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Abst r act

A FORTRAN subroutine is described for finding interpolating natura
splines of odd degree for an arbitrary set of data points. The subroutine
makes use of several of the subroutines in de Boor's package for
calculating with B-splines. An ALGOL Wtranslation of the interpolating
natural spline subroutine and of the required subroutines of the de Boor
package are also given. Timng tests and accuracy tests for the routines

are descri bed.
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V¢ now explain how a piecew se polynomal function can be expressed

i+l

as a linear conbination of B-splines. Let € = (;i)i be a strictly

increasing real sequence and let k be a positive integer. If Piye-s P,
is any sequence of £ polynom als, each of order k (or, degree < k)
then we define a correspondi ng pi ecewi se polynomal f of order k by
the prescription

£(t) = Pi(t) if g <t< Eia1 3 T=L2..1.
W arbitrarily make f continuous fromthe right at the interior
breakpoints, i.e.,

£(g;) = f(gJi’) for i =2,...,1.
V% denote the collection of all such piecew se polynomal. functions of

+1
)

order k with breakpoint sequence € = (g s PV

TP, e

. Note that Fkg is a linear space of dinension k¢ since it is isonorphic
2

i

to the direct product of ¢ copies of '}‘Pk , the linear space of all
polynom al s of order k (degree < k) . A convenient way to represent

a piecewise polynomial function £ e, gis by
24

k
-1 .
r(t) = T oo (b -E) T, g <t < €y 0 | = L2t (2.7)
r=1 ) ’

wher e Cr,i = Dr'lf(g";)/(r-l)z , T =1,..0k 30 = 1,.00,f .  Then the

j-th derivative of f at a point t is given by

k .
Df(t) = Z c ,i(t-gi)r_l_‘](r—l)!/(r-l-j)! . (2.8)

I‘=j+l

VW often wish to inpose upon f the conditions that it have a certain

number of continuous derivatives. W nmay wite such conditions in the form



jumpg pdle - 0 , for |j = Lo, i =2, ..., © (2.9)

for some vector v = (vi)é wi th nonnegative integer entries. The subset

of all feTPk’g satisfying (2.9) for a given v is a linear subspace

of ?k,g which we denote by TPK, &y .
In order to obtain the B-spline representation of a piecew se

pol ynom al function f e'IPk 6 v we need the follow ng theorem which
D)

was proved by Curry and Schoenberg [5] and by de Boor [k4].

Theorem For a given strictly increasing g = (gi)fﬂ‘ , and given

nonnegative integer sequence y = (vj)é > Wth v, <k, all i, set
f £
n = k +1=22; (k—vi) = ki -l:Ezvi = dim |; 'k’E:E (2.10)
and let t = (t i )|n+k be any non-decreasing sequence so that
(1) by St<. oSt S8y By Sty S Yy
(i) for i =2,..e5,4 , the nunber g, occurs exactly k-v. tines in t.

Then the sequence N; ,,...,N , of B-splines of order k (or degree k-1)
b b4

corresponding to the knot sequence t is a basis for _Pk 6 consi dered
= SV

as functions on [t,,t ., ].

From this theorem we see that the B-spline representation for the

pi ecewi se polynom al function feTPk £,y is
290

t, <t < t, and k< i<n
1 - i+

i 1
f(t) = 2 a N, . (t), (2.11
—‘_ , -
r=i-ktl or t. <t<+t, . andi =n
1 - " — "i+l
where a = (ai )In are the coefficients of f with respect to the B-spline



. n
basi s (Ni,k)l for '[Pk £y on the knot sequence t . e the j-th

derivative of f at a point t is given by

1

jf(t) =
Of(t) r=i§c+j+ir ’j+lNr,k_J.(t) (2.12)
wher e
(~ .
ar ) Jd=20
4y, 41 = \J . R (2.13)
« = 8, .
. -1
(ki) g—— , i>o0
\ r+k-j

provided that either t, <t<t, . and k <i <n
i i+l

or ti <t iti+1 and i =n .



3. Representation of the Interpolating Spline.

Gven a set of data points (xi,yi) , I = N1,N1+1,...,N2 with

X <X S e e e <Xy V€ seek the interpolating natural spline function
s(x) of degree 2m-1 with knots Xy oo 0 Xy - For convenience in the
FORTRAN i npl enentation of the algorithm we shall assume throughout that

N1 =1 . Then N2 is the nunber of data points. For our interpolating
natural spline S(x) we wish to make use of the B-spline representation
given in equation (2.11) and the theoremon which it is based. W choose
k =2m, £=0N2-1. Since Dj'ls(x) , ] =12,...,2m-1 , are continuous
at all interior knots, we have v, =2m-1, all i , and we easily find

that n = 2+2m-2 . W choose

ti = Xl ’ I = l)gjnco’Em
t2m+i—l = X'l 2 = 2)5”“)N2_l (3‘1)
bporomti-e =X 0t = 1Z..oEmo

The knot distribution is shown in Figure 1.

X x5 %3 X, Xp-3 ) XNp-1 Ko
. i I | n A i
v y |
t t t t t
1 2m+1 om+2 t2m+3 o Ne+2m-L4  “Ne+2m-3 tN2+2m_2 tN2+2m-l
t1\12+’.»3m
tEm tN2+hm—2

Fi gurel



From equation (2.11) we have the B-spline representation

t., <t < t. and 2m <i < N2+2m-2
i- i+l

(t) {or . (3.2)
t,. <t < ti and i = Ne+2m-2

S(t)

i
a_N
EQm rr,2m

+1

=

Now S(x) must satisfy the interpolating conditions

s(x) = v; i = 1,2,...,N2 (3.3)
and the natural spline end conditions

DUs(x;) = DIS(xp) = 0, | = mml,...2m2 if m> 1 . (3.4)

Substituting equation (3.2) into equations (3.3) and (3.4) we obtain the

following set of equations for the determnation of the a,

. 2m .
DJS(xl) :r?l a, DJNr,Em(Xl) =0, j = mml,...,2m-2 (3.5)
omti-1
= ‘ = V. i = .6
s(x;) = r?l 8, . Em(xi) vy oo 1,2, .0.,N2 (3.6)
; No+2m-2 .
D8 (x,) = _%2_1 a.D Nr’2m(xNE) =0 | j=mml,...,2n2 . (3.7)

W now show that these equations lead to a (2m-1)-banded system
of linear equations for the determination of the a_. In Section 2 it
was pointed out that Nr, 2m(t) is positive for t, <t < t1~|-2m and zero
otherwise. From equation (2.5) we conclude that at a knot b, of
. .. S . .
mul tiplicity d_J , D Nr’ 2m(t) is continuous for s = O,l,...,em-l-db.
- i i = 2m- t) i i
In-particular, if d; =2m-1, then Nr,2m( ) i's continuous at t,
but none of its derivatives is continuous at L. It d.;=2m, then

even N (t) is discontinuous at t._.. For the coefficients in
r,2m J

equations (3.6) we therefore conclude that



Nl,Qm(Xl) £0 , NI‘,Em(Xl) =0, r=2,3...,2m

Nome -1, om (¥3) = ©

= 2,35404,N2-1
Nr,2m(xi) £0 , r=1,. . .,0mi-2

NN2+2In-2, em(}ij’vg) % o J Nr’gm(}ch) = O 2 T = N2, ...,N2+2m-3
For the coefficients in equation (3.5) we find that

J _ .
D Nr,gm(xl) £0 | r=1,2,.4.,3%1
j = m,m+l,...,2m—2

= 0, r

j+2, oo-,2m

and for the coefficients in (3.7)

1]

J — .
D Nr, EIH(DCNE) =0 ' r Ng‘l’ .o o)N2+2m—3-J

cj = m,...,gm-é .

£ 0 , r

N2+2m—2-j, o0 N2+2m-2

If we denote the non-zero coefficients of the system of equations

given by (3.5), (3.6), (3.7) by x , then the coefficient matrix has

the form

10



E3 x X * * ' X X w )
X X X * ° * X x X T+
. V Ly

X . m e ® ® X XX ‘7' X ¢-ug
X X X * * * X X X *° * * X X m..ENL
X 2N )
T : W o» @ w ® ® ¥y ® ¥ & ¥ ¥ ¥ T-2N

X °* * * X X X *®* * * X X X X 2-aN

DY (9%9)

X X X X *** X X X "' X ¢
X X X "' X X X ***X X 2
x| 1T J
X X **r x x x v x x|x|gug)
X °**°* X X X °°*x x|x| ¢-ug
o) (st9
X X X *°°x X|x| T+«
X X """ X X|X| w
% g- = 7t T-W Z-W G-W Yt T4EN SN T-eN g-eN (Tt THIg W T-ug 2-ug 4w T4 Wttt g 2T

Ug+gN WZ+SN WS+cN +2N +SN +SN

\
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W have boxed the coefficients of 2 and Byoiom o t 0 emphasizethe
fact that these two coefficients can be calculated at once and elimnated
fromthe remaining equations yielding a banded matrix with ml
subdiagonals and m | superdiagonals. W use the first and |ast

equations of (3.6) to obtain

8y = V1/M o)
noromee = Yo/ Nyotom-2, onKye) -

Then from (3.5) and (3.7) we have

g+l : _
J e s DY
IEQAT DNy, om(y) = meg DN o (xp) (3.8)
j = m)m+l, . ..,2m-2
and
N2+2m-3 ; ;
r=N2+§m..2_j Ar P I\II' Qm(XNg) = -8N2+2m-2 D NN2+2m_2(x1\12)(5-9)

j = 2m-2)0.0,m .

The remaining equations are given by (3.6) with the first and last
equations omtted. Now we have a banded system the unknowns are
305835 @ +ryaND42m 3 which we rename z,,z,;.ees2y5,, ) - V& note that
the diagonal elenments of the system matrix are in order

1 2m-2
eey D N (XJ)_ ,

m+
DmNQ,Qm(Xl> » D m, 2m

N3,2m(xl) 2

N1, on(¥p) 5 Nio, zm(’%) sever Nygoim 2 on(Fyp-1)

Db- 3y o

Fm-2 (x.,) (x..) (x,,)
No+m-1,2m\ Xye/ 2 No+m, 2m\NR/ et No+2m=3, 2m VN2 /

D N

The subdiagonal and superdiagonal elements are also values and derivatives

of B-splines evaluated at the knots.



Al the elements of this matrix are calculated by using the
subroutines of de Boor's B-spline package [4]. The el enents of the
matrix are stored in diagonal formfor use of the band matrix sol ver
subroutines BANDET and BANDSL which are essentially FORTRAN inplementations
of the corresponding ALGOL 60 procedures given by Martin and WIkinson [10].
The diagonal elenents are stored as Q(i,m) , the subdiagonal elements
as Qi,j) , j =12...,m-1 , the superdiagonal elenments as Q(i,J) ,

J = ml,m2,...,,2m-1 , where i = 1,2,...,N2+2m~4 .

The solution of this system of equations yields the coefficients a,
of the B-spline representation (3.2) for the interpolating natural spline
S(t) . The values of S(t) and its derivatives can be evaluated at any
point by means of subroutines in the de Boor package. In particular
we can obtain the piecew se polynomal representation (2.7) (or (1.1))

of S(x) by evaluating the function and the derivatives at the breakpoints.

13



4, The FORTRAN Subrouti ne.

Before describing the FORTRAN subroutine NATSPP for the interpolating
natural spline we first describe briefly those subroutines of the de Boor
package [4] which are used in the subroutine NATSPP.

Ve begin with a summary of the FORTRAN variables and their intended

use and a terse summary of the subprograms and their intended use,

The B-spline representation consists of

T(1);...,T(N+K) , the knot sequence, assuned nondecreasing; if t appears
j times in this sequence, then the (K-j)-th derivative
may Jump at t.

A1), <.y A(N) , B-spline coefficients for the function represented on

(T(K), T(MW1) ) .

N, the nunber of B-splines of order K for the given knot
sequence.
X, order (= degree +1) of the B-splines; should be < 20 .

The piecewise-polynomial representation consists of

X1(1),...,XI(IXI+1) , the breakpoint sequence, assuned increasing.

c(1,1), «e.,C(K,IXT) , values of derivatives at breakpoints; precisely
Cc(J,I) is (J-1)~-st derivative at X (I)+ ,
J=l,...,K . Note that the coefficients in (2.7)
and (1.1) are these derivatives divided by (J-1):

K, order (= degree +1 ) of polynonial pieces; should be < 20 .

Other variables are defined in the subroutine summary which foll ows:

14



subroutine BSPLDR(T, A N K ADI F, NDERI'V)

Constructs divided difference table for B-spline coefficients
preparatory to derivative calculation and stores it in
ADTF(1,1), ..., ADIF(N,NDERIV) . Expects NDERIV in the interval [2,K] .

Used only in BSPLPP, prior to call of BSPLEV.

subroutine BSPLEV(T, ADIF, N, K, X, SVALUE, NDERIV)

Cal cul ates value of spline and its derivatives at X from B-spline
representation and returns themin SVALUE(1), . ..' SVALUE(NDERIV) . Can
use A for ADIF if NDERIV =1 . Qherwise must have apir filled

beforehand by BSPLDR  Uses INTERV and BSPLVN.  Used only in BSPLPP.

subrouti ne BSPLPP(T, A, N, K, SCRTCH, XI, C, IXI)

Converts B-spline representation to piecew se-polynomal representation.
SCRTCH is tenporary storage of size (N,K) ., Uses BSPLDR and BSPLEV.

Used in NATSPP, the subroutine for natural spline interpolation.

subrouti ne BSPLVN(T, JHIGH, INDEX, X, ILEFT, VNIKX)

Cal cul ates value of all possibly' nonzero B-splines at X of order
J = max{JHIGH, (J+1)*(INDEX-1)} on T . ILEFT is input, assumed so that
T(I LEFT) < T(ILEFT+1) ; get division by zero otherwise. If
T(ILEFT) < X < T(ILEFT+1) (as woul d be expected) then VNIKX(I) is
filled with B-spline value N(ILEFT-J+I,J) at X, | =1,...,J .
Get linmit fromright or left, if X = T(ILEFT) or T(ILEFT+1)
respectively. Can save time by using INDEX = 2 in case this call's
desired order J is greater than the previous call's order (saved in J)
provided T, X, ILEFT and VNIKX are unchanged between the calls.

QO herwise, use INDEX = 1 . Used in BSPLEV, BSPLVD and NATSPP.

15



subroutine BSPLVD(T, K X I LEFT, VNI KX, NDERI V)

Cal cul ates value and derivatives of order < NDERIV of al
B-splines which do not vanish at X . ILEFT is input, assunmed so that
T(ILEFT) < T(ILEFT+1) ; get division by zero otherwise. |f
T(ILEFT) < X < T(ILEF+1) (as would be expected) then VNIKX(Z,J)
is filled with value of (J-1)-st derivative of N(ILEFT-K+I,K)
at X, | =1,..0,K,J =1,...,NDERIV . Cet derivative from right
or left if X = T(ILEFT) or T(ILEF™+1) , respectively. Expects
NDERIV in [1,K] . Uses BSPLVN. Used in NATSPP.

subrouti ne INTERV(XT,IXT, X, ILEFT, MFLAG)

Computes largest ILEFT in [1,IXT] such that XT(ILEFT) < X.
It is assumed that XT is a one-dinmensional array of length LXT containing
a nondecreasing sequence of real nunbers. The subroutine returns integers

ILEFT and MFLAG as fol | ows:

[ ILEFT  MFLAG
X < XT(1) 1 -1
if XT(I) < X < XT(I+l) ) , then < I 0
XT(IXT) < X _ IXT 1

The val ue of ILEFT is saved in a local variable ILO which under
certain conditions is used to start the search for ILEFT in the next call

The local variable ILO is initialized to the value one

Note that only BSPLPP, BSPLVN and BSPLVD are called directly by the
natural spline interpolation subroutine NATSPP. |n addition to these
subroutines of the de Boor package, NATSPP also calls subroutines BANDET

and BANDSL for the solution of the linear systemCX = B where Cis an

16



unsymmetric band matrix. These subroutines were taken from the library
of the Stanford Center for Information Processing. They are translations
of ALGOL 60 procedures given by Martin and Wl kinson [LO. They are
fully described in the conplete listing of the FORTRAN subroutines in
Appendi x |.

Turning now to the subroutine NATSPP for the interpolating natural
spline we note that it is a direct inplenentation of the method described
in Section 3. First we give a summary of the FORTRAN variables and their

intended use. The heading of the subroutine is
SUBROUTI NE NATSPP(N2, N3, Nk, M, M2, MM, X, Y, A, C, T, Q TRL, INT, VNIKX) .
The input parameters are as follows:

N2 , the nunber of data points.
Nh’ 5] = N2+D42-)+ .
M , ©2*M-1 is the degree of the natural spline

adm ssible values range from 1 to N2 .

me , 2*M , the order of the natural spline.

MM, = 2%M-1, the degree of the natural spline.

X(1)y +os,X(N2) , abscissas of the data points which nust be strictly
nonot one i ncreasing.

Y(1);...,¥(N2) , ordinates of the data points.
The output paraneters are as fol |l ows:

N3 , = Ne2-1+MM , the nunber of B-splines in the B-spline representation (1.2).

A(1)s...,A(N3) , the coefficients of the B-spline representation (1.2) of the
natural spline.

C(1,1),...,C(M2,N2-1) , the coefficients of the piecew se polynonial

representation (1.1) of the natural spline.

17



The remainder of the parameters are only for tenporary storage.
They are included in the declaration in order to make it possible to

give them variable dinensions. They are:

T(1), ..., T(N2+4*M-2) , the knot sequence.

Q(1L,1), . ..,Q(Nk,M2) , elements of the band matrix of the equations for
the calculation of the A(1)

TRL(1,1), ..., TRL(N4,M-1) , matrix for storing lower triangular matrix

of the LU deconposition of the band matrix.

INT(1), ..., INT(NL) , vector for recording row interchanges during
deconposition of the band matrix.

VNIKX(1,1),..., INIKX(M2,MM) , matrix for storing values and derivatives

of B-splines as needed.

The subroutine NATSPP begins by conputing the knot sequence T(1)
fromthe abscissas of the data points. In order to get the coefficients
of the first Ml rows of the band matrix which are given by (3.8) we
call

BSPLVD(T, M2, X(1), M2, VNIKX, MM)

to obtain VNIKK(I,J) = DJ—lNI’,(X(I)) J 1 = 1002, 3 = 1.0 .
W use these to calculate A(l) and the coefficients of the first Ml
rows and their right members. For the coefficients of the last Ml
rows of the band matrix which are given by (3.9) we call

BSPLVD(T, M2, X(N2), N3, VNIKX, MM)

. _ ~d- _
to obtain VNIKX(L,J) = DMy, o1 p(X(R)) 1 = L2,
J=l,...,MM . W use these to calculate A(N2+2¥M-2) and the

coefficients of the last M| rows and their right nenbers. For the

coefficients of the rest of the rows of the band matrix which are given

18



by (3.6) (omtting first and last equations) we call
BSPLVN(T, M2, 1,X(I), I+MM, VNIKX)
to obtain VNIKX(J,1) = NI_l+J,M2(X(I)) ,J = Lee, 2 | o= 2,...,N2-1 .
The band matrix systemis then sol ved using BANDET and BANDSL to
obtain the coefficients A(1) . Finally we call
BSPLPP(T, A, N3, M2, Q, X, C, LXT)
to calculate the derivatives needed to produce the coefficients of the
pi ecewi se polynomial representation. Note that in BSPLPP, ¢(g,1) has
t he val ue DJ'lS(X(I)+) whereas in NATSPP, c(J,I) has the val ue
T Lsx(n)")/(3-1): |
The conplete listing of NATSPP with all enbedded subroutines is

given in Appendix I.

19



5. The ALGOL W Procedur e.

Since we have available ALGOL Wversions of the procedure NATSPLINE
of Algorithm 472 of Herriot and Reinsch [8] and of Al gorithm 480 of
Lyche and Schumaker [9], it would be much easier to make conparison
tests with the algorithmusing the de Boor package [4] to calculate the
interpolating natural spline if it were inplemented in ALGOL W, The
FORTRAN subroutine NATSPP was therefore translated into an ALGOL W
procedur e DEBNAT.

First the subroutines of the de Boor package used in NATSPP were
translated into ALGOL W procedures with the sanme names and the same
parameters. Special care was needed to deal with two unusual features
of the FORTRAN package. In order to save the value of the |ocal
variable 1LO of INTERV and of the local variable J in BSPLVN from one
call to the next, these variables were made global to all the procedures
of the de Boor package (J was renamed JJ). For the sane reason the
arrays DELTAM and DELTAP used in BSPLVN were nade global. These gl obal
quantities were initialized prior to any calls of the package procedures.
The other unusual feature of the FORTRAN subroutines was use of VN KX
as a one-dimensional array in BSPLVN and as a two-dinensional array in
BSPLVD. This was handled by making VNIKX a two-dinensional array in
BSPLVD and introducing a corresponding one-dimensional array NVN KX
| ocal to BSPLVD,

The ALGOL W procedures BANDET and BANSOL are conpletely simlar
to the corresponding FORTRAN subroutines. They are fully described in
the conplete listing of the ALGOL W procedures in Appendix II.

Because of the greater flexibility of ALGOL Win using dynamc array

declarations, it was possible to reduce the nunber of formal paraneters

20



in the procedure DEBNAT conpared to those in NATSPP. The heading of
the procedure is
PROCEDURE DEBNAT(INTEGER VALUE N1,N2,M; REAL ARRAY X(*);
REAL ARRAY A(*,*); REAL ARRAY CFF(*));
The input paraneters are as follows:
N1,N2 ,  subscript of first and |ast data point.
M, 2#M-1is the degree of the natural spline
adm ssible values range from 1 to N2-N1+1 .
X(N1::N2) , contains the given abscissas X(1) which nust be strictly
nonot one i ncreasing.
A(N1::N2,0::2%M-1) , contains the given ordinates as zero-th col um,
i.e., A(I, 0) represents Y(I) .
The output parameters are as follows:
A(N1::N2,0::2%M-1) , the ciefficients of the piecew se pol ynonmi al
representation (1.1) of the natural spline with
CJ.,].L

val ues are assigned to the last row of A.)

= A(i,3-1) . ( A(N2,0) is unchanged and no

CFF(l::N2-N1+2*M-1) , the coefficients of the B-spline representation (1.2)
of the natural spline.

The ALGOL W procedure DEBNAT is an exact translation of the FORTRAN
subroutine NATSPP. The conplete listing of DEBNAT with all enbedded
procedures is given in Appendix II.

Included anong the tests described in Section 6were tests to verify
that NATSPP and DEBNAT produced the same results.

Anot her advantage of the ALGOL W procedure is that it is nmuch easier to
convert it to double precision arithmetic than it is to convert the FORTRAN
subroutine NATSPP and the de Boor FORTRAN package to double precision

arithnetic.
21



Test s.

Both the FORTRAN subroutine NATSPP and the ALGOL W procedure DEBNAT
were tested extensively on the | BM 370/168 at the Stanford Center for
I nformation Processing.

In order to verify that the routines were operating correctly for
the evaluation of the polynomal coefficients of the spline S(x) , the
val ues of DjS(x)/j! , ] = 0,15...,2m-2 were calculated at the right-
hand endpoi nt of each subi nterval [xi,xi+l) and conpared with their
values (the coefficients in equation (1.1)) at the left-hand endpoint of
the next subinterval. For the first test we used the five data points
(-3,7), (-1,11), (0,26), (3,56), (4,29) with nonequi di st ant
abscissas. Table | shows the results of a typical run using the FORTRAN
subroutine NATSPP with m= 2 for these data points. The first line
of each box gives the tabulated quantities at the given value of x
which i s the |eft-hand endpoint of the subinterval, and the second |ine
of the box gives the tabulated quantities at the right-hand endpoint of
the sane subinterval. Simlar results were obtained for m=1,3,45
for the sanme data points. The close agreenent of these quantities
D‘js(x)/ji , j =0,1,. . .,2m-2 to the left and right of each breakpoint
shows that the spline function and its derivatives satisfy the specified
continuity conditions. This is a good indication of the correctness of
the results. Note that in Table | s"(-3) differs very slightly from
its specified value of 0 and that S(0) and s(3) differ fromtheir
prescribed values in the least significant digit. Exactly the sane results
were obtained using the ALGOL W procedure DEBNAT. These results are very
close to those obtained by using NATSPLINE which are given in Table | of

Al gorithm 472[8].
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X S(x) St (x) §" (x)/2 s" (x)/3:
-3.000000 7 .000000 -1.99999 -.u29155u.x10‘5 1. 000000
10.999999 9. 999986 > i 1. 000000
-1. 000000 11.000000 9.999997 6.000000 -1.000001
25 . ... 18.99998 2, -1. 000001
0 25.99995 18.99998 2.999995 -1.999998
55 . ... =14, -1.999998
3.,000000 55.99998 -16,99998 S 1.999987
£9.00000 -32.,00000 -.3242493 ¥ 10 -k k999987

L, 000000 29.00000

Table I. Cubic Natural Spline.
Five nonequidistant knots. Coefficients

cal cul ated by NATSPP.
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The sanme test was run for ten data points (xi,yi) wi th equi di st ant

absci ssas x, =1 and ordinates given by

1 , i odd
v, = i=1,2...,10 . (4.1)
0 ) i even
For m=1,...,5 the FORTRAN subroutine NATSPP and the ALGOL W procedure
DEBNAT gave the same results. In all cases the specified continuity
conditions at the breakpoints were satisfied.

The previous tests established that the FORTRAN subroutine NATSPP
and the ALGOL W procedure DEBNAT produced identical results. Further
tests for accuracy and timng were carried out using only the ALGOL W
procedure DEBNAT. Corresponding results for the accuracy of NATSPP
can be inferred from these tests.

As a check on the correctness of the piecew se polynomal coefficients,
Tong precision versions of DEBNAT and NATSPLINE from Al gorithm k72{8]
were used to calculate the polynomal coefficients for the data points
(-3,7) , (-1,11) |, (0,26) ,(3,56) , (4,29) (data for Table I) for
m=1,2,...,5 . Wen rounded to short precision, the corresponding
coefficients calculated by the two procedures were identical, (Except
that for DjS(l)/jl . ] = Maee,2m-2 | NATSPLINE gave the specified
val ues 0 and DEBNAT gave val ues of order 107 .t >9.) The
sane conparison test was run for the set of N2 data points (x93 )

e

with equidistant abscissas x; =i and ordinates given by

1 , i odd
—y = i = l,ooo,Ne . (6.2)
0 ) i even

2k



Val ues of N2 = 10,20,...,50 and m= 1,2,...,7 were used.' Again
when the long precision coefficients were rounded to short precision,
the corresponding coefficients calculated by the two procedures were
identical (with the sanme exceptions as above and occasional differences
in the least significant digit for the case m=17 ).

In order to study the effect of round-off error build-up, both |ong
and short precision versions of DEBNAT were used to cal culate the B-spline
coefficients and the piecew se polynomal coefficients. From the previous
conparison tests we see that we can regard the long precision coefficients
to be correct and hence the differences between the Iong precision and
short precision coefficients are the errors in the latter. This error
test was first run for the data points of Table I for m=1,2,.  ..'5.

For m= 1 all short precision coefficients calculated by DEBNAT are
exactly correct. For m=2, the maxinumerrors in the B-spline
coefficients and in the piecew se polynomal coefficients were of order

> For m =3 and 4 the nmaximum errors increased

approxi mately 10~
to about 107 . For m = 5 the errors exceeded one and the results
were unacceptable. This may be due in part to the fact that for five
points, m=5 1is an extrene case. Tests were also run for the exanple
with equidistant knots and ordinates given by (6.2). Val ues of
N2 = 10,20,...,50 and m= 1,2,...,7 were used. The results for
m= 1,2,3,4 were sinmlar to those for the data of Table |I. For m=5
the maximum errors were of order 10'2 . For m= 6,7 the maxi num
errors exceeded one.

-Long precision and short precision versions of NATSPLINE were used

on the sane data to find the errors in the piecew se polynomal coefficients

calcul ated by short precision NATSPLINE. The results appeared to be
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sorewhat better than for DEENAT. For the data used in Table |, the

maxi num errors in the piecew se polynomal coefficients were O for

m= 1 and of order 10'5 for m=2,...,5. For the exanple with

equi di stant knots and ordinates given by (6.2), the maximumerrors in the

pi ecewi se polynom al coefficients were 0 for m= 1, of order 10'5

for m=2,35, of order 10'h for m=1L4 , of order 10'2 for m=5,

and of order 1071 for m=6,7 .

W concl ude that DEBNAT should not be used in short precision for
m > 5 and NATSPLINE should not be used in short precision for mi 7.

In addition to the tests for accuracy, timng tests were carried
out for long precision and short precision versions of both DEBNAT and
NATSPLI NE on the IBM 370/168 conputer at the Stanford Center for Information
Processing. The tests were made using the exanple with equidistant knots
and ordi nates given by (6.2). Values of N2 = 10,20,...,100 and
m=1,2,...,7 Were used. The time for both procedures was found to be
approxi mately proportional to the nunber N2 of knots. For DEBNAT the
time was found to be approximtely proportional to rnl’7 for m>3
while for NATSPLINE it was approximately proportional to n° . The
actual tines were almost exactly the same for the short precision and
| ong precision versions.

The tinme T in seconds for the execution of the procedure DEBNAT
was-found to be approximately

T = (N/6o)(.0265ml‘7) , m > 3
This fornula seriously underestinmates the time for m=1 and 2 .
For NATSPLINE the time was found to be approxinately
T = (N/6O)(.015m2)
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For m< 5 the times for NATSPLINE were sonewhat |ess than those for
DEBNAT, but for m> 6 the times were nearly the sane.

Since we found that for the |1BM 370/168 the times for short precision
and long precision are nearly the same, we recomend the use of |ong
precision for all calculations using these procedures. Converting the
given ALGOL W procedures to long precision requires only replacenent of
all real identifiers by long real identifiers. The sanme reconmendation
woul d apply to any machine on which long precision is approximtely as
fast as short precision.

For reasons of accuracy we would also reconmend the use of double
precision for the FORTRAN subroutines. W have not attenpted to convert

the FORTRAN de Boor package to double precision.
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APPENDI X |

SUBROUTINE NATSPPIN2s N3 9o Ne M oML MMo KoY oAyl pT Qo TRLyINT, VNIKX)
NATSPPCOMPUTES THE CIEFFICIENTOUFBOTATHEPIECEWISE
POLYNOMIAL REPRESENTATIJNAND THE B=SPLINEREPRESENTATIONUF A
NATURALSPLINESI(X)O FOEGREELL*¥M=1) o INTERPOLATINGTHE
ORDINATESY(I)A TPOINTS XtlIdyi=1TAruJoH N2

PIECEWISE POLYNUMIAL REPRESENTATIUN:
FOR XX INUX(I) e XUl®L))pIl=lpeaeoaNe—=i,
SIXX)=CUl1loI)eCH2 41 )8T#,0 o#((2¥M,])*]*%(2%4~])
WITHT=XX=X{1I) .

B=SPLINE REPRESENTATIuUN:
FOR XX I N {X{1)sX{N2))o
SIXX)=A(L)ENIL o2 My XX)+A(2IEN(L292¥M X X))t eu®

FA(N242%M=2 ) EN{ N2+2¥M=2 3L * My XX)

W H E R EN(Js2%Mye XX J ISTHE (NIRMALICED)B=3PLINE OF DESGREE
(2%M=13ON THE KNOT SEJJENCET{JdpawaollitleM)a

INPUT:

N2 THE NUMBER UFruATA POINTS

N4 =N24M2~4&

M 2%M=1 | S THE JzGREE OF THENATJRAL SPLINE,
ADMISSIBLE VALJES RANGE FRUM L TJ N2y
RECOMMENDED VALUESARENUT GREATER THAN 5 (SAY)

M2 =2%My T H E ORDER OF THE NATURAL SPLINE

MM =2%M=1y T H E UESREE OF THENATJRALSP L I NE

X{1)ypeaewsX{N2) AOSSCISSAS UF THE DATA PUINTS wWHICH
M U S TBESTRICTLY MUNOTUNE INCREASING
Y{il)ooeewsYIN2Z) ORUINATES UOF THE uATA PUINTS
OUTPUT ¢
N3 =N2—-1#MMy, T H E NUMBEROFB=SPLINESINTHE
B-SPLINE REPRESENTATIONUFTAENATURALSPLINE
All)reeeA(N3) THc CIOEFFICIENTY UF THdE B-SPLINE
REPRESENTATIUNUF T H E NATJURAL SPLINE
Cllyl)oeeeC{M2,N2~1) THE COEFFICIENTSOF THEPIECEWISE
POLYNOM IAL REPRESENTATIONUGUFTHEN AT UR A LSPLINE
TEMPORARY STORAGE:
T(l)yeoer TINZ $+4%M=/) THE KNUT StEJdJENGE
Qllel)seees QI NG, M2) ELEMENT > UF THEBANDM A TR I X O F THe
EQUAT IONSFUORTHE CALCULATIUNIFTHE A (DD
TRLELlo1lD sewer TRLUNG ) ¥~1 MATRIX FUR STURING LUWER=TKRIA NG JILAK
MATRI X OF THE .U DECUMPOSITIUN OF THE BAND MATRIX
INTU1l) seeey INT(N4) VECTIR FUR KECJRUINGR O WINTERCHANGE S
DURING DECOMPUSITIUNOF THEBANDOUMATRIX
UNIKX(1lol)poo ag VNIKX( Mz yMM) MATKIAFIRS TORINGVALUES AND
DERIVATIVESUFB=SPLINc AdsNtedtU
DIMENSION XUL) oY (L) ogTUL) oQUNG@o L) o ACL) oV NIKXIM2ZoMM),TRLING,y1 ),
1 INT(1),C(M2,1)
DO SI=1,MM
TiI)=X(1)
N2M1=N2-1
0 0 6I=14N2M]
TleMM)=X(1J
N3=N2M]l + MM
DO 7I=1,M2
TCI+N3)=X(N2)

GETCOEFFICIENTS O FFIRST M-IRON>

CALLBSPLVD(T M2 9XU1)9H42yVNIKXsMM)
Al=Y(1)/VNIKX{1ls1)
MMi=M-1
IF(M.EQ.1)G O T OTu
DO 401=1,MM1
D O 41J=1.MM

29



61.
62.
63.
64.
65.
66 .

63.
69
73.

72
73.
74.
75.
75.
17.
18
79.
8Ue.
8le.
82.

84,
85.
85.
87.
88.
89.
90.
9l e
9.
93,
94,
95.
96,
97.
98.
99,
100.
101.
102.
103.
10%.
105.
105.
107 «
108.
109.
110.
111
112.
113.
ll“.
115.
li6e.
117.
118.
119.
120.
121 .

c

OO0 0OOMOOO

41

42
40

Q(1,J)=0.
HP I=M+{
Li=M=]
DO 42 L=2,MP]
Li=LL+]
QUILLL)=VUNIKX(Ly¥21)
A(I)==ALsUNIKX{L,MP 1)

GET COEFFICIENTS OF NEXTNZ=Z2ROUwWD

70 MM2=M=2

16

30

DO 30 I=2,N2M1
CALL BSPLVNI(T yM2pLloX{1doi*MM,¥NIKX)
IM2=1+MM2
DO 16L=1,MM
QUIM2,L)=VNIKX(Lsl
A(IM2)=Y(I)

GET CoEFFICIENTS OF LASJ H-A ROWS

51

52
50

CALL BSPLVODUT o M2 X (N2)sN3oVNIKXgMM)
ANP=Y (N2} /VNIKX(M241)
| F(M<EQ.1)G 0TO8 0
DO 5 0I=1 MM}
II=N2+M2=3~ |
D05 1J=1,MM
Qliledi=0.
MP 1=M+]
MPIMLI=MPI - 1
LL=M=-1
DO52 L=1,MPIML
LL=LL+]l
QUIT L)=VNIKX{LL,YPI)
A(TL)==ANPRYNIKX (M2, MPL)

B0CONTINUE

60

12

CALLBANDET(TRLyINT Qo NG gM=]1y2%M~})
CALL BANDSL(TRLyINToAyUeNegM=] %M~
DO60I=1yN4
J=N3~1]
AlJ)=A(J=-1)
A(l)=Al
A(N3) =ANP
CALLBSPLPP(T AN3I M2yd9Xelol Xl
DO 12I=1,N2M1
FAC=1.0
D 012J=2,M2
FJ=FLOAT(J-1)
FAC=FAL*F)
Cluoy1d=C(JIel)/FAC
RETURN

END
SERRERKESERRRE KK CEEREEE STAR J OF bDANJIET ¥ & %k KKk k sk dokk k Kk & KKK % KK

PRIGRT 03/c¢3/1
BANDETAND 5ANDSLARETwWU SUudrUOVIINE>wAdlenSOLVECkXX =8
wHEN C I S A NUNSYMMETRIC BAND MATKIA { TAEY WILL WORK WITH
SYMMETRIC B A N DMATRICESBUTTAKEN O AUVANTIAGEUFTHE IR
STRUCTURE) .

C HAS M |ISUBDIAGONALS AND ML SUPERUIALUNALS.

THEMATRKIX C | S TRANSFIIMcD TU A vY MAKINUE A C H OTAGUNAL UF
CA COLUMN OF A. THUSA | SNX{ML#tMctL)AAEN C | S NXN.

A TYPICAL Al SP ICTUREDBELIW. [ Hitke LS 4X&y WITH

2 SUBDIAGUNALS A N D 1SJUP ERUIAGUNAL

0 0 Ll Lileld
30



122. C 0 Cl2,1) Lley2) Lidy 3}

123. c C(3,1) C(3,2) Cl393) “l394)

124, C Ct4,2) C(4,3) Llwsa) o

125« C

126. C THIS TRANSFORMAT ION IS THE rOLLUNANLY ADDSJMING THAY ( (I LJ)
127. C | S ABANDELEMENT INGC:

128. C ClIyd) ==> A(lMLletle(J=-11))

129. C ALL OTHER ELEMENTS Uf A AREV

133. C

131. C BANDETF I N D STHEL UDECOMPUSITIUNGHA [ STUKING

132. C THE LOWERTRIANGULAR MATRIX INMANUNXML MATRIX,
133. C AND OVERWRITINGT H EUPPER TRIANGJULAK MATRIXINTO A .
13%. C BANDOSLU S E STHISDECUMPISITIUN TUuDuULVE A*X = B wHERE
135. C THERIGHTHAND SIDE{SINPUTINTHE veLiurRBoAND X IS
136. C OUTPUTI N THE VECTORB.

137. C

138. C THESE ROUTINESW E R E TRANSLATED FRUMTHUSE PRESENTED BY
139. C Je WILKINSON IN NUMEKI>CHE MATHEMATIK v3L 9, P 2 8 3
14). C TRANSLATOR2B AR B AR AKRYUZRy.SDSERRA HuJSE 9 X3124%

141 . C

142. SUBROUTINE BANDET{MeINTyAeiNgMLyM3)

143. DIMENSION MINoML ), INTI(NIJA{N,M3)

144. C

145 . c Me—ee=AN NXMLIM A T R | XFIRSTURING LUnexk TRIANGULAK
145 C MATRIXOFLYUDELOMPUSLITION UF A

147. C INT===A NNXILVECTORG#IR ReLURUING RUn i NTcKCHANGES
148. C DURI NC DECOMPUSITI unN

149. C A----- ANNX{ML#M2#]1) MATKIX wHOOSE COLJMNS A R ETHEDIAGONALS
15)0. C OF C, THEBANDMATRIX BEINO UECUMPUSED

151. C A{*,1) = A(*,M1) ARESUBULAGUNALS uF C

152. C A(%,M1+1) A s ULAGUNAL JF .

153. C A(%,M142) = Al¥,ML+M2¢1) AKkE SUPEROULAGUNALS UF C
154 C N----NUMBEROFROWSIN A

155. C Ml====NUMBER O F SUBDIAGUNALS | N C

156. C M3===eT O T ALNUMBERUFJIIAGUNALSINUC)late WIDTHGFBAND
157. C M3 = M | (# SUBDIAGS) + M2 (# SUPERDIAGS) +1
158. C

159. REALM

16d. 25 L=M1

161. DO 401I=1.M1

162 . K2=M]1+2-]

163. DO 50 J=K2,M3

164. 50 A{l s d=L)=A(1,4)

165. L=L-1

165. K2=M3-L

167. DO6 0J=K2.M3

168. 60 AllsJ)=0.0

169 . 40 CONTINUE

170. 45 L=M1

171. DO 70K=1eN

172. X=A(K'l)

173. I=K

174. K2=K+1

175. | FULLTeN) L=L+1

175. 72 | F(LLT.K2)G G T 081

177. 79 DO 80dJd=K2»sL

178, | FLABS(A(J91))=AB3(X)) BU»bU, 8L

179. 82 X=A(J,1)

180. I=J

18l. 80 CONTINUE

182. 81 INT(K)=]

31



183.
18%.
185.
185.
187.
188.
189.
193.
191.
192.
193.
19¢.
196.
197.
198.
193%.
200.
201.
202.
203.
20%.
205.
206.
208,
209.
21).
211 .
212«
213,
2l%.
215.
215.
217.
218.
219.
220.
221.
222.
223 .
224.
225.
226.
227.
229.
229.
233.
231.
232.
233 .
234,
235.
236.
237.
238.
239.
243.
241.
242.
243.

0O000

73
117

110
100
70

75

200

| FIX) 713,715,773

IF (I=-K) 77,778,717
DO 9 0 J=1yM3
X=A{KyJ)
A(KedJd)=ALI, JJ
AllyJ0=X
| FlLeLTaK2)G OT370
DO 100 J=K2 ,L
MIKoJ=K)=A{ Jy1)/A(K,1)
X=M(KyJ=K)
DO 110 JJ=2,M3
AlJedi=1)=A0J e JII=A(KeJJ)%X
AlJM3)=0.0

CONTINUE

RETURN

A SUBROUTINE CALLED ERRIRMJISTBE SUPPLIEUTO HANDLE
THE ZERO PIVIT SITUATION; 4 SAMPLc RUJTINE FOLLUWS

CALL ERROR

RETURN

END

SUBROUTI N E ERRCR
FORMAT(//®* ZEROPIVUT?)
WRITE (62200)

RETURN

END

C *XEERRAXAEEEKEEERE SR IR X EE END UF BANUET Sk ckkkkdk ek ckxk kkkxk kK

C
c

[sXaNeNeNe

11

12

15

o
oo

32
40

EEREERERERRRR R AR RKEEE START OF BANUSL SHEXKRKE KKk E Rk KK RKKK K REKE €K
PRIOR TO 3/23/12

SUBROUTINE BANDSL (MoINT yBoAgNeMLoM3)

DIMENSION INT(N) JA(NyM3) s M{NgML)BIN)

AL LPARAMETERS SAME A SINBANDETEXCEPT FJUK?
Beee==RIGHTHAND SIDE: UF LINEAR SYSTEM C¢X = B
SOLUTION IS RETURNEDIN 8

REALM

INTEGER W

L=M1

DO 10K=1eN

I=INT(K)

IF (1-K)1llel2,l11

X=B{(K)

B(K)=B(I)

BlI)=X

K2=K+1

IF (LoLT.N) L=Le]

| F(L.LTK2)G O TO1 3
DO2 01=K2,L
X=M(K,yI[=K)
BC1)=B(I)=X*B(K)

CONT | NUE

L=1

DO 30{1I=1eN

I=N+1-11

X=8(1)

W= |-1

| FiL=1) 32,33,32
00 C O K=2,L
X=X=A(1,K)*B(K+n)
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244.
245.
246.
24 7.
248.
249.
253.
251,
252.
253,
254.
255.
256.
257.
258.
259.
260.
261.
262.
263.
264.
245.
266.
267.
268.
269.
270.
271,
272.
273,
27%.
275.
276.
217,
2718.
219.
280.
281.
282.
283.
286.
285.
286.
287.
288.
203.
290.
291.
292.
293.
294.
295.
296.
297.
298.
299.
300.
301.
302.
303.
304.

33 BLI)=X/A{1,1)
| F{L-M3)31,30,30

31 L=L+]

30 CONT INUE
RETURN
END

C kkkkkkRk kkkk Rk kR k ko kkkkkEk END OF BANUOL ¥ ¥ KK KRk kE&kk ok k ko ok fkokok X kkokx kk
SUBROUTINEBSPLDR(Ty A, N ,6 Ko ADIFsNIERIV)
CONSTRUCTS DIVeDIFF-TABLEFU'B=SPLINECJEFF. PIEPARATORY TU DERIV.CALC.
DEIMENSION T(1) JA(1),ADIF(NsNDERIV)
D 010I=14N
LO ADIF(I,1) = ALll)
KMID = K
DO 201ID=2,NDERIV
KMIO=KMID=- 1
FKHIO = FLOAT(KMID)
DO 20I=I0¢N
IPKMID =1 + KMID
OLFF = TUIPKMID) - T(Il)

| F(OIFF .EQ. U.) 60 Tu <V
ADIFU(I4ID) = (ADIFULs1D=L) = ADIFCi-1, ID=L))/UIFF*FKMID
20 CONTINUE
RETJURN

END

SUBROUTINEBSPLEVIT)ADIFsNg Ky XedVALUEZNDERILV)
CALCULATES VALUEOF SPLINE ANJITSDERIVATIVES AT *X*¥ FROM B=REPK.

DIMENSION T{1);ADIF(NyNIERIVIy SVALUE(L)

DIMENSION YNIKX(20)

00 5 TDUMMAY=1,NDERIYV

S SVALUE( TDUMMY ) = 0

KM1L = K=1

CALLINTERVIT(K)oN#+1=<4loXol o MFLAG)

I = [+KM1

IF (MFLAG) 9992049
9 I F (X «GT-TLEID) GOTU9 9

10 IF (I «EQe K) GO TU 99
I=1-1
I FA{X.EQ. T(1)) GO T0iv

c

C *[*HAS BEENFOUND | N U(KeVISUTHATTUI)aLEe X oLTLT(I41)

C (( O R eLE«T(I+1l)y | FT(L1)olToTULI*id = TI(NeLD).
2 O0KPLIMN = K+1=NDER IV
CALL BSPLVN(T o KP IMNs Lo Xo l o VNIKX)
10 = NDERIV
21 LEFT =1=KP1MN
D022 L=1,KP1MN
LEFTPL = LEFTeL

22 SVALUE(ID) = VNEKX{L)®ADIFULLEFTPL,IV) + SVALUE( D]}
ID =10 =1
| FID «EQe 0) eu Tu 99

KP1IMN = KPLIMN + 1
CALLBSPLYN(T 4092¢Xs | 2VNIKX)
6u Tu ¢l

99 RETURN
END
SUBROUTINEBSPLPPITsA NeKeSCRTCHy X1y CyLXI)
CONVERTS B=SPLINEREPRESENTATIUN TO PIECEWLISEPULYNDOMIALREPRESENTATION
DIMENSION TU{L) oA (1) SCRTCH(NsK) o XL L) 9sCtKy1l)
CALL BSPLDRIT yAyNyKoeSCRTCHyK)
LXt = 0
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305. X[(L) = T(K)

306. 005 O [LEFT=KyN

307 | FAUTCILEFT+1) oEde THLILEFTY) ii3TJ50

308. LXI = LXI + 1

309. XI(LXI+1) = T(ILEFT+1)

310. CALL BSPLEV(T sSCRICHyNo Ky XI(LX1) ol Ullo X )yK)
311. so CONTINUE

312. C

313. AtTURN

314. END

315. SUBRUUTINE BSPLVD ( Ty €y Xy ILcrTy VNIKXy NDERIV J
315. CALCULATES VALUE AND DERIVe>SJFALL B=3SPLINESWHICHDUNOT VANISH AT x
317. DIMENSION T(1) JVNIKX{KyNDCERIV])

318. DIMENSIUN A(20,20)

319. C

323. CF | L LVNIKX{JoIDERIVIy J=IIJERIV)y eee oh wlidNONZEROVALUES OF
321. C B8=SPLINESO FCRUERK+#+1=JUcRIvy IUOERIV=NUEKIVYy . m esle BY REPEATED
322 . C CALLST O BSPLVYN

323. CALLBSPLYN(T oK+ 1=NUERIVoLoApdLlckF Ty vNIKXINUERIVyNDERIV]) )
324 . IF (NCERIV <«LE. 1} Gu TU 99

325. IDERIV = NCOERIV

326 « 00 151=2,NDERIV

327. IDERVM = |IDERIV-A

328. DU 11 J=IDERIV,sK

329 « 11 VhifKX{J-|, IDERVM) = vyNnIKX(JgduLKRIV)

333. IDERIV=IDERVM

331. CALLBSPLYNIT g0 929XolLcrT yVNIRXLIVERIV,IDERIV))
332 . 15 CONTI NUE

333 C

334. DO 201=1,K

335. b DO1 9 Jd3leK

336 « 19 All,Jd) =0

337. 20 Allel) = 1.

338. KMD = K

339 « DO 40 M=2,NDER IV

340 « KMD = K#MD-1

341. FKND = FLOAT{KMD)

342 . I = ILEFT

343 « J =K

344 . 21 JML =] - |

34s o IPKMD = | + KMD

346 @ DIFF = THIPKMD) - T(1l)

347 IF (JM]1 <EQ. V) GululL b

348. | F(DIFF «EQ. Ve od Tu ¢9

349 « 00 24 L=1,J

350. 2% AlLyJ) = (A(LyJ) = A(Ly9=L )}/ IOLFFEFKMD
351. 2s J = JM]

352. I =1-1

353 Gulu CA

354, 26 IF (ODIFF <EGe O.) wu TU 30

355. - Allel) = ALl 1)/0IFF*FKM)

3% . c

357 30 D04 0 1I=l.K

358. v =0,

359. JLOW = MAXO( | M)

360. DO 35J=JL0Ow,K

36l. 35 v = ALl 9 J)®YNIKX{JoM) + Vv

362 « 40 VNIKX{I,M) = V

363. 99 Ke TURN

364. END

365. SUBROUTINEB S P L V N{TFeJdrHlod, LwUEXy X9 ILEFT, VNIKX )
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366. CALCULATES THE VALUE OF ALL PUOSSIoLYNUNLERUB=5PL INES AT *X*0F

367. CORDERMAX{JHIGHs( J¥ 1) {INJEX=1))0 N *T%,

368. DIMENSION T(1) oVNIKX(1)

369. DIMENSION DELTAM {200 »DEL TAP( 20)

373. DATA J/17,DELTAM,DELTAP/40%u./

311. 60 T3 110,20)4INDEX
372. 10 J =1

3713, VNIKX{1) =1 .

374. I F(JeGEe JHIGH) 60 TU 99
375. C

376. 20 IPJ = ILEFT+J

3771. DELTAP(J) =T(IPJY) - X

373. IMJPLl = ILEFT=J+1

379« DELTAM(J) = X=T(IMIPL)

380. VMPREV=0

381 JP1 = J+l

382. DO 26L=L1eJ

383. JPIML=JP 1-C

384. VM= VNIKXAL)ZC(DELTAP(L) t DELTAM(JPLIML))
385. VNIKX{L) = VMEDELTAP(L) & VMPREY
386. 26 VMPREV = VMEDELTAM(JPLML)

387. VNIKX{JP1l) = VMPREV

388. J = JPl

389, | FUJabkTaJHIGHJ 6U Tu €0
390, C

391. 99 Re TURN
392. END

393, SUBROUTINE INTERV ( XT g LXTg Xg LLEFTo4FLAG J
399. COMPUTES LARGEST ILEFT INGLoLXT)ISUCHTHA T XTULLEFT)eLEe X
395. DIMENSION XT{LXT J

394, DATAILOZL/

397. IHI = L0+ 1

398. IFCIHI LT L XTJ 60 TO 20
399, I FAX «GEe XTI{LXT)) GO Tulla
403. I FILXT «LES 1) 60TU9 O
401. ILO =LXT= 1

402. bu Tu 21
403, 20 | F{XeGEe XT(IHI)) 6U TO 40
404, 2 11 FIXeGEaXTLILOJJ © Gu Tu 1J0
405, Co%x%k NOW X oLTe XT( IHI) . FIND LUWER BuuiND

406. 3 0OISTEP =1

407. 31 IMI= ILO

408. ILO = IHI - ISTEP

409, I F(ILO «LE.1) bulu3d 5
410. I F (X .GEe XT{ILO)) Gu Tu 50
411, ISTEP = | STEP*2

4-12. bulTu3 1
613. 35 ILO =1

41%. IF (X «LT. XT{1)) GOTu 3 3
415, LOTLS5 3
415, Ce¥kd% N O W X oGE«XT{ I L OJ w FINUDUPPEK BOUNJY

417, 4 0ISTEP = 1

418, 411LO0=IHI

419, IHI = JLO # ISTEP

423. | fCIHI «GE. LXT) 6l Tu 45
421. I FAUX oLTe XT(IHI)) 6o Tu 2V
422. ISTEP = | STEP%x2

423, GU TO 41
424, 45| (X «GEe XTE{LXT)) 60 Tu €19
425, IHI = LXT

426 Coxmk NOW XTCILO) oL Ee X «blTo XT(IHI) . NAKRUNTHEINTERV AL
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427 o
428.
429
433.
431.
432 «
433.
434.
435 «
436.
437.
438
439 .
440.
441.
442,

443.

444 o
445,

5 0 MIDDLE= (ILG + IHIM/¢

| f (MIODLE .EQ. ILOJ

C NOTE. | TI1S ASSUMED THAT MIUDLc

| F(X oLTe XT(MIDDLE))
1LO = MIDDLE

53 IHI = MIDDLE
C*%%% SET OUTPUT AND RETURN
90 HFLAG = -1
ILEFT = 1

100 MFLAG= 0
ILEFT = [LO

110 HFLAG =1
ILEFT = LXT

END
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oo Tu LOv
= 1l ILiw oASE IHI
Gulus 3

6L Tu 50

bl TU 20

RE TURN

RETuxiv

KETURN

ILO+1



15.
17.
18.
19.
23.
21 «
22
23.
2% «
25.
25.
27.
28
29
3.
31.
CY.28
33.
34.
35.
35.
37.
38.
39.
40.
41.
42,
43.
44.
45,
45
47 .
48.
49,
53.
51.
52.
53.
54.
55
56.
57«
58.
590.
50.

APPENDIX ||

PROCEDURE DEBNAT( INTEGER VALUE NLyN2sM3REALA R R A Y X(*)3
REAL ARRAY A{*¥,%¥); REAL ARRAY CFF(%*));
COMMENTDEBNAT COMPUTES THE COEFFICIENTS O FBOTHTHEPIECEWISE
POLYNOMIAL REPRESENTATION AND THEB=SPLINE REPRESENTATION OF A
NATURAL SPLINE S(X)UFDEGREE(2*M=1) s INTERPOLATINGTHE
ORDINATESY(IVA TPOINTSX(L),i=NLTHRIUGHNZ.
PIECEWISE POLYNOMI AL ReEPRESENTATION:
FOR XX INUXCI)e XQI#1d)sI=NlgeeesN2=1y
SIXX)I=A(Is0)4+A(] 91 )*T#ou c+A( ] 2¥M=L )Tk (%M~])
WITH T=XX=X(1) .
B-SPLINE REPRESENTFTATION:
FOR X XINCXINL)yX(N2)I},
SIXX)=CFFOL)EN{L 2% M XX)+CFF(2)*N(coc*¥Mo XXD+au®
+CFF(N2=N1#2%M=1 ) kN(NZ=N1+2%M=1 o2 %M, XX)
WHEREN{Jy25My XX)ISTHZ (NIRMALICED)B-SPLINEOFDEGREE
{2%¥M=1)ON ‘THE KNOT SEJUENCET(J) 9eceasT(Jt2%M),

INPUT:
N14N2 SUBSCRIPTOF FIRST AND LASTOATAPOINT
M 2%M—1 1S THE DEGREE O FTHENATJRAL SPLINE,

ADMISSIBLE VALJUES RANGE FRUMLTU N2-N1+1,
RECOMMENDED VALUESARENUT bREATER THAN 7 {SAY)
X{N12:N2) CONTAINS THE GIVEN ABSCISSAS X{I}) WHICH
MLST B ESTRICTLY MUNOTUNE INCREASING
AUNL233N2,0222%M=1)CINTAINSTHEGIVENORDINATESA SZERO-TH
COLUMN ,TeEcA(L+Q)IREPRESENTSY (L),
OUTPUT 2
A{N12:N2,02:2%M=0 ) THECOEFFICIENTSIFTHEPIECEWISE POLYNOMIAL
REPRESENTATIONGFTHE NATURALSPLINE,(A(N2,0}1| S
UNCHANGED ANUNOVALUESAREASSIGNEDTO THE LAST
RCWOFA)
CFF{1::N2-N1+2%M~-1) T H E COEFFICIENTSOF THEB=SPLIN E
REPRESENTATION OF THENATJURALSPLINE;
|F(M> OJA NDI(M<=N2=N1+1)THEN
BEGIN
PROCEDUREBSPLDR(REAL ARRAY ToA(*);INTEGERVALUEN,K
REALARRAY ADIF(*,*); INTEGER VALUE NDERIV);
CCMMENT CONSTRUCTS DIV OIFFse TABLE FORB=SPLINECOEFF.
PREPARATORY T O DERIV.CALLC.-.ARRAY DIMENSIONS ARE AS
FOLLOWS: T (123N+#K)y A(Ll33N)s AODIF(Ll::N,1::NDERIV).
NDERIV SHOULD BE IN{(2sKJ)3
BEGIN
INTEGER KMID3
REAL DIFF3
FOR 1:=1 UNTILN DO ADIF(lsdds=AL1);

KMID:=K;
FORID:=2UNTILNDERIVIO
BEGIN

KMID:=KMID-13;

FOR I'=1 DUNTIL NDO

BEGIN

DIFF :=T({ I+KMID) - T(I};
| FOIFF~=0THEN
CADIF( 1, ID) s=(ADIF(14ID=4) - AVIF (1I-1+1D-1))/01FF*KMID
END
END
€END BSPLDR:
PROCEDURE BSPLEV(REAL ARRAY T(*};REAL ARRAY ADIF(%*,%);
INTEGER VALUE NsK; RcAL VALJE X3
REALARRAYSVALUE(*); INTEGERVALUE NDERIV);
COMMENT CALCULATES VALUE OF SPLINEAND]LITSUOcRIVATIVES AT X FROM
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61. B-REPRESENTATION. A&RAY DIMENSIONS ARE AS FOLLOWS:

62 - TL:sN#K)y ADIF(L::sNgl:iNDERLIVIy SVALUE(L2:NDERIV)
63. BEGIN

64. REAL ARRAY VNIKX(1:3:K);

65. REAL ARRAY TT{12:N+1);

66 . INJEGER KM]1 s MFLAGy [ oyLEFT o IDy KPLMN;

67 FOR | DUMMY 2=1 UNTIL NJZRIV 00U SVALUE(IDJMMY) :=0;

68. KMl :=K=-13

63. FOR1DUMMY:=1 UNTIL N¢LDUTT(IOJIMMY)::=T(IUUMMY+K=1);

73. INTERVITT N+1-KM 1y XelsMFLAG)

71. | 2=1+KML3

72. | FMFLAGKOTHEN GOTUS99

73. ELSE IF MFLAG=0 THEN GO JO 520:

74. IFX>T(I)THEN GO TO S99

75. S10: IFI=KTHEN GO TO S99;

76. le=I=13%

77. I FX=T(I)THEN G O J O S10;

78. COMMENTIHASBEENFOUNDA N(KeNIS OTHATT(IIK=XK=T{I+1])
79 (OR<C=T(U I+1), | FTUI)KT(I+L)=T(N+1));

80. S20: KPLIMN:=K+1=-NDERIV;

81. BSPLVN(T s KPLMN o1 oX9 1sVvNIKX);

82. ID:=NDERIV;

83. S21: LEFT:=I-KP 1MN;

84. FOR L3=} UNTIL KPLMNDUO

85. SVALUE( ID) :=VNIKX(L)*ADIF (LEFT+L ,10) + SVALUE(ID);

85. ID:=10-1;

87. If ID=0 THEN GC TO 393;

83. KPIMN:=KP1MN+1;

b9. BSPLVNI(T3092¢X el o UNIKX)

90. GO TO S21:

91 s99 :

92. END BSPLEV:

93. PROCEDUREBSPLPP(REAL ARRAY ToA(*) ;INTEGERVALUE NyK3

94, REALARRAY SCRTCH(*,%) ;REALARRAY XI(*);
95, REAL ARRAY C(*4%); INTEGER RESULTLXI):

95. CGMMENT CONVERTS B=SPLAINE REPRESENTATLIUNTIPIECEWI SE POLYNOMI AL
97. REPRESENTAT ION. ARRAYQOIMENSIUNS AREASFOLLOWS:
93. T{l3:N+K) y A(1:2:N)y, SCRTCHUL::Ngls:oKdy XI(LlsLXI®+1),
99, C(lz:KyleeLXI)e LXI=N=K=-1IFN OREPAEATEDKNOTS;
103. BEGIN

101. BSPLOR(T ;A ¢NyK SCRTCH,K) 3

102. LXI:=03

103. XI(1):=T(K);

10%. FOR ILEFJ: = KUNTIL N u0

105. | FT(ILEFT+1)~=T(ILEFT) THEN

105. BEGIN

107. LXIs=LXI+l;

108. XIOULXI+1): =TLILEFT+1J;

10%. BSPLEV{T sSCRTCHyNoe Ky XIC(LXL) s (®yLXI)4K)

110. END

11l. END BSPLPP;

112. PROCEDUREBSPLYN(REAL ARRAYT(¥); AINTEGER VALUE JHIGH, INDEX;
113. Rt AL VALUZ X3 INTeGERVALJE I LEFJ;

114, REAL ARRAY VNIKX(*)

115. COMMENT CALCULAJESTHE VALJUE OF ALLPUSSIBLYNONZERO B-SPLINES AT X
116. O fORDERMAX{JHIGH, (JJ+1)( INUEX=L J J UNT . INDEX=10R 2.
117. J J ,DELVAM, DELTAP ARE GLUBAL VARIAOGLES.

113. BEFORETHEFIRST CALLONEMUST>cT JJ=1 AND ALL ELEMENT'S OF
119. DELTAM ANODELTAP = 40. ARRAYDIMENSIONS ARE ASFOLLOWS:
123. T(l: sN+K), VNIKX(L::K), DELTAM(L::K)s DELTAP(1::K);
121. BEGIN
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lcle
123.
124.
| P3N
15
127.
128.
123.

130. 520:

131.
132.
133
134.
135.
135.
137.
133.
133.
143."
l4l.
142.
las.

lé%, s99:
ENDBSPLV N ;
PRULEUDURE BSPLVCIREAL AKRAY T(x),; INTcuerR VALJE K;

l45.
l45.
147.
143.
l143.
15).
151.
152.
153.
154,
155,
156.
157.
153.
157.
1 6 3
161.
162.
163.
los.
l16>.
lés .
167.
163.
163.
17).
171.
172. _
173.
174. -
175.
175
177.
173.
179 .
180.
181.
182.

INTEGER JPL1,JdP LML
KEAL VMPRE V VM3
IFINCEX=1THEN
BEGIN
odi=l;
VNIKX(1):=13
| f -JdJI>=JdHIGH THEN GU Ty 599
END;
DELTAP(JJ) s=T{ILEFT#JJ) - X
UELTAM(JJ): = X=TllLcrT=-JdJd+l);
VMPKEV:I=0;
JPl:i=JdJ+l;
FOR L:=]1 UNTILJ J DU
BEGIN
JPLIML:-JP1l-L;
VM:=VYNIKX{L)/(DELTAP (L) + DELTAM(JPLMLI);
VNIKX{L):=VMDELTAPIL) + VMPKEV
VMPREV: =VM*DELTAM(JPLML)
ENL
VNIKX(JPL) :=VMPREV;
JJds=JP1;
IFJIKIUHIGHTHEN G OTJ>20;4

REAL vaLJz X ; INTcoen VALJE ILEFT;
HEALAKKAYVNIKX( ¥, %) INTcoERV AL UENDERIV);

COMMENT CALCULATES VALUE ANDUERIVS.Jr ALL s=SPLINESWHICH DO

NUT VANISHA T&Xe ARRAY DIMENDIUNSAKEAS FOLLOWS:
Tl sineK) 9 UNITBALLS SKoldiNucKIVE,

BEGIN

INTLOLER TDERIVSIDERVMeKYUsleJedMLoJLum;

ReEAL VLDIFF;

REALARRAYNVNIKX(1::K),

REALARRAYA(L13:tKylo2K);

COMMENT FILL VNIKXUJsdJdcRIV)eJ=IUERIVyeaes KW I T HNONZERO
VALUES O F B=SPLINES UF URUER K¢1=-1DERILV,
TOERIV=NDERdV ..oyl BY RKcPtATEJUCALLS TOBSPLVNS

BSPLVN(T yK+1=NDERIVelsAy iLEFTyNVNIKA) §

FOR1IDUMMY ¢=NDER IV UNITIlL K Ju

UNIKX({TCUMMY, NDEKIV) : =nNVNIKA(TUUMMY=NUERIVE]) ;

I FNDERIVK=1ITHENG OTJ>99;

IDERIVI=NDERIV;

FOR 1:=2 UNTIL NODERILV Ju

BeuIN

IDERVM:=IDERIV-1;
FOR J:=IDER I VUNTIL<C VL
UNIKX(J=1y JOERKVM): =VNIKA(JUy lUEKIVI
IDERIV : =IDERVM;
BSPLVN(T 0y e Xy ILErT ) NvNIKX);
FORIDUMMY ::=IDERdV UNTIL K UVu
VNIKX{ IDUMMY dUERL V) s=NVNLK XL IDJUMMY = {DERIV +1)

END 3

FORI:=1 UNTIL K DO

BEGIN

FORJ:=LUNTILK DU
A{l,J):=C;s
A{la1):=1

END;

KMO: =K 3

FORM:=2UNT | LNDERIVDJ
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366,
367.
368 .
369.
373.
3N.
372.
3713.
374.
375.
376.
37171.
373.
3791
380.
381«
382.
383
384.
385.
386.
387.
388.
389 a
390.
391.
392.
393.
399.
395.
394,
397.
398.
399.
400.
401.
402.
403.
404.
405.
406,
407.
408.
409.
410.
4ll.
412.
413.
41%.
415.
4l5.
417.
418,
419.
423.
421.
422.
423.
424,
425.
426«

CALCULATES THE VALUE OF ALL POSSIBLY WNUNLERD B=SPLINESAT*®X*x 0OFf
CORDERMAX(JHIGHs(J+1) (ANJEX=1)) ON 7%,

DIMENSION T 1) oVNIKX(1)

DIMENSION DELTAM{203,DELTAP{20)

DATA J/17+DELTAM yDELTAP/ 40%0/

Gl T3 (40,20)INDEX
10 J =1
VNIKX{l) =1 .
| FlJ «GEe JHIGH) 60 TU 99

20 IPJ = ILEFTHJ
DELTAPLJ) =TULIPJD - X
IMJPL = ILEFT=J+]
DELTAM(J) = X=T(IMdPL)
VMPREV=0.
JP1 = J+l
DO 2 6 L=1yJ
JPIML =JP 1 - L
VM= VNIKXAL)ZCDELTAP{L) +UELTAM( JPIML) )
VNIKX{L) = VMEDELTAP(L) « VMPREY
26 VMPREV = VM¥DELTAM(JPLML)
VNIKX{JPLl) = VMPREV
J = JP1
| F(JebkTaJHIGH U Tu <0

99 Re TURN
END
SUBROUTINE INTERV (XToLXToXsILEFTNFLAG J
COMPUTES LARGESTILEFT | N {1oLXT)ISUCHTHAT XTULILEFT)aLEL X
DIMENSION XT{LXT J
DATA ILO /1/
IHI = LO &+ 1

| FOIHILTLL X T U TO <20
| FUX «GEe XT{LXT)) G oTully
I FALXT oLE. 1) 60T0D9 O
ILO = LXT - 1
o Tu 21
20 | F{XeGEe XT(IHI)) GU TO 40
21 IF(XaGE«XTLILOJJ 6w TL 1V

Ce*x¥ NOW X oLTe XT( IHI) . FIND LUWEK BuuiD
3 0ISTEP =1

31 IHI= ILO
ILO = [IHI - ISTEP
I FOILO «LE. 1) bu Tu 35
I FAX .GEe XT{ILO)) Gu Tu 50
ISTEP = | STEP*2
bU TJ 31
35 IL0 =1
IF (X «LT. XT{ 1)) Gu TU 90
GOTLS 3

Crkxk N O W X eGE«XT{I L O JwFINDUJPPEK BOUNUY
4 0ISTEP= 1
4 11L0 =1HI
IHI = JLO # ISTEP

IF {IH] .GE. LXT) 00 Tu 49

I FAX LTe XT(IHI)) Lo Tu 50
ISTEP = | STEP*2

6L TO 41

45 | fX «aGEe XTELXT)) 60 Tu 119

IHI =L XT
Cox%x NOW XT(ILO) oLEe X LT XT(IHI) . NAKRUNTHE I N T ER V A L
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427. 50 MIDDLE = (ILG + IHIM/¢

428, I f (MIODLE -EQ. ILO) oo Tu LOv
429, C NOTE. | TISA S S UME DTHAIMIUDLe =100 lnNoASEIHIL = [LO+L
433, | FU(X eLTa XT(MIDDLE)) Gulus 3
431 . I1LO = MIDDLE

432, 6L Tu 50
433, 53 IHI = MIDDLE

434. o Tu 20
435 e C*%%% SET OUTPUT AND RETURN

436. 9 OMFLAG=- 1

437. ILEFT = |1

438, RE TURN
439 . 10 0 MFLAG= 0

440, ILEFT = [LO

44l . RETuxiN
442. 110 HFLAG =1

443 . - ILEFT = LXT

444, RE TURN
445, ‘ END
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APPENDIX TII

PROCEDURE DEBNAT( INTEGERVALUE NlyNZsMi REAL ARRAY X(*)3
REAL ARRAY A{*,%); REALARRAY CFF(#*));
COMMENT DEBNAT COMPUTES THE COEFFICIENTS OF BOTH THEPIECEWISE
POLYNOMIALREPRESENTATIGNAND THEB=SPLINEREPRESENTATION OF A
NATURAL SPLINE S(X)UF DEGREE (2*M=1)s INTERPOLATING THE
ORDINATESY(IYA TPOINTS X{I[Ji=N1THRIUGHN 2.
PIECEWISE POLYNOMI AL ReEPRESENTATION:
FOR XX INUXCI)e XQI#1d)sI=NlgeeesN2=1y
SIXX)=A(I20)+A(] L )%T#ee e +A( [ 2€M~L )*TEkk(&M~])
WITH T=XX=X{1I) .
B-SPLINE REPRESENTFTATION:
FOR XX IN{X{N1)yX(N2)},
SIXX)=CFFOL)EN{L 2% M XX)+CFF(2)*N(coc*¥Mo XXD+au®
+CFF(N2=N1#2%M=1 ) kN(NZ=N1+2%M=1 o2 %M, XX)
WHEREN{Jy25My XX)ISTHZ (NIRMALICED)IB-SPLINEOFDEGREE
{2¥M=1)ONTHE KNOT StJUENCET(J)seeceasT(Jt2%M),

INPUT:
N1,N2 SUBSCRI PT OF FI RST ANDLAST DATA PO NT
M 2*M=1 |S THE DeGREE OF THE NATJRAL SPLINE,

ADMI SSI BLE VALJESRANGEFRUMLTUN2=-NL+1,
RECOMMENDED VALUESARENUT bREATER THAN 7 {SAY)

X{NL1::N2) CONTAINS THE GIVEN ABSCISSAS X{I) WHICH
MUST B ESTRICTLYMUNOTUNE INCREASING

AUNL1233N2,0222%M=1)CINTAINSTHEGIVENORDINATES AS ZERO-TH
COLUMN, I.E. AIlL+Q)REPRESENTSY(I),

OUTPUT ¢

A{NL13:N2,0::2%M=L)THAECOEFFICIENTSJF THE PIECEWISE POLYNOMIAL
REPRESENTATION GF THE NATUR AL SPLINE,({A(N2,0) 1S
UNCHANGED ANUNOVALUESAREASSIGNEDTO THE LAST
RCW OF A)

CFF{1: :N2-N1+2*M-1)THE COEFFICIENTSOFTHEB=SPLIN E
REPRESENTATION OF THE NATURALSPLINES

F(M > 0)A N D(M<=N2=N1+1)T H E N

EDUREBSPLDR(REAL ARRAY ToA(*)INTEGERVALUEN,K}

REAL ARRAY ADIF(#*,%); INTEGERVALUENDERIV);

CCMMENT CONSTRUCTS DIVeUIFFe TABLEFO R B=SPLINECOEFF.

PREPARATORY TO DERIV.CALC+.ARRAY DIMENSIONS ARE AS
FOLLOWS: T 11: N#K)y A(133N)y AJDIF(Ll::N,1:2NDERIV).
NDERIV SHOULD BE IN(2+K133

BEGIN

INTEGER KMI D;
REAL DIFF3
FOR Il s=1 UNTIL NDOADIF(lsid3=AL1d3
KMID:=K;
F ORID:=2UNTILNDERIVIO
BEG N
KMID:=KMID-13;
FOR I:=ID UNTILN DO
BEGIN
DIFF: = T | I+KMID) - T(1};
| FOIFF~=0THEN
CADIF( |, ID) :=(ADIF(I,ID=4) - AUIF ( I-1+ID~1))/DIFF*KMID
END
END

END BSPLOR:

PROCEOURE BSPLEV(REAL AKRAY T(*};REAL AKRAY ADIF(%*,%);
INTEGER VALUE NsK; RcAL VALJE X3
REALARRAYSVALUEL*); INTEGERVALUENDERIV);

COMMENT CALCULATESVALUEO FSPLINEANDITSOcRIVATIVESAT X FROM
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61.
62e
63.
64
65.
66.
67«
68.
63.
73.
71.
72.
73.
T4 e
75.
76.
T77.
78 .
e
80.
81.
82.
83.
84.
85.
85.
87.
83.
89 .
90.
91~
92.
93.
94.
95.
95.
97.
93.
99.
103.
101.
102.
103.
10%.
105.
105.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.
113.
119.
123.
121.

B-REPRESENTATION. ARRAY DIMENDIONS ARE ASFOLLOWS:
T(l3eN+#K) 9y ADIF(L::Ngls SNDERIV)y SVALUE(L2:NDERIV)
BEGIN

REAL ARRAY VNIKX(1::K);

REAL ARRAY TTUL 1: sN+1);

INTEGERKM]1 yMFLAGy [ JLEFT 1D, KPLMN;

FOR | DUMMY :=1 UNTIL NJDZRIV 00U SVALJUE(ILIDJMMY) =03

KMl :=K=-13

FOR 1 DUMMY:$=1U N T I LN+1DUOTTCIOJMMY)::=T{IDUMMY+K=1)3

INTERVITT N+1=-KM1s Xols MFLAG)

| s=1+KML3

| FMFLAGKOTHEN GOTUS99

ELSEI F MFLAG=OTHENGO T O 5203

IF X>T(I} THEN GO TO $93;

S10: FI=K THEN GO TO $99:

| e=I=13

| FX=T{I)THENG O T OS103;

COMMENT I HAS BEENFOUND AN (KyN3} SO THAT T(I)<=X<=T{I+1)
(CR <=TUI+1)y |F TUIIKTAI+L)=T(N+1));

S20: KPLIMN:=K+1-=-NDERIV;

S21

BSPLVN(T yKPLMN o1 oXs 1sVNiIKX);
ID:=NDERIV;
¢ LEFT:=1-KP 1MN;
FORL:=LUNTILKPLMN DU
SVALUE( ID) e=VNIKX(L)I*®ADIF(LEFT+L,I0) + SVALUE(ID);
ID:=10-1;
If ID=0THEN GC TO 393;
KPIMN:=KP 1MN+1;
BSPLVNI(T3092¢X el o UNIKX)
GO TO S21;

s99

ENDBSPLEV:

PROCEDUREBSPLPP(REALAKRAYTA(*) ;INTEGER VAL U EN#K3;
REALARRAYSCRTCH(*,%); REALARRAYXI(*);
REAL ARRAY C(*,%); INTewer RESULT LXIJ;

COMMENT CONVERTS B=SPLAINE REPRESENTATIUN T) P LECEWI SE POLYNOMIAL
REPRESENJAT | ON. ARRAYOIMENSIUNSARE AS FOLLONG:
TEL3:N+K) s  ACL1::2N), SCRTCHUL:NglssKd g XI(L2LXI*+1),
C(l::KylzzciXl)a LXI=N=-K=11FN OREPAEATEDKNOTS

BEGIN

BSPLOR(T ;A ¢NyK SCRTCH,K) 3
LXI:=03
XI(1):=T(K);
FOR ILEFT: = KUNTIL N u0
| FT(ILEFT+1)~=T(ILEFT) THEN
BEGIN
LXIs=LXI+l;
XIULXI+1):=TUILEFT+1);
BSPLEV{T sSCRTCHyNoe Ky XIC(LXL) s (®yLXI)4K)
END
ENDBSPLPP;
PROCEDUREBSPLVN(REAL ARRAYT(*); AINTEGERVALUEJHIGH, INDEX;
RtALVALUZ X: INTeGER VALJE ILEFT;
REAL ARRAY VNIKX(*) );

COMMENTCALCULATES THEVALJEO fALLPUSSIBLYNONZEROB-SPLINESA T X
OF ORDERMAX(JHIGH,(JJ+1 J (INVEX=LI)UNT. INDEX=10R 2.
JJ,DELYAM; DELJAPAREGLUOBAL VvARIAODLES.
BEFORETHE FIRSTCALLONEH JSJo>cTJJ=1ANDAL LELEMENTSOF
DELTAM AND DELJAP = 40« ARRAYDIMENSIONS ARE AS FOLLOWS:
TOLl: sN+K)y VNIKX(L::K)}, DELTAM(L::K)y DELTAP(1::K);

BEGIN
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lel .
123.
124.
| P3N
15
127.
128.
123.

130. 520:

131.
132.
133.
134.
13%.
13s.
137.
133.
137.
143
141,
142.
la3.

lé%, s99:
ENDBSPLV N ;
PRULEUDURE BSPLVCIREAL AKRRAY T(=x),; INITcouer VALJE K;

l45.
l45.
147.
143.
l143.
15).
151.
152.
153.
154,
155,
156.
157.
153.
157.
1 6 3
161.
162.
163.
los.
l16>.
lés .
167.
163.
163.
17).
171.
172. _
173.
174. -
175.
175.
177.
173.
179 .
183.
181.
182.

INTEGER JPL1,JdP LML
KEAL VMPRE V VM3
IFINCEX=1THEN
BEGIN
odi=l;
VNIKX(1):=13
| fJI>=JdHIGH THEN Gu Ty 599
END;
DELTAP(JJ) s=T{ILEFT#JJ) - X
UELTAM(JJ): = X=TllLcrT=-JdJd+l);
VMPKEV:I=0;
JPl:i=JdJ+l;
FOR L:=]1 UNTILJ J DU
BEGIN
JPLIML:-JP1l-L;
VM:=VYNIKX{L)/(DELTAP (L) + DELTAM(JPLMLI);
VNIKX{L):=VMDELTAPIL) + VMPKEV
VMPREV: =VM*DELTAM(JPLML)
ENL
VNIKX(JPL) :=VMPREV;
JJds=JP1;
IFJIKIUHIGHTHEN G OTJ>20;4

REAL vaLJz X ; INTtuewn VALJE ILEFT;
HEALAKKAYVNIKX( ¥, %) INTcoERV AL UENDERIV);

COMMENT CALCULATES VALUEANDUERIVS U ALL o=SPLINESWHICH DO

NUT VANISH AT X« ARRAYDIMENSIUNSAKEAS FOLLOWS:
Tl siveK) o VNTBALLS Kol iNucKIV,

BEGIN

INTLOUER IDERIV.IDERVM KM ly JodMLlpJdLlunms

HEALVsDIFF;

REALARRAYNVNIKX(1::K),

REALARRAYA(L13:tKylo2K);

COMMENTF | L LVNIKXUJsdIdcRIVIgJ=IUERLVyeeeyKW | T HNONZERO
VALUES O FB=SPLINES UF URVUER K¢+l=-1UERIV,
TOERIV=NDERdV ..oyl BY RKcPtATEJUCALLS TOBSPLVNS

BSPLVN(T yK+1=NDERIVelsAy iLEFToNVINIKA) ¢

FORIDUMMY ¢=NDER IV UNITIliL K Ju

VNIKX( TCUMMY, NDEKIV): =NVNIKA(TUUMMY=NDERIVE]L)

I FNDERIVK=1ITHENG OTJ>99;

IDERIVI=NDERIV;

FOR 1:=2 UNTIL NODERILV Ju

BeuIN

IDERVM:=IDERIV-1;
FOR J:=IDERI VUNTIL<C VUL
UNIKX(J=1y JOERKVM): =VNIKA(JUy lUEKIVI
IDERIV : =IDERVM;
BSPLVN(T 0y 2e Xo ILEFT)NVNIKX);
FORIDUMMY ::=IDERdV uNTIL K Uu
VNIKX{ IDUMMY, dDERL V) S=NVNLK XL IDJUMMY = {DERIV +1)

END 3

FOR I:=]1 UNTILK DO

BEGIN

FORUJ:=LUNTIL K UU
A{l,J):=C;s
A{la1):=1

END;

KMD: =K 3

FORM:=2 UNTIL NDERIVDJ
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183.
184

185.
185

187.
188

183.
190.
i91.
192.
193

194.
195

196 .
197.
193

19%.
203.
201 .
207«
203 .
204.
205 .
205 .
207.
208.
203.
213

211 .
212 .
213 .
214 .
215.
216.
217.
218.
213.
223.
221 .
222.
223.
224 .
225.
26
227.
228.
223.
230.
231.
232.
233.
234.
235.
236.
237.
Z38 .
233.
243 -
24l .
242.
243.

S21:

§25:

S26:

S30:

s99 3

BEGIN
KMD $=KMD-13
t=ILEF T,
2=K3
JM1:=Jd=-13;
DIFF:=T(I+KMD)} - T(1l);
IFJMI=0THEN GO TO S<co;
IFDIFF=0 THEN GO TO 5¢5;
FOR L:=1 UNTIL J Du
AlLyJ): =1 AlLydd= AlLyJ=1))/VIFF*KMD;
=JM1;
=[-13

J:
(I
GC TO &215
IFDIFF=CTHEN G OTJS30;
A(l91):=A(141 )/ DdFF*<MD;
FORI :=1UNTIL K DQ
BEGIN
:=0;
JLOW 2=IF I>=M THEN [ cLSEM
FORJI=JLOWUNTIL KDO
t=A0 [ J)EVNIKX (JeM) + V;
VNIKX(I+M):=V
END;
END;

END BSPLVO;
PROCEDURE INTERVIREAL ARRAY XT(*)} 3INTEGER VALUELXT; REAL VALUE X3

INTEGER ReSULT ILEF Te MFLAG)

COMMENT COMPUTES LARGESTILEFTIN(L LXTISUCHTHATXT(ILEFT)<=X.

XT 1S OFSIZEXT(1::2LXT)e ILOIS A wLOBALVARIABLE.
ILOMUSTBES E TEQJALT O1 BEFORETHEFIRST CALLO FINTERV;

8EG IN

S20:
S21:

S$30:
s3 1:

s35:

S407
S41:

s45:

INTEGER IHIISTEP,MIDDLC 5
IHL = 1LO+1;
I FIHIKLXTTHENG OT 0S20;
I FX>=XT(LXT)THENGOT OSL103
IFLXTK=1TFENG O T 0S99
ILO:=LXT-1;

GO T3 S21;
IFX>=XTCIKHI)T H E NGUTI>40;
| FX>=XT{ILC)THEN GOTJS51u0;
COMMENT NOWXSXT( I Hid. FINS3LOWER BUJND
ISTEP:=1;
IHI:=ILO;
ILO:=IHI=-ISTEP ;
| FILOK=1THENG OT 0S33;
IF X>=XT(ILO)T H E NGOG TIS50;
ISTEP:=ISTEP*2;

G OTuUS3i;
IL0:=1;
I FX<KXT(L)THENG OTOS90V;
Gu TO 5503
COMMENT NOWX>=XT(I&O). FINU UPPcr BUJND;
ISTEP:=13
[LO:=IHI;

IHI:=ILO+ | STEP ;
I FIHI>=LXTT H E NGUT3S45;
I fXXXT(IHI)THENG UTJS550;
I STEP:=ISTEP*2}
GLUT O S4l1;
| FX>=XT(LXT)THEN GOT2S110;
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244,
245,
246.
247,
248,
243,
250.
251.
252.
253.
254.
255.
255,
257.
258,
259.
263.
261.

2624

263.
264.
265.
265 .
267 .
268.
263.
273.
271.
272.
273.
-274.
275.
275«
277.
2718.
279.
283.
281 «
2 8
283.
284.
285.
287.
289 .
289 »
290.
291.
292.
293.
294.

295.

. 296 .
297.
298 .
299.
303.
301.
302.
303.
30%.

IHL :=LXT;
COMMENT NUWXT{ILO)<=XKXT(IAL). NARRuw THE INTERVAL.
S5¢: MIDDLE s=¢ILC+IHKI ) DIV ¢;
IFMIDDLE=ILOTHEN GOTUS100;
COMMENTI TISASSUMEU THATMIDDLE=ILUINCASETIHI=ILO+];
| FX<XT(MIDDLE)THEN GO TOS53:;
ILO:=MIDDLE;
Gu TJ S5V,
$53: IHI :=MIDDLE; (
Gu TJ S50;
CCMMENTS E TCUTPUT ANUEXIT;
$S90: MFLAG:==1:
ILEFT:=1:
GO TJSFIN;
S100: MFLAG:=0;
ILEFT:=ILO;
Gu TJ >FIN;
S110: MFLAG:=13
ILEFT :=LXT3
SFIN:
ENDINTERV;
PROCEDURE BANDET(REAL ARRAYM{*,%) ; INTEGER ARRA Y INT{*);
REAL AR941A(*,%); [NTEuwe VALUE N,ML,M2);
CCMMENT BANOET ANDITS COMPANION PRUOCEUJREBANSOLSOLVETHESYSTEM
O FEQUATIONS A*#X=B WHERE A IS A NUNSYMMETRICBAND MATRIX.
(THEY WILLWORKWITHSYMMETRIC BANOMATRICESBUT TAKE NO
ADVANTAGE OF THEIR STRJUCTURE.)
THEBANDMATRIX 4GFORDERN wlTHMLSUB-DIAGONALELEMENTS
ANO M2 SUPER-DIAGINAL eLEMeNTSINA TYPICAL ROW IS STOREO AS
A NN BY(MIL+M2+1)ARRAY s ALLZ2Ngls:ML#M2+¢1) ,WITHT H E
SUB-DIAGONAL ELEMENTSINA(*,U)yJ=1lyeaecerMly, THE DIAGONAL
ELEMENTS I N A(*,M1+1)y ANDTHE SuPcR=-DIAGONAL ELEMENTS IN
Al*y3J)y J=M142 5009 MLtM2¢1]. THEMATRIXAISFACTORIZED BY
BANDETINTOTHEPRODUCTOF A LLUAER-TRIANGULARMATRIX ANO AN
UPPER-TRIANGULAR MATRIXUSINGPARTIALP IVOT ING. THE LOWER
TRIANGLE ISSTUREDA SA NN BYMLARRKAYM(1::Nys123MI)ANO THE
UPPER TRIANGLE ISJVERWRITTENUNA . OVOETAILSOF THE
INTERCHANGES ARE STURED A NTHEARRAYINT{(1::N):
BEGIN
INTEGER | +LeM33
REAL X;
M3:=M]1+M2+1;
t=M1;
FOR 1:=1UNTIL M 1|IDO
BEGIN
FOR J:=M1+2~-I UN T IL M3D0
A(T,J~L):=A(1:J);
t=L=13
FOR J:=M3=-LUNTILM3D O
A(I,J):=C
END I ;
L:=M13;
FOR K:=1 UNTIL N 00
BEGIN
X:=A{K,1)3
IFL<NTHENLS=L+1;
FOR J:=K+1l UNTILL3 3
I FABS(A(J,1))2>43S(X) THEN
BEGIN
:=A(Jds 1)

b1



30 . 1:=J

305. END J:

307. INT(K) :=1;

303. I FI-=K THEN

309« FORJ:=1UNT IL M3 w0

313. BEGIN

311. t=A(Ky J) 3

312. AlK,Jd):=A(1ad):

313. A(l,Jd):=

314, END J;

315. FOR I: =K+ IUNTILL 0J

316. BEGIN

317. S=M(Kyel=K):=AlLyL)/A(Kyl);

318. FOR J:=2 UNTIL M 3DU

319. ALl J=1):=A(1ls4) = X¥A(KeJ);

323. A{I,M3):=0

321. END I

322. END K

323. : END BANDET;

32%. PROCEDUREBANSOL(RE AL ARRAYM(*,%) ; INTEGER ARRAY [NT( %) ;
325. REALAKRIAYBI%*); KcAL ARRAY A( *,%) ;
325. INTEGER VALUJUE NeMisMc),

327. CCMMENTTHEPARAMETERS Mg INTsAsNsMLsMcARETHESAME ASINBANDET.
323. BANSOL SO LV E STHESYSTEMOcCUMPUSED BY BANDET W | TH
329. RIGHT-HANC SIDE B(L33N)e THeSULJTIINIS RETURNEDI NB:
333. BEGIN

331. INTEGER I sLeM3 43

332. REAL X;

333. M3:=M1+M2+1;

33%. L:=M13

335 o FOR Ks=1UNTILN D O

335, BEGIN

337. s=INT(K);

338, I FI==K THEN

339. BEGIN

343, t=B(K); . ,

341. B(K):=BC 1)

342. 8LI):=

343, END;

344, | FLKNTHENL:=L#+L;

345, FGR | :=K+1 UNTIL ¢ vy

345 B(I):=8(I) = M(K,yl=-Ki*o(K)

347. END K;

343. L:=1;

349, FOR |:=N STEP - 1UNTIL Ll DJ

353. BEGIN

351. t=8(1);

352. it=1-1:

353. FOR K:=2UNTILLODYJ

35%. Xi= X A(] K)¥B(Ktnw);

355, BlI):=X/AC1,+1)3

355, B | FL<CM3 THEN L:=L+]

357. ENDI

353. -END BANSOL; i .

359. INTEGER TN2yTN3y TNGyTM2 o TMM MP L gl yMM2yid o IM2,UXI4Jd,y ILO:
363. REAL Al,ANP,FAC;

36l1. REAL ARRAY DELTAM,DeLTAP (L3:2%M);

362 « REAL ARRAY T(LlssN2=NL1+4*M=1);

363. REAL ARRAY TA({ 1: :N2=Nl+c*M=-11);

36%. REAL ARRAY TX, TY{133N2=N1+1);

365. REAL ARRAY Q{L2:N2=NL+2«M=i,12:2%M);



365.
367.
368.
369.
373.
371.
372.
373.
374
375.
376,
377.
373.
379.
381.
382.
383.
384,
385.
386.
387.
383.
389,
390
391.
392.
393.
394 .
395.
395.
397.
398.
399.
400.
401.
402.
403.
404.
405.
405.
407.
408.
409.
410.
41l .
4l12.
413.
414.
415.
416.
41T .
418.
419.
423.
421.
422.
423.
424 .
425.
426.

REAL ARRAY TRL (1 33NZ=NL#+2¥M=3,13:M=1J;
REAL ARRAY VNIKX(1332%Myl2i2%M=4);
REAL ARRAY C(1 ::2%M, 1::sN2=Ni+1);
INTEGER ARRAY INT(1l:33N2-N142%MH-3);
TN2 :=N2=N1+13;
TM2 :=2%M3
TN4:=TN2+TM2-4;
TMM:=TM2-13;
FOR I:=N1LUNTIL N2DQ
BEGIN

TXCI=-NL+1):=X{1);

TY(I-N1+1):=A{I,0)
END I;
JJ:=1L0:=13
FORI:=1UNTILT M 2DUJOcLTAM(IL):=DELTAP(1):=40;
FOR Is=1UNT I LTMMDOT(I)=TX(1);
FOR I2=1 UANTIL TN2=1 uu T(I+TMMI=TX(I1);
TN3:=TN2=1+TMM;
FORI :=1UNTILTM 2D OT{I+TN3}:=TX(TN2};
COMMENT GET COEFFICIENTS OF FIRSTM=1RJIWS;
BSPLVDU{T s TM2,TX( 1) sTMLaVNIKX, TMM) ;
Als=TY{1)/VNIKX(1,1);

FOR I:=1 UNTILM - 100
BEGIN
FOR J:=1 UNTIL T TMMDOQ(LJ)s=0;
MPIz:=M+1;
LL:=M=-13
FORL:=2UNT I LMPID)
BEGIN

LL:=LL+13
QIILL):=VNIKX(LsUPI)

END L3
TA(I):==Al*VUNIKX({1,MPi)
ENDI;
COMMENT GETCOEFFICIENTS OF NEXTTINZ2RuUAS;S
MM2:=M=2 3
FOR I:=2UNTYILTNZ2=-1 D O
BEGIN

BSPLVNI{T,TM2, Lo TX(I)y [+TMMy VNIKX(%*41));
IM2:=I+MM2;
FORL2=1 UNTILTMMDUQUIM2,LI=VNIKX(Ly1)3
TA(IM2):=TY (I)
END I:
COMMENT GET COEFFICIENTS OF LAST M= iRJWS;
BSPLVD(T sTM2,TX(TN2) 9 TN3 VNIKX 9y TMM) ;
ANP:=TY{TN2)/VNIKX(TM2,1 )
FORI1 :=1UNTIL M-1 DO
BEGIN
11:=TN2+TM2-3~];
FOR J:=1 UNTIL TMM DO Q(Il.d):=0;
MPls=M+13;
LL:=M~-1;
FORL:=1 UNTIL MPI-100
BEGIN
c ¢ :=LL+1;
Q{IloL):s=VNIKX{(LL,MPI)
ENDL3:
TA(II) :==ANPYVUNIKX{TMZ,MP]}
END I;
BANDET(TRL y INTyQ s TN4gM=~14M~1);
BANSOL{TRL JINT ,TA,QeTNGyM=1,M-1);
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427. FOR 1:=1 UNTIL TN4 Uu TA(TNs=i) ¢=dALINS~I-4);

428 . TA(1) :=Al;

429. TA{TN3) :=ANP;

430. FOR It=1UNTILT N 3DCGCEF(I):s=TA(L);
431. BSPLPP(TyTA,TN3,TM2,GsTX CoLXI);
432, FOR I: = AUNTIL TN2=1 DU

433. BEGIN

434, FAC:=1;

435, FORJ:=2 UNTIL Tas LI

435, BEGIN

437. FAC::=FAC*®(J-1J ;

438. ClJsI)e=Cl Iy LD/FAC

433. END J

440, END I;

44] . FORI®=1 UNTIL TN2=-i DU

442, FORJ:=1 UNTIL TM2 uU

443, A(NLeI=14d=1)2=C(uasi)

444% , END DEBNAT;

L



