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-
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X
c
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m
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in
g 
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e 
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e 
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.

5.
3 
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di

ag
on

al
iz

at
io

n.
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e 
ma

tr
ic
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+ 
a
n
d
 
C 
a
r
e
 
d
e
n
s
e
 
t
h
e
n
 
f
o
r
 
p
r
o
b
l
e
m
s
 
(P

2)
, 

(P
3j

an
d 

(P
l)
 
(a

ft
er

 
pe

rf
or

mi
ng

 
El

d&
's

 
tr

an
sf

or
ma

ti
on

, 
se

e 
Se

ct
io

n 
3.

3)
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ha
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so

lv
e 

a 
le
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t 

sq
ua

re
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ob
le

m 
of

 
th

e 
fo

rm
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i
i
)
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-
 
(
;
)

(5
.1
3)
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r 

ev
er

y 
ne

w 
va

lu
e 

of
 
h 
.

I
f
 
c 
a
n
d
 
9
 
a
r
e
 
o
r
t
h
o
g
o
n
a
l

eq
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va
le

nt
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st
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to

 
(5

.1
3)
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w
i
t
h
 
Y
 
:
=
 
$
 
X

an
d 

c

N
O
W
 
we
 
ca
n 
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oo
se

t
h
a
n
 
(
5
.
1
3
)
.
 
Mo

re
' 
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E
:=
 
P
T
A
Q
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-

i
.
e
.
,

to
 
pe

rf
or

m 
th

e 
QR

Ho
we

ve
r 

th
e 

so
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ti
on

 
of
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s 
be

en
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in
te

d 
ou

t

th
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an
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F
T
b
 
.
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-
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an
d 

3 
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th
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.1
4)
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mp
le
r 
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lv
e

p
r
o
p
o
s
e
d
 
t
o
 
c
h
o
o
s
e
 
P
 
a
n
d
 
Q
 
s
o
 
t
h
a
t

ElR

=

( 
)

?

0
 

0

de
co
mp
os
it
io
n 

of
 
A 

wi
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lu
mn
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vo
ti
ng
.

(5
.1

4)
 
in

 
th
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ca

se
 
is

 
st

il
l 

an
3 n

pr
oc

es
s.

by
 
Mo

re
/ 

(p
ri

va
te

 
cc

xm
nu

ni
ca

ti
on

)
 
th

at
 
in

 
hi

s

(5
.1

4)

(5
.1

5)

ap
pl
ic
at
io
n 

[2
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P 
5
 
2 

it
er
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ar
e 

ne
ed
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e 

th
e
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la
r 
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ti
on

.
Th
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e 

it
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t 
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tt
er
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se
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e
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.1
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pr
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s.
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ge

ne
ra

l 
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ve
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wi
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to
 
pe
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m 
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ch
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it
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at
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(s
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Se

ct
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.
Wi

th
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ou
t 

do
ub

le
 
th

e
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ou

nt
 
of

 
wo

rk
 
to

 
pe

rf
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m 
th

e 
de

co
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os
it

io
n 
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.1

5)
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ca

n 
bi

di
ag

on
al

iz
e 
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:

E
:
=
 
E
T
A
Q
 
=
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-
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.1
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op
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81
 
an
d 
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2]

.
Th
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e 
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.1

4)
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ca
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m
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n 
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ag
on
al
iz
in
g 

a 
ma
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t 
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g 
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e
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ng
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e 

de
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it
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.
Bu
t
 
th
e 

di
ag
on
al
iz
in
g 
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B 

re
qu
ir
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th
at
 
p 

an
d 

3 
be
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ed
 
ex
pl
ic
it
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d 
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te
d 
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r 

ev
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y 
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-s

te
p
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h 
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ke
s 

th
e 

pr
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es
s 
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tr

an
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m 
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r 
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f
o
r
m
 
w
e
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o
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o
t
 
n
e
e
d
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a
n
d
 
Q
 
e
x
p
l
i
c
i
t
l
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.
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ff
ic

ie
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to
 
st
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e 
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e 
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tr
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at
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m 
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e
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b
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T
h
e
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w
e
 
c
a
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e
 
A
 
i
n
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A
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ll
ow

s.

A
=
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Q
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-
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-
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-
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at
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p
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.
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i.
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-
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ed
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m,
n,

a,
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e 
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r 
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p
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e 

bi
di

a(
m,

n,
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;
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ra
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ti

l 
n 

do
-

-
-

b
e
g
i
n

c
o
m
m
e
n
t
 
t
r
a
n
s
f
o
r
m
 
(a
ii
,.
..
,a
mi
)

 
t
o
 
(q

..
,O

,.
..

,O
);

S
:=
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o
r
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i
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u
n
t
i
l
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a
[
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,
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]

 
:=
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[
k
,
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[
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;
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i

Y
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;

-
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j
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g
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l 
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p
-
e
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j
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l 
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-
-
e

b
e
g
i
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i+

l 
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[i
,k

];
-

-
-
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n
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tr
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.
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e 
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at
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.
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e 
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ch
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fi 
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s 
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d 
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b
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.
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e 
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e 
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A 
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at
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pr
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CT

d
- 

-
-
-
 

-
- 

-
- 

-

f(h
)

= 
IlC

 x
(A

) 
- 

d/l
2

.
- 

-
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-

- 
- 

-
- 
-
-

- 
$>

(A
TE
 
+
 
A 

c
T
c
)
x
f
f
 
=
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-

is
 
th
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=
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=
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=
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=
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+
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=
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+
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.
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.
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.

(5
.2
3)

- - -
We

 
ob

ta
in

 
(i

i)
 
by

 
mu

lt
ip

ly
in

g 
th
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.
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is
 
a 

th
ir
d 

or
de
r 

it
er
at
iv
e 

me
th
od

fo
r 

so
lv
in
g 

f(
x)
 

= 
0 

. 
We
 
cl
ea
rl
y 

ha
ve

(1
)

G
(
x
)
 
=
 
(
t
'
(
X
)
 

+
 

t
-
'
(
X
\
)
/
2

wh
er

e
t
(
x
)
 

=
 

a
f
(
x
!
+
>
O

K(
s)
 
= 

K?
(s
)
 
=
 
0
 
,
 
K
'
(
s
)
 
=
 
1 

.
(6
.2
1)

N
o
w
 
c
o
n
s
i
d
e
r
 
t
h
e
 
i
t
e
r
a
t
i
o
n
 
x~

+~
 
= 

F(
x,
)
 
w
i
t
h

F
(
x
)
 
= 
x
 
- 
K
(
x
)
 

l 
G
(
x
)

.
(6
.2
2)

We
 
ha

ve

F'
=
l

- 
K'

G 
- 
KG

'

F"
 

=
- 
K"

G
 
- 

2K
'G
'
 
- 
K
G
"

.

Le
nm

a 
6.
3.

Th
e 

it
er
at
io
n 

x~
+~
 
=

F(
xn

) 
w
i
t
h
 
F
 
d
e
f
i
n
e
d
 
i
n

al
so

 
of

 
th

ir
d 

or
de

r 
if

Ge
C'
[a
,b
]

w
i
t
h
 

S
E
 
(a
,b
)
 
a
n
d

(6
.2
3)

6.
22
) 

is

G
(
s
)
 
=
 
1 

,
G
’
(
s
)
 

= 
0
 
.

(6
.2
4)

i

Pr
oo

f.
If

 
we

 
us

e 
(6
.2
1)
 
an

d 
(6
.2
4)
 
in

 
(6
.2
3)
 
th

en
 
we

 
ha

ve

F'
(s

) 
=

F
"
(
s
)
 
=
 
0
 
.
 
17

If
 
we

 
ch

oo
se

G
so

 
th

at

G
”
(
s
)
 
=

- 
g 

IC
I’
(s
)

th
en

 
we

 
wo

ul
d 

ha
ve

 
a 

fo
ur

th
 
or

de
r 

it
er

at
io

n.
Ho

we
ve

r 
we

 
th

in
k 

th
at

 
a

th
ir

d 
or

de
r 

me
th

od
 
wi

th
 
go

od
 
gl

ob
al

 
co

nv
er

ge
nc

e 
is

 
mo

re
 
us
ef
ul

 
th

an
 
a

lo
ca

l 
co

nv
er

ge
nt

 
fo

ur
th

 
or

de
r 

fo
rm

ul
a.

,i

Th
e 

fo
ll

ow
in

g 
fu

nc
ti

on
s 

ar
e 

ex
am

pl
es

 
of

 
po

ss
ib

le
 
co

nv
er

ge
nc

e 
fa

ct
or

s

fo
r 

a 
th

ir
d 

or
de

r 
it

er
at

io
n:

(2
)

G
(
x
)
 
=

co
sh

(f
(x

).
r(

x)
)

wh
er

e
re
 
C2
[a
,b
]
 
w
i
t
h
 
s
 
E 
(
a
,
b
)
 
.

(3
)

G
(
x
)
 
=
 
L(

f2
(x

).
r(

x)
)

wh
er

e
Le
c2
[-
d,
d]

 
d
 
>
 
0
 
a
n
d
 
L
(
0
)
 
= 
1
,

re
C2
[a
,b
]
 
wi

th
 
se
(a
,b
)
 

.

We
 
kn

ow
 
no

w 
ho

w 
to

 
ch

oo
se

 
co

nv
er

ge
nc

e 
fa

ct
or

s 
to

 
pr

es
er

ve
 
or

 
in

cr
ea

se

th
e 

or
de

r 
of

 
an
 
it

er
at

io
n 

fo
rm

ul
a.

Ou
r 

ai
m 

is
 
ho

we
ve

r 
to

 
im

pr
ov

e 
gl

ob
al

co
nv

er
ge

nc
e.

Le
t

F
(
x
)
 
=
 
x
 

- 
K(

x)
G(

x)

be
 
th

e 
it

er
at

io
n 

fu
nc

ti
on

.
Th
en
 
G 

ha
s 

to
 
be
 
ch
os
en
 
so
 
th
at

g(
x)

 
= 

ex
p

(s
 
&

)
(6

.2
5)

is
 
ne
ar
ly
 
li
ne
ar
 
if
 
x

is
 
fa
r 

aw
ay
 
fr
om
 
s 

.
Si

nc
e 

th
e 

it
er

at
io

n

"n
+l
 
=

F(
x,

)
 
is
 
th
e 

sa
me
 
as
 
ap
pl
yi
ng
 
Ne
wt
on
's
 
me
th
od
 
to
 
g(
x)
 

= 
0 

,

gl
ob

al
 
co

nv
er

ge
nc

e 
wi

ll
 
be

 
go

od
 
if

 
g

is
 
li

ne
ar

 
fa

r 
aw

ay
 
fr

om
 
th

e

so
lu
ti
on
 
s 

.
Ho

we
ve

r,
si

nc
e 

(6
.2

5)
 
ma

y 
be

 
im

po
ss

ib
le

 
to

 
co

mp
ut

e

ex
pl

ic
it

ly
, 

th
is

 
re

qu
ir

em
en

t 
se

em
s 

no
t 

to
 
be

 
pr

ac
ti

ca
l 

to
 
de

te
rm

in
e 

G 
.

We
 
ha
ve
 
to
 
es
ti
ma
te
 
G 

by
 
ot
he
r 

me
an
s.

In
 
Se

ct
io

n 
6.

4 
we

 
sh

al
l 

in
te

rp
re

t

so
me
 
G 

ge
om
et
ri
ca
ll
y.

Th
os

e 
fu

nc
ti

on
s 

ca
n 

se
rv

e 
as

 
mo

de
ls

 
fo

r 
ot

he
rs

.
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6.
4 

Se
am
et
ri
ca
l
 
In
te
rp
re
ta
ti
on
 
of
 
th
e 

Co
nv
er
ge
nc
e 

Fa
ct
or
s.

It
 
is

 
po

ss
ib

le
 
to

 
de

ri
ve

 
it

er
at

iv
e 

me
th

od
s 

as
 
fo

ll
ow

s:

W
ch

oo
se

 
a 

"s
im

pl
e"

f'
un
ct
io
n 

h 
so
 
th
at

f(
i)

(
x
)
 

= 
h(

i)
(x

)
 
,

i
 
= 

O,
l,

..
.,

k
 

;

(
i
i
)

so
lv
e 

an
al
yt
ic
al
ly
 
h(
z)
 

= 
ar
 
ob
ta
in
in
g 

z 
= 

z(
x)
 
;

(i
ii

)
us

e 
th

e 
it

er
at

io
n

x n
+
1
=

z(
xn
)
 
to
 
so
lv
e 

th
e 

eq
ua
ti
on

f(
x)

 =
 a

 .

Th
e 

fu
nc
ti
on
 
h 

sh
ou

ld
 
be
 
si
mp
le
 
so
 
th
at
 
h(
z)
 
= 

cx
 
ca
n 

be
 
so
lv
ed

a
t
x
d
y
-
t
i
c
~
.

h 
ap
pr
ox
im
at
es
 
f 

an
d 

so
me
 
de
ri
va
ti
ve
s 

lo
ca
ll
y 

at
 
on
e

po
in

t 
x 

an
d 

we
 
th

us
 
ob

ta
in

 
a 

on
e 

po
in

t 
it

er
at

io
n 

fo
rm

ul
a 

wi
th

ou
t 

me
mo

ry
.

In
st
ea
d 

of
 
a
p
p
r
a

ti
ng

f 
on

e 
ca

n 
al

so
 
fi

nd
 
it

er
at

io
n 

me
th

od
s 

by

ap
pr

ox
im

at
in

g 
th

e 
in

ve
rs

e 
f'

un
ct

io
n 

lo
ca

ll
y.

W
Ch
oo
se
 
a 

fu
nc
ti
on
 
h(
y)
 
so
 
th
at

(d
-1

3(
y)

)(
i)

 
= 

h(
i)

(y
)
 
,
 
i
 

= 
O,

l,
..

.,
k
 
.

(
i
i
)
 
P
u
t
 
y
 
= 

f(
xn

)
an
d 

us
e 

th
e 

it
er

at
ia

sl
 
fo
rm
ul
a

xn
+l

= 
h(

cu
)

to
 
so
lv
e 

f(
x)
 
= 

a!

Si
nc

e 
we

 
do

 
no

t 
lm
ow

d
e
r
i
v
a
t
i
v
e
s
 
o
f
 
f
 
[2
1]
:

(f
[-

l]
(y

))
"
 

=

. ,w
, 

th
e 

de
ri

va
ti

ve
s 

mu
st

 
be

 
re

pl
ac

ed
 
us

in
g

,i

I
f
 
h
 
a
p
p
r
o
x
i
m
a
t
e
s
 
f
 
r
e
s
p

f[
-l

l
we

ll
 
we

 
ca

n 
ex

pe
ct

 
a 

go
od

gl
ob

al
 
co

nv
er

ge
nc

e.
We

 
gi

ve
 
in

 
th

e 
fo

ll
ow

in
g 

so
me

 
ex

am
pl

es
 
of

 
me

th
od

s

de
ri

ve
d 

by
 
in

te
rp

ol
at

io
n.

Th
e 

co
nv

er
ge

nc
e 

fa
ct

or
s 

of
 
th

es
e 

ex
am

pl
es

ma
y 

he
lp

 
to

 
ch

oo
se

 
a 

me
th

od
 
an

al
yt

ic
al

ly
.

(1
) 

Ne
wt
on
's
 
me
th
od

f(
xJ

x
n+

l
=
x
 

-
-

n 
f
'
&
>

is
 
ob

ta
in

ed
 
ap

pr
ox

im
at

in
g

f
 
o
r
 

f[
-l
l

lo
ca
ll
y 

by
 
a 

li
ne
ar
 
fu
nc
ti
on
 
h 

(h
(x
) 

= 
ax
+b
 
re
sp
.

h(
y)
 
= 
ay
tb
)
 
.

(2
) 

We
 
ch
oo
se

h
(
z
)
 
= 
- (
z-

:)
2

a
n
d
 
d
e
t
e
r
m
i
n
e
 
a
,
b

so
 t

ha
t

h(
i)

(x
) 

= 
f(

i)
(x

) 
,

i
=
 
1,

2
, 

gi
vi

ng
 
(d

ro
pp

in
g 

th
e 

ar
gu

me
nt

 
x 

):

No
w

a
=

4
 
fJ
/f
12

b
 
= 

- 
x
 
- 
2
 
f
/
f
'
 
.

h(
z)
 
= 

a:
gi

ve
s

Z
=

.

us
in

g 
(6
.2
6)
 
we

 
ge

t

(6
.2

6)

Z
=
 
x
-
+
2
(
,
J
;
-
l
)
 

.

If
 
we
 
us
e 

on
ly
 
th
e 

+
si

gn
 
we

 
ha

ve
 
th

e 
it

er
at

io
n

f(x
n)

 -
 a

xn
+l
 

= 
xn
 

-
v

G(
xn

)

(6
.2
7)

wi
th

G
(
x
)
 

= 
2
 
%

E
/(

 1 
+ q

,k
 )

.

Bu
t 
(6
.2
7)
 
is

 
Re

in
sc

h'
s 

pr
op

os
al

 
to

 
so

lv
e

-
 
-

,
;
 
"
2
 
=

0 
wi
th
 
Ne
wt
on

i
n
s
t
e
a
d
 
o
f
 
f
-
a
 
= 
0
 
.

We
 
kn
ow
'f
ro
m
 
Se
ct
io
n 
3
 
th
at
 
th
e 

le
ng
th
 
fu
nc
ti
on
 
f
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ha
s 

th
e 

fo
rm

Th
e 

ne
xt

 
ex

am
pl

es
 
us

e 
fu

nc
ti

on
s

th
at

 
ap

pr
ox

im
at

e
f 

) 
f'

a
n
d

f"

f
(
x
)
 

= 
,s

CL
i

2
.

i
=
l

Cx
sx
i)

Th
er

ef
Or

e
 
i
t
 
i
s
 
r
e
a
s
o
n
a
b
l
e
 
t
o
 
a
p
p
r
o
x
i
m
a
t
e
 
f
 
b
y
 
h
 
= 
a/
(x
-b
)2

 
.

(3
) 

In
st

ea
d 

of
 
so

lv
in

g
f(

x)
 
-a

 =
 
0 

wi
th

 
Ne

wt
on

's
 
me

th
od

 
we

 
ca

n

al
so

 
so

lv
e

dx
> 

=
(f

(x
))

-l/
B

_ 
,-

l/B
(6
.2
8)

i
f
 
f
(
x
)
 
>
 
0
 
an

d
 
a
 
>
 
0
 
.

Ne
wt

on
's

 
it

er
at

io
n 

fo
r 
(6
.2
8)
 
yi

el
ds

 
th

e

sa
me

 
it
er
at
io
n
 
fu

nc
ti

on
 
as

 
if

 
we

 
ap

pr
ox

im
at

e

h
(
x
)
 

= 
+

 
.

(x
+b
)

Th
e 

re
su

lt
in

g 
it

er
at

io
n 

fo
rm

ul
a 

is

f(
xn
)
 
-
a

xn
+l
 

= 
X
n
-
f
'
o

l
 

G
(

⌧
n
)

wi
th

G
(
x
)
 
=

If
 
we
 
le
t 

S 
-t 

= 
in
 
(
6
.
2
9
)
 
we
 
ge
t

f
lo

ca
ll

y 
by

(6
.2
9)

G(x
) 

= 
_+
n
&

 
.

( 
1

(6
.3

0)

Th
is
 
co
nv
er
ge
nc
e 

fa
ct
or
 
is
 
al
so
 
ob
ta
in
ed
 
by
 
so
lv
in
g 

In
(f

)-
In

(a
) 

= 
/

ln
(f

/c
X)
 
= 
0
 
w
i
t
h
 
N
e
w
t
o
n
 
o
r
 
b
y
 
a
p
p
r
o
x
i
m
a
t
i
n
g
 
l
o
c
a
l
l
y
 
f
 
a
n
d
 

f'
 
b
y

lo
ca

ll
y. (4

) 
W
e
 
c
h
o
o
s
e

h
(
z
)
 
= 
a
/
(
z
+
b
)
+
 
c
 
a
n
d
 
d
e
t
e
r
m
i
n
e
 
a
 
,
 
b
 
,
 
c
 
s
o
 
t
h
a
t

h
@
)
(
x
)
 

; 
f
@
)
(
x
)
 

,
i
 
= 

0,
1,

2 
.

We
 
ob

ta
in

 
(d

ro
pp

in
g 

th
e 

ar
gu

me
nt

 
x 

):

a
 

=
- 
4
 
f
'
Q
"
2

b
 
= 

- 
x
 

- 
2
 
f,

/f
"

C
=

f
-

2
 
f'

2/
f"
 
.

(i
)

No
w 

so
lv
in
g 

h(
z)
 

= 
2 

gi
ve
s 

th
e 

it
er
at
io
n 

(w
it
h 

fn
=
 
f(

i)
(x

,)
 
)

xn
+l

 
=

x
 

-
n

f,
-a fil

1

l 
;

(f
,-

cq
f;

;
-
-

.Pf
2

(6
.3

1)

I

n

wh
ic
h 

is
 
Ha
ll
ey
's
 
fo
rm
ul
a 

to
 
so
lv
e 

g(
x)
 
= 
f(
x)
 
-C
X 

= 
0 

. 
Re
ca
ll
 
(s
ee

Se
ct

io
n 
6.
1)
 t

ha
t 

th
e 

sa
me

 
it

er
at

io
n 

is
 
ob

ta
in

ed
 
if

 
we

 
so

lv
e 

wi
th

 
Ne

wt
on

's

me
th

od

i%
(X)

 
=

f(
x)

 
- 

cl
&

q
 

= 
O 

-

If
 
we

 
ap

pr
ox

im
at

e 
th

e 
in

ve
rs

e 
fu

nc
ti

on
fw

(Y
> 

1
-U

 
by

h
(
y
)
 
= 
a
/
(
y
+
b
)
+
c
 
w
e
 
g
e
t

71
2

a
= 

-
4
 
fq

3/
f

b
 

= 
-

f 
+ 

2 
f1
2/
f"

h
(
x
)
 

= 
ae

bX
 
.

C
=

x
 
+ 
2
 
,1

/f
"
 
.
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Fi
na
ll
y 

pu
tt
in
g 

xn
 
= 
x 

an
d 

x~
+~
 
= 

h(
a)
 
yi
el
ds
 
ag
ai
n 

(
6
.
3
1
)
.

Th
er
ef
or
e 

Ha
ll
ey
's
 
fo
nr
ml
a
 
is
 
ob
ta
in
ed
 
by
 
lo
ca
ll
y 

ap
pr
ox
im
at
in
g 

f

o
r
 

f[
-l
'

by
 
a 

hy
pe

rb
ol

a.

Th
is

 
ra

ti
on

al
 
ap

pr
ox

im
at

io
n 

of
f 

ha
s 

th
e 

fo
ll

ow
in

g 
pr

op
er

ty
.

Su
pp
os
e 

we
 
wa
nt
 
to
 
so
lv
e 

f(
x)
 
= 

a!
 
us
in
g 

Ha
ll
ey
's
 
me
th
od
. 

We
 
ob
ta
in

th
e 

sa
me

 i
te

ra
ti

on
 (
6.
31
) 

fo
r

gl
(x

)
 
= 

f
(
x
)
 

- 
a!
 
=
 
0

or

+
(
x
)
 
=
 
&

 
-
;
 
=
 

0 
Y

(6
.3
2)

i.
e.

,
fo

r 
Ha

ll
ey

's
 
me

th
od

 
th

e 
tr

an
sf

or
ma

ti
on

 
(6
.3
2)
 
ha

s 
no

 
ef

fe
ct

. 
Bu

t

as
 
we

 
sa

w 
(6
.3
2)
 
yi

el
d 

an
ot

he
r 

co
nv

er
ge

nc
e 

fa
ct

or
 
fo

r 
Ne

wt
on

's
 
me

th
od

.

(5
) 

Eu
le

r'
s 

me
th
od
 
is
 
ob
ta
in
ed
 
by
 
ap
pr
ox
im
at
in
g 

f 
, 

f'
 
, 

an
d 

f"

lo
ca

ll
y 

wi
th

i

h
(
z
)
 
= 

az
2 

+
 
b
z
 
+
 
c
 
.

We
 
ge

t

a
 
=

f'
/2
 
,
 
b
 

= 
f
'
 

- 
f"

x

C
=

f
-

f'
 
,
+
F
x
2

(f
n

-0
1)

xn
+l
 

= 
"n

- 
t

 
* 
G(

x,
)

fn

w
i
t
h

G
(
x
)
 
=
 

2

(6
) 

Ap
pr

ox
im

at
in

g
,H

l
by

 
a 

pa
ra

bo
la

h
(
y
)
 
= 

ay
2 
+
 
b
y
 
+
 
c
 
,

yi
el

ds

1
 

f"
a
 

= 
_
-
 
-

2 
,‘
3

f
C

=
1
 
C
f
2

X
-
-
-
-

f
'
 

2
 

,I
3 

-

We
 
ob

ta
in

 
th

e 
it

er
at

io
n 

fo
rm

ul
a 

fo
r 

f(
x)

 
-a

 
= 
0

Cf
, -

a>
xn

+l
 

= 
x
n
-
P

fi
l

(
1
+
$

(f
n

-"
)f
;;

f;
'

1

.

(7
) 

Ap
pr
ox
im
at
in
g

f 
lo
ca
ll
y 

by

b
z

h
(
z
)
 

= 
a
e
 
+
 

c

yi
el

ds

'2
a

5
+
e
x
p
 
-
5
x

b
 

= 
f"
/f
'

C
=

f
-

f'
2/

fl
t 

.

So
lv
in
g 

h(
z)
 

= 
cx 

gi
ve
s 

th
e 

it
er
at
io
n

"n
+l
 

= 
xn

+
 
f
 
,
(
,
 
- 
'
y
-
-
y
:
)

wh
ic

h 
we

 
ca

n 
wr

it
e

f
,
-
a

X
xn

+l
 

= 
n
+
 
-

 
G(

xn
)
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Table 2 : Smoothing of di = p + 0 2 sin(i), i = l,..., 30 .

6 = r 0.2467 0.2466 0.2 0.17 . 0.15

1.722253 1.722027
1.861272

1.603430
1.861084

2.000287
1.763119

2.000137 1.922686
2.139301 2.139186 2.081965
2.270316 2.278234
2.417336

2.240736
2.417287

2.556347
2.398729

2.556335 2.555611
2.695338 2.695371
2.034349

2.711038
2 .83'1'125 2.d64746

2.973354 2.973438 3.016541
3.112376 3.112476 3.166302
3.251370 3.251490
3.390321

3.313931
3.390501

3.529382
3.459267

3.52gs27 3.002212
3.66h403 3.668556 3.742742
3.307439 3.tio7525 3.bhOd61
3.946456 3.5)'16573
4.0a5469

4.016701
4 .O&i5616

4.224488
4.150337

4.22460'1
4.363507

11.262032
4.363605

4.502520
4.411738

4.502613
4.641560

4.539614
4.641GlO 4.665841

4.7ao5a3 4.730605
4.919610

4.790639
4.919595 4.gl4412

5.058637 5.05osog 5.037205
5.137662 5.197586
5.3366Ud

5.159234
5.336576 5.2tiO62a

5.475712 5.475564 5.401550
5.614742 5.614557

_ 5.753768 _
5.522194

5.753551 5.642737

1.351226 1.350682 1.095428

r

,,L

6.67 IO-~ 1.11 10 -4 0.008449

c 1.205420 1.204810 0.9014646

# of iteration 0 1 5
h = f-'(nS2) 0 3.83 10-~ 2 79 10 -4

1.5077')8 1.414468
1.684705 1.609509
1.861354 l.dO4054
2.03'1419 l.gg75a4
2.212497 2.189486
2.386040 2.378851
2.557375 2.5644U2
2.725835 2.745208
2.890921 2.920292
3.052362 3.089548
3.210031 3.253120
3.3637')'1 3.411095
3.51346d 3.563265
3.656i339 3.70331'1
3.7950:13 3,~49200
j.936G24 3.9d3325
'I , 0 6 9 Ii 7 5 4.112409
4.196711 4.237081
4.324522 4.357614
4.447031 4.4730811
4.5GG405 '1.586239
4.6132Y61 4.69473o
4.7Y7174 4.aoo344
4.400512 4.903647
5.020307 5.005067
5.129760 5.104605
5.238020 5.202195
5.345339 5.2gilo68
5.452085 5.392826
5.558625 5.467171

0.9311236 0.8215933

0.0150982 0.021434

0.6828826 0.5o84146

5 7

7.60 lo-4 2.01 10 -3

0.13

1,2hi'987
1.4gGlG4
1.727389
1 .955b55
2.182'792
2.406051
2.61912;
2.315103
2.992062
3.154735
3.310709
3 . 4 6 4 3 '1 2
3.613997
3.754Jl58
3.6d3019
4.002785
4.120646
4.241594
4.364625
4.404037
'I. 59'1092
4.697631
4 . 7 3 '1 5 9 4
4.8391320
5.003985
5.103989
5.192799
5.268023
5.333412
5.395162

o. 7~0381

0.0445737

0.306330

3.15 lo-2 8.89 10-~

0.12

1.243047
1.48jj59
1.717025
1.947423
2.11;1764
2.4lO'l\)l
2.643d21
2.Sb1743
3.003115
3.155210
3 . j 0 1 2 !I 4
3.457392
3.61G61j;
3.7G 2260
j.t;667'j6
3.gg5223
4.105OjO
4.22~400
4.362045
4.4905'13
4.6009S2
4.6Y4865
4.787060
4,8!,1346
5.001230
5.123779
5.21Gd38
5.281142
5.324567
5.3601306

0.6572663

o. 0796041

o. 3031789



. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

.
m

m
m

m
m

m
~

m
m

~
~

~
~

3
~

~
~

~
~

n
~

~
~

~
 

tn

co
 =

r 
3 

mz
r 

=r 
,r
)c
 I

nr
L)
 '

D
-
c

c
-
.3

~
+

n
~

m
c

v
m

.-
~

3
c

u
c

h
o

r
-
m

-
o

m
c

-
s
%

ln
.-

-
=

r
~

c
-
m

~
N

.l
J
-
m

~
~

~
c

x
-
u

3
~

3
r
n

o
~

m
m

o
o

o
-
m

o
c

n
o

~
m

c
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
.

m
m

m
m

m
m

m
=

r
m

m
~

. 
..
*

 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

. 
. 

.
~

~
-
~

~
~

~
m

m
m

m
m

m
m

m
m

~
~

~
3
~

~
~

~
~

~
~

~
~

~
~

d
 

6
 

0
2

-
-
-
-
c

v
c

v
~

~
m

m
m

m
m

m
m

m
3
~

=
r
~

=
r
=

l-
=

r
=

r
=

r
ln

m
m

m
m

 
0

0 
0

0

P
R
O
C
E
D
U
R
E
 
S
M
O
O
T
H
(
I
N
T
E
G
E
R

 
V
A
L
U
E
 
N
;

R
E
A
L
 
V
A
L
U
E
 
D
E
L
T
A
 

;
R
E
A
L
 
A
R
R
A
Y
 
D
,
X
(
*
)
)
 
;

B
E
G
I
N R
E
A
L
 
G
,
F
O
,
F
A
,
F
l
,
F
Z
,
L
A
M
E
,
L
A
M
B
N
,
~
!
L
A
M
B
,
R
,
S
,
T
,
A
L
P
H
A
,
A
L
P
H
A
2
,
C
O
,
S
I
,
H

 
;

R
E
A
L
 
A
R
R
A
Y
 
C
,
A
Z
,
A
Z
S
(
l
:
:
N
)
 
;

R
E
A
L
 
A
R
R
A
Y
 
D
l
,
Y
,
Z
,
Z
S
(
l
:
:
N
-
2
)

 
;

R
E
A
L
 

A
R
R
A
Y
 
~
2
(
1
:
:
N
-
3
)
;
 
R
E
A
L
 
A
R
R
A
Y
 
D
3
(
1
:
:
N
-
4
)
 
;

I
N
T
E
G
E
R
 
I
 
;

P
R
O
C
E
D
U
R
E
 

A
T
Z
t
R
E
A
L
 
A
R
R
A
Y
 
Z
,
Y
t
t
)
)
 

;
E
E
G
I
N
 
I
N
T
E
G
E
R
 
I
 
;

Y(
1)

:
=
 
Z
(
1
)
 

;
Y
(
2
)
 
:
=

-2
'i
Z(
l)

 
+
 
Z(
2)

 
;

F
O
R
 
I

:=
 
3
 
S
T
E
P
 
1
 
U
N
T
I
L
 
N
-
2
 
D
O

Y(
I)

 
:
=
 
Z
(
I
-
2
)
 
-
2
i
Z
(
I
-
1
)
 
+
 
Z(
I)

 
;

Y
(
N
-
1
)

:=
 Z

(N
-3

)
 
-
2
"
Z
(
N
-
2
)
 

;
Y(
N)

:
=
 
Z
(
N
-
2
)
 
;

E
N
D
 
A
T
Z
 
;

P
R
O
C
E
D
U
R
E
 
B
A
C
G
(
I
N
T
E
G
E
R
 
V
A
L
U
E
 
N
;
R
E
A
L
 
A
R
R
A
Y
 
A
,
E
,
C
,
D
,
X
(
'
)
)
 
;

E
E
G
I
N
 
I
N
T
E
G
E
R
 
I
 
;

X(
N)

:
=
 
D
(
N
)
/
A
(
N
)
 
;

X
(
N
-
1
)

:=
 
(
D
(
N
-
1
)
 

-
X
(
N
>
*
E
(
N
-
l
)
)
/
A
(
N
-
1
)
 
;

F
O
R
 
I

:
=
 
N
-
2
 
S
T
E
P

-
1
 
U
N
T
I
L
 
1
 
D
O

X(
I)

:=
 
(
D
(
I
)

- 
X
(
I
+
l
)
"
E
(
I
)

- 
X
(
I
+
2
)
"
C
(
I
)
)
/
A
(
I
)
 
;

E
N
D
 
B
A
C
K
 
;

P
R
O
C
E
D
U
R
E
 
V
O
R
W
(
I
N
T
E
G
E
R
 
V
A
L
U
E
 
N
;
R
E
A
L
 
A
R
R
A
Y
 
A
,
B
,
C
,
D
,
X
(
*
)
)
 
;

B
E
G
I
N
 
I
N
T
E
G
E
R
 
I
 

;
X(
1)

:
=
 
D
(
l
)
/
A
(
l
)
 
;

X
(
2
)
 
:
=
 
(
D
(
2
)

- 
X
(
l
)
*
B
(
?
)
)
/
A
(
2
)

;
F
O
R
 
I

:
=
 
3
 
S
T
E
P
 
1
 
U
N
T
I
L
 
N
 
D
O

X(
I)

:
=
 
(
D
(
I
)

- 
X
(
1
-
1
)
3
B
(
I
-
1
)

- 
X
(
I
-
2
)
"
C
(
I
-
2
)
)
/
A
(
I
)

 
;

E
N
D
 
V
O
R
W
 

;
P
R
O
C
E
D
U
R
E
 

R
O
T
(
R
E
A
L
 
V
A
L
U
E
 
A
;
R
E
A
L
 
V
A
L
U
E
 
B)
 

;
B
E
G
I
N

R
E
A
L
 
T
 
;

I
F
 

6 
q
 
0
 

T
H
E
N

B
E
G
I
N
 
C
O
 

:=
 
0
 
;
 
SI
 
:
=
 
1
 
E
N
D

E
L
S
E E
E
G
I
N T

:=
-
A
/
B
 
;
 
C
O
 
:
=

l
/
S
C
R
T
(
l
 
+
 
T
s
*
2
)

;
S
I
 

:=
 
T
'
C
O
 
;

EE
!D
 

;
E
N
D
 
H
O
T
 

*
R
E
A
L
 
F
R
O
;
E
D
U
R
E
 
I
N
P
R
O
D
(
I
N
T
E
C
E
R
 
V
A
L
U
E
 
N
;

R
E
A
L
 
A
R
R
A
Y
 

X 
Y(

s'
>)

f
;

B
E
G
I
N
 
I
N
T
E
G
E
R
 

I 
;
 
R
E
A
L
 
S
 
;

S
:=

0 
;

.
F
O
R
 
I
 
:
=

1
 
S
T
E
P
 
1
 
U
N
T
I
L
 
N
 
D
O
 
S
 
:
=
 
S
 
+
 
X
(
I
)
"
Y
(
I
)
 
;

S
El

;G
 
Ii

vP
HO

D
 
;

A
L
P
H
A

:=
 
S
Q
R
T
(
N
)
*
D
E
L
T
A
;
 
A
b
P
H
k
2
 
:
=
 
A
L
P
H
A
s
 
;

LA
Ml

5 
:
=
 
0
 
;

10
8

10
9



:
W
L
A
M
B

:=
 
S
Q
R
T
(
L
A
M
B
)
 
;

C
O
M
M
E
N
T
 
C
O
L
U
M
N
S
 
1
 
T
O
 
N
-
4
 
;

R
*-
 
T

.-
:=

1
;
 
s 

:=
 -

2 
;
 
C
(
1
)
 
:=
 
D
(
1
)
;
 
C
(
2
)
 
:
=
 
D
(
2
)
 
;

F
O
R
 
I
 
:=

1
 
S
T
E
P
 
1
 
U
N
T
I
L
 
N
-
4
 
D
O

B
E
G
I
N R
O
T
(
R
,
W
L
A
M
B
)
 
;

.
D
l
(
1
)
 
:
=

-
S
I
*
R
 
+
 
C
O
*
W
L
A
M
B
 
;

Y(
I)

 
:
=

-
S
I
'
C
(
I
)
 
;
 
C(
1)

 
:
=
 
CO

'c
C(

I)
 
;

R
O
T
(
S
,
D
l
(
I
)
)
 
;

D
l
(
I
)
 
:
=

-
S
I
'
S
 
+
 
C
O
s
D
1
(
I
)
 
;

R
:=
 
C
O
'
T
 
;
 
D
2
(
1
)
 
:
=
 
-
S
I
"
T
 
;

H
:=

c
o
*
c
(
I
+
1
)
+
s
I
'
Y
(
I
)
;

Y
(
I
)
:
=
-
S
I
f
C
(
I
+
1
)
+
C
O
*
Y
(
I
)

 
;

C
(
I
+
l
)
 
:
=
 
H
 
;

,

R
O
T
(
l
,
D
l
(
I
)
)
 
;

D
l
(
I
)
 
:
=

-
S
I
 
+
 
C
O
'
D
l
(
1
)
 
;

S
:=

-
2
"
C
0
 
+
 
S
I
*
D
2
(
1
)
 

; 
D
2
(
1
)
 
:
=
 
2
*
S
I
 
+
 
CO

*D
;Z

(I
)
 
;

T
-
-
 
c
o
 

; 
~
3
(
1
)
 
:=
 
-
s
I

;
H

;I
 
C
O
*
D
(
I
+
2
)
 
+
 
S
I
'
Y
(
I
)

Y(
I)

 
:
=

-
S
I
*
D
(
I
+
2
)
 
+
 
C
O
'
Y
i
I
)
 
;
 
C
(
I
+
2
)
 
:
=
 
H
 
;

EN
D 

;
F
O
R
 
I
 
:
=

N
-
3
,
N
-
2
 
D
O

B
E
G
I
N C
O
M
M
E
N
T
 
C
O
L
U
M
N
S
 

E
-3
 
A
N
D
 
N
-
2
 
;

R
O
T
(
R
,
W
L
A
M
B
)
 
;

D
l
(
I
)
 
:
=

-
S
I
z
R
 
+
 
CO

"'
VL

AE
:E
 

;
Y(
I)

 
:
=

-
S
I
f
C
(
I
)
 
;
 
C(
I)

 
:
=
 
C
O
'
C
(
I
)
 
;

R
O
T
(
S
,
D
l
(
I
)
)
;

D
l
(
1
)
 
:
=

-
S
I
*
S
 
+
 
C
O
b
D
l
(
I
)
 
;

IF
 
I

= 
N

-3
 

T
H
E
N

B
E
G
I
N R

:=
 
C
O
'
T
 
;
 
D
2
(
1
)
 
:
=
 
-
S
I
'
T
 
;

EN
D 

;
H

:=
 
C
O
'
C
(
I
+
l
)
 
+
 
S
I
'
Y
(
1
)
 
;

Y(
I)

 
:
=

-
S
I
G
C
(
I
+
l
)
 
+
 
C
O
"
Y
(
I
)
 
;
 
C
(
I
+
l
)
 
:
=
 
H
 
;

R
O
T
(
l
,
D
l
(
I
)
 

);
D
l
(
1
)
 
:
=

-
S
I
 
+
 
C
O
s
D
1
(
I
)
 
;

I
F
 
I
 

= 
N
-
3
 
T
H
E
N

B
E
G
I
N S

:=
-
2
'
C
0
 
+
 
S
I
'
D
2
t
I
)
;

D
2
(
1
)
:
=
 
2'
;S
I
 
+
 
C
O
"
D
2
(
1
)
 
;

E
N
D
 
;

C
(
I
+
2
)
 
:
=

C
O
~
D
(
I
+
Z
)
 
+
 
S
I
"
Y
(
I
)
 
;

Y(
I)

 
:
=

-
S
I
*
D
(
I
+
2
)
 
+
 
C
O
"
Y
(
I
)

;
E
N
D
 
I
 
;

I
F
 
L
A
M
B
 

q
 
0
 
T
H
E
N
 
F
A
 
:
=
 
2
*
I
+
N
P
R
O
D
(
N
,
C
,
C
)
 

;
,i

*
B
A
C
K
(
N
-
2
,
D
l
,
D
2
,
D
3
,
Y
,
Z
)

 
;

A
T
Z
(
Z
,
A
Z
)
 
;

F
O
 
:
=

I
N
P
R
O
D
(
N
,
A
Z
,
A
Z
)
 
;

V
O
R
h
(
N
-
2
,
D
l
,
D
Z
,
D
3
,
Z
,
Z
S
)

 
;

C
O
M
M
E
N
T
 
Z
S
 
I
S
 
-Z

'
 
;

E
A
C
K
(
N
-
2
,
D
l
,
D
2
,
D
3
,
Z
S
,
Z
S
)

 
;

A
T
Z
(
Z
S
,
A
Z
S
)
 
;

Fl
 
:
=

~
Z
"
I
G
P
R
O
D
(
N
.
A
Z
S
.
A
Z
)

 
:

LA
MB

)!
 
:
=
 
L
A
M
B

- 
F
i
l
/
F
l
k
2
~
(
S
i
J
R
T
(
F
O
)
/
A
L
P
H
A

 
- 

1
)

I
F
 
(F
K
 
<=
 
F
O
)
 
O
R
 
(F
O
 
< 

A
L
P
H
A
2
)
 
O
R
 
(
L
A
M
E
N
 
<=
 
L
&
B
)

T
H
E
N
 
G
O
T
0
 
F
I
N
 
;

F
A

:=
 
F
O

;
 
L
A
M
B
 
:=
 
LA

MB
!;
 
;

G
O
T
0
 
I
T
 
;

F 
I 

N 
:

F
O
R
 
I

:
=
 
1
 

S?
'E
P
 

1 
Ur

!T
IL
 

I\ 
D
O

X
(
I
)
 

:=
D(
I)

 
- 

A
Z
(
I
)
 
;

E
N
D
 
S
M
O
O
T
H
 
;

11
0

11
1



[I
I

[21 [3
1

[4
1

[5
1 [61 17
1 181 [9
1 [lO

I

[1
31

[1
41

[1
51

W
I

Re
fe

re
nc

es

Bj
or

k,
 
A.

,
"I

te
ra

ti
ve

 
Re

fi
ne

me
nt

 
of

 
Li

ne
ar

 
Le

as
t 

Sq
ua

re
s 

So
lu

ti
on

s 
I,

"

BI
T

 
7 

O
-9

67
),

 
25

7-
27

8.

Bj
or

k,
 
A.

,
"S

ol
vi

ng
 
Li

ne
ar

 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
ms

 
by

 
Gr

am
-S

ch
mi

dt

Or
th
og
on
al
iz
at
io
n,
" 

BI
T 

7 
(1

96
7)

,
 
l-
21
.

Br
ow

n,
 G

. 
H.

 J
r.

,
"C

n 
Ha
ll
ey
's
 
Va

ri
at

ic
gl

 
of
 
Ne
wt
on
's
 
Me
th
od
,"

Am
er
ic
an
 
Ma
th
em
at
ic
al
 
Mo
nt
hl
y 

84
, 9
 
(1

97
7)

.

Bu
cn

h,
 
J.
 
R.
 
an
d 

Ro
se
, 

D.
 
J.
, 

Sp
ar
se
 
Ma
tr
ix
 
Cm

pu
ta

ti
on

s,
 
Ac
ad
em
ic

Pr
es
s,
 

(1
4
6
).

Gh
an

, 
T.
 
F.
 
C.
,

"Q
l 

Co
mp

ut
in

g 
th

e 
Si

ng
ul

ar
 
Va

lu
e 

De
co

mp
os

it
io

n,
"

St
an

fo
rd

 
Co

mp
ut

er
 
Sc

ie
nc

e 
De

pa
rt

me
nt

 
Re

po
rt

 
ST

AN
-C

S-
77

-5
88

, 
(1

97
7)

.

Da
vi

es
, 

M.
 
an

d 
Da

ws
on

, 
B.

,
"Q

1 
Gl

ob
al

 
Co

nv
er

ge
nc

e 
of

 
Ha

ll
ey

's
 
It

er
at

io
n

Fo
rm

ul
a,

"
N
u
m
e
r
.
 
M
a
t
h
.
 
24

 (1
97

5)
.

Eh
rm

an
n,

 
H.

,
"K

on
st

ru
kt

io
n 

un
d
 
Du
rc
hf
'u
eh
ru
ng

 
vo
n 

It
er
at
io
ns
ve
rf
ah
re
n

ho
eh
er
er
 
Or
dn
un
g,
"
 
Ar
ch
. 

Ra
ti
on
al
 
Me

ch
. 

An
al
. 

4 
(1
95
9)
.

El
de

n,
 
L.

,
"A

lg
or

it
hm

s 
fo

r 
th

e 
Re

gu
la

ri
za

ti
on

 
of

 
Il

l-
Co

nd
it

io
ne

d

Le
as
t 

Sq
ua
re
s 

Pr
ob
le
ms
,"
 
BI

T 
17
 
(1

97
7)

, 
13
4-
14
5.

El
de

n,
 
L.

,
"N
um
er
ic
al

 
An
al
ys
is
 
of
 
Re

gu
la

ri
za

ti
on
 
an
d 

Co
ns
tr
ai
ne
d

Le
as

t 
Sq

ua
re

s 
Me

th
od

s,
rl 
Th

es
is

 
No

. 
21

, 
Li

nk
op

pi
ng

 
Un

iv
er

si
ty

 
(1

97
7)

.

Fo
rs

yt
he

, 
G.

 
E.

 
an

d 
Go

lu
b,

 
G.

 
H.

, 
"
@
 
th

e 
St

at
. 

Va
lu

es
 
of

 
a 

Se
co

nd

De
gr

ee
 
Po

ly
no

mi
al

 
on

 
th

e 
m
i
t
 
Sp

he
re

,"
J.
 
So

t.
 
In
du
st
.
 
Ap
pl
. 

Ma
th
. 

13

(1
96

5 
>
 

l

Fo
rs

yt
he

, 
G.

 
E.

,
Ma

lc
ol

m,
 
M.

 
A.

 
an

d 
Mo

le
r,

 
C.

 
B.
, 

Co
mp

ut
er

 
Me

th
od

s 
fo

r

Ma
th
em
at
ic
al
 

Cc
an

pu
ta

ti
on

s,
 
Pr
en
ti
ce
 
Ha
ll
, 

14
7.

Ga
nd

er
, 

W.
,

"H
ow

 
to

 
Ap

pl
y 

th
e 

Du
al

 
Pr

ob
le

m 
to

 
So

lv
e 

a 
Ce

rt
ai

n 
Co

ns
tr

ai
ne

d

Mi
ni

mu
m 

No
rm

 
Pr

ob
le

m,
"

SI
AM

 
Sp

ri
ng

 
Me

et
in

g 
Ma

di
so

n 
19

78
.

Ga
nd

er
, 

W.
, 

Mo
li

na
ri

, 
L.

 
an

d 
Sv

ec
ow

a,
 
H.

, 
Nu

me
ri

sc
he

 
Pr

oz
ed

ur
en

 
. 

. 
. 

.

IS
NM
 

33
, 

Bi
rk
ha
eu
se
r 

Ve
rl
ag
,
 
19
77
.

,i

Go
lu

b,
 
G.

 
H.

 
an

d 
Ka

ha
n,

 
W.

,
"C

al
cu

la
ti

ng
 
th

e 
Si

ng
ul

ar
 
Va

lu
es

 
an

d

Ps
eu

do
-I

nv
er

se
 
of

 
a 

Ma
tr

ix
,

11 
SI

AM
 
J.

 
Nu

me
r.

 
An

al
. 

2,
 
2 

(1
96

5)
.

Go
lu

b,
 
G.

 
H.

,
Kl

em
a,

 
V.

 
an

d 
St

ew
ar

t,
 
G.

 
W.

, 
"R

an
k 

De
ge

ne
ra

cy
 
an

d

Le
as

t 
Sq

ua
re

s 
Pr

ob
le

ms
,"

St
an

fo
rd

 
Ca
np
ut
er

 
Sc

ie
nc

e 
De

pa
rt

me
nt

 
Re

po
rt

ST
AN

-~
~-

76
-5

59
 
(1
97
6)
.

Go
lu

b,
 
G.

 
H.

,
"S

om
e 

Mo
di

fi
ed

 
Ma

tr
ix

 
Ei

ge
nv

al
ue

 
Pr

ob
le

ms
,"

 
SI

AM
 
Re

vi
ew

 
15

,

2 
(1

97
3)

.

ll
2

[1
71

[18
1

[1
91

[m
l

Em [22
1

[2
3l

~4
1

[2
5l

W
I

[2
7l

E2
S!

[2
9l

[3
01

[3
11

[3
2l

I3
31

[3
41

Go
lu

b,
 
G.

 
H.

,
He

at
h,

 
M.

 
an

d 
Wa

hb
a,

 
G.
,

"G
en

er
al

iz
ed

 
Cr

os
s-

Va
li

da
ti

on
,"

St
an

fo
rd

 
Co

mp
ut

er
 
Sc

ie
nc

e 
De

pa
rt

me
nt

 
Re

po
rt

 
ST

AN
-C

S-
77

-6
22

 
(1

97
7)

.

Go
lu

b,
 
G.

 
H.

 
an

d 
Lu

k,
 
F.

 
T.

,
"S

in
gu

la
r 

Va
lu

e 
De

co
mp

os
it

io
n:

Ap
pl

ic
at

io
ns

an
d 
Co

mp
ut

at
io

ns
, 

11
In

te
rn

al
 
Re

po
rt

 
Se

rr
a 

Ho
us

e 
St

an
fo

rd
 
Un

iv
er

si
ty

Co
mp

ut
er

 
Sc

ie
nc

e 
De

pa
rt

me
nt

 
(1

97
8)

.

Ha
ns

en
, 

E.
 
an

d 
Pa

tr
ic

k,
 
M.

,
"A

 
Fa

mi
ly

 
of

 
Ro

ot
 
Fi

nd
in

g 
Me

th
od

s,
"

Nu
me
r.
 
Ma
th
. 

27
 
(1

97
7)

, 
25
7-
26
9.

Ha
ns

on
, 

R.
 
J.

 
an

d 
Ph

il
li

ps
, 

J.
 
L.

,
"A

n 
Ad

ap
ti

ve
 
Nu

me
ri

ca
l 

Me
th

od
 
fo

r

Fr
ed

ho
lm

 
In

te
gr

al
 
Eq

ua
ti

on
s,

"
N
u
m
e
r
.
 
M
a
t
h
.
 
2
4
 
(1

97
5)

,
 
29
1-
30
7.

He
nr

ic
i,

 P
.,

Ap
pl

ie
d 

an
d 

Co
mp

ut
at

io
na

l 
Co

mp
le

x 
An

al
ys

is
, 

Wi
le

y,
 
19

74
.

He
nr
ic
i,
 

P.
,

El
em

en
ts

 
of

 
Nu

me
ri

ca
l 

An
al

ys
is

, 
Wi

le
y,

 
19

64
.

Ka
ha

n,
 
W.
,

Ma
nu

sc
ri

pt
 
in

 
Bo

x 
5 

G 
of

 
th

e 
G.

 
Fo

rs
yt

he
 
ar

ch
iv

e,
 
St

an
fo

rd

Ma
in

 L
ib

ra
ry

.

Ka
hs
n,
 
W.
,

"W
hy

 
Us

e 
Ta

ng
en

ts
 
Wh

en
 
Se

ca
nt

s 
Wi

ll
 
Do

,"
 
Ga
tl
in
bu
rg

Co
nf

er
en

ce
 
19

77
, 

As
il

om
ar

.

Ka
lm

an
, 

R.
 
E.

,
"A

lg
eb

ra
ic

 
As

pe
ct

s 
of

 
th

e 
Ge

ne
ra

li
ze

d 
In

ve
rs

e
11

. .
 . 

.

Ge
ne

ra
li

ze
d 

In
ve

rs
es

 
an

d 
Ap

pl
ic

at
io

ns
, 

Ac
ad

em
ic

 
Pr

es
s,

 
(1

97
6)

.

La
ws

on
, 

Ch
. 

L.
 
an

d 
Ha

ns
on

, 
R.

 
J.

,
So

lv
in

g 
Le

as
t 

Sq
ua

re
s 

Pr
ob

le
ms

,

Pr
en

ti
ce

 
Ha

ll
, 

19
74

.

Ma
rq

ua
rt

, 
D.

 
W.

,
"A

n 
Al

go
ri

th
m 

fo
r 

Le
as

t-
Sq

ua
re

s 
Es

ti
ma

ti
on

 
of

 
No

nl
in

ea
r

Pa
ra

me
te

rs
,"

SI
AM

 
l-l

, 
2 

(1
96

3)
.

Ma
rt
i,
 
J.
 
T.
,

'M
in

im
um

 
No

rm
 
So

lu
ti

on
s 

of
 
Fr

ed
ho

lm
 
In

te
gr

al
 
Eq

ua
ti

on
s

of
 
th

e 
Fi

rs
t 

Ki
nd

,"
Re

po
rt

 
78

-0
1
 
Se

m.
 
f.

 
an

ge
w.

 
Ma

th
. 

ET
HZ

, 
(1

97
8)

.

Ma
r<

,
 
J.
 
J.
,

"
T
h
e
 
Le

ve
nb

er
g-

Ma
rq

ua
rt

 
A
l
g
o
r
i
t
h
m
:
 
Lm
pl
em
en
ta
t'
io
n

 
a
n
d

Th
eo

ry
,"

 
Du
nd
ee

 
Co

nf
er

en
ce

 
on

 
Nu

me
ri

ca
l 

An
al

ys
is

 
(1

97
7)

.

Os
tr

cw
sk

i,
 A

. 
M.

, 
So

lu
ti

on
 o

f 
Eq

ua
ti

on
s 

an
d 

Sy
st

em
s 

of
 E

qu
at

io
ns

,

Ac
ad

eE
c
 
Pr
es
s,
 
(1
97
3)
.

Pa
ig

e,
 
C.

 
C.

,
"B

id
ia

go
na

li
za

ti
on

 
of

 
Ma

tr
ic

es
 
an

d 
So

lu
ti

on
 
of

 
Li

ne
ar

Eq
ua

ti
on

s,
"

SI
AM
 
J.

 
Nu

me
r.

 
An

al
. 

ll
, 

1 
(1

97
4)

.

Pe
te

rs
, 

G.
 
at

d 
Wi

lk
in

so
n,

 
J.

 
H.

,
" 
Ax
 
= 

hB
x
 
an
d 

th
e 

Ge
ne
ra
li
ze
d

Ei
ge

np
ro

bl
em

,'
SI
AM
 
J.
 
Nu
me
r.
 
An
al
. 

7,
 4

 (
19

70
).

Re
in

sc
h,

 
Ch

r.
 
H.

.
"S

mo
ot

hi
ng

 
by

 
Sp

li
ne

 
Fu

nc
ti

on
s,

" 
Nu

me
r.

 
Ma

th
. 

10

(1
96

7)
, 

17
7-
18
3.

Re
in

sc
h,

 
Ch

r.
 
H.

,
";
~o
ot
hi
ng

 
by

 
Sp

li
ne

 
Fu

nc
ti

on
s.

 
II
, 

U 
Nu

me
r.

 
Ma

th
. 

16

(1
97

1)
, 

45
1-
45
4.



[3
51

[3
61

[3
71

[3
81

[3
91

[4
01

E4
11

[4
21

[4
31

[4
41

t4
51

E4
61

14
71

[4
83

Ru
ti

sh
au

se
r,

 
H.

, 
"O

nc
e 

Ag
ai

n:
Th

e 
Le

as
t 

Sq
ua

re
 
Pr

ob
le

m,
" 

Li
ne

ar
-

-
Al

ge
br

a 
an

d 
It

s 
Ap

pl
ic

at
io

ns
 
1 

(1
96
8)
, 
47
9-
48
8.

Ru
ti

sh
au

se
r,

 
H.

,
"V
or
le
su
ng
en

 
ue
be
r 

nu
me
ri
sc
he

 
Ma
th
em
at
ik
, 

hr
sg
.

vo
n 

M.
 
Gu

tk
ne

ch
t,

"
Ba
nd
 
I,
 
II
, 

Bi
rk
ha
eu
se
r 

Ve
rl
ag
,
 
19
76
.

Sc
he

k,
 
H.

-J
. 

an
d 

Eg
ge

ns
pe

rg
er

, 
R.

, 
"L

ea
st

 
Sq

ua
re

s 
- 
Lo

es
un

ge
n 

un
d

Da
em
pf
un
g 

be
i
 
un
te
rb
es
ti
mm
te
n

 
Gl
ei
ch
un
gs
sy
st
em
en
,"
 
Co
mp
ut
in
g 

19

(1
97
7)
.

Sc
hw

ar
z,
 
H.
 
R.
, 

Ru
ti
sh
au
se
r,
 
H.
 
an
d 

St
ie
fe
l,
 
E.
, 

Ma
tr
iz
en
-N
um
er
ik
,

Te
ub

ne
r 

Ve
rl

ag
, 

19
68
.

Sp
jI

bt
vo

ll
, 
E
.
,

"A
 
No

te
 
on

 
a 

Th
eo

re
m 

of
 
Fo

rs
yt

he
 
an

d 
Go

lu
b,

"
 
SI

AM

J.
 
Ap

pl
. 
Ma
th
. 
23
, 

3 
(
1
4
2
)
.

St
ew

ar
t,

 
G.

 
W.

,
"O

n 
th

e 
Co

nt
in

ui
ty

 
of

 
th

e 
Ge

ne
ra

li
ze

d 
In

ve
rs

e,
"

SI
AM

 
J.

 
Ap

pl
. 

Ma
th

. 
17
, 

1 
(1
96
9)
.

St
ew

ar
t,

 
G.

 
W.

,
"O

n 
th

e 
Nu

me
ri

ca
l 

Pr
op

er
ti

es
 
of

 
an

 
It

er
at

io
n 

fo
r

Co
mp

ut
in

g 
th

e 
Ge

ne
ra

li
ze

d 
In

ve
rs

e,
" 

CN
A 

12
, 

Au
st

in
, 

Te
xa

s 
(1

97
1)

.

Ti
kh
on
ov
,
 
A.
 
N.
,

So
lu

ti
on

 o
f 

Il
l 

Po
se

d 
Pr

ob
le

ms
, 

Wi
le

y,
 
19
77
.

Tr
au

b,
 
J.

 
F.
,

It
er

at
iv

e 
Me

th
od

s 
fo

r 
So

lu
ti

on
 
of

 
Eq

ua
ti

on
s,

 
Pr

en
ti

ce

Ha
ll

, 
19
64
.

Va
n 

Lo
an

, 
Ch

.
"L

ec
tu

re
s 

in
 L

ea
st

 S
qu

ar
es

,"
 T

ec
hn

ic
al

 R
ep

or
t 

TR
 
76
-2
79
,

Co
rn

el
l
 
Un

iv
er

si
ty

 
(1
97
6)
.

Va
n 

Lo
an

, 
Ch

. 
F.
,

"G
en

er
al

iz
in

g 
th

e 
Si

ng
ul

ar
 
Va

lu
e 

De
co

mp
os

it
io

n,
"

S
I
A
M
 
J
.
 
Nu
me
r.
 
A
n
a
l
.
 
13

, 
1
 
(1
97
6)
.

Va
ra
h,

 
J
.
 
M.

,
"O

n 
th

e 
Nu

me
ri

ca
l 

So
lu

ti
on

 
of

 
Il

l-
Co

nd
it

io
ne

d 
Li

ne
ar

Sy
st

em
s,

" 
SI

AM
 
J.

 
Nu

m.
 
An

al
. 

10
 
(1
97
3)
.

Va
ra

h,
 
J.
 
M.
,

"A
 
Pr

ac
ti

ca
l 

Ex
am

in
at

io
n 

of
 
Nu

m.
 
Me

th
od

s 
fo

r 
Il

l 
Po

se
d

Pr
ob

le
ms

,"
Te

ch
ni

ca
l 

Re
po

rt
 
76
-0
8,
 
Un

iv
er

si
ty

 
of

 
Br

it
is

h 
Co

lu
mb

ia
, 
19
76
.

Wi
lk

in
so

n,
 
J.

 
H.

 
an

d 
Re

in
sc

h,
 
C.

, 
Li

ne
ar

 
Al

ge
br

a,
 
Sp

ri
ng

er
, 

19
71

.

11
4


