
ON THE LINEAR LEAiT SQUARES PROBLEM
WITH A QUADRATIC CONSTRAINT

bY

Walter Gander

STAN-CS-78-697
November 19 78

C O M P U T E R  S C I E N C E  D E P A R T M E N T
School of Humanities and Sciences

STANFORD UNIVERSITY





On
 
th

e 
Li

ne
ar

 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
m

wi
th

 
a 

Qu
ad

ra
ti

c 
Co

ns
tr

ai
nt

On
 
th

e 
Li

ne
ar

 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
m

wi
th

 
a 

Qu
ad

ra
ti

c 
Co

ns
tr

ai
nt

Wa
lt

er
 
Ga

nd
er

*

* N
eu
-T
ec
hn
ik
um
 

Ru
ch
s,
 
(J
-I
-9
47
0
 
Ru
ch
s,
 

Sw
it
ze
rl
an
d.

Re
se

ar
ch

 
su

pp
or

te
d 

in
 
pa

rt
 
by

 
Na

ti
on

al
 
Sc

ie
nc

e 
Fo

un
da

ti
on

 
Gr

an
t

N
o
.
 
~~

~7
8-

17
69

7.

Wa
lt

er
 
Ga

nd
er
Y

Ab
st

ra
ct

.

In
 
th

is
 
pa

pe
r 

we
 
pr

es
en

t 
th

e 
th

eo
ry

 
an

d 
pr

ac
ti

ca
l 

co
mp

ut
at

io
na

l 
as

pe
ct

s

of
 
th

e 
li

ne
ar

 
le

as
t 

sq
ua

re
s 

pr
ob

le
m 

wi
th

 
a 

qu
ad

ra
ti

c 
co

ns
tr

ai
nt

.
Ne

w 
th

eo
re

ms

ch
ar

ac
te

ri
zi

ng
 
pr

op
er

ti
es

 
of

 
th

e 
so

lu
ti

on
s 

ar
e 

gi
ve

n 
an

d 
ex

te
nd

ed
 
fo

r 
th

e

pr
ob

le
m 

of
 
mi

ni
mi

zi
ng

 
a 

ge
ne

ra
l 

qu
ad

ra
ti

c 
fu

nc
ti

on
 
su

bj
ec

t 
to

 
a 

qu
ad

ra
ti

c

co
ns

tr
ai

nt
.

Fo
r 

tw
o 

im
po

rt
an

t 
re

gu
la

ri
za

ti
on

 
me

th
od

s 
we

 
fo

rm
ul

at
e 

du
al

eq
ua

ti
on

s 
wh

ic
h 

pr
ov

ed
 
to

 
be

 
ve

ry
 
us

ef
ul

 
fo

r 
th

e 
ap

pl
ic

at
io

n 
of

 
sm

oo
th

in
g

of
 
da

ta
s.

Th
e 

re
su

lt
in

g 
al

go
ri

th
m 

is
 
a 

nu
me

ri
ca

ll
y 

st
ab

le
 
ve

rs
io

n 
of

 
811

al
go

ri
th

m 
pr

op
os

ed
 
by

 
Ru

ti
sh

au
se

r.
We

 
sh

ow
 
al

so
 
ho

w 
to

 
ch

oo
se

 
a 

th
ir

d 
or

de
r

it
er

at
io

n 
me

th
od

 
to

 
so

lv
e 

th
e 

se
cu

la
r 

eq
ua

ti
on

.
Ho

we
ve

r 
we

 
ar

e 
st

il
l 

fa
r

aw
ay

 
fr

om
 
a 

fo
ol

pr
oo

f 
ma

ch
in

e 
in

de
pe

nd
en

t 
al

go
ri

th
m.

r/
Co

mp
ut

er
 
Sc

ie
nc

e 
De

pa
rt

me
nt

,
St
an
fo
rd
 
Un
iv
er
si
ty
, 

St
an
fo
rd
, 

Ca
li

f.
 9

43
05

.
On

 
le

av
e 

fr
om

 
Ne

u-
Te

ch
ni

ku
m 

Ru
ch

s,
 
Sw

it
ze

rl
an

d.
Th

e 
au

th
or

 
ha

s 
be

en
 
su

pp
or

te
d 

by
 
th

e 
Sw

is
s 

Na
ti

on
al

 
Sc

ie
nc

e 
Fo

un
da

ti
on

,
Gr
an
t 

No
. 

5'
52

1'
33

0'
61

51
7.

i



To
 
Ma

ur
ic

e

Ac
kn

ow
le

dg
em

en
t.

Th
is

 
wo

rk
 
wa

s 
do

ne
 
du

ri
ng

 
my

 
St

an
fo

rd
 
ye

ar
 
14

7/
78

.
I 
am
 
gr
ea
tl
y

in
de

bt
ed

 
to

 
Pr

of
. 

G.
 G

ol
ub
 
fo

r 
hi

s 
va

lu
ab

le
 
co

mm
en

ts
 
en

d 
su

gg
es

ti
on

s,

fo
r 

hi
s 

ho
sp

it
al

it
y 

an
d 

fo
r 

cr
ea

ti
ng

 
th

e 
ex

tr
ao

rd
in

ar
y 

sp
ir

it
 
of

 
Se

rr
a

Ho
us

e 
th

at
 
at

tr
ac

ts
 
in

 
on

e 
ye

ar
 
mo

st
 
nu

me
ri

ca
l 

an
al

ys
ts

 
of

 
th

e 
wo

rl
d.

My
 
st

ay
 
wo

ul
d 

no
t 

ha
ve

 
be

en
 
po

ss
ib

le
 
wi

th
ou

t 
th

e 
su

pp
or

t 
of

 
Pr

of
. 

P.
 
He

nr
ic

i,

on
e 

of
 
my

 
"g

od
fa

th
er

s"
 
fo

r 
th

e 
Sw

is
s 

NS
F.

I 
wo

ul
d 

li
ke

 
to

 
th

an
k 

hi
m 

fo
r 

hi
s

co
nt

in
uo

us
 
in

te
re

st
 
in

 
my

 
wo

rk
 
an

d 
fo

r 
hi

s 
en

co
ur

ag
em

en
t.

I 
ow

e 
hi

m 
mu

ch

of
 
my

 
ma

th
em

at
ic

al
 
ed

uc
at

io
n.

Al
so

 
in

 
Sw

it
ze

rl
an

d 
I 

ha
ve

 
to

 
th

an
k

Pr
of

. 
J.

 
Ma

rt
i,
 
my

 
se

co
nd

 
"g

od
fa

th
er

",
wh

o 
ha

pp
en

ed
 
to

 
wo

rk
 
at

 
a 

si
mi

la
r

pr
ob

le
m.

I 
sm
 
in

de
bt

ed
 
to

 
Pr

of
. 

Ch
. 

va
n 

Lo
an

, 
Co

rn
el

l 
Un

iv
er

si
ty

, 
fo

r 
hi

s

ca
re

fu
l 

re
ad

in
g 

of
 
th

e 
ma

nu
sc

ri
pt

 
en

d 
fo

r 
hi

s 
va

ri
ou

s 
su

gg
es

ti
on

s 
he

lp
in

g

to
 
im

pr
ov

e 
my

 
en

gl
is

h.
Th
an
ks
 
al
so
 
to
 
th
e 

"F
or

sc
hu

ng
sk

om
mi

ss
io

n"
 
of

ET
HZ
 
an

d 
th

e 
Sw

is
s 

Na
ti

on
al

 
Sc

ie
nc

e 
Fo

un
da

ti
on

 
wh

o 
ga

ve
 
me

 
th

e 
gr

an
t 

th
at

en
ab

le
d 

my
 
st

ay
 
at

 
St

an
fo

rd
.

Fi
na

ll
y 

I 
ha

ve
 
to

 
th

an
k 

my
 
wi

fe
 
He

id
i 

an
d

my
 
pa

re
nt

s-
in

-l
aw

, 
A.

 
an

d 
E.

 
Wo

lf
, 

fo
r 

th
ei

r 
no

n-
ma

th
em

at
ic

al
 
as

si
st

an
ce

.

St
an

fo
rd

, 
Fa

ll
l(

,r
78

Wa
lt

er
 
Ga

nd
er

ii
i



Ta
bl

e 
of

 
Co

nt
en

ts

0. 1. 2. 3. 4. 5. 6. 7. 8.

In
tr

od
uc

ti
on

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

Ba
si

c 
De

fi
ni

ti
on

s 
an

d 
Re

ma
rk

s
.
.
.
.
.
.
.
.
.
.
.
.
.
.

Th
e 

Le
as

t 
Sq

ua
re

 
Pr

ob
le

m 
wi

th
 
Qu

ad
ra

ti
c 

Co
ns

tr
ai

nt
.
.
.
.

2.
1 

Ch
ar

ac
te

ri
za

ti
on

 
of

 
th

e 
So

lu
ti

on
.
.
.
.
.
.
.
.
.
.

2.
2 

Th
e 

So
lu

ti
on

s 
of

 
th

e 
No

rm
al

 
Eq

ua
ti

on
s

.
.
.
.
.
.
.
.

2.
3 

Th
e 

So
lu

ti
on

 
fo

r 
th

e 
Eq

ua
li

ty
 
Co

ns
tr

ai
nt

 
(P

IE
).

.
.
.

2.
4 

Th
e 

So
lu
ti
on
 
fo
r 

In
eq
ua
li
ty
 
Co
ns
tr
ai
nt
 
(P

l)
.
.
.
.
.

Th
e 

Re
la

xe
d 

Le
as

t 
Sq

ua
re

s 
Pr

ob
le

m
.
.
.
.
.
.
.
.
.
.
.
.

3.
1 

Re
su

lt
s 

fr
om

 
th

e 
Ge

ne
ra

l 
Th

eo
ry

.
.
.
.
.
.
.
.
.
.
.

3
.
2
 
T
h
e
 

D
ua

lN
or

m
sl

E
qu

at
io

ns
.
.
.
.
.
.
.
.
.
.
.
.
.
.

3.
3 

El
de

n'
s
 
T
r
a
n
s
f
o
r
m
a
t
i
o
n

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

3.
4 

Ru
ti

sh
au

se
r'

s 
Re

la
xe

d 
an

d 
Do

ub
ly

 
Re

la
xe

d 
Le

as
t

Sq
ua
re
sP
ro
bl
em

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

Mi
ni

mu
m 

No
rm

 
So

lu
ti

on
 
wi

th
 
Gi

ve
n 

No
rm

 
of

 
th

e 
Re

si
du

al
 
. 

.

4
.
1
 

Th
eD

ua
lN

or
m

al
E

qu
at

io
ns

.
.
.
.
.
.
.
.
.
.
.
.
.
.

4.
2 

Re
pr

es
en

ta
ti

on
 
as

 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
ms

.
.
.
.
.
.

Co
mp

ut
at

io
na

l 
As

pe
ct

s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

5.
1 

So
lu

ti
on

 
of

 
a 

Re
la

xe
d 

Le
as

t 
Sq

ua
re

s 
Pr

ob
le

m 
wi

th

B
a
n
d
M
a
t
r
i
x

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

5.
2 

So
lu

ti
on

 
of

 
a 

Le
as

t 
Sq

ua
re

s 
Pr

ob
le

m 
wi

th
 
Tw

o 
Ba

nd

Ma
tr

ic
es

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

5.
3 

Bi
di
ag
on
sl
iz
at
io
n

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

5.
4 

Cm
pu

ta
ti

on
 
of
 
th
e 

De
ri
va
ti
ve
s 

of
 
th
e 

Le
ng
th

Fb
nc

ti
on

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

On
e 

Po
in

t 
It

er
at

iv
e 

Me
th

od
s 

to
 
So

lv
e 

th
e 

Se
cu

la
r

Eq
ua

ti
on

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

6.
1 

Co
nv
er
ge
nc
e 

Fa
ct
or
s

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

6.
2 

Th
ir
d 

Or
de
r 

It
er
at
iv
e 

Me
th
od
s

.
.
.
.
.
.
.
.
.
.
.
.

6.
3 

Th
e 

Co
nv
er
ge
nc
e 

Fa
ct
or
s 

fo
r 

a 
Th
ir
d 

Or
de
r 

Me
th
od
 
. 

.

6.
4 

Ge
om

et
ri

ca
l 

In
te
rp
re
ta
ti
on
 
of
 
th
e 

Co
nv
er
ge
nc
e

Fa
ct

or
s

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

6.
5 

So
lv
in
g 

th
e 

Se
cu
la
r 

Eq
ua
ti
on

.
.
.
.
.
.
.
.
.
.
.
.

Ge
ne

ra
li

za
ti

on
s

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

Sm
oo

th
in

g 
of

 
Da

ta
s

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

1 5 9 15 23 24 27 28 29 33 35 42 43 44 45 46 53 56

co
ns

tr
ai

nt
.

Th
e 

ma
tr

ic
es

 
an

d 
ve

ct
or

s 
wi

ll
 
be

 
re

al
 
an

d 
we

 
us

e 
ca

pi
ta

l

le
tt

er
s 

4 
, 

B 
, 

. 
. 

.
fo

r 
ma

tr
ic

es
 
an

d 
sm

al
l 

le
tt

er
s 
a
,
!
,
 
. 

. 
. 

fo
r 

ve
ct

or
s.

II
 II

wi
ll

 
be

 
us

ed
 
fo

r 
th

e 
eu

cl
id

ia
n 

ve
ct

or
no

rm
.

Gi
ve
n 

4 
, 

C 
, 

b 
,

d 
an
d 

a 
nu
mb
er
 

a! 
> 

0 
we
 
co
ns
id
er
 
th
e 

pr
ob
le
m

- 
-

-

t
o
 
f
i
n
d
 
x
 
s
u
c
h
 
t
h
a
t Il

Ax
-?

I\
 
= 
m
i
n

--

>

(0
.1
)

su
bj

ec
t 

to
Ilcs

 - 
cll 

I 
cx

-
Th

is
 
pr

ob
le

m 
is

 
a 

ge
ne

ra
li

za
ti

on
 
of

 
th

e 
le

as
t 

sq
ua

re
 
pr

ob
le

m 
wi

th
 
eq

ua
li

ty

co
ns

tr
ai

nt
s

II&
 - 

bll 
= m

in
(0

.2
)

su
bj

ec
t 

to
Cx

 
= 
d

-
-
 

-

si
nc
e 

fo
r 

Q
 
= 

0 
ev
er
y 

so
lu
ti
on
 
of
 
(0
.1
) 

is
 
sl
so
 
a 

so
lu
ti
on
 
of
 
(0
.2
).

Th
e 

mo
ti

va
ti

on
 
wh

y 
to

 
co

ns
id

er
 
(0

.1
) 

ra
th

er
 
th

an
 
(0

.2
) 

is
 
ex

pl
ai

ne
d

be
st

 
by

 
th

e 
fo

ll
ow

in
g 

ex
am

pl
e.

Le
t'
s 

as
su
me
 
we
 
ar
e 

gi
ve
n 

m 
va
lu
es
 
of

a 
fu
nc
ti
on
 
f

62
Yi
 
= 

f(
ti
) 

f
i
 
= 
l,

..
.,

m

71 72 77 82 84 90 95 99

an
d 

we
 
se

ek
 
th

e 
co

ef
fi

ci
en

ts
 
of

 
a 

po
ly
no
mi
al

p(
t)
 
= 
"
$
 
xi

ti
i
=
O

th
at

 
ap

pr
ox

im
at

es
 
f 

.

If
 
we
 
in
si
st
 
th
at
 
p 

in
te
rp
ol
at
e 

th
e 

gi
ve
n 

da
ta
, 

th
en
 
we
 
ha
ve
 
to

so
lv
e 

th
e 

sy
st
em
 
(m

eq
ua
ti
on
s 

an
d 

n 
un
kn
ow
ns
)

R
e
f
e
r
e
n
c
e
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

ll
2



m
=
g

(O
-3
)

--

w
i
t
h
 
a
.
.
=
t
i
.

iJ
I
f
 
m
>
n
,

(0
.3

) 
ma

y 
ha

ve
 
no

 
so

lu
ti

on
.

I
f
 
m
<
n
,

th
e 

so
lu
ti
on
 
is
 
no
t 

un
iq
ue
. 

If
 
m 

= 
n 

,
th

er
e 

is
 
a 

un
iq

ue
 
so

lu
ti

on
 
if

ti
 
f 

tj
 
,
 
i 

# 
j 
.

Ho
we
ve
r 

it
 
is
 
we
ll
 
kn
ow
n 

th
at
 
+ 

is
 
il
l 

co
nd
it
io
ne
d

wh
ic

h 
me

an
s 

th
at

 
x 

is
 
di

ff
ic

ul
t 

to
 
co

mp
ut

e 
ac

cu
ra

te
ly

 
an

d 
th

at
 
us

ua
ll

y

th
e 

no
rm
 
of
 
x 

wi
ll
 
be
 
la
rg
e.

Th
e 

po
ly
no
mi
al
 
p 

wi
th
 
la
rg
e 

co
ef
fi
ci
en
t

wi
ll

 
be

 
us

el
es

s 
si

nc
e 

ca
nc

el
la

ti
on

 
wi

ll
 
af

fe
ct

 
it

s 
ev

al
ua

ti
on

.
It
 
ma
y

th
er

ef
or

e 
be

 
be

tt
er

 
no

t 
to

 
in

te
rp

ol
at

e 
bu

t 
to

 
ap

pr
ox

im
at

e 
th

e 
da

ta
s 

in

th
e 

le
as

t 
sq

ua
re

s 
se

ns
e.

Th
is

 
le

ad
s 

to
 
th

e 
un

co
ns

tr
ai

ne
d 

le
as

t 
sq

ua
re

s

pr
ob

le
m

l
k
-
X
I
I
 
=
 

mi
n 

*
(0
.4
)

Ib
is
 
pr
ob
le
m 

ha
s 

fo
r 

m 
>
 
n

an
d 

if
 
A 

ha
s 

fu
ll
 
ra

nk
 
a 

un
iq
ue
 
so
lu
ti
on
.

If
 
4 

is
 
ra

nk
 
de

fi
ci

en
t 

(0
.4

) 
ha

s 
in

fi
ni

te
ly

 
ma

ny
 
so

lu
ti

on
s 

an
d 

th
er

ef
or

e
i

on
e 

us
ua

ll
y 

lo
ok

s 
fo

r 
th

e 
so

lu
ti

on
 
wi

th
 
mi

ni
mu

m 
no

rm

mi
n 

IIXI
I

(0
.5
)

su
bj

ec
t 

to
I
I
&
y
\
\
 
=
 
ti

n
 
.

F
e
 
SO

ht
iO

n
 
of
 
(0
.5
) 

is
 
gi
ve
n 

ex
pl
ic
it
ly
 
by

x
=
 
A'
y

- 
-
-

w
h
e
r
e
 
$

is
 
th

e 
ps

eu
do

in
ve

rs
e 

of
 
A 

.

an
d 

(0
.5

) 
ma

y 
al

so
 
su

ff
er

 
ha

vi
ng

 
a 

la
rg

e

to
 
be

 
il

l 
po

se
d 

an
d 

we
 
co

ns
id

er
 
tw

o 
wa

ys

Ho
we

ve
r 

th
e 

so
lu

ti
on

 
of

 
(0

.4
) 

[3
5]

no
rm

.
Th

e 
pr

ob
le

m 
is

 
th

en
 
sa

id

to
 
re

gu
la

ri
ze

 
[4

2]
 
th

e 
so

lu
ti

on
.

We
 
ca
n 

pr
es
cr
ib
e 

a 
bo
un
d 

fo
r 

\\~
]l

an
d 

th
us

 
lo

ok
 
fo

r 
th

e 
so

lu
ti

on
 
of

Ilk?
 -?

1ll 
= 

Ini
n

(0
.6

)
su

bj
ec

t 
to

II41
 

5 
cx 

*

Al
te

rn
at

iv
el

y 
we

 
ma

y 
pr

ef
er

 
th

at
 
th

e 
de

vi
at

io
n 

fr
om

 
th

e 
gi

ve
n 

da
ta

po
in

ts
 
be

 
bo

un
de

d.
Th

is
 
le

ad
s 

to

11~1
1 =

 In
in

(0
.7
)

su
bj

ec
t 

to
lk

-X
II 

5 
a 

*

Ih
e 

qu
es

ti
on

 
ho

w 
to

 
ch

oo
se

a 
is
 
no
t 

si
mp
le
 
to
 
an
sw
er
.

It
 
ma

y 
be

ne
ce

ss
ar

y 
to

 
us

e 
so

me
 
st

at
is

ti
ca

l 
to

ol
s 

to
 
es

ti
ma

te
 

CX
[1
71
'

we
 
ob
se
rv
e 

th
at
 
(0

.6
) 

an
d 

(0
.7

)
ar

e 
le

as
t 

sq
ua

re
s 

pr
ob

le
ms

 
wi

th
 
a 

qu
ad

ra
ti

c

co
ns

tr
ai

nt
.

Th
e 

de
gr

ee
 
of

 
th

e 
po

ly
no

mi
al

(n
-l

) 
ma

y 
be

 
ch

os
en

 
in

de
pe

nd
en

tl
y

of
 
th

e 
nu

mb
er

 
of

 
gi

ve
n 

da
ta

 
po

in
ts

.
We

 
ma

y 
wi

sh
 
to

 
co

mp
ut

e 
a 

lo
w 

de
gr

ee

po
ly

no
mi

al
(m

 >
> 

n)
or

 
a 

po
ly

no
mi

al
 
wi

th
 
la

rg
e 

de
gr

ee
m 

< 
n 

bu
t 

wi
th

sm
al

l 
co

ef
fi

ci
en

ts
.

Pr
ob
le
ms
 

(0
.6

) 
an
d 

(0
.7

) 
ha
ve
 
a 

un
iq
ue
 
so
lu
ti
on
 
(i
f

it
 
ex

is
ts

) 
an
d 

we
 
wi

ll
 
sh

ow
 
ho

w 
to

 
co
mp
ut
e
 
it

 
ef

fi
ci

en
tl

y.

Re
tu

rn
in

g 
to

 
ou

r 
ex

am
pl

e,
 
le

t'
s 

co
ns

id
er

 
a 

pa
rt

it
io

ni
ng

 
of

 
th

e 
da

ta

po
in

ts
 
in

 
tw

o 
se

ts
.

We
 
ma

y 
as

k 
fo

r 
a 

po
ly

no
mi

al
 
th

at
 
in

te
rp

ol
at

es
 
th

e

da
ta

s 
of

 
th

e 
fi

rs
t 

se
t 

ex
ac

tl
y.

Th
is

 
le

ad
s 

to
 
a 

le
as

t 
sq

ua
re

s 
pr

ob
le

m

wi
th

 
eq

ua
li

ty
 
co

ns
tr

ai
nt

s:

\\g
 - 

y21
1 =

 m
in

’ 
W

3)
su

bj
ec

t 
to

Bx
 
= 
y

--
-1

wh
er

e 
yl

co
nt

ai
ns

 
th

e 
fu

nc
ti

on
 
va

lu
es

 
of

 
th

e 
fi

rs
t 

se
t.

In
st

ea
d 

of

in
te

rp
ol

at
in

g 
on

 
th

e 
fi

rs
t 

se
t 

we
 
co

ul
d 

as
k 

fo
r 

a 
bo

un
d 

of
 
th

e 
de

vi
at

io
n

an
d 

ge
t 

ag
ai

n 
pr

ob
le

m 
(0

.1
):

su
bj

ec
t 

to
IlB

x 
- Z

JI 
I 

a
.



In
 
co

nt
ra

st
 
to

 
(0
.6
) 

an
d 

(0
.7
),
 
(0

.9
)

ma
. 

no
t 

ha
ve

 
a 

un
iq

ue
 
so

lu
ti

on
.

y

As
 
we

 
sh

al
l 

se
e 

th
e 

so
lu

ti
on

 
is

 
un

iq
ue

 
if

 
an

d 
on

ly
 
if

 
th

e 
nu
ll
sp
ac
es

o
f
 
C 
a
n
d
 
g 

i
n
t
e
r
s
e
c
t
 
t
r
i
v
i
a
l
l
y
.

1.
Ba
si
c
 
De

fi
ni

ti
on

s 
an

d 
Re

ma
rk

s.

Th
e 

fo
ll
ow
Ln
g
 
no
ta
ti
on
 
wi
ll
 
be
 
us
ed
:

Pr
ob
le
m 

(P
l)

:

su
bj
ec
t
 
to

II!
!?!
 -
 ?

?\I
 =
 m
in

(1
.1
)

IICE
 - 

dll 
L 

cY
*

(l-
2)

I
f
 
w
e
 
h
a
v
e
 
\\

cz
-d

\l
 
=

cz 
in
st
ea
d 

of
 
(1
.2
) 

we
 
wi
ll
 
re
fe
r 

to
 
th
e 

pr
ob
le
m

a
s
 
(P

lE
).

Tw
o 

sp
ec

ia
l 

ca
se

s 
of

 
(P

l)
 
wi

ll
 
be

 
co

ns
id

er
ed

:

Pr
ob

le
m 

(P
2)

:
l
i
k
e
 
(
P
l
)
 
b
u
t
 
C
 
= 

2 
,
 
d
 
= 

0 
.

Pr
ob
le
m 

(p
3)

:
l
i
k
e
 
(P

l)
 
b
u
t
 
A
 
= 

2 
,
 
b
 
= 

0 
.

Fi
na
ll
y 

(P
2E

)
 
an
d 

(B
E)

 
wi
ll
 
be
 
th
e 

co
rr
es
po
nd
in
g 

pr
ob
le
ms
 
wi
th
 
eq
ua
li
ty

si
gn

 
in

 
th

e 
co

ns
tr

ai
nt

.

Th
e 

so
lu

ti
on

 
of

 
(P
l)
 
is

 
a 

st
at

io
na

ry
 
po

in
t 

of
 
th

e 
La

gr
an

ge
 
fu

nc
ti

on

(w
it

h 
th

e 
La

gr
an

ge
 
mu

lt
ip

li
er

 
A 

)

L
(
+
)
 
=
 
\l

px
 
-
g
2
 
+
 
q\

I_
cx
 
- 

_d(
12
 
- 
$
3

an
d 

th
er

ef
or

e 
a 

so
lu

ti
on

 
of

i
i
?
&
&
 
a
d
 
&
=
O

a5
 

-
ah

, 
wh

ic
h 

ar
e 

th
e 

"n
or

ma
l

eq
ua

ti
on

s"
: (A

DA
 
+ 

h 
cT
c)
x

= 
AT

b
 
+
 
A 

CT
d

(1
.3
)

- 
-

- 
- 

-
- 

-
- 

-

IIcE
 - 

dl12
=a

2 
.

(1
.4
)

I
f
 
t
h
e
 
m
a
t
r
i
x
 
A
T
A
+
h
C
T
C

is
 
no
ns
in
gu
la
r,

 
th
en
 
we
 
ca
n 

de
fi
ne

-
-
 

-.
.

f(
A)

:=
 

I/C
 
x(
A)
 
- 

dj
j2

(1
.5
)

- 
-

wh
er

e
x(
h)
 
is
 
th
e 

so
lu
ti
on
 
of
 
(
1
.
3
)
.
 
We
 
wi
ll
 
ca
ll
 
f 

th
e 

"l
en
gt
h

4



fu
nc

ti
on

".
To

 
de

te
rm

in
e 

a 
so

lu
ti

on
 
we

 
ha

ve
 
to

 
so

lv
e 

th
e 

"s
ec

ul
ar

eq
ua

ti
on

"

f
(
h
)
 

= 
a2
 
.

(1
.6

)

Fi
na
ll
y
 
we
 
ob
se
rv
e 

th
at
 
fo
r

A 
> 

0 
eq
ua
ti
on
s 

(1
.3
) 

an
d 

(1
.4
) 

ar
e

th
e 

no
rm

al
 
eq

ua
ti

on
s 

of
 
th

e 
le

as
t 

sq
ua

re
s 

pr
ob

le
m

A 
us

ef
Xi

. 
to

ol
 
fo

r 
th

e 
an

al
ys

is
 
of

 
pr

ob
le

ms
 
(P

2)
 
an

d 
(P

3)
 
is

 
th

e 
si

ng
ul

ar

va
lu

e 
de

co
mp

os
it

io
n 

(S
VD

) 
[1
4]

an
d 

it
s 

ge
ne

ra
li

za
ti

on
 
(B
SV
D)
 
[4

5]
 
fo
r

(P
l)
 *

Th
es

e 
de

co
mp

os
it

io
ns

 
ca

n 
al

so
 
be

 
us

ed
 
fo

r 
th

e 
pr

ac
ti

ca
l 

co
mp

ut
at

io
ns

.

Ho
we
ve
r 

fo
r 

th
e 

pr
ob
le
ms
 

(P
lE

),
 
(P

2E
)

an
d 

(P
3E

) 
th

er
e 

ar
e 

le
ss

 
ex

pe
ns

iv
e

w
w

s 
P

I.
I
n
 
s
o
m
e
 
a
p
p
l
i
c
a
t
i
o
n
s
 
[3

3]
, 

_A
 
a
n
d
 
C
 
a
r
e
 
b
a
n
d
 
m
a
t
r
i
c
e
s
 
a
n
d

(P
l)
 
ma

y 
be

 
so

lv
ed

 
ef

fi
ci

en
tl

y 
wi

th
ou

t 
tr

an
sf

or
ma

ti
on

s 
as

 
we

 
sh

al
l 

sh
ow

.

2.
Th

e 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
m 

wi
th

 
a 

Qu
ad

ra
ti

c 
Co

ns
tr

ai
nt

.

d

Le
t

A
be

 
an

a 
p 

-v
ec
to
r,
 
an
d

Fo
r
n
=
2

(m
xn
>

-m
at

ri
x,

C
a

CI 
a 

po
si
ti
ve
 
nu
mb
er
.

(P
 x

n)
-m

at
ri

x,
b

We
 
co
ns
id
er
 
th
e 

pr
ob
le
m 

to
 
fi
nd
 
an
 
n-
ve
ct
or
 
x 

so
 
th
at

su
bj

ec
t 

to
II

CX
 -
 d

ll
 
= 

a
.

we
 
ca
n 

in
te
rp
re
t 

th
is
 
pr
ob
le
m 

ge
om
et
ri
cs
ll
y.

an
m 

-v
ec

to
r,

Th
e 

le
ve

l 
li

ne
s

of
 
jj
&-
t3
11
2
 
= 

co
ns

t
ar
e 

el
li
ps
es
 
ce
nt
er
ed
 
at
 
A+
b 

.
Th

e 
co

ns
tr

ai
nt

s
- 

-

llg
 - 

(ill
2 

= 
2

is
 
al

so
 
an

 
el

li
ps

e:



We
 
ar
e 

lo
ok
in
g 

fo
r 

a 
po
in
t 

5 
on
 
th
e 

el
li
ps
e 

\\(
ZZ

- 
II\

\*
 
= 
a*
 
w
h
i
c
h

h
a
s
 
t
h
e
 
sm

sl
le

st
 
v
a
l
u
e
 
o
f
 
ll

&-
b\

l*
 
.
 
C
l
e
a
r
l
y
 
i
t
 
i
s
 
t
h
e
 
p
o
i
n
t
 
1
 
.
 
A
t

th
at

 
po

in
t 

th
e 

@;
ra

di
en

ts
 
of

 
th

e 
tw

o 
fu

nc
ti

on
s

ar
e 

pa
ra
ll
el
, 

i.
e.
, 

so
me
 
h 

ex
is
t 

so
 
th
at

If
 
we

 
re

ar
ra

ng
e 

th
is

 
eq

ua
ti

on
 
we

 
ha

ve

(A
DA
 
+
 
h 

C~
C)

IK
= 

AT
b
 
+
 
h 

CT
d

- 
-

- 
-

- 
-

- 
-

wh
ic

h 
is

 
eq

ua
ti

on
 

(1
.3

) 
th

at
 
we

 
ob

ta
in

ed
 
us

in
g 

th
e 

te
ch

ni
qu

e 
of

 
th

e 
La

gr
an

ge

mu
lt

ip
li

er
s.

We
 
ob

se
rv

e 
th

at
 
th

er
e 

ar
e 

th
re

e 
ot

he
r 

po
in

ts
 
fo

r 
wh

ic
h 

th
e 

gr
ad

ie
nt

s

of
 
th
e 

tw
o 

fu
nc
ti
on
s 

ar
e 

pa
ra
ll
el
 
(2

,3
,4

)
 
. 

Ho
we
ve
r 

fo
r 

th
es
e 

th
re
e

po
in

ts
 
h 

is
 
ne

ga
ti

ve
 
si

nc
e 

th
e 

gr
ad

ie
nt

s 
ha

ve
 
th

e 
sa

me
 
di

re
ct

io
ns

.

We
 
ca

n 
th

in
k 

of
 
pr

ob
le

m 
(P

lE
) 

as
 
bl

ow
in

g 
up

 
a 

ba
ll

oo
n 

ce
nt

er
ed

 
at

A'
b 

wh
ic

h 
ha

s 
an

 
el

li
ps

oi
d 

sh
ap

e 
un

ti
l 

it
 
to

uc
he

s 
th

e 
el

li
ps

oi
d

- 
-

I
f
 
A+

b
 
i
s
 
o
u
t
s
i
d
e
 
o
f
 
I\
C~
-$
jl
*

th
en

 
at

 
th

e 
po

in
t 

of
 
to

uc
h 

th
e

- 
-

gr
ad
ie
nt
s 

wi
ll
 
ha
ve
 
op
po
si
te
 
si
gn
, 

i.
e.
, 

h 
> 

0 
. 

Ho
we
ve
r 

if
 
b'
b
 
is

in
si

de
 
th

e 
gr

ad
ie

nt
s 

ha
ve

 
th

e 
sa

me
 
si

gn
 
an

d 
A 
< 

0 
.

Fo
r 

th
e 

pr
ob

le
ms

 
wi

th
 
in

eq
ua

li
ty

 
co

ns
-t

ai
nt

s 
(P

l)
, 

(P
2)

 
an

d 
(p

3)

we
 
ha
ve
 
on
ly
 
to
 
co
ns
id
er
 
th
e 

ca
se
 
th
at
 
A+
b
 
is
 
ou
ts
id
e 

of
 
II

@-
 
$\

I*
 
.

- 
-

If
 
it
 
is
 
in
si
de
 
th
en
 
5 

= 
A+
b

so
lv

es
 t

he
 p

ro
bl

em
.

^ 
-

(A
TA
 
+
 
A 

CT
C)

x 
= 

AT
b 
+
 
A 

CT
d

- 
-

- 
- 

-
- 

-
- 

-

I\cx
 - 

dl12
=a

* 
.

I
Th

e 
fo

ll
ow

in
g

th
eo

re
m 

co
mp

ar
es

 
tw

o 
so

lu
ti

on
s 

of
 
th

es
e 

eq
ua

ti
on

s:

Th
eo

re
m 

2.
1.

If
 
(
%
>
A
$

an
d 

b
2
h
2
)

ar
e 

so
lu

ti
on

s 
of

 
th

e 
no

rm
al

eq
ua

ti
on

s 
(2

.1
.)

, 
th
en

II!
3 
4

 - 
IIE

yb
lt*

 =
A
l
-
A
2

-$
- 

tIc
(~

-$
tl*

 
.

2.
1 

Ch
ar
ac
te
ri
za
ti
on
 
of
 
th
e 

So
lu
ti
on
.

Th
e 

so
lu
ti
on
 
of
 
(P

lE
) 

is
 
am

on
g 

th
e 

so
lu
ti
on
s 

(x
,h

) 
of
 
th
e 

no
rm
al

eq
ua

ti
on

s 
(s

ee
 
Se

ct
io

n 
1)

:

(2
.1

)

(2
.2

)

Pr
oo

f.
Si

nc
e

(z
lj

hl
)
 
, 

(?
*,
A,
)
 
ar
e 

so
lu
ti
on
s 

of
 
(2
.1
) 

we
 
ha
ve

!
T
&
l
 

- 
-

- 
AT

b 
=

-A
l
 
CT

Cx
l
 
+
 
Al
 
CT

d
- 

we
a 

-

AT
Ax
 

- 
A
%
 
= 

-A
2 
C
T
:
5
 
+
 
A2
 
cT

d
--

+
 

-
-

- 
-

5:
 
(
2
.
4
)
 
- 
<
 
(
2
.
3
)
 
g
i
v
e
s

(2
.3

)

(2
.4

)

11~
*11

2 
- t

tE
Jt*

 - 
!zT

4G
T*

 - 
‘fi

)

= 
~~

w~
l12

 -
 d

’c5
-J

 -
 ~

*w
~*

l12
 -

 d
TC

Q
(2

.5
)

zc
c 
(
2
.
3
)
 
- 
<
 
(
2
.
4
)
 
g
i
v
e
s

-
b
T
(
A
x
2
-
5
)
 
= 

hl
(-

s;
 
CT

Cx
l
 
+
 
dT

Cx
 

)
- 
--

- 
-4

- 
h2

(-
z;
 
CT

:?
1
 
+ 

dT
Cx
l)

 
.
 
(
2
.
6
)

- 
--

8



Ob
se

rv
e 

th
at

Th
e 

ne
xt

 
th

eo
re

m 
gi

ve
s 

a 
re

su
lt

 
ve

ry
 
si

mi
la

r 
to

 
Th

eo
re

m 
2.

1.

lk
* 

- 
bl1

2 
- 

IIE
~ 

-Il
l2

 =
 I

IE2
11

2 
- 

tl~
~/

t* 
- 

2b
TA

k2
 -

 5
)

*
--

So
 
th

at
 
if

 
we

 
ad

d 
(2

.5
) 

- 
(2

.6
) 
we

 
ge

t

ik
* 

-b
l12

 -
 1

1%
 -

b_1
1*

- 
~~

{ljC
~~

jl*
 -

 C
J~C

C~
 -

 5
; 

CT
Cx

 +
 d

TC
xl]

- 
B-

2 
- 

--
-

No
w 

we
 
ha

ve

llc
zl

 - 
$11

2 
= 

k
, 

- d
l12

 =
 a

2

= 
llcx

~l1
2

--
- 

2d
TC

xl
 
+
 

[I
$\

\*
 
= 

I/
cx
2\
1*
 

- 
2d

TC
x
 
+
 

ll
~j

\*
- 
--

- 
B-

2

(2
.7
)

s 
Ilc

iz,l
12

- 
dT

Cx
 

;- 
dT

Cx
- 

m-
1 

- 
--

2
=
 

ll
cx
 

II2
 

-
--

2
dT

Cx
 
+
 
d
T
C
p
 
.

- 
-4

 -
 

--
(2

.8
)

Fr
om
 (

2.
8)
 
we
 
co
nc
lu
de
 
th
at
 
th
e 

fa
ct
or
s 

of
 
Al
 
an
d 

A2
 
in
 
(2
.7
) 

ar
e 

th
e

sa
me

.
Th

er
ef

or
e 

th
ey

 
al

so
 
eq

ua
l 

th
ei

r 
ar

it
hm

et
ic

 
me

an
 
wh

ic
h 

is

,i
Co

ro
ll

ar
y 

2.
1.

Th
e 

so
lu
ti
on
 
of
 

(P
IL

E)
 
is
 
th
e 

so
lu
ti
on
 
x(
A)
 
of
 
th
e 

no
rm
al

eq
ua

ti
on

s 
(2

.1
) 

wi
th

 
th

e 
la

rg
es

t 
A 
.

Pr
oo

f.
FY
cm
 
(2
.2
) 

we
 
ha
ve
 
th
at
 
if
 
Al
 
> 

A2
 
, 

th
en

Th
eo

re
m 

2.
2.

As
su

me
k
-
&

an
d 

b2
>h

2)
ar

e 
so

lu
ti

on
s 

of
 
th

e 
no

rm
al

e
q
u
a
t
i
o
n
s
 
(
2
.
1
)
.
 
A
s
s
u
m
e
 
t
h
a
t
 
iA

ll
 
+ 

IA
21
 
# 
0
 
.
 
T
h
e
n

A
 
-
A

IlA
x2

 -
 b

l12
 -

 \
I!-

$ 
- 

!l1
2 

= 
+

$
 I

lA
&

 -
 ~

)1
12

 *

Pr
oo

f.
Fr
om
 
(A

TA
 
+
 
A 

CT
C)

x
 
= 

AT
b 

+
 
A 

CT
d

we
 
ha

ve
- 

-
- 

- 
-

- 
-

- 
-

Al
 
CT

Cx
l
 
-

- 
--

Al
 
CT

d
 
=

A*
 C

TE
* 

-
A2
 
CT

d
 
=

-A
TA

x
 

f 
AT

b 
.

- 
m-

2 
- 

-

A
&
 
(
2
.
9
)
 
- 
h2

z;
 
(
2
.
8
)
 
gi

ve
s

y
g
k
*

 
-3

 
- 

-
)T

CT
d]
 

=
(A
2

(2
.9
)

T
T

Al
) 

Zl
!?

iE
*

+
(A
 
x

-A
2x
2)

T 
AT

b
l-
1 

- 
- 

- 
*

(2
.1

0)

~~
5:
 
(2
.9
)
 
- 
A
2
$
 
(2
.8
)
 

g
i
v
e
s

A~
A2

111
~~2

112
 -

 ll
C~

il*
 +

 (
Z

l- 
Z2

)C
Td

3

Ob
se

rv
e 

th
at 0 

= 
llc

x*
 -

 g
i* 

- 
llc

:1
 -

 g
*

--

= 
llc

x 
II2 

- 
liC

~J
2

--
2

--
+ 

*(
y-

~
~

)~
 
CT

d
 
.

- 
-

So
 
th

at
 
if

 
we

 
su

bt
ra

ct
 
(2

.1
1)

 
- 
(2

.1
0)

 
we

 
ge

t

(2
.8
)

10
. 

. 
. 11



Bu
t 

by
 
Co

ro
ll

ar
y 

2.
1,

Al
 
= 

A
 
>
 
-
A
 
= 

A2
 

za
II&

?!*
 -

El1
2 

’ 
\1~

-‘1
11

2 
l

Th
er

ef
or

e
h
l
+
h
2
 
# 
0
 
a
n
d
 
w
e
 
m
a
y
 
d
i
v
i
d
e
 
i
n
 
(2
.1
3)
.

0
or

 
by

 
re

ar
ra

ng
in

g

No
w 

th
e 

{ 
} 
on
 
th
e 

le
ft
 
ha
nd
 
si
de
 
of
 
(2
.1
2)
 
is

$ 
ll25

11
* 

+ 
$ 

r11
E*l

12
 - 

*g
 5

!T!
E*

 +
 il

E-J
12

1

- $
 II

&-
Jr

 +
J

 A
a 

- s
; 2

!? 
+ 

; 
II!.1

12 
- $

 tt
!1\

*

=
$ 

El\
&!!

; 
-it1

2 
-

11
~-~

11
2

 +
 l

M
z*

-~
)tt

*]
 .

Th
e 

ri
gh

t 
ha

nd
 
si

de
 
of

 
(2

.1
2)

 
si

mp
li

fi
es

 
an

al
og

ou
sl

y 
an

d 
by

 
re

ar
ra

ng
in

g

we
 o

bt
ai

n:

If
 
we

 
co

mb
in

e 
bo

th
 
re

su
lt

s 
fr

om
 
Th

eo
re

m 
2.

1 
an

d 
Th

eo
re

m 
2.

2 
we

ha
ve

(k~
+~

*)C
llE

*
 -b

[12
 - 

k!?
$ 

-b
lt*

I 
= 

(A*
 -A

~)I
lA(

?$
 - 

g
II
* 

*

Co
ro

ll
ar

y 
2.

2.
L
e
t
 
(~

l,
Al

) 
an

d
 
(x

*,
A*

) 
b
e
 
t
w
o
 
s
o
l
u
t
i
o
n
s
 
o
f
 
t
h
e

n
o
r
m
a
l
 
e
q
u
a
t
i
o
n
s
 
(
2
.
1
)
.
 
I
f
 
IA

ll
+ 

IA
21
 
# 
0
 
,
 
t
h
e
n

A
l
+
A

- +
 ll

C(
$ 

- i
?*J

l12
 =

 I
I!&

 -5
)1

12
 .

fr
om

 
(2

.1
4)

 
we

 
se

e 
im

me
di

at
el

y:

Co
ro
ll
ar
y 

2.
3.

Th
e 

no
rm

al
 
eq

ua
ti

on
s 

(2
.1

) 
ha

ve
 
at

 
mo

st
 
on

e 
so

lu
ti

on

(+
,A
*)

 
w
i
t
h
 
A
*
 
>
 
0
 
.

Fo
r 

ev
er
y 

ot
he
r 

so
lu
ti
on
 

(?
,A

) 
we
 
ha
ve

A
 
< 

-A
* 
.

W
e
 
n
o
w
 
p
r
o
v
e
 
b
y
 
c
o
n
t
r
a
d
i
c
t
i
o
n
 
t
h
a
t
 
A
l
+
A
2
 
f 
0
 
.
 
A
s
s
u
m
e
 
(
-
A
)
 
a
n
d

($
,-

A)
 
we
re
 
so
lu
ti
on
s 

of
 
th
e 

no
rm
al
 
eq
ua
ti
on
s 

(2
.1
) 

wi
th
 
A 

> 
0 

.
Th

en

by
 
(2

.1
3)
 
we
 
wo
ul
d 

ha
ve

,i

I&
l 

- s
J1

2 
= 

O

=
a
A
x --
2
=
%

= 
ll4

$-
!1

12
 

= 
l1!

$-
~1

1*
 *

Th
e 

ne
xt

 
th

eo
re

m 
gi

ve
s 

co
nd

it
io

ns
 
fo

r 
a 

un
iq

ue
 
so

lu
ti

on
 
of

 
(P

lE
).

(2
.1
3)

(2
.1

4)

Th
eo
re
m 

2.
3.

Th
e 

so
lu
ti
on
 
x 

of
 
(P

lE
) 

is
 
un
iq
ue
 
(i
f 

it
 
ex
is
ts
) 

if

NS
(A

)
 
V
=
(
C
)
 
=
 

{O
]

an
d

A 
f 

-P
i

wh
er

e
(x

,A
) 

is
 
a 

so
lu
ti
on
 
of
 
th
e 

no
rm
al
 
eq
ua
ti
on
 
(2
.1
) 

an
d 

pi
 
is
 
an

ei
ge

nv
al

ue
 
of

 
th

e 
ge

ne
ra

li
ze

d 
ei

ge
nv

al
ue

 
pr

ob
le

m

de
t(
AT
A-
p
 
cT
c)
 
= 

0 
.

- 
-

- 
-

12

1 
*

13



-

Pr
oo

f.
T
h
e
 
p
r
o
o
f
 
i
s
 
b
y
 
c
o
n
t
r
a
d
i
c
t
i
o
n
.
 
A
s
s
u
m
e
 
(2
,h
l)

 
an

d
 
(?
*,
A*
)

ar
e 

so
lu

ti
on

s 
of

 
th

e 
no

rm
al

 
eq

ua
ti

on
s 

(2
.1

) 
wh

ic
h 

al
so

 
so

lv
e 

(P
lE

).

If
 

‘1
 

# 
‘2

 J
th

en
 
we

 
mu

st
 
ha

ve

/\A
xl-

 b
\1*

 =
 \

I!!?
* 

- 
bl1

2 
=

 
mi

n 
IlA

x 
-b_

l12
 

l

X

Th
eo

re
m 

2.
1 

im
pl

ie
s

II
C(
x~
-~
*)
ll
*
 

=
 

0 
=a
 
g
y
x
*
)
 

=
 

0 
*

- 
-

(2
.1
5)

Wh
il

e 
Th

eo
re

m 
2.

2 
gi

ve
s

I
l
A
b
 

- 
x2

) 
I\*
 
=
 
0 

=a
 
+(

x1
 

- 
z2
)
 
=
 
0 

.
(2
.1
6)

- 
-

N
o
w
 
i
f
 
5
 
# 

~2
t
h
e
n
 
(2
.1
5)
 
a
n
d
 
(2
.1
6)
 
s
h
o
w
 
t
h
a
t
 

fi
 
an

d 
c 
h
a
v
e

no
n-

tr
iv

ia
ll

y 
in

te
rs

ec
ti

ng
 
nu

ll
sp

ac
es

, 
wh

ic
h 

is
 
a 

co
nt

ra
di

ct
io

n.

Th
er
ef
or
e 

we
 
mu
st
 
ha
ve
 
Al
 
= 

A2
 
= 
A 

. 
Bu
t
 
in
 
th
is
 
ca
se
 
we
 
th
en

ha
ve

i

(f
iT

i+
A
 

_
C

T
9
(p

2
)

 
=
 

0
 

l

I
f
 
51
 
f 

z2
 
t
h
e
n
 
h
 
= 

-F
i

wh
ic

h 
is

 
al

so
 
a 

co
nt

ra
di

ct
io

n.
 
Th

er
ef

or
e 

we

m
u
s
t
 
h
a
v
e
 
Al
 
= 

A2
 
a
n
d
 
5
 
= 

s2
 
.
 
0

A 
an
d 

C 
ha
ve
 
a 

tr
iv
ia
l 

in
te
rs
ec
ti
on
 
of
 
th
ei
r 

nu
ll
sp
ac
es
 
if
 
an
d

on
ly

 i
f

A
r
a
n
k
-
 
=
n
.

0
c

Th
er

ef
or

e 
a 

ne
ce

ss
ar

y 
co

nd
it

io
n 

fo
r 

a 
un

iq
ue

 
so

lu
ti

on
 
is

m
+
p
 
>
 
n

wh
ic

h 
me

an
s 

th
at

 
we

 
mu

st
 
ha

ve
 
"e

no
ug

h"
 
eq

ua
ti

on
s 

to
 
de

te
rm

in
e 

5 
.

We
 
sh

al
l 

as
su

me
 
in

 
th

e 
fo

ll
ow

in
g 

(t
il

l 
th

e 
en

d 
of

 
th

e 
pa

pe
r)

 
th

at

I'
=(

A)
 
nN

S(
;)
 
=
 
{O

'J
 
.

In
 
Se

ct
io

n 
2.

2 
we

 
sh

al
l 

an
al

yz
e 

th
e 

ex
is

te
nc

e 
of

so
lu

ti
on

s 
of

 
th

e 
no

rm
al

 
eq

ua
ti

on
s.

We
 
sh
sl
l
 
se
e 

th
at
 
(P

lE
) 

ha
s 

a

so
lu

ti
on

 
if

 
th

e 
co

ns
tr

ai
nt

II
CX
 
- 

dl
l 
=
 
(x
2

is
 
fe

as
ib

le
, 

i.
e.

, 
if

m
i
l
l
 
\I
;?
 
- 

!\
I2
 
=
 

11 
(c
 
c+
 
- 

;)
;\

I*
 
<
 
a2
 
.

X

2.
2 

Th
e 

So
lu

ti
on

s 
of

 
th

e 
No

rm
al

 
Eq

ua
ti

on
s.

In
 
th

is
 
se

ct
io

n 
we

 
sh

al
l 

di
sc

us
s 

th
e 

so
lu

ti
on

s 
of

(A
DA
 
+
 
A 

cT
c)

x
 
=

- 
-

- 
- 

-

jp
x
 
- 

cl
//

* 
=
 

cx
* 
.

A
%
 
+ 
A
 
CT
d

- 
-

- 
-

We
 
no

te
 
th

at
 
we

 
ha

ve
 
as

su
me

d
t
h
a
t
 
NS

(A
) 

nN
S(

C)
 
=
 
CC

)]
 
.

(*
.1

7a
)

(2
.1

7b
)

I
f
 
A 

# 
-c
li
 
w
h
e
r
e

bi
 
2
 
0
 
i
s
 
a
n
 
ei

ge
nv

sl
ue

 
o
f
 
t
h
e
 
ei

ge
nv

al
ue

pr
ob

le
m

d
e
t
(
A
T
A
-
k
 
CT

C)
 
= 
0

th
en

- 
-

- 
-

x
w
 
=

(A
DA
 
+
 
A 
CT
c)
-l
(~
%
 
+
 
A 

CT
d)

.
- 

-
(2

.1
8)

- 
-

- 
-

- 
-

If
 
we
 
no
w 

ch
oo
se
 
A 

so
 
th
at
 
th
e 

se
cu
la
r 

eq
ua
ti
on
 
is
 
sa
ti
sf
ie
d:

,

f(
A)
 

:=
IlC
 
x(

A)
 

- 
d\
\*
 
= 

CX
*

- 
-

(2
.1
9)

t
h
e
n
 
(x

(A
)J

A)
 
i
s
 
a
 
s
o
l
u
t
i
o
n
 
o
f
 
(2
.1
7)
.

We
 
fi

rs
t 

di
sc

us
s 

so
me

 
pr

op
er

ti
es

of
 
th

e 
le

ng
th

 
fu

nc
ti

on
 
f 

:

Le
mm

a 
2.

1.
I
f
 
f
 
i
s
 
d
e
f
i
n
e
d
 
b
y
 
(2
.l
9)
,
 (

2.
1~

8)
~ 

t
h
e
n

(1
) 

f
is

 
a 

ra
ti

on
al

 
fu

nc
ti

on
 
de

fi
ne

d 
on

IR
- 

[-
cl
i
 

1 
de

t(
&T

+-
iL

i 
cT

C)
 
= 

O]
 J

(
2
)
 

f(
h)
 
E 

\\
~I

\*
 
= 

co
ns

t
 
i
f
 
A
%
 
= 

0 
a
n
d
 
CT

d
 
= 

0 
,

- 
-

- 
-

(3
) 
f
 
h
a
s
 
a
t
 
l
e
a
s
t
 
o
n
e
 
a
n
d
 
a
t
 
m
o
s
t
 
n
 
p
o
l
e
s
 
f
o
r
 
s
a
n
e

A
=
-
p
.
 

J
1

14
15



(4
) 

f
(
A
)
 
>
 
0
 

☺
9

f
(
A
)
 
=
 
\
\
<
c
 
c
�
 

-
 
I
)
$
\
\
*
 

l

A
4
-
m

:
=
 
x
-
1
x

x
 

_
_

 
J

(5
) 
f
'
(
A
)
 
<
 
0
 
f
o
r
 
0
 
<
 
A 
c
 
m 
.

pr
oo

f.
We

 
us

e 
th

e 
ge

ne
ra

li
ze

d 
si

ng
ul

ar
 
va

lu
e 

de
co

mp
os

it
io

n 
BS
Vl
J 

[4
5]

wh
ic
h 

gi
ve
s 

th
e 

de
cc
an
po
si
ti
on

A
x

-
 
-

 
-

= 
gA

 
= 

d
i
a
g
(
a
1
,

 
-
.
-
J
a
n
)

 
J

 
a
i

 
1

 
0

 
J

(2
.2

0)

vT
cx
 
=
 

DC
 
=
 
~
&
~
,
-
*
,
Y
q
)

 
J

Y
i
1
0

 
J

q
 
=
 
h
d
n
J
p
>

-
 
-
 
-

w
h
e
r
e
 

u
 

(m
xm
)
 

_
a
n
d
 
V
 
(p
xp
)
 
ar

e 
o
r
t
h
o
g
o
n
a
l
,

x
 
(n
xn
)
 
i
s
 
n
o
n
s
i
n
g
i
&
a
J

sn
d 

I)
A 

' 
CC

ar
e 

di
ag
on
al

 
ma

tr
ic

es
 
wi

th
 
y
l
~
 
. 

. 
. 

1 
yA
 
.

Th
e 

de
co

mp
os

it
io

n

ex
is
ts
 
on
ly
 
if
 
m 

> 
n 

wh
ic
h 

we
 
ca
n 

as
su
me
 
si
nc
e 

we
 
ca
n 

ad
d 

in

z
e
r
o
 
r
o
w
s
 
i
n
 
A
 
an

d 
z
e
r
o
 
e
l
e
m
e
n
t
s
 
i
n
 
b -

wi
th

ou
t 

ch
an

gi
ng

 
th

e 
so

lu
ti

on
s.

I
f
 
y
l
z
y
2
->
.
.
.
~
y
,
>
y
~
l
=
.
.
.
=
y

Q
=
O
,
t
h
e
n
t
h
e
e
i
g
e
n
v
a
l
u
e
o
f

de
t(

AT
A
 
- 

~1 
CT

C)
= 

0 
ar
e 

gi
ve
n 

by
- 

-
- 

-

a2
.

Pi
 

=
5
 

'
i
=
l

J
. 

. 
..
r 

.

i

B
e
c
a
u
s
e
 
w
e
 
a
r
e
 
a
s
s
u
m
i
n
g
 
t
h
a
t
 
N
S
@
)
n
N
S
(
C
)
 
= 
@
]
 
w
e
 
h
a
v
e

a
i 

>
 0

fo
r

i
=
 
rt
lJ
..
.J
n
 
.

[4
51

By
 
su
bs
ti
tu
ti
ng
 
(2
.2
0)
 
in
to
 
(2

.1
6)
 
we
 
ha
ve

X-
T(

I)
;
 
gA
 
+
 
A 

lI
I 
Dc

)X
-1
 
x
 
= 

X-
T
 
;I
 
uT

b 
+
 
A
 
X-

T
 
$
 
yT

d
-
-
 

-
- 

^

we
 
ge
t

No
w

f(
A)

=
 

\[
c 

x(
A)
 

- 
cl
\*
 
=
 

I\
~,
 
x(
h)
 

- 
:\
I*
 
J

- 
-

wh
ic

h 
is

 
in

 
co

mp
on

en
ts

:

f
(
A
)
 

= 
;

a.
c.

+ 
A 
7.
e.

P

i
=
l

yi
 
= 

'
1
1

a
t
+
h
y

2
- 
e.
1
+
c
.

e*

i
i
=
r
k
l
 

1

(2
.2

1)

(2
.2

2)

Ob
vi

ou
sl

y
 
f
(
A
)
 
i
s
 
a
 
r
a
t
i
o
n
a
l
 
f
u
n
c
t
i
o
n
 
i
n
 

A 
w
i
t
h
 
s
a
n
e
 
p
o
l
e
s
.
 
I
f

ai
 (

Ti
ci

-a
ie

i)
 
# 
0
 
f
o
r
 
sc

an
e
i
i
i
<
 
r
 
t
h
e
n

a*
A
=
-
+
m
p

i
'i

is
 
a 

po
le
 
of
 
f 

.

I
f
 
AT

,
= 

0 
a
n
d
 
CT

d
 
=

0 
th
en
 
fr
om
 
th
e 

de
fi
ni
ti
on
 
of
 
f

(2
.1
9)
~

- 
-

- 
-

(2
.1
8)
 w

e 
h
a
v
e

f
(
A
)
 

= 
ll

cj
l*
 
= 

co
ns

t.

Fr
om

 
(2

.1
9)

 
we

 
se

e 
th

at
 
f(

A)
 
> 

0 
.

To
 
pr

ov
e 

th
e 

li
mi

t 
pr

op
er

ty
 
in

 
(4

) 
we

 
ob

se
rv

e 
th

at
 
th

e 
so

lu
ti

on
 
x(

A)

o
f
 
(2
.1
7a
)
 
c
o
n
v
e
r
g
e
s
 
f
o
r
 
A 

-
 

CD 
t
o
 
a
 
s
o
l
u
t
i
o
n
 
o
f
 
CT

Cx
 
= 

CT
d 
.

Th
ou

gh
-
m
m
 

-
-

g(
a)
 
m
a
y
 
n
o
t
 
b
e

C!
+d
 
it
 
ha
s 

th
e 

sa
me
 
re
si
du
al
. 

Th
er
ef
or
e:

- 
-

an
d 

pu
tt

in
g

17
16



Th
is

 
pr

op
er

ty
 
ca

n 
of

 
co

ur
se

 
al

so
 
be

 
se

en
 
fr

om
 
th

e 
re

pr
es

en
ta

ti
on

 
(2

.2
2)

.

To
 
pr
ov
e 

(5
) 

we
 
di
ff
er
en
ti
at
e 

(2
.1
9)
 
an
d 

(2
.1

7a
)

f
'
(
h
)
 

= 
25

'(
A)

T
 
C~

(C
 
x(

A)
 
- 

d)
(2
.2
3)

- 
-

(i)
l
i
m
 
f
(
A
)
 
=

A
+

l
i
m
 

I\c
, 
x(

A)
 
- 

cl
\\

* 
e
x
i
s
t
s
,
 
i
.
e
.
,
 
-p
i
 
i
s
 
n
o
t
 
a

-P
i

A-
l
-P

i

po
le
 
of
 
f 

.
a!

(
i
i
)
 
L
e
t
 
J 

= 
{j
 
11
 
5
 
j
 
5
 
k
 

J 
--
$ 

= 
pi

]
 J

 t
h
e
n
 
aj

(c
jY

j
 
-a

je
j)
 
=
 
0

7.
J

fo
r 

jc
J
 
, 

wh
er
e 

al
l
 
va
ri
ab
le
s 

ar
e 

de
fi
ne
d 

in
 
th
e 

pr
oo
f 

of
 
Le
rn
na
 
2.
1.

(A
DA
 
+
 
A 

CT
c)

xl
(A

)
 
= 

-C
T(

C
 
x
(
h
)
 

- 
d)
 
.

(2
.2

4)
- 

-
- 

- 
-

- 
-

No
w 

si
nc

e
A 
> 

0 
we
 
ca
n 

pe
rf
or
m 

th
e 

Ch
ol
es
ky

 
de
co
mp
os
it
io
n

T
(A

TA
 
+
 
A 

cT
c)
 
= 

~~
 

R,
, 
.

- 
-

- 
-

Us
in

g 
(2

.2
5)

 
an

d 
(2

.2
4)

 
in

 
(2

.2
3)

 
gi

ve
s

f
'
(
A
)
 

= 
-2

11
gi

T 
s
T
(
c

 
⌧
(
A
)

 
-
 
!
)
I
\
*

 
<

 
0
 

l
C
l

(2
.2
5)

(2
.2
6)

Ev
er
y 

so
lu
ti
on
 
A 

of
 
th
e 

se
cu
la
r 

eq
ua
ti
on
 
(2
.1
9)
 
wi
th
 
A 

f 
-p

i

de
fi

ne
s

x(
A)
 (

2.
18
)
 
a
n
d
 
(x
(A
)~
A)

 
i
s
 
a
 
s
o
l
u
t
i
o
n
 
o
f
 
t
h
e
 
no

rm
sl
 
e
q
u
a
t
i
o
n
s

(2
.1

7a
Jb

).

Bu
t 

th
er
e 

mi
gh
t 

be
 
mo
re
 
so
lu
ti
on
s 

fo
r 

so
me
 
A 

= 
-c

Li
 
.

In
 
th

is
 
ca

se

th
e 

ma
tr
ix
 
of
 
(2

.1
7a

) 
is
 
si
ng
ul
ar
.

If
 
a 

so
lu

ti
on

 
sh

ou
ld

 
ex

is
t,

 
th

e 
sy

st
em

mu
st

 
be

 
co

ns
is

te
nt

.
Th

is
 
is

 
es

pe
ci

al
ly

 
tr

ue
 
if

is
 
an
 
ei
ge
nv
ec
to
r 

to
 
A 

= 
-p

i 
.

Th
e 

ne
xt

 
le

mm
a

fo
r 

co
ns

is
te

nc
y:

T
T

L
e
m
m
a
 
2
.
2
.
 
L
e
t

pi
 
b
e
 
a
n
 
e
i
g
e
n
v
a
l
u
e
 
o
f
 
de

t(
A‘

A 
- 

k 
C-
C)
 
= 
0
 
.
 
T
h
e
n

(A
DA
 

- 
cL 

cT
c)

x
 
= 
A
~
 

- 
pi
 
cT

d
(2
.2
7)

- 
-

- 
- 

-
- 

-

is
 
a 

co
ns

is
te

nt
 
sy

st
em

 
if

 
on

e 
of

 
th

e 
co

nd
it

io
ns

 
ho

ld
s:

AT
b
 
= 

CT
d
 
= 
0
 
t
h
e
n
 
x(

A)
-
-
 

-
-
 

-

de
sc

ri
be

s 
th

e 
co

nd
it

io
n

Pr
oo

f.
We

 
pr

ov
e 

fi
rs

t 
(i

i)
 
us

in
g 

th
e 

BS
VD

 
to

 
tr

an
sf

or
m 

(2
.2

7)
.

4
 
= 

U
D
 

x
-1

- 
-A
 
-

J 
DA
 

= 
d
i
a
g
(
a
l
J
”
‘
J
a
n
)

c 
= 

v
 
D
 
x

-
1

- 
-c

 
-

J 
cc
 

= 
d

ia
&

(y
lJ

..
.J

7
rJ

o
”
-o

)
 

.

W
it
h

 
x

 
:=

 
5

-
l:

 
J 

2 
_ 

_ 
J 

5
 

_ 
_ 

J 
_ 

_
:=
 
UT

b
:=
 
VT

d
(A

TA
 
+
 
A
 
CT

C)
x
 
= 

AT
b 
+
 
A 

CT
d

_ 
_ 

_ 
_ 

_
_ 

_

be
co

me
s ($

 +
 A

 7
;)y

k 
=

ak
C

k
+

 
A 

Y
k

ek
 J

k
 

= 
l
J
.
.
.
J
r

2
"k

'k
=
 

ak
ck

 J
k
 
= r

+
l
J
.
.
.
J
n
 
.

(2
.2
8)

No
w 

ob
se
rv
e 

th
at
 
r 

=
r
a
n
k
 
O
f
 
C 
a
n
d
 
b
e
c
a
u
s
e
 
NS
(A
)n
NS
(C
)
 
= 

12
) 

J

ak
#o

J
k 

= 
rt

l,
..

.,
n
 
.

I
f
 
h 

= 
-W

. 
= 
$
/
7
;

1
J 
th

en
 
fo

r 
ev

er
y 

eq
ua

ti
on

j
 
o
f
 
(2
.2
8)
 
w
i
t
h

a2 j
- 

pj
7;
 
=
 
0

1-
e.

 J
f
o
r
 
&
L
 
js

J
 
=
 
{j
 
11
 
5
 
j
 
5
 
k
 

J
 
pi
 
=

th
e 

ri
gh

t 
ha
nd

 
si

de

mu
st

 
be

 
ze

ro
:

a?
a.

c.
- 
1
7
.
e
.

-
-
e
.
 

= 
0

J
J

72
 
J
 
J
 
=
 
aj

Cj
i

18

a
 
x.

(y
.c

.
 

- 
yj

ej
)
 
= 

0
J
 

J
J

f
o
r
 
jc

J 
.

1 
.

19



We
 
no

te
 
th

at
 
th

e 
so

lu
ti

on
 
of

 
(2

.2
8)
 
is

 
gi

ve
n 

by

(a
 ck 

k-
pi

 
7

ke
,)

/(
<

-p
i 

7;
) 

J
k

k
J

Y
k

 
=

ar
bi

tr
ar

y,
ks

 J

C
k
/Q

;6
J 
k
=
 
r
+
l
J
.
.
.
J
n
 

.

\
Fu

rt
he

rm
or

e

(a
kc

k
-p
i
 

7k
ek
)/

 
(
<
-
)
l
i
 7

i)
 J

 
k
f
J

i
k
 
:=

l
i
m
 
yk

(A
)
 
=

A
d
-
pi

ek
j7

k 
J

k
e
J

ck/a
k 

J
k
 
= 
2
‘
t
l
J
.
.
.
J
n
 
.

Fr
am
 
(2

.3
0)
 
we
 
co
nc
lu
de
 
th
at

li
m 

x(
A)
 

=
‘k
m
 
x 

y(
A)
 
= 

X
 
-

- 
-

A-
D-

pi
A

-b
-
pi

.

ex
is

ts
 
an

d 
th

er
ef

or
e

l
i
m
 

\\
C 
x
(A

) 
- 

dt
\*

- 
-

A
+

-
Pi

e
x
i
s
t
s
.

Th
is
 
im
pl
ie
s 

th
at
 
f 

ha
s 

no
 
po
le
 
fo
r 

A 
= 

-c
li
 
.

C
o
n
v
e
r
s
e
l
y
 
i
f
 
f
 
h
a
s
 
n
o
t
 
a
 
p
o
l
e
 
f
o
r
 

A 
= 

-k
i
 
t
h
e
n
 
a
l
s
o

(2
.2
9)

l
b
 

Y(
h)

A-
.-
%

1

mu
st

 
ex

is
t,

 
wh

ic
h 

me
an

s 
th

at
 
th

e 
sy

st
em

 
is

 
co

ns
is

te
nt

.
0

We
 
ca

n 
no

w 
ch

ar
ac

te
ri

ze
 
th

e 
so

lu
ti

on
s 

of
 
th

e 
no

rm
al

 
eq

ua
ti

on
s

pr
ec

is
el

y:

1(2
.3
0)

Th
eo

re
m 

2.
4.

L
e
t
 
f
 
b
e
 
t
h
e
 
l
e
n
g
t
h
 
f
u
n
c
t
i
o
n
 
d
e
f
i
n
e
d
 
b
y
 

(2
.1

9
),

 (
2
.1

8
).

I
f
 
f
(
A
)
 
= 

a?
a
n
d
 
de
t(
AT
A+
A
 
CT
C)
 
f 
0
 
t
h
e
n
 
t
h
e
r
e
 
e
x
i
s
t
s
 
a
 
u
n
i
q
u
e

- 
-

- 
-

X(
A

) 
SO

 t
h
a
t
 

(x
(A

)J
A)

so
lv

es
 
th

e 
no

rm
al

 
eq

ua
ti

on
s.

 
If

de
t(

AT
~-

 
cl

i 
c'
s)
 
=

0
 
a
n
d

l
i
m
 
f
(
A
)
 
5

 a
*

(2
.3
1)

- 
-

A
-b

-
pi

t
h
e
n
 
t
h
e
r
e
 
e
x
i
s
t
 
a
 
x(

-~
~)
 
s
o
 
t
h
a
t
 
(~

(-
~~

)~
-p

~)
 
s
o
l
v
e
s
 
t
h
e
 
n
o
r
m
a
l

e
q
w
t
i
o
n
s
J
 
b
u
t
 
x(

-~
~)
 
i
s
 
o
n
l
y
 
u
n
i
q
u
e
 
i
f

l
i
m
 
f
(
A
)
 
= 

a*
 
.

A
4
-
%

Pr
oo

f.
We
 
ha
ve
 
on
ly
 
to
 
pr
ov
e 

(2
.3

1
).

We
 
us

e 
th

e 
te

rm
in

ol
og

y 
de

fi
ne

d

in
 
th

e 
pr

oo
f 

of
 
Le
nr
ma
 
2.

2.
F
o
r
 
A
 
= 

-p
i

th
e 

ge
ne
ra
l 

so
lu
ti
on
 
y 

of

th
e 

tr
an
sf
or
me
d 

no
rm
al
 
eq
ua
ti
on
s 

(2
.2

8)
 
is
 
gi
ve
n 

by
 
(2
.2
9)
. 

We
 
ha
ve
 
to

se
e 

if
 w

e
ca

n 
sa

ti
sf

y 
th

e 
eq

ua
ti

on

tt
;, 

Y 
- 
4

 
=

a2
(2
.3
2)

wi
th

 
th

is
so
lu
ti
on
 
y 

.
In

 
co

mp
on

en
ds

 
(2

.3
2)

 
is

c
 
b
k
y
k
-
 
ek

)2
 
+
 
c

 (
yk

Yk
 -
 
ek

)*
 
+
 
k 

i!
jl
 
e:
 
= 

a2
 
.

(2
.3
3)

k
lJ

k
e
J

=

W
e
 
c
a
n
 
c
h
o
o
s
e
 
t
h
e
 
c
o
m
p
o
n
e
n
d
s
 
o
f
 
yk
 

J 
k
e
J
 
a
r
b
i
t
r
a
r
i
l
y
.
 
F
r
o
m

(2
.3

0
) 
we
 
se
e 

th
at

l
i
m
 
f
(
A
)
 
=

A
4
-
pi

li
m
 
f
(
A
)
 

=
A-
8
-P

i
b
k
y
k
 

- 
ek

)2
 
+
 
ks

ct
il
 
eE
 

'

T
h
e
r
e
f
o
r
e
 

\[I
),
 
y
 
- 

el
\*

- 
-

is
 
mi
ni
mi
ze
d 

fo
r 

y 
= 

i 
.

Fr
om

 
(2

.3
4)

 
we

 
se

e 
th

at
 
if

(2
.3
4)

li
m

f
(
A
)
 
>
 
a2

A
4-
b

I 
*.

20
21

9



we
 
ca
n 

no
t 

de
te
rm
in
e 

a 
so
lu
ti
on
 
y(

A)
 
th
at
 
sa
ti
sf
ie
s 

(2
.3
2)
. 

If
2.

3 
Th

e 
So

lu
ti

on
 
fo

r 
th

e 
Eq

ua
li

ty
 
Co

ns
tr

ai
nt

.

l
i
m
 
f
(
A
)
 

= 
a*

h
4-

pi

t
h
e
n
 
t
h
e
 
u
n
i
q
u
e
 
s
o
l
u
t
i
o
n
 
i
s
 
y 

(2
.3
0)
.
 
I
f

li
m

f
(
A
)
 
<
 
a*

A
-4
-
h

th
en
 
we
 
ca
n 

ch
oo
se
 
yk

 J
k
s
J
 
s
o
 
t
h
a
t

c
 
(y

ky
k
 

- 
ek

)*
 
= 

a*
 

- 
l
i
m
 

f
(
A
)

k
s
J

A
4-

pi

(2
.3
5)

an
d 

y(
-p

i)
i
s
 
n
o
t
 
u
n
i
q
u
e
.
 
U

We
 
re
ma
rk
 
th
at
 
th
e 

co
mp
on
en
ds
 
of
 
x 
: 

yk
 

J
ks
 
J 

ar
e 

th
e 

(p
os
si
bl
y)

no
n-

ze
ro

 
co

mp
on

en
ds

 
of

 
th

e 
ei

ge
nv

ec
to

r 
y

of
-P

i

Th
er

ef
or

e 
a 

so
lu

ti
on

 
fo

r 
th

e 
ca

se
 
wh

er
e

li
m

f
(
A
)
 
< 

a*
ca

n 
al

so
 
be

A
-.
-
pi

wr
it

te
n 

in
 
th

e 
fo

ll
ow

in
g 

wa
y.

Ta
ke
 
an
y 

ei
ge
nv
ec
to
r 

y -P
i

b
e
l
o
n
g
i
n
g
 
t
o
 
Vi

an
d 
d
e
t
e
r
m
i
n
e
 
p

su
ch

 t
ha

t

II
DJ
?
 
+
 
P
 
q
 

> 
- 

gl
t 
=
 
02

 
l

i

me
n 

(i+
pY

 
J
-
w

i)
is

 
th

e 
so

lu
ti

on
 
of

 
th

e 
no

rm
al

 
eq

ua
ti

on
s.

,i
-P

i

We
 
no
w 

co
ns
id
er
 
pr
ob
le
m 

(P
lE

)

IIE
 - 

!il1
2 

=
m
i
n

su
bj

ec
t 

to
I\
cx
 

- 
$1

1 
=
 
a*
 
.

We
 
co

nt
in

ue
 
to

 
as

su
me

 
th

at
 
th

e 
nu

ll
sp

ac
es

 
of

5 
a
n
d
 
$ 
i
n
t
e
r
s
e
c
t
 
t
r
i
v
i
a
l
l
y
.

To
 
fi

nd
 
th

e 
so

lu
ti

on
 
we

 
fi

rs
t 

ha
ve

 
to

 
co

mp
ut

e
th
e 

ri
gh
tm
os
t 

so
lu
ti
on
 
A

of
 
th

e 
se

cu
la

r 
eq

ua
ti

on
.

*
If

A
>
 
0
 
t
h
e
n
 
?(

A*
) 
i
s
 
t
h
e
 
u
n
i
q
u
e
 
s
o
l
u
t
i
o
n

o
f
 
(P
lE
).

If
 
A*
 
< 

0 
th
en
 
we
 
ha
ve
 
to
 
co
mp
ut
e 

th
e 

sm
al
le
st
 
ei
ge
va
lu
e 

br

of
 
th

e 
ge

ne
ra

li
ze

d 
ei

ge
nv

al
ue

 
pr

ob
le

m

de
t(

AT
A

- 
-
-
p
C
T
C
)
 
=
 
0

- 
-

an
d 

an
 
ei
ge
nv
ec
to
r 

x -r
 

'
I
f
 
A
*
 
> 

-,
+

th
en

 
ag

ai
n 

by
 
Th

eo
re

m 
2.

1

x(
A*
)
 
is
 
th
e 

un
iq
ue
 
so
lu
ti
on
.

Ho
we
ve
r 

if
 
A*
 
5
 
-)

~r
 
th
en
 
a 

so
lu
ti
on

ha
s 

th
e 

fo
rm X(
P)
 
=

l
i
m
 
x(
h)
 
+
 
p 

sr
h-

.-
cL

r

wh
er
e 

we
 
ha
ve
 
to
 
de
te
rm
in
e 

p 
su
ch
 
th
at

Ilc 
X(
P)
 
- 

*t
t*

= 
a*
 
.

- 
-

I
f
 
A*

b
= 

CT
fl
 
= 

,O 
t
h
e
n
 
f
(
A
)
 
E 

ll
dl

1*
 
a
n
d
 

A
* 
d
o
e
s
 
n
o
t
 
e
x
i
s
t
.

Th
en

- 
-

(
P

’$
J
 
-k
+)

so
lv
es
 
th
e 

pr
ob
le
m 

if
 

lt
$l

t*
 
~
a
*

wh
er

e
p 
ha
s 

to
 
be
 
ch
os
en

s
o
 
t
h
a
t
 

lIp
 
c 

sr
 
- 

$1
1 

= 
a*
 
.

22

1 
.
‘

23



2.
4 

Th
e 

So
lu

ti
on

 
fo

r 
th

e 
In

eq
ua

li
ty

 
Co

ns
tr

ai
nt

.

We
 
ar
e 

no
w 

re
ad
y 

to
 
so
lv
e 

(P
l)

:

II
&F
 
- 

!?
I2
 
=

m
i
n

su
bj

ec
t 

to

(2
.3
6)

(2
.3

7)

Th
e 

we
ak

er
 
co

nd
it

io
n 

(2
.3

7)
 
si

mp
li

fi
es

 
th

e 
pr

ob
le

m.
 
Le

t

M
 
=
 
15
 

1 
ll

!E
 
- 

??\
I 
=
 
ti

n)
de

no
te

 
th

e 
se

t 
of

 
so

lu
ti

on
s 

of
 
th

e 
un

co
ns

tr
ai

ne
d

p
r
o
b
l
e
m
 
(2
.3
6)
.
 
I
f
 
f
o
r
 
sa

ne
x
e
M
 
w
e
 
h
a
v
e

IP
 -

all
2 
I 

a2
t
h
e
n
 
t
h
i
s
 
x

--

is
 
a 

so
lu

ti
on

.

I
f
 
M
 
f 

{A
+b

] 
t
h
e
n
 
ki

- 
-

Si
nc
e 

0 
is
 
ne
ve
r 

a 
po
le
 
of

= 
0
 
i
s
 
a
n
 
e
i
g
e
n
v
a
l
u
e
 
o
f
 
de

t(
AT

A
 
- 

p 
CT
C)
 
= 
0
 
.

- 
-

- 
-

f
(t

he
 
no
rm
al

 
eq

ua
ti

on
s 

(2
.2

7)
 
ar

e 
co

ns
is

te
nt

f
o
r
 
h
 
=

0 
) 

we
 
ca

n 
de

fi
ne

 
th

e 
nu

mb
er

a2 m
a
x

:=
 
l
i
m
 
f
(
A
)
 
.

A
d
O

L
e
t
 
az

in
 
:=
 
\l
(C
 
c+
 
- 

;)
$\

I2
 
= 

Ur
n

f
(
A
)

 
l

Th
en
 
(P

l)
 
ha
s 

no
 
so
lu
ti
on
 
if

A
-
m

OZ
<O

Z
mi

n
 

'
I
f
 
a
 
>
a
-
 
t
h
e
n

l
i
m
 
(A

TA
 
+
 
A 

CT
C)

-l
(A

Tb
 
+
 
A 

CT
d)

E
o
=
h
,
o
-
-
 

-
-
 

-
-
 

-
-

is
 
th

e 
so

lu
ti

on
.

Ob
se
rv
e 

th
at
 
z.

i
s
 
i
n
 
g
e
n
e
r
a
l
 
n
o
t
 
A+

b
 
[4

0]
. 

S
i
m
i
l
a
r
l
y

- 
-

i
f
 
C
X
=
a
mi

n
th
en
 
we
 
ha
ve
 
to
 
de
te
rm
in
e 

am
on
g 

th
e 

so
lu
ti
on
s 

x 
th
at

m
i
n
i
m
i
z
e
 
II

@ 
- 

il
l2

th
e 

so
lu
ti
on
 
th
at
 
mi
ni
mi
ze
s 

\\
E 

- 
bl
12

wh
ic

h 
is

x
 

=
li

m 
(p
 
AT

A 
+
 
CT

C)
-l

(p
 
AT

b 
+
 
CT
d)

.
-a

-
-
 

-
-

-
-
 

-
-

P 
4o

In
 
ge

ne
ra

l 
we

 
wi

ll
 
ha

ve

a m
in

<
 
a
 
<
 
a
m
a
x
 

'

Th
is

 
me

an
s 

th
at

 
we

 
ha

ve
 
to

 
de

te
rm

in
e 

th
e 

un
iq

ue
 
po

si
ti

ve
 
so

lu
ti

on
 
A*

 
of

th
e 

se
cu

la
r 

eq
ua

ti
on

f(A
)

= 
a2

 
.

A
n
d
 
?(

A*
)
 
= 

(b
Tf
i
 
+
 
A*
 
c
T
C
)
-
l
(
&
~
 
+
 
A*
 
CT
d)
 
w
i
l
l
 
s
o
l
v
e
 
(P

l)
.

T
h
e
 
e
x
t
r
e
m
e
 
c
a
s
e
s
 
a
 
= 
a
m
U
 
an

d 
a
 
= 
at

in
 
c
o
r
r
e
s
p
o
n
d
 
t
o
 
t
h
e
 
t
w
o

pr
ob

le
ms

mi
n 

IIE
 -

 d
ll

su
bj

ec
t 

to

>

i
f
 
c
x
=
a
m
a
x

I\&
 -

 !?
I1 

= 
mi

n

mi
n 

II&
t 

- 
!l1

2
su

bj
ec

t 
to

1

i
f
 
Cr

=a
:
mi

n

(
&
 

- 
$1

1 
= 

m
i
n

Bo
th
 
ar
e
 
of
 
co
ur
se
 
on
ly
 
no
nt
ri
vi
al
 
if
 
4 

re
sp
ec
ti
ve
ly
 

C 
is
 
ra
nk

de
fi

ci
en

t.

To
 
co
mp
ut
e 

th
e 

so
lu
ti
on
 
in
 
th
e 

ca
se
 
am

in
 
< 

a 
< 

am
ax
 
we
 
pr
oc
ee
d

it
er

at
iv

el
y.

Th
e 

fo
ll

ow
in

g 
al

go
ri

th
m 

sh
ow

s 
th

e 
ba

si
c 

id
ea

.

(
a
)
 

st
ar
tw
it
h
 
A
>
0

(b
)

wh
il

e 
no

t 
co

nv
er

ge
d 

do -

b
e
g
i
n

so
lv

e 
th

e 
le

as
t 

sq
ua

re
 
pr

ob
le

m

c
o
r
r
e
c
t
 
A
 
t
o
 
s
o
l
v
e
 
f
(
A
)
 
= 
a2

wh
er

e

f(
A)
 
=
 
ll

mh
 

- 
dl
12
 

8 
.

e
&
;

24
25



At
 
ev

er
y 

st
ep

 
of

 
th

e 
it

er
at

io
n 

we
 
ha

ve
 
to

 
so

lv
e 

a 
le

as
t 

sq
ua

re
s

pr
ob

le
m.

If
 
we

 
us

e 
an

 
or

th
og

on
al

iz
at

io
n 

pr
oc

ed
ur

e 
[4

8]
 
it

 
is

 
mo

re

ex
pe

ns
iv

e 
th

an
 
so

lv
in

g 
th

e 
no

rm
al

 
eq

ua
ti

on
s 

by
 
th

e 
Ch

ol
es

ky
 
de

co
mp

os
it

io
n

[3
8,

28
,3

31
.

Ru
t 

it
 
is

 
we

ll
 
kn

ow
n 

[2
6]
 
th

at
 
it

 
is

 
nu

me
ri

ca
ll

y 
pr

ef
er

ab
le

to
 
so

lv
e 

th
e 

le
as

t 
sq

ua
re

 
pr

ob
le

m 
by

 
or

th
og

on
al

 
tr

an
sf

or
ma

ti
on

s.

We
 
sh

al
l 

sh
ow

 
in

 
Se

ct
io

n 
5 
ho

w 
to

 
re

du
ce

 
th

e 
am
ou
nt

 
of

 
wo

rk
 
us

in
g

a 
st
ru
ct
ur
e 

of
 
th
e 

ma
tr
ic
es
 
A 

an
d 

C 
or
 
by
 
us
in
g 

an
 
or
th
og
on
al

de
co

mp
os

it
io

n 
of

 t
he

m.

In
 
th

e 
ne
xt
 
tw

o 
se

ct
io

ns
 
we

 
sh

al
l 

co
ns

id
er

 
th

e 
sp

ec
ia

l 
ca

se
s 

A 
= 
I

- 
-

a
n
d
 
C
=
;
.

It
 
is

 
in

te
re

st
in

g 
th

at
 
we

 
ca

n 
fo

rm
ul

at
e 

du
al

 
eq

ua
ti

on
s

fo
r 

th
es

e 
sp
ec
ia
l
 
ca

se
s.

Fu
rt

he
rm

or
e 

El
d&

 
[ 

8 
] 
ha

s 
sh

ow
ed

 
ho

w 
to

 
re

du
ce

th
e 

ge
ne

ra
l 

pr
ob

le
m 

to
 
a 

pr
ob

le
m 

wi
th

 
C 

= 
I 

.
- 

-

3.
Th

e 
Re

la
xe

d 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
m.

We
 
co

ns
id

er
 
in

 
th

is
 
se

ct
io

n 
th

e 
sp

ec
ia

l 
ca

se
 
of

 
a 

le
as

t 
sq

ua
re

s

pr
ob

le
m 

wi
th

 
a 

qu
ad

ra
ti

c 
co

ns
tr

ai
nt

 
wh

er
e 

C 
= 
I 

:
- 

-

\J
E 

- 
b/

l 
= 

m
i
n

su
bj

ec
t 

to

IlX
il 

= 
Cl
 

.

(=
‘E

)

Th
e 

pr
ob
le
m 

wi
th
 
th
e 

in
eq

us
li

ty
 
co
ns
tr
ai
nt
 

\I?
\\
 
5
 
Q 

(P
2)
 
wa
s 

ca
ll
ed

by
 
Ru

ti
sh

au
se

r 
[3
5]
 
th

e 
re

la
xe

d 
le

as
t 

sq
ua

re
s 

pr
ob

le
m.

Pr
ob
le
m 

(P
2E

)

ca
n 

be
 
in
te
rp
re
te
d 

to
 
fi
nd
 
th
e 

mi
ni
mu
m 

of
 
a 

qu
ad
ra
ti
c 

fo
rm
 

ll
~x
 
- 

:\I
=(

--

on
 
th

e 
sp

he
re

JI
g2
 
=
 
a2
 

9
wh

ic
h 

is
 
a 

sp
ec

ia
l 

ca
se

 
of

 
fi

nd
in

g 
th

e

st
at

io
na

ry
 
va

lu
es

 
of

 
a 

qu
ad

ra
ti

c 
fo

rm
 
on

 
a 

sp
he

re
.

Th
is

 
pr

ob
le

m 
ha

s

be
en
 
an
al
yz
ed
 
by
 
Fo
rs
yt
he
 
an
d 

Go
lu
b 

[l
o]
 
in
 1

96
5.
 
Th
e 

tw
o 

au
th
or
s

p
r
o
v
e
d
 
t
h
a
t
 
i
f
 
(s

l,
Al

) 
a
n
d

(z
2,

h2
)
 
ar
e 

tw
o 

so
lu
ti
on
s 

of
 
th
e 

no
rm
al

eq
ua

ti
on

s 
th

en

5
 
'
 
A2

= 
II!

?,
- 

bl1
2 

’ 
IlE

l 
- 

bl1
2 

*

Th
ei

r 
pr

oo
f 

is
 
ra

th
er

 
co

mp
li

ca
te

d.
Ka
hs
n
 [

23
] 

ga
ve
 
an
 
el
em
en
ta
ry
 
pr
oo
f

an
d 

st
at

ed
 
th

e 
th

eo
re

m

lb
- 

b/l
2

- 
11

% 
- 

?il1
2 

=
+

 1
152

 -
 E

JI
Al

--
2

(3
.1
)

wh
ic

h 
is

 
Th

eo
re

m 
2.

1 
fo

r 
C 

= 
I 

.
Un

fo
rt

un
at

el
y 

th
is

 
th

eo
re

m 
wa

s 
ne

ve
r

- 
-

pu
bl

is
he

d.
In
 
19
72
 
Sp

jf
it

vo
ll
 
[3

9]
 
ga
ve
 
a 

si
mp
le
r 

pr
oo
f 

th
an
 
Fo

rs
yt

he
-

Co
lu
b
 
bu
t 

di
d 

ne
t
 
qu
it
e 

ob
ta
in
 
Ka
ha
n'
s
 
re
su
lt
. 

He
 
sh
ow
ed
 
th
at

II& -
-2

- 
!\I

2 
- 
Ik

l 
- 

:\I
2 

=
(A

l -
 A

2) 
(a2

 - 
5;

 z2
)

b
u
t
 
d
i
d
 
n
o
t
 
s
e
e
 
t
h
a
t
 
CL

? 
= 
$
 
(I

(x
lj

j2
 
+
 
/j

x2
/1

2)
 
.

26
27



3 
.l
 
Re

su
lt

s 
fr

om
 
th

e 
Ge

ne
ra

l 
Th

eo
ry

.

Co
ns
id
er
in
g 

th
e 

th
eo
ry
 
of
 
Se
ct
io
n 

2 
an
d 

pu
tt
in
g 

C 
= 

; 
an
d 

$ 
= 

0

we
 
ge

t 
th

e 
no

rm
al

 
eq

ua
ti

on
s

(A
TE
 
+
 
A
 
I)

X 
=

AT
b

(3
.2
)

- 
-

- 
-

- 
a

I\#
 

= 
a2

 
.

(3
.3
)

Th
eo

re
m 

2.
1 

gi
ve

s 
us

 
eq

ua
ti

on
 
(3

.1
).

Th
is

 
me

an
s 

th
at

 
th

e 
so

lu
ti

on
 
of

(P
2E
)
 
i
s
 
t
h
e
 
s
o
l
u
t
i
o
n
 
(x

,A
)
 
o
f
 
(3
.2
),
 (

3.
3)
 
w
i
t
h
 
t
h
e
 
l
a
r
g
e
s
t
 
A
 
.

S
i
n
c
e
 
NS

(&
) 

nN
S(

;)
 
=
 
{c

]
we

 
ha

ve
 
fr

om
 
Th

eo
re

m 
2.

3 
th

at
 
th

e 
so

lu
ti

on

o
f
 
(P

2E
)
 
i
s
 
u
n
i
q
u
e
 
i
f
 
A
 
# 

-0
:

(
w
h
e
r
e
 
0.
1

is
 
a 

si
ng
ul
ar
 
va

lu
e
 
of
 
4 

).

Th
e 

le
ng
th
 
fu
nc
ti
on
 
f 

ca
n
 
be
 
wr
it
te
n

Us
in

g 
th

e
si
ng
ul
ar
 
va
lu
e 

de
co
mp
os
it
io
n 

of
 
4 

[1
4]

A
 
=
 
-
-

u 
c 

v'

wh
er

e

Th
e 

ri
gh

t

U,
 
V 

or
th
og
on
al

- 
-

c
=

di
ag
bl
,.
-=
,a
p)

 
,
 
P
 
=
 
mi

n(
m,

n)
 
.

ha
nd
 
si
de
 
of
 
(3

.4
) 

be
cc

xn
es

f
(
A
)
 
=

I~
(A

~A
 
+
 
A
 
2)

-l
 
bT

$1
2
 
.

- 
-

f(A
)

=
 
II

(g
'g
 
+
 
A 

f)
-'
 
zT
 
~1

1
w
i
t
h
 

c 
:=
 
$b

~
 
.

))

In
 
co
mp
on
en
ds

 
th
is
 
is

(3
.4
)

(3
.5
)

I
f
 
AT

b
= 
0
 
t
h
e
n
 
c
 
=

0 
a
n
d
 
f
(
A
)
 
P 
0
 
.

Th
eo

re
m 

2.
4 

an
d 

th
e 

fa
ct

 
th

at
-
-
 

-

li
m 
f
(
A
)
 
=

0 
im
pl
ie
s 

th
at
 
fo
r 

ev
er
y 

a:
 
we
 
ha
ve
 
a 

so
lu
ti
on
 
of
 
(P

2E
)

A-
ha

,
w
h
i
c
h
 
i
s
 
n
o
t
 
u
n
i
q
u
e
 
i
f
 
A
 
= 

-o
f 

an
d

l
i
m

f(
A)

 <
 c

x2
 .

A
 

2
-+

-0
. 1

Th
is

 
wa

s 
al

re
ad

y 
st

at
ed

 
by

 
Fo

rs
yt

he
 
an

d 
Go

lu
b 

in
 
19

65
 [

lo
].

Fo
r 

th
e 

pr
ob
le
m 

wi
th
 
th
e 

in
eq
ua
li
ty
 
co
ns
tr
ai
nt
 

[\~
\I2
 
5
 
cx

2 
(P
2)

we
 
ha

ve
 
ei

th
er

li
A'
bl
12
 
5
 
a2

- 
-

th
en

 
th

e 
so

lu
ti

on
 
is

5 
= 

A+
! 
o
r
 
i
f
 
Il
ff
;j
12
 
> 

cx
2 
t
h
e
n
 
w
e
 
h
a
v
e
 
t
o

de
te
rm
in
e 

th
e 

un
iq
ue
 
so
lu
ti
on
 
A*
 
of
 
th
e 

se
cu
la
r 

eq
ua
ti
on

f(
A)

= 
a2

i
n
 

(O
,C
O)
 
.

Th
e 

so
lu
ti
on
 
is
 
in
 
th
at
 
ca
se
 
x(

A*
)
 
.

We
 
no

te
 
th

at
 
we

 
ca

n 
re

du
ce

 
th

e

le
ng
th
 
of
 
5 

ar
bi
tr
ar
il
y 

by
 
ch
oo
si
ng
 
0
 
sm
al
l.

3.
2 

Th
e 

Du
al

 
No

rm
al

 
Eq

ua
ti

on
s.

T
h
e
o
r
e
m
 

3.
1.

(i
)

Le
t 

(x
,A

) 
be
 
a 

so
lu
ti
on
 
of
 
th
e 

pr
im
al
 
no
rm
al
 
eq
ua
ti
on

(A
DA
 
+
 
A
 
I)

X
 
= 

A!
%

- 
-

- 
-

-
 
-

11~1
12 

= 
a2

w
i
t
h
 
A
+
 
0
.

T
h
e
n
 
(z
,A
)
 
w
i
t
h

Z _ 
=
 
$
&
-
b
)

(3
.6
)

(3
.7
)

(3
.8
)

is
 
a 

so
lu

ti
on

 
of

 
th

e 
du
al
 
no

rm
al

 
eq

ua
ti

on
s

1 .
 .

28
29



(A
AT
 
+ 

h 
I)

z 
= 

-b
--

- 
-

llb
T 

El\
 =

a2
 

.

(3
.9
)

(3
.1
0)

(
i
i
)
 
L
e
t
 

(z
,h
)
 
b
e

a 
so
lu
ti
on
 
of
 
th
e 

du
al
 
no
rm
al
 
eq
ua
ti
on
s 

(3
.8

),

(3
.9

) 
-

T
h
e
n
 

(?
,A
)
 
w
i
t
h

x
 
=

-A
Tz

(3
.U
)

- 
-

is
 
a 

so
lu
ti
on
 
of
 
th
e 

pr
im
e 

no
rm

al
 
eq
ua
ti
on
s 

(3
.6

),
 (

3.
7)

.

Pr
oo

f.

=
-b

, 
.

Fu
rt

he
rm

or
e

llA
TZl

12
 =

- 
-

II!!
T 

$ 
(&

 -
 ?

)\I
2 

= 
11g

2 
= 

a2
 

.

(i
i)

(A
DA
 
+
 
A 

;)
(-

A~
?)
 
=
 
-f

iT
(b

fi
T 
+
 
A 

z)
z

.
- 

-

-b

A
n
d

ll-&
T_z

l12
 

= 
11g

2 
= 

a2
 

- 
0

Th
eo

re
m 

3.
1 

sh
ow

s 
th

at
 
we

 
ma

y 
si

mp
li

fy
 
co

mp
ut

at
io

ns
 
to

 
so

lv
e 

(P
2)

o
r
 
(P
2E
).
 
S
i
n
c
e
 
4
 
i
s
 
a
n
 
(m
xn
)

ma
tr

ix
 
on

e 
of

 
th

e 
li

ne
ar

 
sy

st
em

s

(3
.6

) 
or
 
(3
.8
) 

wi
ll
 
be
 
sm
al
le
r
 
an
d 

it
 
ma
y
 
be
 
mo
re
 
ec
on
om
ic
al
-t
o 

it
er
at
e

wi
th

 
th

e 
sm

al
le

r.

Bu
t 

Th
eo

re
m 

3.
1 

al
so
 
gi

ve
s 

th
eo

re
ti

ca
l 

eq
ua

ti
on

s.

Co
ro
ll
ar
y 

3.
1.

L
e
t
 
A
 
b
e
 
a
n
 
(m
xn
)
 
m
a
t
r
i
x
 
a
n
d
 
A
 
# 

-c
:

w
h
e
r
e
 
oi

is
 
a 

si
ng

ul
ar

 
va

lu
e 

of
 
4 

.
Th

en

(A
TA
 
+
 
A 

I)
-~

A~
- 

-
- 

-
= 

hT
(A

AT
 
+
 
A
 
q
-
1

--
(3
.1
2)

(A
AT
 
+ 

A 
I)

-1
 
= 
;
 
(
I
 
- 
A(

AT
A
 
+
 
h 

I)
-l

AT
)

.
--

- 
-
m
m

(3
.1
3)

Pr
oo

f.
Fr
om
 
Th
eo
re
m 

3.
1 

(3
.1
2)
 
fo
ll
ow
s 

by
 
eq
ua
ti
ng
 
x 

an
d
 (

3.
13
) 

by

e
q
u
a
t
i
n
g
 

z_
fo

r 
th

e 
du

al
 
an

d 
pr

im
al

 
eq

ua
ti

on
s.

0

A
s
 
a
n
 
a
p
p
l
i
c
a
t
i
o
n
 
w
e
 
c
o
n
s
i
d
e
r
 
(3
.1
3)
 
f
o
r
 
n 

= 
1
 
(
i
.
e
.
,
 
4
 
i
s
 
a

ve
ct
or
) 

an
d 

h 
= 
1 

:

T 
-1

(
I
+
a
a
)
 

=
1

T
I
-
-
a
a

 
.

- 
-
-

- 
(a

Ta
+
 
1
)
 
-
-

- 
-

(3
 -

14
)

We
 
ob

se
rv

e 
th

at
 
Co

ro
ll

ar
y 

3.
1 

is
 
a 

sp
ec

ia
l 

ca
se

 
of

 
th

e 
Sh

er
ma

nn
-

Mo
rr

is
on

-W
oo

db
ur

y 
fo

rm
ul

a:

Le
t 

+
 
b
e
 
(n
xn
)
 
,
 
II

, 
y
 
(
n
x
p
)
 
m
a
t
r
i
c
e
s
,
 
t
h
e
n
 
e
v
e
r
y
 
s
o
l
u
t
i
o
n
 
5

of

(A
 
+
 
u
 
VT

)X
 
=
 

IJ
,
 

(3
.1
5)

-
-
 

-

is
 
al

so
 
th

e 
so

lu
ti

on
 
of

 
th

e 
au

gm
en

te
d 

sy
st

em

A
x
+
U
y
=
b

-
-
 
-
-

(3
.1

6a
)

vT
x

- 
-

-y
 

= 
0
.

N
o
w
 
a
s
s
u
m
e
 
t
h
a
t
 
4 
i
s
 
no

ns
in

gu
la

r.
Th
en
 
we
 
ha
ve
 
fr

am
 (

3.
16

a)

x
 

=
i
-
5
 

- 
e-
1
 
uy
 

.
--

In
tr
od
uc
in
g 

th
is
 
in
 
(3

.1
6b

) 
we
 
ge
t

(
3
.
W

30
31



-1
a
x
=
A

 
b
-
A
-1

U(
I 

+ 
VT
 A

-l
 
U)

-1
 
VT
 
A-

l 
b

.
- 

- 
- 

-
-

- 
-

-
-
 

-

Bu
t 
f
r
a
 
(3
.1
5)
 
an
d 

(3
.1
6b
)
 
we
 
ha
ve
 
al
so

x
 
=

(A
 
+ 

U 
VT
)-
"b

-
 

c
-

Y
 
=

v'
(i

J 
f 
U 

VT
)-

1
 
b

.
-
-

Eq
ua

ti
ng

 
bo

th
 
ex

pr
es

si
on

s 
fo

r
X

we
 
ge

t 
th

e 
ma

tr
ix

 
eq

ua
ti

on
s

VT
@

 +
 U

 V
T)

-l 
= 

(I
 +

 V
T 

A
-l 

U
)-l

 V
T 

A
-l

-
 

-
 

-
-

-
 

e
m

 
-
.

 
-
-

(A
 
•
t
 

u,
 
xT

)-
l
 
= 

A-
l(

I
 
- 
U(

1 
+
 
VT
 
A-

l 
U
)
-
1
 
VT
 
A-
l)
 
.

-
 

-
 

-
-
 

-
-
 

-
- 

-

(S
he

rm
an

n-
Mo

rr
is

on
 
-W

oo
db

ur
y
 

fo
rm
ul
as
)

w
e
 
n
o
t
e
 
t
h
a
t
 
f
o
r
 
A
 
:=
 
"3
 
a
n
d
 

II 
= 
1

:=
 
4 

we
 
ge
t 

th
e 

eq
ua
ti
on
s 

(3
.1

2)

tur
fi
 
(3

.1
3)

.

We
 
fi

na
ll

y 
re

ma
rk

 
th

at
 
if

 
A 

> 
0 

th
e 

du
al

 
eq

ua
ti

on
s 

ar
e 

th
e 

no
rm

al

eq
ua

ti
on

s 
of

 
th

e 
le

as
t 

sq
ua

re
s 

pr
ob

le
m

Th
e 

du
al

 
eq

ua
ti

on
s 

ha
ve

 
no

 
so

lu
ti

on
 
if

 
A 

= 
0 

. 
We

 
se

e 
th

is
 
cl

ea
rl

y

be
ca

us
e 

of
 
th

e 
fa

ct
or

- 
1
 
,

&
bu

t 
al

so
 
fr

om
 
(3

.9
) 

si
nc

e 
it

 
is

 
cl
ea
r

t
h
a
t
 
f
o
r
 
A

= 
0 

a 
so
lu
ti
on
 
z 

of
 
(3
.9
) 

ma
y 

no
t 

ex
is
t 

fo
r 

ar
bi
tr
ar
y 

b

3.
3 

El
d&
n'
s
 

Tr
an
sf
or
ma
ti
on
.

E
l
d
&
 
[8
 

} 
ha
s 

sh
ow
n 

ho
w 

to
 
tr
an
sf
or
m 

a 
pr
ob
le
m 

(P
l)
 
to
 
a 

pr
ob
le
m 

(P
2)

us
in

g 
or

th
og

on
al

 
tr

an
sf

or
ma

ti
on

s.

le
as

t 
sq

ua
re

 
re

pr
es

en
ta

ti
on

 
of

 
(P

l)

To
 
il

lu
st

ra
te

 
hi

s 
id

ea
 
co

ns
id

er
 
th

e

(ii
)5

 = 
(,A

)
(3

.1
7)

IIC~
 -

 d
l12

=a
2 

.
(3

.1
8)

W
e
 
m
a
y
 
a
s
s
u
m
e
 
t
h
a
t
 
t
h
e
 
r
a
n
k
 
o
f
 
C
 
= 
p
 
<
 
n 
.
 
(
C
 
i
s
 
a
 
(p
xn
)
 
m
a
t
r
i
x
.
)

If
 
no

t 
th

en
 
we

 
ca

n 
pe

rf
or

m 
a 

QR
 
de

co
mp

os
it

io
n 

wi
th

 
co

lu
mn

 
pi

vo
ti

ng

Ob
se
rv
e 

th
at

 
\\
Cz
 
- 

$1
1 

= 
\I
! 

zT
z
 
- 

gT
cl
\l
 

.
Th
er
ef
or
e 

we
 
ca
n 

re
pl
ac
e 

C

by
 
R
>

5 
by
 
QT

d
 

3
- 

-
4
 

by
 
m
,

--
a
n
d
 
5
 
b
y
 
x
 
= 

PT
x
 
i
n
 
(3
.1
7)
,
 
(
3
.
1
8
)
.

- 
-

Th
e 

pr
ob
le
m 

fo
r 

y
ha
s 

no
w 

a 
ma
tr
ix
 
C

(p
xn
)
 
w
i
t
h
 
r
a
n
k
 
o
f
 
C 

= 
p
 
.

Af
te
r 

it
 
is
 
so
lv
ed
 
we
 
ob
ta
in
 
x 

= 
py
 
.

Th
e 

sa
me
 
pr

ep
ro

ce
ss

in
g 

we
 
ca

n 
ap

pl
y

t
o
 
4
 
a
n
d
 

TV
 
an

d
 
s
o
 
a
s
s
u
m
e
 
t
h
a
t
 
ra

nk
(A

)
 
= 
m
 
5
 
n
 
.

If
 
p 

= 
n 

th
en
 
we
 
ca
n 

ma
ke
 
th
e 

ch
an
ge
 
of
 
va
ri
ab
le
s

X’
:=
 
cx
 
,
 
A
'
 
:
=
 
A
C
-1

--

wh
ic

h 
tr

an
sf

or
ms

 
th

e 
pr

ob
le

m 
to

a
n
d
 
m
>
n
.

32

Ik’
- 

dl1
2

=a
2 

.

33



W
e
 
a
s
s
u
m
e
 
n
o
w
 
p
 
<
 
n
 
a
n
d
 
C
 
h
a
s
 
r
a
n
k
 
p
 
.

Th
en

 
we

 
ma

ke
 
a 

QE

de
co

mp
os

it
io

n 
of

CT
:

CT
=
 

(V
1’

V2
)

I! 
3p

0
0 

In
-p

(3
.1
9)

wi
th
 
no
ns
in
gu
la
r
 
tr
ia
ng
ul
ar
 
ma
tr
ix
 
R 

.

We
 
ch

an
ge

 
va

ri
ab

le
s:

X - 
=:

 
!?

lT
l 

+ 
T?

&

an
d 

(3
.1

7)
 
be
co
me
s:

N
o
w
 
f
o
r
 
e
v
e
r
y
 
21
 
w
e
 
c
a
n
 
d
e
t
e
r
m
i
n
e
 
x2
 
s
u
c
h
 
t
h
a
t
 
t
h
e
 
f
i
r
s
t
 
p
-
n

eq
ua

ti
on

s 
ar

e 
ex

ac
tl

y 
sa

ti
sf

ie
d.

Th
er

ef
or

e 
th

e 
pr

ob
le

m 
sp

li
ts

 
as

fo
ll

ow
s

wi
th

 
(3

.2
2)

 
as

 
co

ns
tr

ai
nt

.
Th

e 
fi

na
l 

ch
an

ge
 
of

 
va

ri
ab

le
s

If;
:=

 R
’ y

1

Wh
er
ea
s 

(3
.1

8)
 
is
 
no
w

i

llRT
 X

l X
l -

 d
l12

= 
a2

 
.

N
OW
 
we
 
pe

rf
or

m 
an
ot
he
r 

QR
 

de
co
mp
os
it
io
n

(3
.2
2)

A
V

- 
-2

=
 
c
q
~
~
,

(3
.2
3)

gi
ve

s 
th

e 
de

si
re

d 
pr

ob
le

m 
(P

2)
.

(3
.2
1)

S
i
n
c
e
 
w
e
 
a
s
s
u
m
e
d
 
t
h
a
t
 
A
 
h
a
s
 
r
a
n
k
 
m
 
a
n
d
 

IJ
2 
i
s
 
o
r
t
h
o
g
o
n
a
l
,

U
 
i
s

a 
no

n-
si

ng
ul

ar
 
up

pe
r 

tr
ia

ng
ul

ar
 
ma

tr
ix

.
No
w 

(3
.2

1)
 
is
 
th
e 

sa
me
 
pr
ob
le
m

as
:

,i

(3
.2
3)

3.
4 

Ru
ti

sh
au

se
r'

s 
Re

la
xe

d 
an

d 
Do

ub
ly

 
Re

la
xe

d 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
m.

In
 
[3

5]
 
Ru

ti
sh

au
se

r 
re
ma
rk
ed
 
th
at
 
if
 
we
 
mi
ni
mi
ze

Q(
z)
 

= 
l\
Ax
 

- 
bi
i'

(3
.2
6)

(3
.2
5)

f
o
r
 
a
 
i
l
l
-
c
o
n
d
i
t
i
o
n
e
d
 
m
a
t
r
i
x
 
4 
(
i
.
e
.
,
 
K
 
= 

\I
A\

\]
\A

'\
\ 

= 
o 

/
- 

-
1 

'J
r

>>
 
1 

3

wh
er

e 
ol
 >
 
. 

. 
. 

2 
cr
 >
 o
r
+
l
=

'*
* 

= 
on

= 
0 

ar
e 

th
e 

si
ng
ul
ar
 
va
lu
es

of
 
A 

),
 
th
at
 
th
en
 
th
e 

ex
ac
t 

so
lu
ti
on

2 
= 

A+
b 

ma
y 

be
 
no
t 

sa
ti
sf
ac
to
ry

- 
-

b
e
c
a
u
s
e
 

A \Ix
\\
 
>>
 
1 

an
d 

ev
al
ua
ti
on
 
of
 
L
 
wi
ll
 
be
 
af
fe
ct
ed
 
by
 
ca
nc
el
la
ti
on
.

SW

Re
pl
ac
in
g 

(3
.2

6)
 
by

Q
$x

) 
= 

\k
 -

 b
li2

 +
 ~

~II
xll

(3
.2
7)

wi
ll
 
gi
ve
 
a 

sh
or
te
r 

so
lu
ti
on
 
x -E

.
wh
ic
h 

ho
we
ve
r 

do
es
 
no
t 

mi
ni
mi
ze
 
(3

.2
7)

an
y 

mo
re

.
Th

e 
pr

oc
es

s 
of

 
re

la
xi

ng
 
ca

n 
be

 
de

sc
ri

be
d 

as
 
fo

ll
ow

s:
 
Th

e 
so

lu
ti

on

of
 
(3

.2
6)
 
is

 
th

e 
so

lu
ti

on
 
of

 
th

e 
le

as
t 

sq
ua

re
s 

pr
ob

le
m

A
x
=
:
.

--
(3
 -

28
)

1 
.

34
,

35



Th
e 

re
la
xe
d 

so
lu
ti
on
 
5s

of
 
(3

.2
7)

 
is

 
ob

ta
in

ed
 
by

 
ch

oo
si

ng
 
so

me
E
>
O

an
d 

so
lv

in
g

(3
.2
9)

Th
e 

co
nn

ec
ti

on
 
to

 
pr

ob
le

m 
(P

2)
 
is

 
as

 
fo

ll
ow

s:
 
In

st
ea

d 
of

 
pr

es
en

ti
ng

a 
bo

un
d 

fo
r 

th
e 

le
ng

th
 
of

 
x 

:
lliFl

12 
I 

a2
an

d 
so

lv
e 

th
e 

eq
ua

ti
on

f(A
)

= 
a2

t
o
 
d
e
t
e
r
m
i
n
e
 
A 

>
 
0
,
 
w
e
 
s
i
m
p
l
y
 
s
e
t
 
A 

= 
s2

> 
0 

an
d 

so
lv
e 

fo
r 

x 
.

Ru
ti

sh
au

se
r 

[3
5]
 
de

fi
ne

s 
th

e 
do

ub
le

 
re

la
xe

d 
so

lu
ti

on
xd

to
 
be

 
th

e
E

so
lu

ti
on

 
of

(A
DA
 
+
 
s2

$ 
+
 
,(

AT
A
 
+
 
s2
 
I)

-1
1:

= 
AT

b
- 

-
- 

-
_ 

_ 
.

Cb
se

rv
e 
t
h
a
t
 
zd

s
is

 
ob

ta
in

ed
 
by

 
re

la
xi

ng
 
th

e 
no
rm
al

 
eq

ua
ti

on
s 

of
 
th

e

re
la

xe
d 

so
lu

ti
on

:

(3
.3
0)

(3
.3
1)

If
 
we
 
pu
t 

$j 
:=
 
AT

A 
+ 

s2
- 

-
z 

th
en
 
th
e 

no
rm
al
 
eq
ua
ti
on
s 

of
 
(3

.3
1)
 
ar
e

(BO
B 

+ 
s2

 1
)x

 =
 E

T 
AT

 E
.

- 
-

- 
-

Bu
t 

g 
is
 
sy
mm
et
ri
c 

an
d 

no
n-
si
ng
ul
ar
,

th
er

ef
or

e 
we

 
ma

y 
mu

lt
ip

ly
 
6.
32
)

fr
am
le
ft

 
b
y

E
-1

an
d 

we
 
ge

t

Le
mm
a 

3.
1.

Th
e 

do
ub

le
 
re

la
xe

d 
so

lu
ti

on
xd

mi
ni

mi
ze

s
E

Q
&9

 
- 

-
= 

\I
(A

~A
 
+
 
E;

)X
 
-

&!
l12

 
+ 

E21
1Xl

12 
-

Th
e 

ai
m 

of
 
re

la
xi

ng
 
is

 
to

 
ap

pr
ox

im
at

e 
th

e 
"i

de
al

 
so

lu
ti

on
" 

[1
3]

wi
th

ou
t 

ex
pl
ic
it
el
y
 
co

mp
ut

in
g 

th
e 

si
ng

ul
ar

 
va

lu
e 

de
co

mp
os

it
io

n.
By
 
th
e

"i
de

al
" 

so
lu

ti
on

 
we

 
me

an
 
th

e 
fo

ll
ow

in
g:

Le
t

4
 

=

c
 

=

be
 
th

e 
si

ng
ul

ar

we
re

 
ex

ac
t 

th
en

II!?
! -

u
 
c 

VT
 
,
 
v
 
,
 
y
 
o
r
t
h
o
g
o
n
a
l

- 
- 

-

di
ag
 
bl

r
-*

-9
CY

n)
)

a1
 2

 .
 .

 .
 2

 (
-Jr
 >
 O

rc
tl
 =

 .
 .

 .
 =

 
(Jn
 =

 0

va
lu

e 
de

co
mp

os
it

io
n 

of
 
A 

.
If

 
th

e 
da
ta
s
 
an

d 
th

e 
co

mp
ut

at
io

n

th
e 

sh
or

te
st

 
so

lu
ti

on
 
of

kl
12
 
= 

m
i
n

w
o
u
l
d
 
b
e
 
x
 
= 

A+
b 

= 
Uy
 
w
h
e
r
e
 
y

is
 
de

fi
ne

d 
by

- 
-
-
 

-
-

t

C
. 1
- Oi

i
f
 
o
i
#
 
0

(2
 
:
=
 
u
s
)

- 
-

Yi
 
=

0
i
f
 
oi
 
= 
0
 
.

In
 
pr
ac
ti
ca
l 

cc
un

pu
ta

ti
on

 
ho
we
ve
r 

it
 
is
 
no
t 

cl
ea
r 

wh
ic
h 

oi
 
ar
e 

to
 
be

in
te
rp
re
te
d 

as
 
ze
ro
 
[l

&2
6]

.
On

e 
is

 
fo

rc
ed

 
to

 
ma

ke
 
a 

ra
nk

 
de

ci
si

on
,

to
 
pr
es
cr
ib
e 

a 
to
le
ra
nc
e 

T 
an
d 

to
 
cc

mr
pu

te

.
(3
.3
3)

wh
ic

h 
is

 (
3.

30
).

Fr
om

 
(3
.3
0)
 
we

 
ha

ve

W
e
 
w
i
l
l
 
c
a
l
l
 
ii

th
e 

"i
de

al
 
so

lu
ti

on
".

I 
*.

36
9

37



No
w 

co
ns

id
er

 
th

e 
fu

nc
ti

on
 
de

fi
ne

d 
on

C
&m

)

0
i
f
 
u
<
7

k(
u)

 
:=

{
-
 

-

7
1

i
f
 
U
>
T
 
.

5

kE
(o

) 
:= 
A 02

+ 
E2

(3
.3
7)

T
h
e
 
c
o
e
f
f
i
c
i
e
n
t
 
o
f
 
yi
 
m
u
l
t
i
p
l
y
i
n
g
 
ci
 
i
s
 
g
i
v
e
n
 
b
y
 
k(
ai
)
 
.
 
T
h
e
 
l
e
n
g
t
h

o
f
 
y
 
d
e
p
e
n
d
s
 
o
n
 
t
h
e
 
c
h
o
i
c
e
 
o
f
 
T

an
d 

is

2d
.i
 
Y 

:=
 

/y
\\
 
/ 

p1
1 

*
We
 
ca
n 

as
k 

th
e 

qu
es
ti
on
: 

ho
w 

to
 
ch
oo
se
 

s

su
ch

 
th

at
 
th

e 
re

la
xe

d 
an

d 
th

e 
do

ub
ly

 
re

la
xe

d 
so

lu
ti

on
 
ha

ve
 
th

e 
sa

me
 
or

at
 
le

as
t 

ap
pr

ox
im

at
el

y 
th

e 
sa

me
 
le

ng
th

 
as

 
th

e 
id

ea
l 

so
lu

ti
on

.
Th

e 
an

sw
er

is
 
gi
ve
n 

in
 
[1

31
. 

We
 
ha
ve

If
 
we

 
tr

an
sf

or
m 

th
e 

re
la

xe
d 

pr
ob

le
m 

(3
.2

9)
 
an

d 
th

e 
do

ub
ly

 
re

la
xe

d

pr
ob
le
m 

(3
.3

1)
 
us
in
g 

SV
D 

we
 
ge
t

(Y
E)

i 
= 
~

 
'i

"i
+
 
E

D.
(
&
&
 

=
1

2
 

2
2
 

'i
 

'
U.
1

+
 

E
E

+
-
T
-
-
-
2

0
. 

+
 

E
1

(3
.3
51

,i (3
 -

36
)

We
 
se
e 

th
at
 
we
 
ca
n 

th
in
k 

of
 
(3

.3
5)

, 
(3

.3
6)
 
as
 
ap
pr
ox
im
at
io
ns
 
of
 
(3
.3
3)
.

(3
.3
8)

ap
pr
ox
im
at
e 

th
e 

fu
nc
ti
on
 
k(
o)
 

(3
.3
4)
.

R
u
t
i
s
h
a
u
s
e
r
 
[3

5]
 
a
n
d
 
Mo

li
na

ri
 
[1

3]

sh
ow

 
th

at
 
in

de
ed

k
dE

is
 
a 

be
tt
er
 
ap
pr
ox
im
at
io
n 

th
an
 
k 

.
Mo

re
 
re

se
ar

ch
E

co
ul

d 
be

 
do

ne
 
in

 
th

is
 
di

re
ct

io
n,

 
e.

g.
re

la
xi

ng
 
th

e 
no

rm
al

 
eq

ua
ti

on
s 

of

th
e 

or
ig

in
al

 
pr

ob
le

m

wo
ul

d 
yi

el
d 

th
e 

fu
nc

ti
on

TL
E 

:=
 
$
T

E
CT

+
- 2

0

wh
ic

h 
is

 
so

me
ho

w 
be

tw
ee

n 
bo

th
 
di

sc
us

se
d 

ab
ov

e.
It

 
is

 
cl

ea
r 

th
at

 
th

os
e

di
ff

er
en

t 
re

la
xe

d 
so

lu
ti

on
s 

ha
ve

 
to

 
be

 
cc

nn
pu

te
d
 
wi

th
ou

t 
fo

rm
in

g 
th

e 
no

rm
al

eq
ua

ti
on

s.
A 

pr
og
ra
m 

fo
r 

x
a
n
d
 
x

'E
-d

c
is
 
gi
ve
n 

in
 
[1

3]
.

Th
eo
re
m 

3.
2.

L
e
t
A
=
 

-
-&

an
d
 
4;
 
=
 
($

3,
 
CE
)
 
.

(B
+

is
 
an

'E
n
x
n

m
a
t
r
i
x
.
)
 
T
h
e
n
 
f
o
r
 

s
su

ff
ic

ie
nt

ly
 
sm

al
l 

we
 
ha

ve

Bf '
E

= 
&+
 
+
 
5
 

(-
l)
j
 
&
+
(
a
'
 
&+

)2
j
 

E2
j 

>
j
=
l

Mo
re
 
pr
ec
is
el
y,
 
we
 
wa
nt
 
to
 
ch
oo
se
 

E
so

 
th

at
 
th

e 
tw

o 
fu

nc
ti

on
s

38

I 
. 39



o1
0

.

Le
t 
A
=
U
x
V
*

.
w
i
t
h
 
c
=

.
Pr

oo
f.

i 
1be

 
th

e 
si

ng
ul

ar
ar

0
0

va
lu

e 
de

co
mp

os
it

io
n,

 
wi

th
 
ol
 2

 .
 .

 .
 2

 o
r 

> 
0 

.
Th

en

4;
 
=
 
(
A
*
A
+
E
~
I
)
-1
 
AT

-1
-E
 

=
 
(
'
I
;
*
~
*
;
~
$
+
E
~
-

 
_

_
 
_

I)
- 

-

=
v(

c'
 
c 
+
 
E2

-
-
 

-
&
*

 
u'

s
 
E 
v'
)

=
 
v
(
I
(
z
T
;
+
 
E2
 
I,

-l
 C

Tl
$,

 E
QT

 c
 +

 E
2 
g
-l

 y
’)

= r
g, 

SE1

B+
=
 
v(

c'
 
c
 
+
 
E2
 
f,

-l
 
CT
 
;p

'E
 

-
-
-

=1
2
 

2
a
l
+
 

E

'k
2
 

2
ar
 
+
 
E

0
00

a-
l

1
1

1
no
w
 
-

 
= 
-

= 
-

2
+
 
E2

a.
1

Oi
 
1 

+
 
(E

/a
iJ

2
i!
 
(E

/a
i)

2j
 

f
o
r
 

\E
! 

<
 
ar
 

J
a

i 
j=

O

O
D

B
+
=
 

c
 

v
'E

j
=
O

. l/a
y+

l
0

. .
.

l/
oE

j+
l

l-u* E2j
m

l/al
0

where 
x+ =

.
-1

 
1

. .
n J

0
l/a,

we
 
ob

se
rv

e

+
T
 
+
2
j

v
 
C'

(C
"*
 
$
)
2
j
 
v*
 
=
 
A'

(l
)

A 
)

.
 

0
-
-
 

-

Re
ma

rk
.

Th
eo
re
m 

3.
2 

sh
ow
s 

th
at
 
we
 
ca
n 

ex
tr
ap
ol
at
e 
s
 
= 

i'
b 

fr
om
 
th
e

r
e
l
a
x
e
d
 
s
o
l
u
t
i
o
n
 
x
 
= 

B'
 
b
 
.

-E
 

-E
 

-
U
s
i
n
g
 

ci
 
= 
E
d
2
1
 
w
e
 
c
a
n
 
a
p
p
l
y
 
*h

e

Ro
mb
er
g 

ex
tr
ap
ol
at
io
n 

si
nc
e 

on
ly
 
ev
en
 
po
we
rs
 
of
 

E 
oc
cu
r.

It
 
ha

s 
th

e

ad
va
nt
ag
e 

th
at
 
th
e 

ra
nk
 
of
 
4 

mu
st
 
no
t 

be
 
de
te
rm
in
ed
.

40



4.
Mi

ni
mu

m 
No

rm
 
So

lu
ti

on
 
wi

th
 
Gi

ve
n 

No
rm

 
of

 
th

e 
Re

si
du

al
.

4.
1 

Th
e 

Du
al

 
No

rm
al

 
Eq

ua
ti

on
s.

In
 
th

is
 
se

ct
io

n 
we

 
di

sc
us

s 
th

e 
sp

ec
ia

l 
ca

se
 
of

 
a 

le
as

t 
sq

ua
re

s
We
 
tr
an
sf
or
m 

th
e 

no
rm
al
 
eq
ua
ti
on
s 

(4
.1

),
 
(4
.2
) 

as
 
fo
ll
ow
s:
 
We

pr
ob

le
m 

wi
th

 
a 

qu
ad

ra
ti

c 
co

ns
tr

ai
nt

 
wh

er
e 

+ 
= 

2 
:

mu
lt
ip
ly
 
(4
.1
) 

fr
am
 
le
ft
 
by
 
C 

gi
vi
ng

lIz
I\
 
=
 

mi
n

su
bj

ec
t 

to

ilc
z 

-
q

 
= 

a 
.

(P
3E
)

(I
 
+ 

h 
CC
T)
Cx

= 
h 

CC
T 

d
 
.

-
-
 
es

-
-
 

-

If
 
we

 
su

bt
ra

ct
 
fr

om
 
(4

.6
) 

on
 
bo

th
 
si

de
s

h 
CC

* 
d
 
+
 
d
 
w
e
 
g
e
t

-
-
 

- 
-

Th
e 

pr
ob
le
m 

wi
th
 
in
eq
ua
li
ty
 
co
ns
tr
ai
nt
 

I\
55
 
- 

_d\\
 
<
a
 
w
i
l
l
 
b
e
 
d
e
n
o
t
e
d

by
 
(P
3)
.

Ge
om

et
ri

ca
ll

y 
(B

E)
 
me

an
s 

th
at

 
we

 
ar

e 
lo

ok
in

g 
fo

r 
a 

po
in

t 
on

 
th

e

e
l
l
i
p
s
o
i
d
 

\\
CZ
 
- 

c\
\*

= 
a2

th
at

 
is

 
ne

ar
es

t 
to

 
th

e 
or

ig
in

. 
Fr

om
 
th

e 
th

eo
ry

in
 
Se

ct
io

n 
2 

we
 
ha

ve
 
th

at
 
th

e 
so

lu
ti

on
 
of

 
(P

3E
) 

is
 
a 

so
lu

ti
on

(x
,9

 
of

(
I
 
+
 
h
 
CC

*)
(C

X
 
- 

$)
 
= 

-$
 
.

-
-
 
-
-

Fi
na

ll
y 

in
tr

od
uc

in
g 

th
e 

ne
w 

va
ri

ab
le

z 
= 
Cx
- 

d 
we
 
ge
t 

th
e 

th
eo
re
m:

- 
-
-
 

-

Th
eo
re
m 

4.
1.

th
e 

no
rm

al
 
eq

ua
ti

on
s

(I
 +

 h
 ;

*C
)Z

J 
= 

h 
$*c

J
(4
.1
)

(4
.2
)

wi
th
 
la
rg
es
t 

EC 
.

S
i
n
c
e
 
NS
(l
)n
NS
(C
)
 
=

10
) 

th
e 

so
lu
ti
on
 
is
 
un
iq
ue

i
f
 
h 

# 
-7

:
w
h
e
r
e
 
yi

is
 
a 

si
ng

ul
ar

 
va

lu
e 

of
 
C 

.
Th

e 
so

lu
ti

on
 
ex

is
ts

on
ly

 
if F
o
r
 
p
r
o
b
l
e
m
 
(~

3)
 
t
h
e
 
s
o
l
u
t
i
o
n
 
i
s
 
5 

= 
0 
i
f
 

CY 
2
 

I\!
\\
 
.
 
T
h
e
 
l
e
n
g
t
h

?%
nc

ti
on
 
f
 
i
s
 
i
n
 
t
h
i
s
 
c
a
s
e

f
(
h
)
 
=
 

I\
(h
 
C(
I 
+
 
h 

C*
C)
-l
 
CT
 
- 
#
I
2
 
.

-
-
-
 

-
-
-

By
 
Co
ro
ll
ar
y 

3.
1,
 (

3.
13

),
 
th
is
 
is
 
eq
ua
l 

to

f
(
h
)
 
= 

(I
(:
 
+
 
h 

::
*)

-I
 
$\
I2

,i 
(4

.3
)

(i
)

Le
t 

(x
,h

) 
be
 
a 

so
lu
ti
on
 
of
 
th
e 

pr
im
al
 
no
rm
al
 
eq
ua
ti
on
s

- 
-

(2
 
+
 
h 
C
T
+
 
= 

h 
CT
 
d

llcx
 - 

crl1
2

= 
a2

(4
.6
)

(4
.7
)

t
h
e
n
 

(z
,h
)
 
w
i
t
h
 
z

:=
 
Cx
-d
 
is
 
a 

so
lu
ti
on
 
of
 
th
e 

du
al
 
n
o
m
&
.

-
-
 

-

eq
ua

ti
on

s

(I
 
+
 
h 

CC
*)

:
 
= 

-$

\14
12

= 
a2

 
.

,
 

(4
.8
)

(
i
i
)
 
L
e
t
 

(Z
,h
)
 
b
e
 
a
 
s
o
l
u
t
i
o
n
 
o
f
 
(4

.8
),
 
t
h
e
n
 
(s
,h
) 
w
i
t
h
 
x
 
= 
-
h
 
C*
 
z

is
 
a 

so
lu
ti
on
 
of
 
(4

.7
).

Pr
oo

f.

(4
.5
)

(i
)

(I
 
+
 
h 

CC
*)

(C
_~

-~
)
 
=
 
C(

; 
+
 
h 

CT
:)

5
 
- 
d 

- 
h 

CC
* 

d

= 
"
(
"
"
*
+
;
-
h
C
C
*
;

 
= 

-;
 

.

wh
ic

h 
gi

ve
s 

ag
ai

n 
th

e 
co

nn
ec

ti
on

 
to

 
th

e 
du

al
 
eq

ua
ti

on
s.

42
43



a2
= 

M
l2

 
= 

llcx
 -

 A
t2 

l

(i
i)

(z
 
+
 
h
 
C*

C)
(-

h
 
CT
 
z)
 
= 
-
h
 
C*

(T
 
+
 
h
 
CC

*)
z 

= 
h
 
CT
 
b
 
.

- 
-

-
-
 

-
- 

-

Il
cx
 
- 

dl
12

= 
\p<

-A
 C

T 
n) 

- 
atI

2 
= 

tIE
It

= 
a2

 
. 

0
-

Eq
ua

ti
ng

 
bo

th
 
ex

pr
es

si
on

s 
fo

r
x 

an
d 

z 
ag
ai
n 

gi
ve
s 

us
 
th
e 

id
en
ti
ti
es

of
 C

or
ol

la
ry

 3
.1

.

m
 c
on

tr
as

t 
to

 
th

e 
re

la
xe

d 
le

as
t 

sq
ua

re
s 

pr
ob

le
m,

 
th

e 
du

al
 
eq

ua
ti

on
s

ex
is

ts
 
fo

r 
ev

er
y 

h 
.

4.
2 

Re
pr

es
en

ta
ti

on
 
as

 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
m.

I
f
 
w
e
 
w
a
n
t
 
t
o
 
s
o
l
v
e
 
(p

5)
 
t
h
e
n
 
t
h
e
 
so

lu
ti

cx
l
 
i
s
 
x
 
= 
0
 
i
f
 

01
 
> 

\\a
\\

a
n
d
 
e
x
i
s
t
s
 
o
n
l
y
 
i
f
 
a
 
>
a
m
i
n
 
= 

l\
(C
 
C
+
 
- 

I)
dl
\
 
.
 
F
o
r

- 
-

- 
-

We
 
ha

ve
 
to

 
cc

sn
pu

te
 
th

e 
so

lu
ti

on
 
it

er
at

iv
el

y 
so

lv
in

g 
th

e 
se

cu
la

r 
eq

ua
ti

on

f(
h)
 
= 

ar
2 

wh
er
e

f(
h)

=
 

IIE
 -

 4
12

 
=

 
lM1

2 
*

5 
a
n
d
 
z 
a
r
e
 
o
b
t
a
i
n
e
d
 
s
o
l
v
i
n
g
 
e
i
t
h
e
r

or
 
th

e 
du

al
 
pr

ob
le

m

5.
Co

mp
ut

at
io

na
l 

As
pe

ct
s.

To
 
co

mp
ut

e 
th

e 
so

lu
ti

on
 
of

 
a 

le
as

t 
sq

ua
re

s 
pr

ob
le

m 
wi

th
 
a 

qu
ad

ra
ti

c

co
ns

tr
ai

nt
 
we

 
ha

ve
 
to

 
de

te
rm

in
e 

it
er

at
iv

el
y 

th
e 

la
rg

es
t 

so
lu

ti
on

 
of

 
th

e

se
cu

la
r 

eq
ua

ti
on

.
Fo
r 

th
e 

pr
ob
le
m 

(P
IE
),
 
(P

2E
)
 
an
d 

(B
E)

 
we
 
ca
n 

ex
pe
ct

nu
me

ri
ca

l 
di

ff
ic

ul
ti

es
 
si

nc
e 

at
 
ev

er
y 

st
ep

 
of

 
th

e 
it

er
at

io
n 

we
 
ha

ve
 
to

so
lv

e 
a 

sy
st

em
 
of

 
eq

ua
ti

on
s 

wi
th

 
th

e 
ma

tr
ix

A*
A 
+
 
h 

C*
c

w
h
e
r
e
 
h
 
<
 
0

- 
-

- 
-

(5
.1
)

wh
ic

h 
is

 
in

 
ge

ne
ra

l 
no

t 
po

si
ti

ve
 
de

fi
ni

te
.

A 
go

od
 
wa

y 
to

 
so

lv
e 

th
is

 
sy

st
em

is
 
to

 
tr

an
sf

or
m 

it
 
to

 
di

ag
on

al
 
fo

rm
 
us

in
g 

BS
VD

 
of

 
vo

n 
Lo

an
 
[4

5]
.

If

A
=
:
 
o
r
 
;
=
I
 
w
e
c
a
n

To
 
av

oi
d 

th
e 

fo
rm

in
g 

of

(m
+n

+p
)
 
x 

(m
+n
+p
) 

sy
st
em

us
e 

SV
D 

to
 
di

ag
on

al
&e

 
th
e 

sy
st
em
 
st
ab
ly
 
[4

8]
.

AT
A 
a
n
d
 
C*
C
 
w
e
 
c
o
u
l
d
 
c
o
n
s
i
d
e
r
 
t
h
e
 
a
u
g
m
e
n
t
e
d

- 
-

- 
-

-1 (-AT 0

.

Bj
br

k 
ha
s 

sh
ow
n 

[l
)
 
th
at
 
fo
r 

th
e 

au
@n

en
te

d 
sy
st
em

(5
.2

)

(5
.3
)

We
 
ca
n 

ob
ta
in
 
th
e 

co
nd
it
io
n 

nu
mb
er
 
2-
n(
$)
 
wi
th
 
ap
pr
op
ri
at
e 

sc
al
in
g

(
i
n
s
t
e
a
d
 
o
f
 
x2

(&
)
 
f
o
r
 
t
h
e
 
n
o
r
m
a
l
 
e
q
u
a
t
i
o
n
s
 
A*

A
 
x
 
= 

&*
 
b 

).
 
H
o
w
e
v
e
r

- 
- 

-

in
 
(5

.2
) 

th
e 

co
nd

it
io

n 
nu

mb
er

 
de

pe
nd

s 
on

 
th

e 
va

lu
e 

of
 
h 

an
d 

ma
y 

be
 
la

rg
e

i
f
 
h
 
i
s
 
n
e
a
r

-)
I i
 
w
h
e
r
e
 
pi

is
 
an
 
ei
ge
nv
al
ue
 
of
 
de

t(
A*

A
 
- 

cL 
CT

C)
 
= 
0 

.
- 

^
- 

-

(;&
 = 

(a)
45

44



Th
e 

so
lu
ti
on
 
is
 
nu
me
ri
ca
ll
y
 
mu
ch
 
be
tt
er
 
de
fi
ne
d 

fo
r 

pr
ob
le
m 

(P
l)

,

(~
2)
 
an
d 

(P
3)
 
wh
er
e 

h 
> 

0 
.

We
 
ca

n 
fo

rm
ul

at
e 

th
e 

no
rm

al
 
eq

ua
ti

on
s 

as

le
as
t 

sq
ua
re
s 

pr
ob
le
ms
 
an
d 

be
si
de
s 

(B
SV
D)
- 

an
d 

SV
D-
di
ag
on
al
iz
at
io
n,

 
th
er
e

ar
e 

se
ve

ra
l 

di
ff

er
en

t 
wa

ys
 
to

 
co

mp
ut

e 
st

ab
ly

 
an

d 
ch

ea
pl

y 
th

e 
so

lu
ti

on
,

es
pe

ci
al

ly
 
if

 
we

 
ca

n 
us

e 
a 

st
ru

ct
ur

e 
of

 
th

e 
ma

tr
ix

.
Si
nc
e
 
we
 
ar
e 

so
lv
in
g

th
e 

se
cu

la
r 

eq
ua

ti
on

 
wi

th
 
sO

me
 
it

er
at

iv
e 

me
th

od
 
we

 
ma

y 
ha

ve
 
to

 
co

mp
ut

e

de
ri
va
ti
ve
s 

of
 
th
e 

le
ng
th
 
fu
nc
ti
on
 
f 

(s
ee
 
Se
ct
io
n 

5.
4)

.
If

 
th

e 
it

er
at

iv
e

me
th

od
 
co

nv
er

ge
s 

fa
st

 
it

 
ma

y 
no

t 
be

 
ne

ce
ss

ar
y 

to
 
tr

an
sf

or
m 

th
e 

pr
ob

le
m

a
t
 
a
l
l
 
(e

sp
ec

ia
ll

y
 
i
f
 
A 

a
n
d
 
C 

a
r
e
 
s
p
a
r
s
e
)
.

In
 
ge

ne
ra

l,
 
ho

we
ve

r,
 
it

ap
pe

ar
s 

to
 
be

 
be

st
 
[ 

81
, 

[1
2]
 
to

 
bi

di
ag

on
al

iz
e 

th
e 

ma
tr

ix
 
fo

r 
pr

ob
le

ms

(P
2)

 
an

d 
(p
3)
 
be

fo
re

 
it

er
at

in
g.

5.
1 

So
lu

ti
on

 
of

 
a 

Re
la

xe
d 

Le
as

t 
Sq

ua
re

s 
Pr

ob
le

m 
wi

th
 
Ba

nd
 
Ma

tr
ix

.

We
 
co
ns
id
er
 
(P
2)
 
wi
th
 
'A
 
re
sp
ec
ti
ve
ly
 
(P
3)
 
wi
th
 

C 
be

in
g
 
a 

ba
nd

P

ma
tr

ix
.

Fo
r 

a 
gi

ve
n

A 
> 

0 
we

 
ha

ve
 
to

 
so

lv
e 

th
e 

le
as

t 
sq

ua
re

s 
pr

ob
le

ms

w
h
e
r
e
 
; 
i
s
 
a
 
d
i
a
g
o
n
a
l
 
m
a
t
r
i
x
 
(I
 
o
r
 
6

 
2 

) 
an

d 
E 
i
s
 
a
 
b
a
n
d
 
m
a
t
r
i
x

(4
 
or
 

Il
;;

-r
: 

>-

Us
in
g 

Gi
ve
ns
-r
ot
at
io
ns
 
we
 
sh
al
l
 
sh
ow
 
ho
w 

an
 
or
th
og
on
al
 
ma
tr
ix
 
G

ca
n 

be
 
fo

un
d 

su
ch

 
th

at

G(Z)
 = 

(;)
(5
.7
)

wh
er
e 

c 
is
 
a 

ba
nd
 
up
pe
r 

tr
ia
ng
ul
ar
 
ma
tr
ix
.

If
 
th

e 
sa

me
 
ro

ta
ti

on
s 

ar
e

ap
pl

ie
d 

to
 
th

e 
ri

gh
t 

ha
nd

 
si

de
 
th

e 
so

lu
ti

on
 
ca

n 
be

 
fo

un
d 

by
 
ba

ck
su

bs
ti

tu
ti

on

u
s
i
n
g
 
F
.

To
 
de
sc
ri
be
 
th
e 

tr
an
sf
or
ma
ti
on
 
we
 
as
su
me
 
th
at
 
B 

is
 
an
 
(m

xn
)

ma
tr

ix
 
wi

th b
id
 
=

0
i
f
 
i
-
j
 
>
m
1

or
 
j-
i 

> 
m2
 
.

T
h
i
s
 
m
e
a
n
s
 
t
h
a
t
 
g 
h
a
s
 
m
l

di
ag
on
al
s 

be
lo
w 

th
e 

ma
in
 
di
ag
on
al
 
an
d 

m2

di
ag

on
al

s 
ab

ov
e,

 
th

at
 
co

nt
ai

ns
 
th

e 
po

ss
ib

ly
 
no

n-
ze

ro
 
el

em
en

ts
.

Le
t

&
p
)

:=
 
ma

x{
k-

m2
,
 
13

(5
.4
)

k,
,(

k)
:=
 
mi

nf
k+

ml
r
 
m>
 
.

re
sp

ec
ti

ve
ly

Th
en
 
th
e 

k-
th
 
co
lu
mn
 
of
 
B 

ha
s 

th
e 

on
ly
 
(p
os
si
bl
y)
 
no
n-
ze
ro
 
el
em
en
ts

If
 
we

 
in

te
rc

ha
ng

e 
th

e 
eq

ua
ti

on
s 

in
 
(5

.5
) 

we
 
ha

ve
 
in

 
ei

th
er

 
ca

se
 
a

le
as

t 
sq

ua
re

s 
pr

ob
le

m 
of

 
th

e 
fo

rm

(5
.5
)

(5
.6
)

b
i
k
 

'
i
=
k
mi
n(
k)
>.

 
. 

.,
km

ax
(k

)
.

In
 
n-
st
ep
s 

we
 
no
w 

pe
rf
or
m 

th
e 

tr
an
sf
or
ma
ti
on
 
(5

.7
) 

an
ni
hi
la
ti
ng
 
in

th
e 

k-
th
 
st
ep
 
th
e 

k-
th
 
co
lu
mn
 
of
 
B 

an
d 

pr
od
uc
in
g 

th
e 

k-
th
 
ro
w 

of
 
F 

.

Le
t 

E 
be
 
at
 
th
e 

be
gi
nn
in
g 

th
e 

di
ag
on
al
 
ma
tr
ix
 
D 

an
d 

de
fi
ne
d 

by

ro
t(

i,
k,

x)

46
47



B
t
h
e
 
m
u
l
t
i
p
l
i
c
a
t
i
o
n
 
o
f
 
- (-1

fr
om
 
le

ft
 
by

 
a 

Gi
ve

ns
 
ma

tr
ix

 
th

at
 
ch

an
ge

s
F

t
h
e
 
i 

-t
h 
r
o
w
 
o
f
 
g 
a
n
d
 
t
h
e
 
k
-
t
h
 
r
o
w
 
o
f
 
F

an
ni

hi
la

ti
ng

 
th

e 
el

em
en

t 
x 

.

m
e
n
 
th
e 

tr
an
sf
or
ma
ti
on
 
(5

.7
) 

is
 
de
sc
ri
be
d 

by

fo
r 

k 
:=
 
1 

st
ep

 
1 

un
ti

l 
n 

do
-

-
-

fo
r 

i 
:=
 
km

in
(k

)
st

ep
 
1 

un
ti

l 
k

(k
) 

do
-
m
a
x

 
-

In
 
th
e 

k-
th
 
st
ep
 
of
 
th
is
 
al
go
ri
th
m 

we
 
an
ni
hi
la
te
 
"l

+m
2+

1
 
el
em
en
ts

(o
r 

le
ss
 
at
 
th
e 

bo
rd
er
 
of
 
g 

) 
us
in
g

-2
(m
l+
m2
+l
)

2
mu

lt
ip

li
ca

ti
on

s.

F
o
r
 
i
 
= 

km
in
 
=
 
k
-
m
2

th
e 

Gi
ve
ns
 
ro
ta
ti
on
 
ch
an
ge
s 

on
ly
 
2 

el
em
en
ts
:

b
ik
 
a
n
d
 
f
k
k
.

T
h
e
n
f
o
r
 
i
=
k
&
+
l
,

4 
el

em
en

ts
 
ar

e 
af

fe
ct

ed
, 

et
c.

,

u
n
t
i
l
 
f
o
r
 
i
 
= 

km
ax
 
=
 
k+

ml
wh

en
bk

+
k

"1
is

 
ro

ta
te

d 
to

 
ze

ro
, 

we
 
ha

ve
 
to

i
c
h
a
n
g
e
 
ml

+m
2+

1 
e
l
e
m
e
n
t
s
.

Th
e 

wh
ol

e 
tr

an
sf

or
ma

ti
on

 
re

qu
ir

es
 
th

er
ef

or
e

-
 
2n
(m
l+
m2
+1
)'

mu
lt

ip
li

ca
ti

on
s 

wh
ic

h 
is

 
co

mp
ar

ab
le

 
to

 
Ga

us
si

an
 
el

im
in

at
io

n

of
 
th

e 
no

rm
al

 
eq

ua
ti

on
s.

Es
pe

ci
sl

ly
 
if
 
g 

is
 
up
pe
r 

bi
di
ag
on
al
 
th
e 

fi
rs
t 

st
ep
 
to
 
an
ni
hi
la
te

th
e 

fi
rs

t 
an

d 
se

co
nd

 
co

lu
mn

 
is

 
do

ne
 
as

 
fo

ll
ow

s:

5
l

el 92
e2 3

e3 s4

dl

d2

3

c
d4

P
0

0 92
e2 3

s src

“1
5 d;

4

L
d4

rot
 (L

l, 
sl>

0
 

ei s;
? 

e2 "4
 

e3 si
c

“1
 
“1 d2

%

d4

/
ro

t(
l,

2,
e:

) 0
0 0

e2 %
 

e3 94

5.
"1 "2
 

"2 5

d4

Th
e 

fo
ll

ow
in

g 
pr

oc
ed

ur
e 

pe
rf

or
ms

 
th

e 
tr

an
sf

or
ma

ti
on

wh
er

e

48

1 
*

49



an
d.

 s
to

re
s 

th
e 

Gi
ve

ns
 r

ot
at

io
ns

 i
n 

tw
o 

ar
ra

ys
cO

[i
I
,

si
[l

pr
oc
ed
ur
e 

up
de
c 

(n
,q
,e
,d
,u
,v
,c
O,
si
);

va
lu

e 
n;

in
te

ge
r 

n;
-

 
-

a
r
r
a
y
 
q,

e,
d,

u,
v,

cO
,s

i;

be
gi

n 
in

te
ge

r 
i;

 
re

al
 
t,

c,
s,

h;
-
~

 
-

pr
oc
ed
ur
e 

ro
t(
a,
b)
;

va
lu

e 
a,

b;
 
re

al
 
a,

b;

be
gi

n 
re

al
 
t;

-
-

.
. .

. .
 

‘v
.
 

n
-
l

' 
un

if
 
b 

= 
0 

th
en
 
be
gi
n 

c 
:=
 
0;
 
s 

:=
 
1 

en
d

-
-

-
el

se

be
gi
n 

t 
:=
 
-a
/b
; 

c 
:=

l/
sq

rt
(l

+t
t2

);
 
s
 
:=
 
t*

c
 
e
n
d

g
;

fo
r 

i 
:=
 
1 

st
ep
 
l'

un
ti

l 
n 

do
 
u[
i]
 
:=
 
d[
i]
;

-
-

-
fo

r 
i 

:=
 
1 

st
ep

 
1 

un
ti

l 
n 

do
-

-
-

b
e
g
i
n

ro
t(

q[
i]

,u
[i

l)
;

cO
[2

*i
-1

1
 
:=
 
c
;
 
si

[2
*i

-1
1
 
:=
 
s
;

u[
i]
 
:=
 
-q

[i
l*

s
 
+ 

u[
i]

*c
;

if
 
i 

< 
n 

th
en

- b
e
g
i
n v
[
i
]
 
:=
 
-e
[i
]*
s;

 
h
 
:=
 
e
[
i
]
*
c
;

ro
t(

h,
u[

i+
l]

);

cO
[2

*i
]
 
:=
 
c
;
 
si

[2
*i

l
 
:=
 
s
;

u[
i+

ll
 

:=
-h
*s
 
+ 

u[
i+

l]
*c

en
d 

if
;

en
d 

i;

en
d 

up
de

c;

Th
e 

fo
ll

ow
in

g 
pr

oc
ed

ur
e 

pe
rf

or
ms

 
th

e 
tr

an
sf

or
ma

ti
on

cl
G
 

- -(-ICl
an
d 

so
lv

es
 
th

e 
bi
di
ag
on
al

 
sy

st
em

 
by

 
ba

ck
su

bs
ti

tu
ti

on
.

p
r
o
c
e
d
u
r
e
 
s
o
l
v
e
 
(n

,u
,v

,c
O,

si
,c

l,
c2

,y
);

va
lu

e 
n;

in
te

ge
r 

n;
-

 
e

uy
 

v,
 

CO
, 

si
, 

Cl
, 

c2
, 

Y;
ar

ra
y

b
e
g
i
n

in
te

ge
r 

i;
re
al
 
t,
c,
s,
h;

-
 
-

fo
r 

i
:=
 
1 

st
ep

 
1 

un
ti

l 
n 

do
-

-
-

be
gi

n

c
 
:=
 
cO

[2
*i

-1
1;

 
s
 
:=
 
si

[2
*i

-1
1;

h
 
:=

c
l
[
i
]
*
 
+
 
c2

[i
l*

s;

c2
[i

] 
:=

-c
l[

i]
*s
 
+
 
c2

[i
]*

c;

cl
[i
]
 
:=
 
h
;

if
 
i 

< 
n 

th
en

- b
e
g
i
n

C
:=
 
cO

[2
*i

];
 
s
 
:=
 
si

[2
*i

];

h
 
:=
 
cl

[i
]*

c 
+
 
c2

[i
]*

s;

c2
[i

+l
]
 

:=
-c
l[
i]
*s
 
+ 

c2
[i
+l
l*
c;

cl
[i

] 
:=
 
h
;

en
d 

if
;

en
d 

i;

y[
nl

:=
 
c2
[n
]/
u[
n]
;

fo
r 

i
:=
 
n-

l 
st

ep
 
-1

 
un

ti
l 

1 
do

-
 

-
-

y[
il

:=
 
(c
2[
il

- 
v[
il
*y
[i
+l
l)
/u
[i
l;

50
en

d 
so

lv
e;

1 
.

51



Al
te

rn
at

iv
el

y 
we

 
ca

n 
av

oi
d 

st
or

in
g 

th
e 

ro
ta

ti
on

s 
ob

se
rv

in
g 

th
at

 
if

(;)x
 = 

(%:)
an

d 
if

c
(
i
 
)
 
= 
(
:
)

,
 
2 

o
r
t
h
o
g
o
n
a
l

th
en

 
th

e 
no

rm
al

 
eq

ua
ti

on
s 

ar
e

F
*
F
y
 

=
 

l
j
*
c
l
+
D
z
2
 

.
- 

-

Th
er

ef
or

e 
we

 
ca

n 
al

so
 
fi

nd
?I

ET
 
y
 
=
 
B*
 
c
l
 
+
 
D
 
c3

- 
-

- 
-

so
lv

in
g

Th
e 

ne
w 

pr
oc
ed
ur
e 

up
de
c

do
es
 
no
t 

co
nt
ai
n 

th
e 

va
ri
ab
le
 
CO
 
an
d 

si
 
.

Ot
he

rw
is

e 
it

 
is

 
th

e 
sa

me
 
as

 
be

fo
re

.
Th

e 
pr

oc
ed

ur
e

pr
oc
ed
ur
e 

so
lv
e2
 

(n
,u
,v
,c
,y
);

va
lu
e
 
n;

 
in

te
ge

r 
n;

-
 
-

ar
ra

y 
U~

V,
C~

Y;

co
mm

en
t

so
lv
es
 

F*
F'
y
 
= 

5;
- 
--

be
gi

n 
in

te
ge

r 
i

Y
[l

l 
:=

 c
r1

1/
a1

;
fo

r 
i 

:=
 
2 

st
ep

 
1 

un
ti

l 
n 

do
-

-
-

y
li

l 
:=

 (
c[

il
- 

v
[i

-l
]+

y
[i

-l
l)

/u
[i

l;

A
n

I 
:=

 
y
[n

l/
u

[n
l;

fo
r 

i 
:=
 
n-

l 
st

ep
 
-1

 
un

ti
l 

1 
do

-
 
-

 
-

A
i1

 
:=

 
(A

il
- 

v
[i

l~
[i

+
ll

)/
u

[i
l;

en
d 

so
lv

e2
;

ho
we

ve
r 

ch
an

ge
s

Be
fo
re
 
ca
ll
in
g 

so
lv
e2
 
th
e 

ri
gh
t 

ha
nd
 
si
de
 
c 

ha
s 

to
 
be
 
de
fi
ne
d 

by

C
:=

B
*d

+
D

c2
 

.
- 

--
- 

-

52

5.
2 

So
lu

ti
on

 
of

 
a 

Le
as

t 
Sq

ua
re

s 
Pr

ob
le

m 
wi

th
 
Tw

o 
Ba

nd
 
Ma

tr
ic

es
.

Th
e 

al
go

ri
th

m 
gi

ve
n 

in
 
Se

ct
io

n 
5.
1 

ca
n 

be
 
ge

ne
ra

li
ze

d 
to

 
so

lv
e 

a

le
as

t 
sq

ua
re

 
pr

ob
le

m 
of

 
th

e 
ty

pe

(5
.8

)

w
h
e
r
e
 
n
o
w
 
A
 
a
n
d
 
C
 
a
r
e
 
b
a
n
d
 
m
a
t
r
i
c
e
s
.

We
 
as
su
me
 
th
at
 
C 

ha
s 

a 
ba
nd

wi
dt

h 
wh

ic
h 

is
 
sm

al
le

r 
or

 
eq

ua
l 

to
 
th

e 
ba

nd
 
wi

dt
h 

of
 
A 

.
Us

in
g 

Gi
ve

ns

ro
ta

ti
on

s 
we

 
tr

an
sf

or
m

$)
 =

 (
f:)

(5
.9
)

wh
er

e
 
4'
 
h
a
s
 
t
h
e
 
s
a
m
e
 
b
a
n
d
w
i
d
t
h
 
a
s
 

fi
 
a
n
d
 
0'

is
 
ze

ro
 
up

 
to

 
so

me
 
el

em
en

ts

in
 
th

e 
ri

gh
t 

bo
tt

om
 
co

rn
er

.
Us
in
g 

th
e 

el
em
en
ts
 
of
 

0'
an
d 

A'
we

 
th

en

co
mp

ut
e

x 
by

 
ba

ck
su

bs
ti

tu
ti

on
.

In
 
th
e 

k-
th
 
st
ep
 
of
 
th
e 

al
go
ri
th
m 

we
 
an
ni
hi
la
te
 
th
e 

k-
th
 
co
lu
mn

o
f
 
A
 
a
n
d
 
p
r
o
d
u
c
e
 
t
h
e
 
k
-
t
h
 
r
o
w
 
o
f
 
A
'
 
.

We
 
ex

pl
ai

n 
th

e 
ro

ta
ti

on
::

 
fo

r

t
h
e
 
e
x
a
m
p
l
e
 
w
h
e
r
e
 
A
 
h
a
s
 
4 
a
n
d
 
C
 
h
a
s
 
3 

d
i
a
g
o
n
a
l
s
.

X x
 
x

x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x

x
 
x

x
 
x
 
x

x
 
x
 
x

x
 
x
 
x

x
 
x
 
x

*

A-

53

.

o
o
o

0 
x(

2g

0
 
x
 
x

0
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x

x
 
x

x
 
x
 
x
@



In
 
st
ep
 
1 

we
 
an
ni
hi
la
te
 
th
e 

el
em
en
ts
 
of
 
th
e 

fi
rs
t 

co
lu
mn
 
of
 
A 

us
in
g

th
e 

fi
rs

t 
ro

w 
of

 
C 

.
Th

is
 
pr

od
uc

es
 
th

e 
ne

w 
no

n-
ze

ro
 
el

em
en

ts
0X 

.

In
 
a 

se
co

nd
 
"c

le
an

in
g"

st
ep

 
we

 
ze

ro
 
th

e 
el

em
en

ts
0X

in
 t

he
 t

op
 p

ar
t

us
in

g 
th

e 
th

ir
d 

ro
w:

Af
te

r 
th

es
e 

tw
o 

st
ep

s 
th

e 
re

ma
in

in
g 

ma
tr

ix
 
is

:

P

0
-

0
 
x

0 
x
 
x

0 
x
 
x
 
x

x
 
x
 
x
 
x

x
x
x
k

x
 
x
 
x

x
 
x

x
 
x
 
x
 
x

x
 
x
 
x

x
 
x
 
x

x
 
x
 
x

L
d

No
w 

we
 
ca
n 

us
e 

th
e 

se
co
nd
 

row of
 
C

to
 
ze

ro
 
th

e 
se

co
nd

 
co

lu
mn

 
of

e
t
c
.

A 
sp

ec
ia

l 
tr

ea
tm

en
t 

is
 
ne

ed
ed

 
at

 
th

e 
bo

rd
er

 
of

 
th

e 
ma

tr
ix

.
us

in
g

I(
th
e 

la
st
 
ro
w 

of
 
C 

to
 
ze
ro
 
ou
t 

th
e 

n-
5 

co
lu
mn
 
gi
ve
s

0 0
0

0
0

0

o
o

o
o

x
x

0
0

0
x

x

0
0

x
x

0
x

x

x
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x
4

A

w 0 0
 
0

0
 
0
 
0

0
0

0
0

0
0

0
 
0
 
0
 
0
 
0

0
 
0
 
x
 
0

0
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x
 
x

x
 
x
 
x

m

I-O’

I
-A'

In
 
th
e 

cl
ea
ni
ng
 
st
ep
 
2 

we
 
ca
n 

ze
ro
 
al
l
 
bu
t 

3 
el
em
en
ts
 
in
 
th
e 

up
pe
r

pa
rt
 
of
 
th
e 

m
a
t
r
i
x
 
us
in
g 

th
e 

la
st
 
ro
w 

of
 
A 

. 
No
w 

th
e 

so
lu
ti
on
 
ca
n 

be

co
mp

ut
ed

 
by

 
ba

ck
su

bs
ti

tu
ti

on
:

f
i
r
s
t
 
x6
 
a
n
d
3
 

F
m
d
t
h
e

us
in

g

ot
he

r 
un

kn
ow

n 
us

in
g 

A'
 
.

In
 
Re

in
sc

h'
s 

"S
mo

ot
hi

ng
 
wi

th
 
Sp

li
ne

 
Fu

nc
ti

on
s"

[3
3]
 
th
e 

pr
ob
le
m

(gT
 D

’ 
9 

+ 
A 

T)
z 

= 
gT

 y
- 

-
(5

.1
0)

su
bj

ec
t 

to

II: 
s 

412
 =

 s
2

(5
.1

1)

oc
cu
rs
, 

wh
er
e 

A 
>
O
,

g 
i
s
 
a
n
 
(n
+l
)
 
x 

(n
+l
)
 
d
i
a
g
o
n
a
l
 
m
a
t
r
i
x
,

s
an
 
(n

+l
) 

x 
(n
-l
) 

tr
id
ia
go
na
l 

ma
tr
ix
 
an
d 

; 
a 

po
si
ti
ve
 
de
fi
ni
te

tr
id
ia
go
na
l 

(n
-l
) 

x(
n-

1)
 
ma
tr
ix
.

S 
is
 
a 

gi
ve
n 

co
ns
ta
nt
 
an
d 

y

a 
gi

ve
n

(n
+l
>

ve
ct

or
.

Re
in

sc
h 

so
lv

es
 
th

e 
no

rm
al

 
eq

ua
ti

on
 
(6

.0
) 

us
in

g

th
e 

Ch
ol

es
ky

 
de

co
mp

os
it

io
n 

of
 
th

e 
pe
nt
a-
di
ag
on
al

 
co

ef
fi

ci
en

t 
ma

tr
ix

.

Us
in

g 
th

e 
ab

ov
e 

de
sc

ri
be

d 
al

go
ri

th
m 

we
 
ca

n 
so

lv
e 

(5
.1

0)
 
as

 
a 

le
as

t 
sq

ua
re

s

pr
ob
le
m 

wi
th
ou
t 

sa
cr
if
ic
in
g 

th
e 

sp
ar
se
ne
ss
 
of
 
th
e 

m
a
t
r
i
c
e
s
.
 
As

pr
ep

ar
at

io
n 

we
 
co

mp
ut

e 
th

e 
Ch

ol
es

ky
 
de

co
mp

os
it

io
n 

of
 
T 

:

54
55



T
=
B
T
B
,

B 
up
pe
r 

bi
di
ag
on
al

- 
-

an
d 

(5
.1

0)
 
th

en
 
be
co
me
s

Th
e 

ma
tr

ix
 
of

 
(5

.1
2)

 
ha

s 
th

e 
fo

rm
 
(n

 
= 
5)

B
e

X x 
x

x 
x 

x

x 
x 

x

x 
x X

x 
x x 

x x 
x X

. O
Q

 
-
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.
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n.
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t
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n
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p
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tr
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w 
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e 
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.
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f
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a
r
e
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t
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o
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n
a
l
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.1
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w
i
t
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c

N
O
W
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.
 
Mo

re
' 

12
91

E
:=
 
P
T
A
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.
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p
r
o
p
o
s
e
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c
h
o
o
s
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P
 
a
n
d
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s
o
 
t
h
a
t
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=
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)

?

0
 

0

de
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A 
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4)
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se
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l 
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Mo
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ri

va
te
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)
 
th
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s
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se
cu
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.
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ra
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ab
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e
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rf
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T
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=
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lu
e 
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t
 
th
e 
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p 
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d 
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d 
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bi
di

ag
on

al
 
f
o
r
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.
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b
e
 
a
n
 
m
x
n
 
m
a
t
r
i
x
.

T
h
e
n
 
w
e
 
c
a
n
 
bi

di
ag

on
al

iz
e
 
A
 
i
n
 
n

st
ep
s 

[4
8]
:

wh
er

e

Th
e 

tr
an
sf
or
ma
ti
on
 
ve
ct
or
s 

w.
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=
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-
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p
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.
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i.

e.
,

is
 
do

ne
 
by

 
th

e 
fo

ll
ow

in
g 

pr
oc

ed
ur
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in
te
ge
r 

n,
m;

at
 

x9
 

Y;
=
r
w

be
gi

n 
in
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p
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w.
a
n
d
 
v
.

-J
-J

i
n
 
4
 
(
5
.
1
7
)
:

pr
oc
ed
ur
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;
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]
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.
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at
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-
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.1
9)
 
w
e
 
ge
t

(A
TA

 +
 A
 
CT
c)
x’
 
= 

-C
T(
cx

- 
-
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=
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-
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=
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=
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=
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+
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+
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.
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.2
2)

- -
- - -

- 
(k
+l
)
 
CT

C 
x(
~)
 
.
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e 
eq

ua
ti

on
 
fo

r
x
(k
+l
)-

- 
- 

-
of

 
(5

.2
1)

 
by

x
(k

)
an

d

(5
.2
0)
 
by
 
xT
 
.

Eq
ua

ti
on

 
(i

v)
 
fo

ll
ow

s 
by

 
mu

lt
ip

ly
in

g 
(5

.2
2)

 
by

x
(k

+l
)T

an
d 
(5
.2
3)
 b

y
x
(k

)
an

d 
su

bt
ra

ct
in

g 
bo

th
 
eq

ua
ti

on
s.

Fi
na
ll
y 

ob
se
rv
e 

th
at
 
&
 
= 

CT
c
 
,

th
er

ef
or

e

&
 
(x

Ck
jT
 
x
 
,
(
Q
)

= 
,(

k+
l)

T
 
13

, 
x(

k)
 
+
 
,
(
k
)
T
E
g
 
x(
k)
 
+
 
s
 
x
@
+
l
)
l

- 
-

= 
2 

x(
k+

l)T
 3

 x
(k

) 
+ 

\/C
x@

(12
.

No
w 

fo
r 

k 
= 

0 
us
in
g 

(i
ii
) 

we
 
ha
ve

Fo
r 

k 
~
1
 
us
in
g 

(i
ii
) 

we
 
ge
t

$
 
(x

ck
JT
 
x
 
I&

~)
)
 
= 

- 
(2

k+
l)

/I
&k

)j
\2

 
.

Us
in

g 
(i

) 
we

 
ca

n 
wr

it
e

&
 
(
j
@
/
/
2
 
= 

- 
&

 
?f
(k
+l
)T
 
s
 
x(

k+
l)
 
,

0

Co
ro
ll
ar
y 

5.
1.

If
 
x 

is
 
th
e 

so
lu
ti
on
 
of
 
(5
.1
9)
 
th
en

j' 
f
(
A
)
&
 
= 

Aj
\d

/1
2 

- 
xT
(J
jT
fi

 
+
 
A 

CT
:)

?
 
+
 
c
o
n
s
t
.

= 
-
A
 
dT
(C
x-

 
d
)
 

_ 
_
_

- 
bT
 
Ax

 
+ 

co
ns

t.
- 

-
-
 

-
>

Pr
oo

f.
Fr

om
 
eq

ua
ti

on
 
(v

) 
of

 
Le

mm
a 

5.
1 

we
 
ha

ve

f(
A)
 
=
 

11
::
 

- 
g
2
 
=
 
11

g2
 

- 
$
 
(z
T
 
$
 
5)
 

-

my
 
in

te
gr

at
in

g 
an

d 
us

in
g 

(5
.1

9)
 
th

e 
re

su
lt

 
fo

ll
ow

s 
im

me
di

at
el

y.
3

Co
ro

ll
ar

y 
5.

2.
I
f
 
J&
 
= 

AT
A
 
+
 
A 

CT
C

th
en
 
fo
r 

k 
> 
1 

,
- 

-
-

- 
-

-

(i
>

(i
i)

L&
 
(
.
p
 
$
 
,(

k+
l)

)
 
= 

2 
,(

k+
l)

T
 
$
 
&
k
+
l
)

.

Co
ro

ll
ar

y 
5.
3.

I
f
 
x(
k)

is
 
a 

so
lu
ti
on
 
of
 
(5

.2
1)

, 
th
en
 
fo
r
k
>
l

-

(i
)

g
 
Il

cJ
k)

Ij
2
 
= 

2
 
J
k
+
l
j
T
 
CT

; 
z(
k)

(i
i)

&
 
(,

(k
+l

)T
 
CT

:
 
z(

k)
) 

= 
y
z
 
/I
cJ
kC
1)
j/
2
 
.

(5
.2
4)

Th
eo

re
m 

5.
1.

Le
t 

x 
,

x'
 
,
 
a
n
d

x
(k

)
b
e
 
s
o
l
u
t
i
o
n
s
 
o
f
 
(5

.1
9)

,
 
(5
.2
0)
,

an
d 

(5
.2
1)
 
an
d 

le
t 
s
 
= 
A
T
A
+
 
A 

CT
C
 
.

Th
en

- 
-
-

- 
-

f
(
A
)
 

= 
11
~5
 

- 
!\
I2
 
= 

- 
zT
 
5
 
5'
 
- 

dT
(C

x
 
- 

5)
(5
.2
51

f
'
(
A
)
 
= 
2
 
xt

T 
CT
(C
x-

 
d
)
 
= 

- 
2
 
zl

T 
3
 
?'

(5
.2

i,
)

- 
- 

_
_
 

_

64



an
d 

fo
r 

k 
2
 
1

Th
en

wh
er

e

f (
2k

)
(A

) 
= 

(k
+l

)7
2k

 I
\;s

(~
) 

\I2
 

=
-y

2
k!

!(k
) 

Bh
 x

(k
+l

)
_ 

_

f(
2k

+1
)(

h)
 
= 

(k
+l

)7
2k

+l
 
&
k
)
T
 
cT

c 
,(

k+
1)

=
-
 
'
2
k
t
1

 
5

(
k
+
l
)
T

 
s

 
,
(
k
+
l
)

'2
k
 
=

1.
3 

-5
. 
. 

. 
. 

- 
(2

k+
l)
 2

k
(k
+l
)!

72
k+

l
 
=

1.
 3

 -
 5

 -
 .

 .
 .

 -
 (

2k
+l

) 
2k

+l
(k
+l
)!

.

Pr
oo

f.
Th
e 

pr
oo
f 

is
 
by
 
in
du
ct
io
n.
 
If

;

f(
A)

= 
llct

? 
- G

il2

th
en

 
by

 
di

ff
er

en
ti

at
in

g 
an

d 
by

 
Le

mm
a 

5.
1 

(i
) 

we
 
ha

ve

f
'
(
A
)
 

= 
2
 
zt

T
 
c~
(c
~-
;)

 
= 

- 
2
 
XI

T 
~)

h 
5'
 
.

Di
ff

er
en

ti
at

in
g 

ag
ai

n 
us

in
g 

(v
) 

an
d 

(i
ii

) 
of

 
Le

mm
a 

5.
1 

we
 
ge

t

f"
(A

)
=

2
*
3
p
l
l
"

=
-

3
XI
T
3

5"

wh
ic
h 

is
 
(5
.2
7)
 
fo
r 

k 
= 
1 

.
No

w 
we

 
ca

n 
us

e 
Co

ro
ll

ar
y 

5.
2
 
an

d 
5.
3 

t
o II

cc
xn
pu
te

 
th

e 
hi

gh
er

 
de

ri
va

ti
ve

s.

As
su

me

f(
2k

)(
A)
 

= 
(k

+1
)7

2k
 

Ij
c~

(k
)I

12
 

=
-
2
k
:

(k
) 

Bh
 
x(

k+
l)
 
.

_ 
_

(5
.2
7)

(5
.2
8)

(5
.2
9)

f(
2k

t1
)(

A)
 
= 

(k
+l

)7
2k

.
 
2
 
x(

k)
T
 
cT

C
 
&
k
t
l
)

wh
ic
h 

is
 
(
5
.
2
8
)
 
fo
r 

72
kt
l=

 
2r

2k
 
.

Ag
ai

n 
di

ff
er

en
ti

at
in

g 
us

in
g

Co
ro

ll
ar

y 
5.

2 
an

d 
5.
3 

yi
el

ds

f(
2k

t2
) 

(A
) 

=
&
+
l
 
(=
+3
)

\\
:z

(k
+l
) 

I~2

=
-

x
2k

+3
 

(k
+l

)T
 

Bh
 

x(
k+

2)
- 

72
k+

l
 

k+
2
 

-
- 

-

w
h
i
c
h
 
i
s
 

(5
.2

7
) 

f
o
r
 
kt

l 
a
n
d
 
A2

k+
2
 
= 
7
2
k
+
l
z
 
.

Pr
om

 
th

is
 
re

cu
rs

io
n

f
o
r
 
yi

it
 
is
 
ea
sy
 
to
 
ve
ri
fy
 

(5
.2

9
).

2

Th
eo

re
m 

5 
.l
 
sh

ow
s 

th
at

 
we

 
ca

n 
co

mp
ut

e 
ch

ea
pl

y 
de

ri
va

ti
ve

s 
of

 
f 

. 
To

c
o
m
p
u
t
e
 
x
(k

)
we
 
ha
ve
 
to
 
so
lv
e 

a 
li
ne
ar
 
sy
st
em
 
wi
th
 
th
e 

sa
me
 
ma
tr
ix
 
3

as
 
fo
r 

x 
.

x,
x'

- 
-
,.
..
;J
k)

Th
er
ef
or
e 

we
 
ca
n 

us
e 

a 
fa
ct
or
iz
at
io
n 

of
 
3
 
, 

If
 
A.
 
> 

0 
th
en

is
 
a 

so
lu

ti
on

 
of

 
th

e 
le

as
t 

sq
ua

re
s 

pr
ob

le
m

Y
k
>
2
 

.

66
‘8

7



If
 
we

 
tr

an
sf

or
m 

by
 
an

 
or

th
og

on
al

 
ma

tr
ix

 
5

f(
2k
) 
(A
)

=
 
(k
+l
)Y
2k
 
I/
&k
) 

\I2

t
h
e
n
 
F$
 
x
 
i
s
 
t
h
e
 
Ch

ol
es

ky
 
de

co
mp

os
it

io
n
 
o
f
 
EJ
 
= 

iT
&
 
+
 
A
 
CT
g 
.
 
T
o

- 
-

so
lv

e

&
 
p

=
_ 
k 

CT
C 

xc
k-

l)
- 

- 
-

we
 
ha

ve
 
tw

o 
po

ss
ib

il
it

ie
s

(1
)

ca
qn

xt
e
 

zc
k)

by
 
fo

rw
ar

d 
su

bs
ti

tu
ti

on
 
fr
am

2
 
yc

k)
 
= 

- 
k
 
CT
(C
&k
-l
))

 
;

(
2
)
 

co
m

p
u

te
 y

tk
) 

us
in

g 
G

Th
en

 
we

 
ob

ta
in

x
(k

)
by

 
ba

ck
 
su

bs
ti

tu
ti

on
 
in

I$
& 

x(
k)

- 
-

= 
?(
(k
)
 

.

If
 
we

 
de

fi
ne

2
(k

)
:=
 
Cx

('
) 

t
h
e
n

--

f(
2k

-1
)
 
(
A
)
 
= 

k
 
y2

k-
1
 
&
k
-
l
)
T
 
zc
k)

or
 
eq

ui
va

le
nt

ly

f(
2k

-1
)
 

(A
) 

=
 

- 
72

k-
1
 

l\
yk

\f
 
.

Si
mi

la
rl

y

o
r
 
i
f
 
Y(

~+
')

ha
s 

be
en

 
co

mp
ut

ed

f(
2k

)(
A)
 
= 

_ 
72

k
 
y(

k)
T
 
$
k
+
l
)
 
.

In
 
Se

ct
io

n 
6 

we
 
sh

al
l
 
co

ns
id

er
 
th

ir
d 

or
de

r 
it

er
at

io
n 

me
th

od
s 

to
 
so

lv
e

th
e 

se
cu
la
r 

eq
ua
ti
on
 
fo
r 

A 
> 

0 
. 

We
 
ne
ed
 
th
er
ef
or
e 

th
e 

va
lu
es
 
of

f
,

f'
 
, 

an
d

f"
 
,

wh
ic

h 
ca

n 
be

 
co

mp
ut

ed
 
as

 
fo

ll
ow

s:

1.
Ca
ur
pu
te
 
5 

a
n
d
 
$
 
s
o
 
t
h
a
t

2.
Ca

np
ut

e
 
y
 
f
r
o
m

$
Y

=
--

 
--

j
&
 
+
 
h 

CT
d

o
r 

u
si

n
g

 G
 b

y

3.
Ca

np
ut

e
 
x
 
fr

om
 
EA
 
x 

c 
y

a
n
d
f
o
r
m
 

z 
:
=
C
x
-
d
.

-
-
 

-

4.
f(A

) 
= 

\\e
l12

 ’

5.
C
o
m
p
u
t
e
 
y'
 
b
y
 
s
o
l
v
i
n
g

or
 
by
 
us
in
g 

G

68



6.
f
'
(
A
)
 

:=
 
- 
2
 
\\

y'
1\

2 
.

7.
C
o
m
p
u
t
e
 
x'

f
r
o
m
 
!A
 
5'
 
=
 
y'

a
n
d
 
f
o
r
m
 
z'
 
:=
 
C
x
'
 
.

--

8.
f"

(A
)

= 
6
 

\I?
’ 

II2
 .

If
 
we
 
do
 
no
t 

wa
nt
 
to
 
st
or
e 

$ 
th
en
 
we
 
ha
ve
 
to
 
co
mp
ut
e 

y'
 
in

st
ep

 
5 

by
 
fo

rw
ar

d 
su

bs
ti

tu
ti

on
.

Ho
we

ve
r,

y 
in
 
st
ep
 
2 

ca
n 

be
 
co
mp
ut
ed

to
ge

th
er

 
wi

th
 
th

e 
de

co
mp

os
it

io
n 

in
 
st

ep
 
1 

wi
th

ou
t 

fo
rm

in
g 

G 
ex

pl
ic

it
ly

.

El
de
n
 
gi

ve
s 

in
 
[ 

81
 
si

mi
la

r 
re

cu
rs

io
ns

 
to

 
cc

xn
pu

te
 
th

e 
de

ri
va

ti
ve

s.

6.
On

e-
po

in
t 

It
er

at
io

n 
Me

th
od

s 
to

 
So

lv
e 

th
e 

Se
cu

la
r 

Eq
ua

ti
on

.

In
 
th
is
 
ch
ap
te
r 

we
 
di
sc
us
s 

ho
w 

to
 
fi
nd
 
th
e 

so
lu
ti
on
 
A*
 
> 
0 

of

th
e 

se
cu

la
r 

eq
ua

ti
on

f(A
)

= 
a2

(6
.1

)

th
at
 
we
 
ne
ed
 
to
 
so
lv
e 

pr
ob
le
m 

(P
l)

, 
(P
2)
 
or
 
(P
3)
. 

Th
e 

le
ng
th
 
fu
nc
ti
on
 
f

is
 
a 

po
si
ti
ve
 
ra
ti
on
al
 
fu
nc
ti
on
 
fo
r 

al
l 

A 
an
d 

de
cr
ea
si
ng
 
in

CO
,-
)
 

*

If
 
we
 
st
ar
t 

wi
th
 
A 

= 
0 

Ne
wt
on
's
 
me
th
od
 
wi
ll
 
pr
od
uc
e 

a 
st
ri
ct
ly

in
cr

ea
si

ng
 
se

qu
en

ce
{A

,]
 
wh
ic
h 

co
nv
er
ge
s 

gl
ob
al
ly
 
to
 
A*
 
.

Ho
we

ve
r

as
 
it
 
wa
s 

ob
se
rv
ed
 
in
 
[3
4]
 
if
 
a 

is
 
sm
al
l,

co
nv

er
ge

nc
e 

is
 
sl

ow
 
an

d 
as

 
a

re
me

dy
 
Re

in
sc

h 
su

gg
es

te
d 

so
lv

in
g 

th
e 

eq
ua

ti
on

in
st

ea
d 

of
4 
f 

-
r

a: 
= 

0 
us
in
g 

Ne
wt
on
's
 
me
th
od
.

In
de

ed
 
co

nv
er

ge
nc

e 
is

mu
ch

 
be

tt
er

 
in

 
th

is
 
ca

se
.

Th
er

e 
ar

e 
se

ve
ra

l 
po

ss
ib

le
 
in

te
rp

re
ta

ti
on

s

an
d 

ex
pl

an
at

io
ns

 
fo

r 
th

is
 
fa

ct
.

Fo
r 

ou
r 

pu
rp

os
e 

we
 
co

mp
ar

e 
th

e 
Ne

wt
on

st
ep

 
re

su
lt

in
g 

fo
r 

th
e 

th
re

e 
eq

ua
ti

on
s

&
$
A
)

:=
 
f(
A)
 
-a

2
 
= 

0

g,
(A

) 
:=
 
a
m

 
- 

a
 

= 
0

(6
.2

)

A 
sh

or
t 

ca
lc

ul
at

io
n 

yi
el

ds
 
th

e 
fo

ll
ow

in
g 

Ne
wt

on
 
it

er
at

io
n 

fu
nc

ti
on

s

fo
r 

th
e 

th
re

e 
eq

ua
ti

on
s:

70

71



2
2

~
A
+

 
- 1
+
a

fo
r 

fz
2 

J

&

(6
*3
)

(6
.4
)

fo
r
%
 

*
wh

er
e

th
at
 
f 

ha
s 

su
ff
ic
ie
nt
 
co
nt
in
uo
us
 
de
ri
va
ti
ve
s 

in
 
a 

ne
ig
hb
or
ho
od
 
of
 
s

an
d 

fu
rt

he
rm

or
e 

we
 
as

su
me

 
th

at
 
s

is
 
a 

si
mp

le
 
ze

ro
 
of

 
f 

.
We

 
co

ns
id

er

on
e 

po
in

t 
it

er
at

io
n 

me
th

od
s 

wi
th

ou
t 

me
mo

ry
 
[4
3]

F
o
r
 
A

= 
0 

we
 
ty
pi
ca
ll
y 

ha
ve
 
f(
0)
 
>>
 
Z2
 
.

S
i
n
c
e
 
f'
 
<
 
0
 
f
o
r
 
A
 
B
 
0

th
e 

st
ep

 
in

 
(6
.4
) 

wi
ll
 
be

 
ab

ou
t 

tw
ic

e 
as

 
bi

g 
as

 
in

 
(6
.3
).
 

Et
ut
 
(6
.5
) 

wi
ll

pr
od

uc
e 

an
 
ev

en
 
la

rg
er

 
st

ep
, 

pr
op

or
ti

on
al

 
to
6 z

th
e 

di
sc

re
pa

nc
y 

of

r
f
 
a
n
d
 

01
. 

I
f
 
fm

yo
r2

th
en

 
ai
l 

th
e 

th
re

e 
st

ep
s 

ar
e 

of
 
ab

ou
t 

th
e 

sa
me

si
ze

.
i

We
 
ca

n 
lo

ok
 
at

 
th

e 
tw

o 
fu

nc
ti

on
s

h2
(h

)
= 

h
#
) 

g
In

de
ed

 
if

 
we

 
pu

t

as
 
fu

nc
ti

on
s 

th
at

 
he

lp
 
to

 
ac

ce
le

ra
te

 
th

e 
gl

ob
al

 
co

nv
er

ge
nc

e 
of

 
(6
.3
) 

by

pr
es

er
vi

ng
 
th

e 
or

de
r 

(a
ll

 
it

er
at

io
ns

 
ar

e 
Ne

wt
on

 
se

qu
en

ce
s 

an
d 

of
 
se

co
nd

or
de

r)
.

,i

6.
1 

Co
nv

er
ge

nc
e 

Fa
ct

or
s.

Fo
r 

th
e 

fo
ll

ow
in

g 
di

sc
us

si
on

 
we

 
ch

an
ge

 
no

ta
ti

on
.

L
e
t
 
f
 
b
e
 
a
 
g
i
v
e
n

“0
ar

bi
tr

ar
y

1x
n+

l
=
 
F
b
n
) f
(
⌧
)

F
(
⌧
)

 
=
 
⌧

 
-
 
f
�
 
(
⌧
,

 
l
 

G(
⌧
)
 

,

,

n
 
= 

O,
l,

..
.

J

(6
.6

)

(6
.7
)

an
d 

G(
x)
 
is
 
an
 
ap
pr
op
ri
at
e 

ch
os
en
 
fu
nc
ti
on
 
wh
ic
h 

we
 
wi
ll
 
ca
ll
 
th
e

"c
on

ve
rg

en
ce

 
fa

ct
or

".
Th
e
 
id
ea
 
is
 
to
 
ch
oo
se
 
G 

so
 
th
at
 
th
e 

gl
ob
al

co
nv

er
ge

nc
e 

us
in

g 
(6
.7
) 

is
 
be

tt
er

 
th

an
 
Ne

wt
on

's
 
it

er
at

io
n

(G
(x

) 
= 
1)

 
.

As
 
ha
s 

be
en
 
po
in
te
d 

ou
t 

by
 
Ka
ha
n
 
[2

4]
, 

ev
er
y 

se
qu
en
ce
 
ge
ne
ra
te
d 

by
 
an

it
er

at
io

n 
(6
.6
) 

ca
n 

be
 
in

te
rp

re
te

d 
as

 
a 

se
qu

en
ce

 
ob

ta
in

ed
 
by

 
ap

pl
yi

ng

Ne
wt

on
's

 
me

th
od

 
to

 
a 

ce
rt

ai
n 

eq
ua

ti
on

g
(
x
)
 
=
 
0
 
.

6
8
)

= 
F
(
x
)

a 
sh

or
t 

ca
lc

ul
at

io
n 

yi
el

ds
 
(w

it
h 

so
me
4
0
)

g(
x)
 
=
 

c 
- 
ex

p
J

dx
.

x
-
F
(
x
)

(6
.9
)

So
lv

in
g 
(6

.8
)

wi
th

 (
6.
9)
 
us

in
g 

Ne
wt

on
's

 m
et

ho
d 

yi
el

ds
 t

he
 s

eq
ue

nc
e 
(6
.6
).

So
me

 
ex

am
pl

es
 
ma

y 
il

lu
st

ra
te

 
th

e 
po

in
t.

fu
nc

ti
on

.
We
 
ar
e 

lo
ok
in
g 

fo
r 

a 
nu
mb
er
 
s 

su
ch
 
th
at
 
f(
s)
 

= 
0 

.
We

 
as

su
me

73

72



X

(
1
)
 
L
e
t
 
x~

+~
 
= 
1
 
+ 
+
 
,
 
x0
 
= 

0
 
.
 
T
h
i
s
 
s
e
q
u
e
n
c
e
 
c
o
n
v
e
r
g
e
s

li
ne

ar
ly

 
to

 
s 

= 
2 

.
In

de
ed

 
us

in
g 

(6
.9
) 

we
 
ge

t

g(
x)
 

= 
exp

(Jd
.x/

($-
l))
 =
 (

$-1
)2 

-
g(
x)
 
ha
s 

a 
do
ub
le
 
ze
ro

s 
= 

2 
an

d 
th

er
ef

or
e 

Ne
wt

on
's

 
it

er
at

io
n 

co
nv

er
ge

s

li
ne

ar
ly

.

(2
) 

Co
ns
id
er
 
th
e 

Ha
ll
ey
 
it
er
at
io
n 

fo
rm
ul
a 

x~
+~
 
= 

F(
x,
)
 
wi
th

F
(
x
)
 
=
 
x
 

-
2
 
f(

x)
f'

(x
)

2(
f'
 
(x
) 

j2
- 

f"
(X

)f
(X

)
 

l

us
in

g 
(6
.9
) 

we
 
ob

ta
in

i
Th

er
ef

or
e 

us
in

g 
Ha

ll
ey

's
 
me

th
od

 
fo

r
f(
x)
 
= 

0 
is
 
ap
pl
yi
ng
 
Ne
wt
on
's
 
me
th
od

to

g(x)
 =

f(
x)

-0
m

-
, [

3 
I.

(3
) 

Co
ns

id
er

 
th

e 
it

er
at

io
n

f
&
J
 
- 

01
f
&
J

xn
+l

 
= 
x
n
m
f
’
o
’
p a

to
 
so
lv
e 

f(
x)
 
= 
a 

. 
Us
in
g 
(6
.9
) 

we
 
ge
t

g(
x)

 
= 

1 
- 
6

(6
.1
0)

or
 
si
nc
e 

g
is

 
on

ly
 
de

te
rm

in
ed

 
to

 
a 

co
ns

ta
nt

 
we

 
ma

y 
al

so
 
di

vi
de

 
by

 
-a

an
d 

ge
t

74

g(x
) 

= 
&

 -
 ;

-

Th
er

ef
or

e 
(6
.1
0)
 i

s 
ob

ta
in

ed
 
by

 
ap

pl
yi

ng
 
Ne

wt
on

's
 
me

th
od

 
to

1
1

F
(
q
-
a
 
=

0

in
st

ea
d 

of
 
f(

x)
 
-U

: 
= 

0 
.

Fo
r 

th
e 

cl
as

s 
of

 
it

er
at

io
n 

fu
nc

ti
on

s 
F(

x)
 
(6
.7
) 

we
 
wo

ul
d 

li
ke

 
to

co
ns

id
er

 
ho

we
ve

r 
if

 
it

 
wi

ll
 
no

t 
be

 
po

ss
ib

le
 
in

 
ge

ne
ra

l 
to

 
ev

al
ua

te
 
th

e

in
te

gr
al

 
fo

r 
g 

in
 
(6
.9
) 

ex
pl

ic
it

ly
 
an

d 
th

us
 
pr

ov
id

e 
a 

ni
ce

 
ex

pl
an

at
io

n

of
 
th

e 
it

er
at

io
n 

fu
nc

ti
on

.

Th
e 

or
de
r 

of
 
co
nv
er
ge
nc
e 

[2
2]
 
of
 
an
 
it
er
at
io
n 

fo
rm
ul
a

s+
~ 

= 
F(

xn
)

is

on
e 

(o
r 

li
ne

ar
 
co

nv
er

ge
nc

e)
, 

if
IF

'(
s)
 

\ 
< 

1

tw
o 

(o
r 

qu
ad
ra
ti
c 

co
nv
er
ge
nc
e)
, 

if
 
F'
(s
) 

= 
0

th
re
e 

(o
r 

cu
bi
c 

co
nv
er
ge
nc
e)
, 

if
 
F'
(s
) 

= 
F"
(s
) 

= 
0

m
 
,
 
if
 
F'

(s
) 

= 
F"

(s
) 

= 
.
 
.
 
.
 
=
 
F(

m-
l)

(s
)
 
=
 
o 

l

Fo
r 

G(
x)
 
E 

1 
th
e 

it
er
at
io
n 

wi
th

l
 
G
(
⌧
)

is
 
Ne

wt
on

's
 
me

th
od

 
an

d 
it

 
is

 
of

 
se

co
nd

 
or

de
r 

fo
r 

a 
ze

ro
 
of

f
 
w
i
t
h

mu
lt

ip
li

ci
ty

 
on

e.
Di
ff
er
en
ti
at
io
n 

(6
.~
) 

gi
ve
s

F
'
(
x
)
 

=i 
1
 
-
(
$
+
)
I

 
G(
x)
 
- 

~$
'f

$
 
G'

(x
)

.

1 
.

75

(6
-u

)



Si
nc
e 

f(
s)

= 
0 

we
 
&.

ve
 
F'

(s
)
 
= 

0
 
i
f
 

G
(S

) 
=
 
1
 
an

d 
f(

s)
*G

'(
s)
 
= 

0
 
.

is
 
th

e 
sa

me
 
as

 
ap

pl
yi

ng
 
Ne

wt
on

's
 
me

th
od

 
to

Th
er

ef
or

e 
we

 
ha

ve

-
 
6.
1.

Le
t 

G 
be
 
di
ff
er
en
ti
ab
le
,

G(
s)

 
= 

1 
,

f(
s)

*G
'(

s)
 
= 
0
 
.

m
en

 
th

e 
it

er
at

io
n

f
b
Q

xn
+l
 

= 
1
s
1
-
v

G(
x,

)

is
 
of

 
se

co
nd

 
or

de
r 

fo
r 

si
mp

le
 
ze

ro
s 

s
of
 
f 

.
S
i
n
c
e
 
s

is
 
un

kn
ow

n

we
 
ha

ve
 
to

 
ch

oo
se

G(
x)

=
 
H(

f(
x)

,f
'(

x)
,.

..
)
 
.

Ex
am

pl
es

:

(4
)

G(
x)

= 
H
(
f
)
 
=
;
l
+
f
(
x
)

(6
.1
3)

(6
.1
3)
 y

ie
ld

s 
a 

se
co

nd
 
or

de
r 

it
er

at
io

n 
fo

rm
ul

a 
In

de
ed

 
us

in
g 
(6
.9
)

we
 
se
e 

th
at
 
th
e 

it
er
at
io
n 

is
 
ob
ta
in
ed
 
so
lv
in
g 

g(
x)
 
= 

0 
wi
th
 
Ne
wt
on

wh
er

e

L%(x
) 

=
e=

(J
 ,

q$
yF

?$
q)

 =
 *

-
1

 -

(6
.1
3)
 
is

 
a 

sp
ec

ia
l 

ca
se

(
a
 
= 
1
)
 
o
f

(5
)

H
(
f
)
 

= 
a
+

f
o
r
 
s
o
m
e
 
Cl

+ 
0
.

Th
er
ef
or
e 

th
e 

st
er
at
io
n

X
f(

x,
)

a 
+ 

f(
x,

)
n-

+1
 

= 
X
n
-
f
'
o

a:

(6
.1
4)

(9
G(

x)
 

=
1 4

1 
_ 

6 
%

%
k$

(f’
 (x

l >
.

Th
is

 
ch

oi
ce

 
is

 
Ha

ll
ey

's
 
me

th
od

. 
Ag

ai
n

we
 
ha

ve
G(

s)
 
= 

1 
.

6.
2 

Th
ir

d 
Or

de
r 

It
er

at
iv

e 
Me

th
od

s.

We
 
co

ns
id

er
 
ag

ai
n 

th
e 

it
er

at
io

n

I
f
(
x
J

X
n+

l
=
 

F(
x,

) 
= 

xn
 

- 
**

f
;
o

l
 

G
(
⌧
,
)
 

l
(6

.1
5)

In
 
Se

ct
io

n 
6.
1 

we
 
sa

w 
th

at
 
if

 
G(

s)
 
= 
1 

th
en

 
(6
.1
5)
 
is

 
qu

ad
ra

ti
c

co
nv

er
ge

nt
. F
(
x
)
 
=
 
x

-
 
u
(
⌧
)
 

l
 

G
(

⌧
)

(6
.1
6)

an
d 

we
 
ca

n 
as

k 
fo

r 
th

e 
co

nd
it

io
ns

 
th

at
 
th

e 
it

er
at

io
n 

(6
.1
5)
 b

e 
cu

bi
ca

ll
y

co
nv

er
ge

nt
.

Di
ff

er
en

ti
at

in
g 

(6
.1
6)
 
we

 
ge

t 
(d

ro
pp

in
g 

th
e 

ar
gu

me
nt

)

F'
=
l

- 
u'

G
 
- 

uG
'

F"
 

=
_ 
u"

G
 
- 

2.
~'
 
G'
 
- 

UC
"

U
= 
f
/
f
'

U’

76
77



No
w 

we
 
wa

nt
 
to

 
ha

ve

F
’
(
s
)
 

= 
F
”
(
s
)
 
= 

0 
.

S
i
n
c
e
 
u
(
s
)
 
= 
0
 
,
 
u
'
(
s
)
 
= 
1
 
a
n
d
 
u
"
(
s
)
 
= 

-

ca
se

 
if

G
(
s
)
 

= 
1
 
a
n
d

1
f
"
(
S
)

G'
(s

) 
=
 

2
 

fv
(s
)
 

a

me
or

em
 
6.
1.

L
e
t
 
He
C2
[-
a,
a]

fo
r 

so
me
 
a 

> 
0 

.
Th

e 
it

er
at

io
n

xn
+l
 
=

F(
x,

) 
w
i
t
h

F
(
x
)
 
=

(6
.1
7)

co
nv

er
ge

s 
ct
ii
ca
ll
y
 
to

 
a 

si
mp

le
 
ze

ro
 
of

f 
if
 
an
d 

on
ly
 
if

H(
0)
 
= 
1

an
d 

H
'
(
O
)
 

= 
$
 
.

Pr
oo

f.
Th

e 
fu

nc
ti

on
 
F 

in
' 
(6
.1
9)
 i

s 
th

e 
sp

ec
ia

l 
ca

se
 
of

 
(6
.1
6)
 w

it
h

(6
.1

8
)

G(
x)
 

=
 
“
(
3
)

Le
t

t
(
X
)
 
=
 
f
o
f
"
(
x
)
 
.
 
m
e
n

(f
'
 
(
x
)
 
J
2

(6
.1

9)

Ma
ny

 
we

ll
 
kn

ow
n 

th
ir

d 
or

de
r 

it
er

at
iv

e 
me

th
od

s 
ar

e 
sp

ec
ia

l 
ca

se
s

of
 
Th

eo
re

m 
6.

1.
Le

t

t
:=

 
fb

)f
”W

. (f
’ (

x)
 J2

(1
) 

EX
iL

er
's
 
fo
rm
ul
a.

H
(
t
)
 
=

2

1
+
J
G

t 
+ 
1 

t2
 +

 g
 t

3 
+ 
. 

. 
.

2

c
l
e
a
r
l
y
 
H(
O)
 
= 

1
 
a
n
d
 
H
'
(
C
)
 
=
 
l/

2 
.

(2
) 

Ha
ll

ey
's

 
fo

rm
ul

a.

H
(
t
)
 

= 
-
+

 
=

;
t
2
+
gb
3
+
.
.
.
 

.
1
-
- 2
t

(3
) 

Qu
ad
ra
ti
c 

in
ve
rs
e 

in
te
rp
ol
at
io
n 

[4
33

.

H
(
t
)
 

= 
l
+
 
;
t
 
.

(4
) 

Os
tr
ow
sk
i'
s 

sq
ua
re
 
ro
ot
 
it
er
at
io
n 

[3
0

].

H
(
t
)
 
=
&
=

 
l
+
2A
t
+
@
*
+

&
t
J
+
.
.
.
 

.

t(
x)

 
=

l
-
u
'
(
x
)

an
d 

th
er

ef
or

e

(
5
)
 
Ha
ns
en
-P
at
ri
ck
 

fa
mi
ly
 

[1
91

.

t’(
s)

 
= 

-u
”(S

) 
= 

;:’ 
; 

-
4
-i

C
l
e
a
r
l
y
 
G
(
s
)
 
= 
1
 
Q
 
H
(
0
)
 
= 
1
 
a
n
d

G
'
(
s
)
 
=

H'
 
(t

(s
) 

>t
' 

(s
)

e
 

H'
(O

)
 

= 
;
 

.
 

0

H
(
t
)
 
=

cx
+1

c
t
+
T
/
m

 
=
 
1
+
2A
t
+
a
y
t
2
+

 
..

* 
.

(6
.2

0)

(6
) 

To
 
so

lv
e

th
e 

se
cu

la
r 

eq
ua

ti
on

 
we

 
wi

ll
 
us

e

H(
t

I
t

)
 

= 
e2

= 
1
+
$
t
+
$
t
2
+
&
t
3
+
 
. 

. 
.

.

Th
is

 
fo

rm
ul

a 
ha

s 
th

e 
ad

va
nt

ag
e 

th
at

H(
t)
 
> 

0 
ev
en
 
if
 
th
e 

st
ar
ti
ng
 
po
in
t

is
 
fa

r 
aw

ay
 
fr

om
 
th

e 
so

lu
ti

on
s 

. 
Fo
r 

la
rg
e 

t 
,

th
e 

ot
he

r 
fo

rm
ul

as
 
ma

y

78
79



no
t 

wo
rk

 
(w

ro
ng

 
si

gn
 
in

 
H 

,
ar

gu
me

nt
 
of

 
th

e 
sq

ua
re

 
ro

ot
 
is

 
ne

ga
ti

ve
).

Th
e 

fo
ll

ow
in

g 
le

mm
a 

is
 
us

ef
ul

 
fo

r 
co

ns
tr

uc
ti

on
 
of

 
th

ir
d 

or
de

r 
it

er
at

io
n

me
th

od
s.

le
mm
a 

6.
2.

M-
t 

Hi
(t
)

a
n
d
 
H2

(t
) 
b
e
 
t
w
o
 
f
u
n
c
t
i
o
n
s
 
w
i
t
h

H
i(
O
)
 
= 
a

a
n
d
 
H
;
(
O
)
 
=
b
 
,

i
=
1
,
2
 
.

m
e
n
 
th

e 
th

re
e 

me
an

 
fu

nc
ti

on
s

A
 
=

(H
l+

 H
2)

/2

ha
ve
 
th
e 

sa
me
 
Pr
Op
eI
%Y
.

Pr
oo

f.
ob

ti
au

~l
y 

A(
0)
 
= 

B(
0)
 
= 

C(
0)
 
= 

a 
.

A'
= 

(
3
+
H
;
)
/
2
 
= 

b
 
.

B'
=

B'
(O

)
 
=

(b
ea
 
+
 
a-
b)
/
 
(
2
a
)
 
=
 
b
 

l

2 
Hl

H2
c
 
-

=
 
H
1
+
H
2

C'
 
= 

2
(H
l+
Hg
)(
Hi
Hp
+H
lH
;)

 
- 

(H
i+
H;
)H
lH
2

(H
l+
 
%
J
2

c,
(o

) 
= 

2 
2a

(2
ab

)
 
-2
ba
2

4
a
’

=
b
 
.
a

An
y 

of
 
th

e 
th

re
e 

me
an

s 
of

 
th

e 
ex

am
pl

es
 
(1

) 
to

 
(6
) 

yi
el

ds
 
a 

ne
w

th
ir

d 
or

de
r 

it
er

at
iv

e 
me

th
od

.

No
ti

ce
 
th

at
 
no

t 
ev

er
y 

th
ir

d 
or

de
r 

it
er

at
iv

e 
me

th
od

 
mu

st
 
ha

ve
 
th

e

fo
rm

 
(6

.1
9)

. 
Fo

r 
ex

am
pl

e,
 
co

ns
id

er

G(
x)
 
=
 
H&
(x
))
 
+
 
f
%
,
 

7

w
i
t
h
 
H(
O)
 
= 
1
 
,
 
H'
(O
)
 
= 

l/
2 
,
 
an

d
 
t
(
x
)
 
d
e
f
i
n
e
d
 
b
y
 
(
6
.
2
0
)
.
 
C
l
e
a
r
l
y

th
is

 
ch

oi
ce

 
of

 
th

e 
co

nv
er

ge
nc

e 
fa

ct
or

G 
le

ad
s 

to
 
a 

th
ir

d 
or

de
r 

fo
rm

ul
a

wh
ic

h 
ha

s 
no

t 
th

e 
fo

rm
 
of

 
Th

eo
re

m 
6.

1.

Ho
we

ve
r 

it
 
is

 
po

ss
ib

le
 
to

 
de

sc
ri

be
 
al

 
th

e 
th

ir
d 

or
de

r 
it

er
at

io
n

me
th

od
s.

Le
t

Fk
 

:=
.
 

fi
 
1 

d 
i
-
l
 

1 f'

de
no

te
 
th

e 
Sc

hr
bd

er
 
it

er
at

io
n 

fu
nc

ti
on

s 
(s

ee
 
[ 

7 
] 
or

 
[2

1]
).
 
Th

e 
it

er
at

io
n

xn
+l

= 
F
k
(
\
)

is
 
of
 
k-
th
 
or
de
r.

No
w 

ev
er

y 
k-

th
 
or

de
r 

it
er

at
io

n 
fu

nc
ti

on
 
ca

n 
be

 
wr

it
te

n

F
(
x
)
 
=
 
Fk

(x
) 

+
 
fk

(x
) 

l
 
q(

x)

w
h
e
r
e
 

cp 
i
s
 
a
n
 
a
r
b
i
t
r
a
r
y
 
f
u
n
c
t
i
o
n
 

[ 
7
 
],
[4
3]
. 
T
h
e
r
e
f
o
r
e
 
f
o
r
 
k
 
= 
2
 
w
e

ob
ta
in
 
th
e 

mo
st
 
ge
ne
ra
l 

G 
fo
r 

a 
th
ir
d 

or
de
r 

me
th
od

G
(
x
)
 
= 
1
 
+
 
;

t
(
⌧
)

 
+
 
f
?
⌧
,

 
l
 
c
p
w

wh
ic

h 
we

 
ca

n 
wr

it
e

G
(
x
)
 
=
 
H
(
t
(
x
)
)
 
+
 
f2
(x
)
 
.
 
Q(
x)

wi
th

 
ar

bi
tr

ar
y

☺1
 

l

80
a1



6.
3 

Th
e 

Co
nv

er
ge

nc
e 

Fa
ct

or
 
fo

r 
a 

Th
ir

d 
Or

de
r 

Me
th

od
.

A
s
s
u
m
e
 
t
h
a
t
 
x~

+~
 
= 
x
n
-

K(
x,

) 
is
 
a 

th
ir
d 

or
de
r 

it
er
at
iv
e 

me
th
od

fo
r 

so
lv
in
g 

f(
x)
 

= 
0 

. 
We
 
cl
ea
rl
y 

ha
ve

(1
)

G
(
x
)
 
=
 
(
t
'
(
X
)
 

+
 

t
-
'
(
X
\
)
/
2

wh
er

e
t
(
x
)
 

=
 

a
f
(
x
!
+
>
O

K(
s)
 
= 

K?
(s
)
 
=
 
0
 
,
 
K
'
(
s
)
 
=
 
1 

.
(6
.2
1)

N
o
w
 
c
o
n
s
i
d
e
r
 
t
h
e
 
i
t
e
r
a
t
i
o
n
 
x~

+~
 
= 

F(
x,
)
 
w
i
t
h

F
(
x
)
 
= 
x
 
- 
K
(
x
)
 

l 
G
(
x
)

.
(6
.2
2)

We
 
ha

ve

F'
=
l

- 
K'

G 
- 
KG

'

F"
 

=
- 
K"

G
 
- 

2K
'G
'
 
- 
K
G
"

.

Le
nm

a 
6.
3.

Th
e 

it
er
at
io
n 

x~
+~
 
=

F(
xn

) 
w
i
t
h
 
F
 
d
e
f
i
n
e
d
 
i
n

al
so

 
of

 
th

ir
d 

or
de

r 
if

Ge
C'
[a
,b
]

w
i
t
h
 

S
E
 
(a
,b
)
 
a
n
d

(6
.2
3)

6.
22
) 

is

G
(
s
)
 
=
 
1 

,
G
’
(
s
)
 

= 
0
 
.

(6
.2
4)

i

Pr
oo

f.
If

 
we

 
us

e 
(6
.2
1)
 
an

d 
(6
.2
4)
 
in

 
(6
.2
3)
 
th

en
 
we

 
ha

ve

F'
(s

) 
=

F
"
(
s
)
 
=
 
0
 
.
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If
 
we

 
ch

oo
se

G
so

 
th

at

G
”
(
s
)
 
=

- 
g 

IC
I’
(s
)

th
en

 
we

 
wo

ul
d 

ha
ve

 
a 

fo
ur

th
 
or

de
r 

it
er

at
io

n.
Ho

we
ve

r 
we

 
th

in
k 

th
at

 
a

th
ir

d 
or

de
r 

me
th

od
 
wi

th
 
go

od
 
gl

ob
al

 
co

nv
er

ge
nc

e 
is

 
mo

re
 
us
ef
ul

 
th

an
 
a

lo
ca

l 
co

nv
er

ge
nt

 
fo

ur
th

 
or

de
r 

fo
rm

ul
a.

,i

Th
e 

fo
ll

ow
in

g 
fu

nc
ti

on
s 

ar
e 

ex
am

pl
es

 
of

 
po

ss
ib

le
 
co

nv
er

ge
nc

e 
fa

ct
or

s

fo
r 

a 
th

ir
d 

or
de

r 
it

er
at

io
n:

(2
)

G
(
x
)
 
=

co
sh

(f
(x

).
r(

x)
)

wh
er

e
re
 
C2
[a
,b
]
 
w
i
t
h
 
s
 
E 
(
a
,
b
)
 
.

(3
)

G
(
x
)
 
=
 
L(

f2
(x

).
r(

x)
)

wh
er

e
Le
c2
[-
d,
d]

 
d
 
>
 
0
 
a
n
d
 
L
(
0
)
 
= 
1
,

re
C2
[a
,b
]
 
wi

th
 
se
(a
,b
)
 

.

We
 
kn

ow
 
no

w 
ho

w 
to

 
ch

oo
se

 
co

nv
er

ge
nc

e 
fa

ct
or

s 
to

 
pr

es
er

ve
 
or

 
in

cr
ea

se

th
e 

or
de

r 
of

 
an
 
it

er
at

io
n 

fo
rm

ul
a.

Ou
r 

ai
m 

is
 
ho

we
ve

r 
to

 
im

pr
ov

e 
gl

ob
al

co
nv

er
ge

nc
e.

Le
t

F
(
x
)
 
=
 
x
 

- 
K(

x)
G(

x)

be
 
th

e 
it

er
at

io
n 

fu
nc

ti
on

.
Th
en
 
G 

ha
s 

to
 
be
 
ch
os
en
 
so
 
th
at

g(
x)

 
= 

ex
p

(s
 
&

)
(6

.2
5)

is
 
ne
ar
ly
 
li
ne
ar
 
if
 
x

is
 
fa
r 

aw
ay
 
fr
om
 
s 

.
Si

nc
e 

th
e 

it
er

at
io

n

"n
+l
 
=

F(
x,

)
 
is
 
th
e 

sa
me
 
as
 
ap
pl
yi
ng
 
Ne
wt
on
's
 
me
th
od
 
to
 
g(
x)
 

= 
0 

,

gl
ob

al
 
co

nv
er

ge
nc

e 
wi

ll
 
be

 
go

od
 
if

 
g

is
 
li

ne
ar

 
fa

r 
aw

ay
 
fr

om
 
th

e

so
lu
ti
on
 
s 

.
Ho

we
ve

r,
si

nc
e 

(6
.2

5)
 
ma

y 
be

 
im

po
ss

ib
le

 
to

 
co

mp
ut

e

ex
pl

ic
it

ly
, 

th
is

 
re

qu
ir

em
en

t 
se

em
s 

no
t 

to
 
be

 
pr

ac
ti

ca
l 

to
 
de

te
rm

in
e 

G 
.

We
 
ha
ve
 
to
 
es
ti
ma
te
 
G 

by
 
ot
he
r 

me
an
s.

In
 
Se

ct
io

n 
6.

4 
we

 
sh

al
l 

in
te

rp
re

t

so
me
 
G 

ge
om
et
ri
ca
ll
y.

Th
os

e 
fu

nc
ti

on
s 

ca
n 

se
rv

e 
as

 
mo

de
ls

 
fo

r 
ot

he
rs

.
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6.
4 

Se
am
et
ri
ca
l
 
In
te
rp
re
ta
ti
on
 
of
 
th
e 

Co
nv
er
ge
nc
e 

Fa
ct
or
s.

It
 
is

 
po

ss
ib

le
 
to

 
de

ri
ve

 
it

er
at

iv
e 

me
th

od
s 

as
 
fo

ll
ow

s:

W
ch

oo
se

 
a 

"s
im

pl
e"

f'
un
ct
io
n 

h 
so
 
th
at

f(
i)

(
x
)
 

= 
h(

i)
(x

)
 
,

i
 
= 

O,
l,

..
.,

k
 

;

(
i
i
)

so
lv
e 

an
al
yt
ic
al
ly
 
h(
z)
 

= 
ar
 
ob
ta
in
in
g 

z 
= 

z(
x)
 
;

(i
ii

)
us

e 
th

e 
it

er
at

io
n

x n
+
1
=

z(
xn
)
 
to
 
so
lv
e 

th
e 

eq
ua
ti
on

f(
x)

 =
 a

 .

Th
e 

fu
nc
ti
on
 
h 

sh
ou

ld
 
be
 
si
mp
le
 
so
 
th
at
 
h(
z)
 
= 

cx
 
ca
n 

be
 
so
lv
ed

a
t
x
d
y
-
t
i
c
~
.

h 
ap
pr
ox
im
at
es
 
f 

an
d 

so
me
 
de
ri
va
ti
ve
s 

lo
ca
ll
y 

at
 
on
e

po
in

t 
x 

an
d 

we
 
th

us
 
ob

ta
in

 
a 

on
e 

po
in

t 
it

er
at

io
n 

fo
rm

ul
a 

wi
th

ou
t 

me
mo

ry
.

In
st
ea
d 

of
 
a
p
p
r
a

ti
ng

f 
on

e 
ca

n 
al

so
 
fi

nd
 
it

er
at

io
n 

me
th

od
s 

by

ap
pr

ox
im

at
in

g 
th

e 
in

ve
rs

e 
f'

un
ct

io
n 

lo
ca

ll
y.

W
Ch
oo
se
 
a 

fu
nc
ti
on
 
h(
y)
 
so
 
th
at

(d
-1

3(
y)

)(
i)

 
= 

h(
i)

(y
)
 
,
 
i
 

= 
O,

l,
..

.,
k
 
.

(
i
i
)
 
P
u
t
 
y
 
= 

f(
xn

)
an
d 

us
e 

th
e 

it
er

at
ia

sl
 
fo
rm
ul
a

xn
+l

= 
h(

cu
)

to
 
so
lv
e 

f(
x)
 
= 

a!

Si
nc

e 
we

 
do

 
no

t 
lm
ow

d
e
r
i
v
a
t
i
v
e
s
 
o
f
 
f
 
[2
1]
:

(f
[-

l]
(y

))
"
 

=

. ,w
, 

th
e 

de
ri

va
ti

ve
s 

mu
st

 
be

 
re

pl
ac

ed
 
us

in
g

,i

I
f
 
h
 
a
p
p
r
o
x
i
m
a
t
e
s
 
f
 
r
e
s
p

f[
-l

l
we

ll
 
we

 
ca

n 
ex

pe
ct

 
a 

go
od

gl
ob

al
 
co

nv
er

ge
nc

e.
We

 
gi

ve
 
in

 
th

e 
fo

ll
ow

in
g 

so
me

 
ex

am
pl

es
 
of

 
me

th
od

s

de
ri

ve
d 

by
 
in

te
rp

ol
at

io
n.

Th
e 

co
nv

er
ge

nc
e 

fa
ct

or
s 

of
 
th

es
e 

ex
am

pl
es

ma
y 

he
lp

 
to

 
ch

oo
se

 
a 

me
th

od
 
an

al
yt

ic
al

ly
.

(1
) 

Ne
wt
on
's
 
me
th
od

f(
xJ

x
n+

l
=
x
 

-
-

n 
f
'
&
>

is
 
ob

ta
in

ed
 
ap

pr
ox

im
at

in
g

f
 
o
r
 

f[
-l
l

lo
ca
ll
y 

by
 
a 

li
ne
ar
 
fu
nc
ti
on
 
h 

(h
(x
) 

= 
ax
+b
 
re
sp
.

h(
y)
 
= 
ay
tb
)
 
.

(2
) 

We
 
ch
oo
se

h
(
z
)
 
= 
- (
z-

:)
2

a
n
d
 
d
e
t
e
r
m
i
n
e
 
a
,
b

so
 t

ha
t

h(
i)

(x
) 

= 
f(

i)
(x

) 
,

i
=
 
1,

2
, 

gi
vi

ng
 
(d

ro
pp

in
g 

th
e 

ar
gu

me
nt

 
x 

):

No
w

a
=

4
 
fJ
/f
12

b
 
= 

- 
x
 
- 
2
 
f
/
f
'
 
.

h(
z)
 
= 

a:
gi

ve
s

Z
=

.

us
in

g 
(6
.2
6)
 
we

 
ge

t

(6
.2

6)

Z
=
 
x
-
+
2
(
,
J
;
-
l
)
 

.

If
 
we
 
us
e 

on
ly
 
th
e 

+
si

gn
 
we

 
ha

ve
 
th

e 
it

er
at

io
n

f(x
n)

 -
 a

xn
+l
 

= 
xn
 

-
v

G(
xn

)

(6
.2
7)

wi
th

G
(
x
)
 

= 
2
 
%

E
/(

 1 
+ q

,k
 )

.

Bu
t 
(6
.2
7)
 
is

 
Re

in
sc

h'
s 

pr
op

os
al

 
to

 
so

lv
e

-
 
-

,
;
 
"
2
 
=

0 
wi
th
 
Ne
wt
on

i
n
s
t
e
a
d
 
o
f
 
f
-
a
 
= 
0
 
.

We
 
kn
ow
'f
ro
m
 
Se
ct
io
n 
3
 
th
at
 
th
e 

le
ng
th
 
fu
nc
ti
on
 
f
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ha
s 

th
e 

fo
rm

Th
e 

ne
xt

 
ex

am
pl

es
 
us

e 
fu

nc
ti

on
s

th
at

 
ap

pr
ox

im
at

e
f 

) 
f'

a
n
d

f"

f
(
x
)
 

= 
,s

CL
i

2
.

i
=
l

Cx
sx
i)

Th
er

ef
Or

e
 
i
t
 
i
s
 
r
e
a
s
o
n
a
b
l
e
 
t
o
 
a
p
p
r
o
x
i
m
a
t
e
 
f
 
b
y
 
h
 
= 
a/
(x
-b
)2

 
.

(3
) 

In
st

ea
d 

of
 
so

lv
in

g
f(

x)
 
-a

 =
 
0 

wi
th

 
Ne

wt
on

's
 
me

th
od

 
we

 
ca

n

al
so

 
so

lv
e

dx
> 

=
(f

(x
))

-l/
B

_ 
,-

l/B
(6
.2
8)

i
f
 
f
(
x
)
 
>
 
0
 
an

d
 
a
 
>
 
0
 
.

Ne
wt

on
's

 
it

er
at

io
n 

fo
r 
(6
.2
8)
 
yi

el
ds

 
th

e

sa
me

 
it
er
at
io
n
 
fu

nc
ti

on
 
as

 
if

 
we

 
ap

pr
ox

im
at

e

h
(
x
)
 

= 
+

 
.

(x
+b
)

Th
e 

re
su

lt
in

g 
it

er
at

io
n 

fo
rm

ul
a 

is

f(
xn
)
 
-
a

xn
+l
 

= 
X
n
-
f
'
o

l
 
G
(
⌧
n
)

wi
th

G
(
x
)
 
=

If
 
we
 
le
t 

S 
-t 

= 
in
 
(
6
.
2
9
)
 
we
 
ge
t

f
lo

ca
ll

y 
by

(6
.2
9)

G(x
) 

= 
_+
n
&

 
.

( 
1

(6
.3

0)

Th
is
 
co
nv
er
ge
nc
e 

fa
ct
or
 
is
 
al
so
 
ob
ta
in
ed
 
by
 
so
lv
in
g 

In
(f

)-
In

(a
) 

= 
/

ln
(f

/c
X)
 
= 
0
 
w
i
t
h
 
N
e
w
t
o
n
 
o
r
 
b
y
 
a
p
p
r
o
x
i
m
a
t
i
n
g
 
l
o
c
a
l
l
y
 
f
 
a
n
d
 

f'
 
b
y

lo
ca

ll
y. (4

) 
W
e
 
c
h
o
o
s
e

h
(
z
)
 
= 
a
/
(
z
+
b
)
+
 
c
 
a
n
d
 
d
e
t
e
r
m
i
n
e
 
a
 
,
 
b
 
,
 
c
 
s
o
 
t
h
a
t

h
@
)
(
x
)
 

; 
f
@
)
(
x
)
 

,
i
 
= 

0,
1,

2 
.

We
 
ob

ta
in

 
(d

ro
pp

in
g 

th
e 

ar
gu

me
nt

 
x 

):

a
 

=
- 
4
 
f
'
Q
"
2

b
 
= 

- 
x
 

- 
2
 
f,

/f
"

C
=

f
-

2
 
f'

2/
f"
 
.

(i
)

No
w 

so
lv
in
g 

h(
z)
 

= 
2 

gi
ve
s 

th
e 

it
er
at
io
n 

(w
it
h 

fn
=
 
f(

i)
(x

,)
 
)

xn
+l

 
=

x
 

-
n

f,
-a fil

1

l 
;

(f
,-

cq
f;

;
-
-

.Pf
2

(6
.3

1)

I

n

wh
ic
h 

is
 
Ha
ll
ey
's
 
fo
rm
ul
a 

to
 
so
lv
e 

g(
x)
 
= 
f(
x)
 
-C
X 

= 
0 

. 
Re
ca
ll
 
(s
ee

Se
ct

io
n 
6.
1)
 t

ha
t 

th
e 

sa
me

 
it

er
at

io
n 

is
 
ob

ta
in

ed
 
if

 
we

 
so

lv
e 

wi
th

 
Ne

wt
on

's

me
th

od

i%
(X)

 
=

f(
x)

 
- 

cl
&

q
 

= 
O 

-

If
 
we

 
ap

pr
ox

im
at

e 
th

e 
in

ve
rs

e 
fu

nc
ti

on
fw

(Y
> 

1
-U

 
by

h
(
y
)
 
= 
a
/
(
y
+
b
)
+
c
 
w
e
 
g
e
t

71
2

a
= 

-
4
 
fq

3/
f

b
 

= 
-

f 
+ 

2 
f1
2/
f"

h
(
x
)
 

= 
ae

bX
 
.

C
=

x
 
+ 
2
 
,1

/f
"
 
.
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Fi
na
ll
y 

pu
tt
in
g 

xn
 
= 
x 

an
d 

x~
+~
 
= 

h(
a)
 
yi
el
ds
 
ag
ai
n 

(
6
.
3
1
)
.

Th
er
ef
or
e 

Ha
ll
ey
's
 
fo
nr
ml
a
 
is
 
ob
ta
in
ed
 
by
 
lo
ca
ll
y 

ap
pr
ox
im
at
in
g 

f

o
r
 

f[
-l
'

by
 
a 

hy
pe

rb
ol

a.

Th
is

 
ra

ti
on

al
 
ap

pr
ox

im
at

io
n 

of
f 

ha
s 

th
e 

fo
ll

ow
in

g 
pr

op
er

ty
.

Su
pp
os
e 

we
 
wa
nt
 
to
 
so
lv
e 

f(
x)
 
= 

a!
 
us
in
g 

Ha
ll
ey
's
 
me
th
od
. 

We
 
ob
ta
in

th
e 

sa
me

 i
te

ra
ti

on
 (
6.
31
) 

fo
r

gl
(x

)
 
= 

f
(
x
)
 

- 
a!
 
=
 
0

or

+
(
x
)
 
=
 
&

 
-
;
 
=
 

0 
Y

(6
.3
2)

i.
e.

,
fo

r 
Ha

ll
ey

's
 
me

th
od

 
th

e 
tr

an
sf

or
ma

ti
on

 
(6
.3
2)
 
ha

s 
no

 
ef

fe
ct

. 
Bu

t

as
 
we

 
sa

w 
(6
.3
2)
 
yi

el
d 

an
ot

he
r 

co
nv

er
ge

nc
e 

fa
ct

or
 
fo

r 
Ne

wt
on

's
 
me

th
od

.

(5
) 

Eu
le

r'
s 

me
th
od
 
is
 
ob
ta
in
ed
 
by
 
ap
pr
ox
im
at
in
g 

f 
, 

f'
 
, 

an
d 

f"

lo
ca

ll
y 

wi
th

i

h
(
z
)
 
= 

az
2 

+
 
b
z
 
+
 
c
 
.

We
 
ge

t

a
 
=

f'
/2
 
,
 
b
 

= 
f
'
 

- 
f"

x

C
=

f
-

f'
 
,
+
F
x
2

(f
n

-0
1)

xn
+l
 

= 
"n

- 
t

 
* 
G(

x,
)

fn

w
i
t
h

G
(
x
)
 
=
 

2

(6
) 

Ap
pr

ox
im

at
in

g
,H

l
by

 
a 

pa
ra

bo
la

h
(
y
)
 
= 

ay
2 
+
 
b
y
 
+
 
c
 
,

yi
el

ds

1
 

f"
a
 

= 
_
-
 
-

2 
,‘
3

f
C

=
1
 
C
f
2

X
-
-
-
-

f
'
 

2
 

,I
3 

-

We
 
ob

ta
in

 
th

e 
it

er
at

io
n 

fo
rm

ul
a 

fo
r 

f(
x)

 
-a

 
= 
0

Cf
, -

a>
xn

+l
 

= 
x
n
-
P

fi
l

(
1
+
$

(f
n

-"
)f
;;

f;
'

1

.

(7
) 

Ap
pr
ox
im
at
in
g

f 
lo
ca
ll
y 

by

b
z

h
(
z
)
 

= 
a
e
 
+
 

c

yi
el

ds

'2
a

5
+
e
x
p
 
-
5
x

b
 

= 
f"
/f
'

C
=

f
-

f'
2/

fl
t 

.

So
lv
in
g 

h(
z)
 

= 
cx 

gi
ve
s 

th
e 

it
er
at
io
n

"n
+l
 

= 
xn

+
 
f
 
,
(
,
 
- 
'
y
-
-
y
:
)

wh
ic

h 
we

 
ca

n 
wr

it
e

f
,
-
a

X
xn

+l
 

= 
n
+
 
-

 
G(

xn
)

fi
l
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wi
th

G
(
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Table 2 : Smoothing of di = p + 0 2 sin(i), i = l,..., 30 .

6 = r 0.2467 0.2466 0.2 0.17 . 0.15

1.722253 1.722027
1.861272

1.603430
1.861084

2.000287
1.763119

2.000137 1.922686
2.139301 2.139186 2.081965
2.270316 2.278234
2.417336

2.240736
2.417287

2.556347
2.398729

2.556335 2.555611
2.695338 2.695371
2.034349

2.711038
2 .83'1'125 2.d64746

2.973354 2.973438 3.016541
3.112376 3.112476 3.166302
3.251370 3.251490
3.390321

3.313931
3.390501

3.529382
3.459267

3.52gs27 3.002212
3.66h403 3.668556 3.742742
3.307439 3.tio7525 3.bhOd61
3.946456 3.5)'16573
4.0a5469

4.016701
4 .O&i5616

4.224488
4.150337

4.22460'1
4.363507

11.262032
4.363605

4.502520
4.411738

4.502613
4.641560

4.539614
4.641GlO 4.665841

4.7ao5a3 4.730605
4.919610

4.790639
4.919595 4.gl4412

5.058637 5.05osog 5.037205
5.137662 5.197586
5.3366Ud

5.159234
5.336576 5.2tiO62a

5.475712 5.475564 5.401550
5.614742 5.614557

_ 5.753768 _
5.522194

5.753551 5.642737

1.351226 1.350682 1.095428

r

,,L

6.67 IO-~ 1.11 10 -4 0.008449

c 1.205420 1.204810 0.9014646

# of iteration 0 1 5
h = f-'(nS2) 0 3.83 10-~ 2 79 10 -4

1.5077')8 1.414468
1.684705 1.609509
1.861354 l.dO4054
2.03'1419 l.gg75a4
2.212497 2.189486
2.386040 2.378851
2.557375 2.5644U2
2.725835 2.745208
2.890921 2.920292
3.052362 3.089548
3.210031 3.253120
3.3637')'1 3.411095
3.51346d 3.563265
3.656i339 3.70331'1
3.7950:13 3,~49200
j.936G24 3.9d3325
'I , 0 6 9 Ii 7 5 4.112409
4.196711 4.237081
4.324522 4.357614
4.447031 4.4730811
4.5GG405 '1.586239
4.6132Y61 4.69473o
4.7Y7174 4.aoo344
4.400512 4.903647
5.020307 5.005067
5.129760 5.104605
5.238020 5.202195
5.345339 5.2gilo68
5.452085 5.392826
5.558625 5.467171

0.9311236 0.8215933

0.0150982 0.021434

0.6828826 0.5o84146

5 7

7.60 lo-4 2.01 10 -3

0.13

1,2hi'987
1.4gGlG4
1.727389
1 .955b55
2.182'792
2.406051
2.61912;
2.315103
2.992062
3.154735
3.310709
3 . 4 6 4 3 '1 2
3.613997
3.754Jl58
3.6d3019
4.002785
4.120646
4.241594
4.364625
4.404037
'I. 59'1092
4.697631
4 . 7 3 '1 5 9 4
4.8391320
5.003985
5.103989
5.192799
5.268023
5.333412
5.395162

o. 7~0381

0.0445737

0.306330

3.15 lo-2 8.89 10-~

0.12

1.243047
1.48jj59
1.717025
1.947423
2.11;1764
2.4lO'l\)l
2.643d21
2.Sb1743
3.003115
3.155210
3 . j 0 1 2 !I 4
3.457392
3.61G61j;
3.7G 2260
j.t;667'j6
3.gg5223
4.105OjO
4.22~400
4.362045
4.4905'13
4.6009S2
4.6Y4865
4.787060
4,8!,1346
5.001230
5.123779
5.21Gd38
5.281142
5.324567
5.3601306

0.6572663

o. 0796041

o. 3031789
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