL V N ;
145. PHLLiU;r'ti  SSt’LVC(REAL  AhK4Y  Tl*i; i&ILcrtd  VALJE  K;
1 4 7 . REAt VALJ, X ; 1NTtu~n VAAJE  ILEFT:
1 4 3 . H E A L  AK~AY  VNiKX(+,*I  ; I1\lTtdtR V A L U E  NDERIV):
149. COnMEN  C A L C U L A T E S  VALUEr AYi)  UERIVS.  db- A L L  a-SPLINES  W H I C H  D O
153. N U T  V A N I S H  A T  X. A&KAY  01MEluSAulti~  A&E A S  F O L L O W S :
1 5 1 . Itl::h+K)r  VNIaxlA: :K,i::&Uchikb;

-1SL. 6EGIN
1 5 3 . INTiuE44  IOEKIV,IDERVM,k”l~,A,  J,JHA,JLdm;
154. H E A L  VtDIbF-;
1 5 5 . HtAL  A R R A Y  NVNIKX(  A::&);
1 5 6 . iitiAL A R R A Y  A(l::K,l::O;
1 5 7 . LUMMtNT  F I L L  VNIKX(J,AJthIV),  J=lDtRAu,...,K  W I T H  NONZERO
153. LALUES  O F  B-SPLiNtiS  UF uKdtK K+A-IDERIV,
153. IOEKIV-NDERIV ,.rr,l dY Kti'tAd-td  C A L L S  T O  BSPLVN:
1 6 3 . dSPLVN(T,K+l-~DERIV,i,A,  ALtFT,l\u,i~i&x);
1 6 1 . FUR 1 D U M M Y :=NDERIV  UI’JI~L  ti 3cl
162. VNIKXi  ICUMMY,fWEkiv~ :=l~VNIKAII~3~MY=VUt~IV+1);
1 6 3 . I F  NOERiV<=l  ThEN G O  13 b,s)9;
164. IDERI v :=NDfRIV;
162. FUK i:=L cl&TIL NDERIL 3~
165. BebAN
1 6 7 . IDERVM:=IOERIV-1;
1 6 3 . F O R  J : =  IOER I V  UNTlt  i 3b
1 6 3 . VhIKX(J-l,IDE&iinJ: -VNIKXId,  1dthlVb;
173. IDERIV : =IDERVM;
171. BSPLVN( l,Op 2, Xv ILtbi, i\dNlkX);
1 7 2 .  _ FUH I D U M M Y :=IDERIV cr\TlL K L)u
1 7 3 . VNIKX(  IOlJMMY,~Uttii VI :=NVEUAKXI  ADJrdHY-ADERIV+l  J
174. - tND;
1 7 5 . FOR I:=1 UhTIL  K  D O
1 7 5 . BEGIN
1 7 7 . F O R  J:zl U N T I L  K DO
175. A( 19 J) :=C;
173. A~ItIl:=l
1 8 3 . END;
1 8 1 . K M D :  =K;
182. F O R  M :=2 U N T I L  NDERIrl OJ



183.
1 8 4 .
1 8 5 .
1 8 5 .
1 8 7 .
1 8 8 .
189,
130.
191.
1 9 2 .
1 9 3 .
194,
1 9 5 .
1 9 6  m
1 9 7 .
1 9 3 .
193.
2 0 3 .
2011.
20.2.
203.
2 0 4 .
20s 1
2Ob;4
2 0 7 .
2 0 8 .
2 0 3 .
2 1 3
2 1 1  Y
2 1 2  .?.
2 1 3  u
214.-
2 1 5 .
2 1 6 .
217.
2 1 8 .
213.
2 2 3 .
2 2 1  l
2 2 2 .
2 2 3 .
2 2 4 .
2 2 5 .
226.
2 2 7 .
2 2 8 .
2 2 3 .
230.
231.
2 3 2 .
2 3 3 .
2 3 4 .
2 3 5 .
2 3 6 .
2 3 7 .
L38.
239.
243.
241.
2 4 2 .
2 4 3 .

B E G I N
KMD :=KMO-1;
I :=ILEf 1;
J:=K;

S2L: JHl:=J-1;
DIFF :=T(I+KMO) - T(i);
I F  JMl=O  T H E N  G O  T O  Sib;
I F  OIFffO T H E N  GQ T O  sti5;
F O R  L :=I UN71L  3 Od

AIL, J) : =  I A  (L,J)  - A(L,J-l~UdAFF*tCMD~
S25: J :=JMl;

I :=1-i;
G C  T O  S21;

S26 : If OIFF=C  T H E N  G O  T3 S30;
A(l,l) :=A(l,l)/O1ff*t(n~;

s30: F O R  I : = 1  UNTIL  K DO
B E G I N

v:=o;
JLOW :=IF IWM TiEl\r I tCSE:  M ;
F O R  J:=JCOW  U N T I L  K  DO

V:=A( I ,  J)*VNIKX(J,M)  + V;
VNIKX( I,f”l, : = V

E N D ;
E N D ;

s 9 9  :
E N D  B S P L V O ;
P R O C E D U R E  INTERVLREAL  A R R A Y  Xl(*); iNTt;E3 V A L U E  L X T ;  R E A L  V A L U E  X;

1NTEGfR  qtS3Lf  ALtf Tr  MFLASb  ;
C O M M E N T  C O M P U T E S  L A R G E S T  ILEFT fN (A,LXTJ SJLH  T H A T  XT(ILEFT)<=X.

X T  I S  O F  SIZE KT(A::LXT). AL0 Ai A ucO6AL  V A R I A B L E .
IL0 MtiST 8E S E T  i&JAL  T O  1 BtFORt  THE F I R S T  C A L L  O F  INTERV;

8EG IN
I N T E G E R  IHX,ISTEP,HIDD~c;
IHI : =  ILO+l  ;
I F  IHt<LXT  THEN G O  T O  SZO;
I F  X>=XT(LXTI  T H E N  GO T O  SAAO;
if LXT<=l  Tl-EN G O  T O  393;
I L O : = L X T - 1 ;

GO Ti3 S2i;
s20 : IF X>=XT(IHi)  T H E N  GU 13 340;
s21: I F  X>=XTIILC)  T H E N  G O  T3 blu0;

C O M M E N T  NOtrJ  X<XT  ( I Hi P . F I N 3  AOwEK  iU3NL);
s30: ISTEP:=l;
s 3  1 : IHI :=ILO;

ILO:= IHI-I STEP ;
I F  ILO<=l  ThEN  G O  T O  S35 ;
Af X>=XT(ILO)  T H E N  GO 13 S50;
ISTEP :=ISTEP*Z;

G O  Til S3i;
s 3 5 : ILO:=l;

I F  XtXTtl)  THEhi G O  TO S3L);
Gu TO 135)~);

C O M M E N T  NOk X>=XT(  IdO). FiVu UPPcl(  BljJVI);
S4Of ISTEP:=l;
s41: ILO:=IHI;

IHI = = ILO+  I S T E P  ;
I F  IHI>=LXT  T H E N  Go T3 S45;
I f  X<XT( IHI) T H E N  G U  TU S5jo;
i S T E P :=iSTEP*2;

Gb T O  S41;
s 4 5 : I F  X>=XT(LXTJ  T H E N  G O  iS S110;



P

2 4 4 ,
2 4 5 ,
246.
247.
249.
249.
250.
2 5 1 .
2 5 2 .
2 5 3 .
25'+.
2 5 5 .
2 5 5 .
257.
259.
2 5 9 .
2 6 3 .
261.
262..
2 6 3 .
2 6 4 .
2 6 5 .
266.
267 l

2 6 8 .
269.
2 7 3 .
2 7 1 .
272.
2 7 3 .

- 2 7 4 .
2 7 5 .
275.
2 7 7 .
279,
2 7 9 .
2 8 3 .
281.
2 8 2 .
2 8 3 .
2 8 4 .
2 8 5 .
286,
2 8 7 .
2 8 9  l
2 8 9  a
2 9 0 .
2 9 1 .
292.
2 9 3 .
2 9 4 .
2 9 5 .  -

,296. _
2 9 7 .
298,
2 9 9 .
3 0 3 .
3 0 1 .
3 0 2 .
3 0 3 .
3w.

IHI : = L X T ;
C O M M E N T  NOk XTiILO)<=XtXT(I.dI). NAGRLJMU Trit IQTERVAI;

s5c: M I D D L E :=(ILG+IhI 1 DXV L;
iF HIDDLE=ILO  T H E N  G O  TO SAJO;
C O M M E N T  I T  iS ASSUMEI)  lHA1 Y1DD~tr=1Lu  lu ,ASE  IHI=ILO+1;
I F  X<Xl(MIOOLE)  T H E N  G O  T O  SS3;
ILO:=MIDDLE;

GU r3 >53;
s53: IHI :=MIDOLE; /

i&J TJ 550;
CCMMENT  S E T  CUTPUT ANL)  iXAT;

s90: MFLAG:=-1:
ILEFT:=l;

G O  T J  5F1N;
5100: MfLAG:=O:

ILEFT:=ILO:
Gcr rc) aFiN;

SllO: MfLAG:=l;
ILEFT:=LXT;

S F I N :
E N D  INTERV;
P R O C E D U R E  8ANOEJLREAL  AKR4Y MI+,*); IruitGtR A R R A Y  INT(*);

R E A L  A R 9 4 1  A(*,*); ANTtGt4 uALUE  N,MArM21;
CGMMENT  B A N O E T  A N D  I T S  C O M P A N I O N  P&i)GtUI/Rt bANSOL  S O L V E  THt S Y S T E M

O F  EUUATIGNS  A*X=f3 huHEAt  A 15 A N  J;~SYHMETRIC  B A N D  M A T R I X .
( T H E Y  hILL W O R K  WIIH S Y M M E T R I C  bAtid YATRICES  BUT  T A K E  N O
A D V A N T A G E  O F  T H E I R  SI-HdCTURt.)
T H E  BAND M A T R I X  4  aI= URDkR ti nlTH  YA SUB-OIASONAL E L E M E N T S
A N 0  M 2  SUPER-DIAG3NAL  tCtMtNTs  IN A  T Y P I C A L  R O W  I S  S T O R E 0  A S
A N  N 8V (Ml+M2.1) PR&AYe  AIA::N,l::ML+M2+1~,  hITH  T H E
S U B - D I A G O N A L  ELtYENTS  IN A(*,J), J=Ar...,Mlr T H E  D I A G O N A L
ELEMEfvlS  I N  AW,Ml+l), A N D  T H E  $dPcR-DIAGONAL  E L E M E N T S  I N
A(*,Jl, J=MI+2,..., HI+MZ+l. T H E  M4Tr(lX A I S  F A C T O R I Z E D  B Y
BANOET  I N T O  T H E  PROOUCl  OF A LwiR-TRIANGULAR  M A T R I X  A N 0  A N
U P P E R - T R I A N G U L A R  MhTRiX USINb P A R T I AL P I V O T  ING. T H E  LOkER
T R I A N G L E  I S  STOWtJ  A S  A N  N t)Y HI Ai(;crZY  M(1:  :N,l: :Ml)  A N 0  T H E
U P P E R  T R I A N G L E  I S  dVERJRITTiN tiN A . L)ETAILS O F  T H E
I N T E R C H A N G E S  A R E  SJU#E3  A N  THt ARaAY INT(1:  :N);

BEGIN
I N T E G E R  I  ,L,M3;
R E A L  X ;
M3 :=Ml+M2+1;
L :=Ml;
FOR I :=l U&TIC  M l  00
B E G I N

F O R  J :=M1+2-I  U N T IL Y3 Di)
A(I,J-L):=A(I,J);

L :=L-1;
F O R  J :=M3-C  U N T I L  Md D O

A(I,J):=C
EN0 I ;
L:=Ml;
F O R  K :=I U N T I L  N  0 0
BEGIN

X:=A(K, 1);
I K ;:=
IF L < N  T H E N  L:=L+A;
FOR J :=K+l U N T I L  C 3 3

I F  ABS(A(J,1))>4iBS(X)  THEIY
BEGIN

X :=A(J,l):



30.).
3 0 5 .
3 0 7 .
3 0 3 .
309.
3 1 3 .
3 1 1 .
3 1 2 .
313,
3 1 4 .
3 1 5 .
3 1 6 .
3 1 7 .
318.
319,
3 2 3 .
3 2 1 .
3 2 2 .
323. s
326.
3 2 5 .
3 2 5 .
3 2 7 .
3 2 3 .
3 2 9 .
3 3 3 .
3 3 1 .
3 3 2 .
3 3 3 .
3 3 % .
3 3 5  a
3 3 5 .
3 3 7 .
333.
3 3 9 .
3 4 3 .
3 4 1 .
3 4 2 .
3 4 3 .
3 4 4 .
3 4 5 .
3 4 5  *
3 4 7 .
3 4 3 .
3 4 9 .
3 5 3 .
3 5 1 .
352.
3s3 *
354.
352,
355, -
3 5 7 .
359.
3 5 9 .
3 6 3 .
361.
3 6 2  a
3 6 3 .
36’+.
3 6 5 .

.-1 J.-
E N D  J :

INT(Kl  : = I ;
I F  I-= K  T H E N

FUR  J:=l U N T IL

BEGIN
X :=A(K,J);
A(K,J):=A(l,
A(l,J):=X

E N D  J ;
F O R  I : = K + l  UNTIL L
B E G I N

X:=N(K,I-k):=A(
?=tiR J :=2 UNTIL

AtI,J-i):=A(
A(I,M3):=0

E N D  I

M3 uu

JJ;

, DJ

I,A)/A(K,l);
M 3  Uti
I,J) - X*AIK,JI;

END  K
E N D  BANDET;
P R O C E D U R E  BANSOCiRtAL  Ah&AI  M(*,*); ANJrGtd ARRAY  [NT(*);

R E A L  Ak3AY  ts(*e); tic4 AR&AY A( *,*J ;
1NTEGtH  VAAJt N,MAgk);

Ct,3’N’4ENT  THE P A R A M E T E R S  M,ItiT,A,N,Mi,ik  ARt T H E  S A M E  A S  If’4 d.ANVUtT-
BANSOL  S O L V E S  THt sY.STtM  dtiiuMPdSE0  t3Y BANDET  W I  JH
R I G H T - H A N C  S I D E  B(l::N). JHt  bLitJTi3N I S  R E T U R N E D  I N  3;

B E G I N
I N T E G E R  I,L,M3,(J;
R E A L  X ;
M3:=Ml+M2+1;
L:=ML  ;
F O R  K :=1 UIUTIL  N  D O
B E G I N

I :=INT(K);
I F  I-= K  T H E N
B E G I N

X :=0(K); . ,
b(K) :=BC il ;
B(f 1:=x

E N D ;
I F  L<N T H E N  L:=L+L;
FGR I :-K+L UNTIL  c U3

B(I) :=t3( 11 - M(~C,i-Kd+oiKh
E N D  K ;
A 1;:=
FOR I : = N  S T E P - 1  UNTIL  A 02
BEGIN

X :=6(I);
k :=x-1;
F O R  K :=2 U N T I L  L DJ

. -x x-.- A(1 ,Kl*d(d+h);
8( 11 :=X/At  I rl 1;
I F  L<M3  THE&  L:=l+l

E N D  I
- E N D  BANSOL;

INTEGER  lN~,TN3,TN4,J~~,TMM,MPl,~~,MHZ,iA,1~2,CXf,JJ,IL~i
RCAL  Al,ANP,FAC;
R E A L  A R R A Y  DECTAM,DtLTA~(A;:L*MJ;
R E A L  A R R A Y  TL l::N2-h1+4*M-A,  ;
REAL ARRAY TAL 1: :N2-Nl+d*M-I)  ;
R E A L  A R R A Y  T X ,  TY (l:rNZ-Vl+L);
R E A L  A R R A Y  C(l::NZ-Nl+LcM-i,l::~~~J;



3 6 5 .
361.
3 6 8 .
3 6 9 .
3 7 3 .
3 7 1 .
3 7 2 .
3 7 3 .
376,
375.
3 7 6 ,
3 7 7 .
3 7 3 .
3 7 9 .
383.
3 8 1 .
3 8 2 .
3 8 3 .
394.
3 8 5 .
3 8 6 .
381.
3 8 3 .
3 8 9 ,
3 9 0  *
3 9 1 .
3 9 2 .
3 9 3 .
3 9 4  l
3 9 5 .
3 9 5 .
3 9 7 .
3 9 8 .
3 9 9 .
400 *
4 0 1 .
4 0 2 .
4 0 3 .
404.
405.
406.
4ot *
4 0 8 .
40’).
410.
411.
412.
413,
4 1 4 .
4 1 5 .
4 1 6 .
4f-7.
418.
419. -
4 2 3 .
4 2 1 .
4 2 2 .
4 2 3 .
4 2 4 .
4 2 5 .
4 2 6 .

R E A L  A R R A Y  TRL(l::NL-YAtZ~M-3,1::M-l);
R E A L  A R R A Y  VNIKXI~::‘L*Y,A::L~H-I);
R E A L  A R R A Y  C(1 : :  ZW’I,  1 :  : YL-NA  +l j i
I N T E G E R  A R R A Y  I N  T( 1: :N2-N1+2+W3)  i
T N 2 :=NZ-Nl+l;
TM2 :=Z*M;
JN4:= TNL+TMZ-4;
TMM:=TMZ-1;
F O R  I :=Nl U N T I L  k2 i)O
BEGIN

TX(I-N1+1J:=XiI);
TY(f-Nl+l):=A(I,Ob

E N D  I ;
J J :=1LO:=l;
F O R  I : = 1  UhTIL  T M 2  00 DeCJAH(A)~=DtLTAP(I):=60;
F O R  I :=l U N T I L  I-MM r;)O I+(X1:=TX(A1;
F O R  I :=l UhTIL  TNZ-1  d13 T(I+IHM):=TXIAi;
TN3:= TNZ-l+TMH;
F O R  I :=l UhTIL T M 2  D O  T(I+TN3):=lK(TNZI;
C O M M E N T  G E T  C O E F F I C I E N T S  O F  FiKST n-r  RdwS;
BSPLVO~T,TM2,TX(  1) ,TML,vNIKX,THM);
A l :=TYtl)/VNXK%(1,11;
F O R  I :=l UtvTIL M - l  00
BEGIN

F O R  J : = 1  U N T I L  TYH  03 U(I,J)z=Ui
Mfl :=M+  I;
LL:=M-I;
F O R  C :=2 U N T I L  MPi 03
B E G I N

LL:=LL+l;
QfI,CL):=VNIKX(L,~Pi)

END 1;
I-A(I):=-Al*VNIKXtl,Wi)

E N D  I ;
C O M M E N T  G E T  COEFFICdENTS  O F  NEXT  TNL  RudS;
HM2:=+2;
F O R  I : = 2  UhTIL  TNZ-A.  D O
BEGIN

BSPLVN(T,THZ,  1,TX(I),I+JHH,VNIKXI*,lJJ;
IMZ:=I+PMZ:
F O R  L:= 1  U N T I L  TYM 33 Q(IH2,LJ :=VNIKx(L,l);
TAtIM2)  :=TY (1 1

E N D  I :
C O M M E N T  G E T  C O E F F I C I E N T S  O F  L A S T  M-1 KJVJS;
BSPLVO(T,TM2,TX(TNZ),~N3,VN1KX,TMM~  i
ANP :=TY(TN2)/VNIKX(TH2,1);
F O R  I :=l U N T I L  M - l  D O
B E G I N

I I :=TNZ+TM2-3-I;
F O R  J : = 1 l,NfIL TMM Oil u(II,31:=0;
M P I :=M+I;
LL:=M-I ;
F O R  1 :=l U N T I L  MPI-1 DO
B E G I N
c c :  =LL+l;

Q(II,L):EVNIKX(LL,MPI)
E N D  1;
TA(II):- ANP*VNIKX(TNL,MPIj

E N D  I ;
BANOET1TRL,INT,Q,TN4,?+~,f+l);
BANSOL(TRL,INT,TA,Q,JNb,H-A,M-1,;



4 2 7 . FOR I :=l unTl4 Tlv4 riti IP(Tlr,--AA :=IA(INa-A-A);
428. TA(lJ :=Al;
4 2 9 . TA(TN3)  : = A N P ;
4 3 0 . F O R  I :=l UNTIL T N 3  Od C’F(I):;~A(ii;
431. f3SPLPP~T,TA,TN3,TM2,~.TX,C,L%i~;
4 3 2 . FOR I : = A  Uh71L TNZ-1  DU
4 3 3 . BEGIN
43%. FAC:=l;
4 3 5 . F O R  J:=: LNTIL  1tiiu.l
435. B E G I N
4 3 7 . FAC : -. f-AC*t J - l  J ;
4 3 8 . C(J,II :=C( J, II/FAG
4 3 3 . E N D  J
440. E N D  I ;
441. F O R  L :f1 Uhl!L TNUZ-A ui)
4 4 2 . F O R  J:= 1 UNTIL TM2 ~2
4 4 3 . A~~1~I-lrJ-l~:~C~~,A~
44%. tND DEBNAT;


