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Extrapolation of Asymptotic Expansions by a

Modified Aitken 6 2 -Formula

Petter Bjdrstad, Germund Dahlquist, Eric Grosse

Abstract.

A modified Aitken formula permits iterated extrapolations to

efficiently estimate sa from sn when an asymptotic expansion

+ n
-k -1

S S
n= a2

( + c n
co 1

+ c n l *.

2
O2 + >

holds for some (unknown) coefficients c. .
3

We study the truncation and

irregular error and cmpare the method with other forms of extrapolation.
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1. Introduction.

We consider accelerating the convergence of sequences {s,]~=,

satisfying

+ con-kS + oh
-k-l

Sn= Q) ) 9 k>O 04
. .

where cO # 0 is unknown.

In order to study this problem, consider for a moment a continuous

case. Let s(t) be a continuous function of t with an asymptotic

expansion

s(t) = sm + t-k(co + clt -1 + c2t-2+o(t-3)) ) COfO, k > O . 04

We assume that s"(t) # 0 and that termwise differentiation is legal.

(Note that an expansion like c +cuo 1 -2+ c2um4+ l *a can be reduced to

this by the change of variables t = u2 .) Define a new function s*(t)

bY

s*w = s(t) - p s' t
2

fls� t) l
0.3 >

Now

s' (t)2 = k2c2t-2k-2
0

(1 + 2 y 2 t-l + o(t-2))

s"(t) = c1k(k+l)cot-k-2(l + y - t-l
cO

+ o(t-2)) .

Therefore

p s’(t)2
s” (t) = p l & t-k(c0+2 $!$ clt-1, O(t-2)) l (1 - y & t-l+0(t-2))

0

k= p l k+l t-k(co+clt-l+ o(t-2))  l (1*4)



It follows that s* = s=+ O(t
-k-2) if we take p = y in (1.3).

This result still holds if we replace derivatives by symmetric

differences. Therefore in the discrete case we propose computing

* k+l Asn l �n . .

S s *-n= n k Asn -vsn l

0*5>

(If Asn = vsn , just set sz = sn .)

We will show that if the asymptotic expansion

-k -1
S n= S + n + c n

03
(c
0 1

+c2n02+0(n-')) ., co # 0, k > 0 (1.6)

holds, then the process (1.5) can be iterated, giving the " s-formula":

so = sn= n

i+l
S
n

is -
k+?i+l$ ,

n k+2i

Asi l vsi

n n

Asi - vsi
n n

i = 0,1,2,....

This iteration is illustrated in Figure 1.

i
Sn I

i=O i=l i=2 . . .

.

d .

.

n-2

n-l

n

n+l

n+2
...

Cl*71

Figure 1. Iterated extrapolation process.



Note that

computation of

Often an

error than if

the formula (1.3) cm be used directly for the practical

S o3 , if analytic differentiation is simple.

= S - Sn n-l can be camputed directly, with less rounding

Sn is first computed and then differenced. This occurs

for example when

Sn = fi aj (14
j=l

and sometimes when s
n is computed using a recursion formula. In this case

one should replace (1.5) by

* k+l an+lan
S s  - -n= n

-- k an+1 - an l

If this is to be iterated one also needs a formula for the accurate

computation of

* * *
a Sn= n - s

n-l l

Substituting (1.9) into (1.10) gives

Aan - Van k+2
n Aan. Van - k1 .

This gives the mathematically equivalent "a-formula":

a0 = a
n so sn'n=n

i+i i
S S
n=n

i+l .
an

= a1
n[

k+2i+l
k+2i

i ia
. n+lan

i ia - a
n+l n

. .
k+2i+l . AaiB vaA
k+2i l ai

Aa:* Vain

.
9 = = 0,1,2,...

k+2i+2
k+2i I, i = 0,1,2,...

(1.9)

(1.10)

(14

(1.12)



(where again
i+l i i+l

s Sn"n if pai = 0, and a = ai
n n if Aai*vai = 0 ).

Note that for greatest accuracy, si could be accumulated in the

other direction .

In practice the error in AsA and Aai
.

- vak due to rounding

i
and other irregular errors in sn and ain will limit the attainable

i+l
accuracy. The irregular error component in sn

and i, while the truncation error decreases. We

following two sections, then turn to a formula for

increases with n

analyze this in the

estimating the exponent

k which provides a check of assumptions and a possible termination

criterion. After briefly discussing alternative techniques, we conclude

with illustratl'ons of the method.



2. Truncation Error.

We will now derive the leading term in the error expansion for s,"- sco

assuming that an expansion of the form (1.6) holds for sn . This establishes

that the proposed method gains two orders for every application as indicated

in Section 1.

-k
S
n=

sm+n (c + c n
-1

+ c2n-2
0 1

Using

(n+l)Ok = nok(l i kn-' + 9m

we can expand Asn and vsn in powers of

+ O(no3)) J co # 0 y k > 0 . (24

n-2
-F l **

>

n-l .

(2.2)

"n = - cokn-k-l(l + k;l n-1+ (k+l;!k+2) n-2 + (k+l)(yF)(k+3)

. Asn
. .

- cl(k+l)n-k-2(l + y n
-1. (k+2)(k+3) n-2)

3:

- c2(k+2)nok-'(1 2 y n-l)

- c3(k+3)n
-k-4

+O(n
-k-5

) .

Now

Asn
c2k2n-2k-2

'VS, = 0 + 2co ~~k(k+l)n-~~-'

+ cc
2 2. k2+6k+5
Ok I2

+ 2coc2 k(k+2) + cf(k+1)2)n-2k-4+  O(n-2k-5)

no31

(2.3)

(24

and
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(A S n - vsn)
,k'2

-' = cgko ,-'+

- w]d2+ O(no3)) . (2.5)

Hence

k+l Asn l "n = n-k
k Asn-"sn

co + 2cl(k+1) n-1
k

+ C k2+6k+5 + 2c2(k+2) c2(k+1)2

co I2 k
+ lcok2 )62, O(d3))

-k=n

This gives

cl(k+2)
'- ck

no1 +
0

2

c +cn c1+-
0 1

-l+ c2 (k+2)(k-1)
ck2+Iqzi7 ,
0

)no2+ O(n?)) .

2d
*

Sn= % + ( 2 (1-k) -
c1z + j& noko2 + O(noko3) .

0 >

By iterated use of (2.6) we obtain

i i -k-2i -k-2i-1
S Sn= 03 +c n i =

0 + O(n 1 Y 0,1,2,...

(24

(2*7)

0 1
where co = co I co is given by (2.6) etc. The leading term in the

i
cO

truncation error is multiplied by i=l
-2. n in iteration i , if c; f 0 t

cO
j < i , i = 1,2,3,....
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By termwise differencing of the eqansion whose first term is given

by (2.7) we get

.
a1n

= 0s; = -
. .

ci(k+ 2i)n-k-21-1  + Ok
-k-2i-2

>-.

and therefore

i+l i+l
an cO-=.
a1

ie
k+2i+2 . n-2
k+2i + O(no3) t ci # 0 ,jLi.

n cO
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I

3* The Propagation of Irregular Errors.

Usually the data sz , a: are subject to rounding errors or other

errors in the process where they are computed or measured. There may also

be transients in the sequence, which decay more rapidly than n-k for. .

large n but disturb the acceleration when n is not large enough, see

Example 1. Such errors will be called irregular errors, since we do not

assume that they depend smoothly on n , in contrast to the truncation

error studied in Section 2. We shall study how the irregular errors in

the given data are propagated in the acceleration process and derive

approximate bounds that do depend smoothly on n .

Let r(x) , r(y) be approximate bounds for the absolute value of--

the irregular error in the variables x, y . If a variable is defined by

an arithmetic expression involving variables with previously known

approximate error bounds, then the approximate error bound of the new

variable is defined by the repeated application of the following

fundamental rules:

r(x+y> - r(x) + r(y)

r (X-Y> - r(x) + r(y)

r(x*y) m I+r<Y> + \YJ44

dX/Y> = r(⌧)/  IYI  + r(Y)/3  l

The sign of approximate equality means that the following

simplifications are made:

c3a

(3.2)

(3*3)

(3.4)



First, when an error bound depends on

the first term in its asymptotic expansion.

this is reasonable if one also assumes that
.

coefficients c,1 do not grow too fast with
J -.

n , we shall consider only

Since usually n >> 1,

the problem dependent

j and i.

Second, the use of the asymptotic estimates derived in Section 2 as

well as the rules (3.3) and (3.4) are based on the assumption that aJ.l

quantities are (much) larger than their irregular errors. In particular

we assume that

I i+ls -
n SC01 << 1s; - s-1

. i+l
where si , sn denote quantities containing irregular

assumption limits the number of extrapolations for which

be applied. Fortunately this limit also indicates where

because of the propagated errors, do not any longer give

improvements.

(3.5)

errors. This

the theory can

the iterations,

significant

Third, we again emphasize that we study the propagation of the initial

irregular errors only. The rounding errors committed in the accelleration

process are assumed to be negligible. This is reasonable since in good

floating point arithmetic, no new rounding errors are introduced when two
M
almost

result

in the

of the

equal numbers are subtracted. The inherited relative error of the

of such a subtraction will be much larger than the rounding errors

later operations. Also the rounding errors in the final additions

i+l 'form s, = s;+
+Qn where are negligible.

For convenient reference we collect here same formulas derived fram

the expansions in Section 2.
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i -k-2i
S -s =n i + tin-l
n co ( co 1 + O(no2))

. .

a1 = VS~ = - ci(k+2i)n-k-2i-1
n

+ O(n
-k-2i-2

). .

. . .
<+, = Asi = a: + O(n-k-2i-2 >

. . . .

A< = As; - VS; = cg(k+2i)(k+2i+l)n-k-2i-2 + O(n
-k-2i-3

>

.
= -(k+2i+l)a% -l+ O(n-k-2i-3

n 1

. . .
A< - v$ = (k+2i+l)(k+2i+2)ai  n

-2 + O(n
-k-2i-4

1 .

In order to simplify the notation a bar over a variable will replace

superscript i+l and the superscript i will be omitted.

We first consider the s-formula.

k+2i+l . As
; =s-

l vsn

n n k+2i Asnn - Psn l

r(sj) m + , n-15 j 5 n+l

(3.6)

(3*7)

(3.8)

(3a9)

(3.10)

(3J.l)

(3.12)

where we define 1-1 to be an upper bound for r(sj) . Using the rules

(3.1) to (3.4) we get



(\vsn)a(Asn)+  lAsn\er(vsn)) . I~s~-vs~I+ l~s~avs,). (r(Asn)+dvsn))
m

(ASn-Vsn)2

2p((as,(+ Ivs,\,* \Asn-vsnI+'p* \Asn"vsnI
m

(A Sn - VsnJ2

I Asn l vsnl5a ZCCL
(ASn- Vsnj2

where in the last step we used relation (3.7) and (3.9) to drop higher

order terms in n-I--* Using this; in (3 .ll) gives

r(En) = ti + $(k+2i+l)/ (k+2i) .
I ‘“nv ‘n 1

(A S

where we used (3*7), (3.8), and (3.9) to eliminate AS, , VS, , and

ASn -vsn l

M

Repeated application of (3.14) gives the final approximate upper bound

on the error propagation.

.
r(si) m (2n)2i 0

k(k+l) . . . (k-t 2i-1) IJ,

where

(3J3)

(3.14)

p” = max I~(~;~ 1.
n-i<j<n+i- -

2.2



and r($f) is the initial error in element j of the original sequence

c 3s ln

Neti consider the a-formula.

a
= k+2i+l . .2 Aai-van

n k+2i n Aanvan
- (k+2i+2)/ (k+2i)  l an . (3.16)

Let

r(aj) WV, n-l < j < n+l .- - (3.17)

where again v is an upper bound for r(aj) . We get

r$) =
k+2i+l
k+2j_ 2r(an)  l Ian

Aan - van
I + a2*r Aan - van +k+2i+2

Aa

n� Van

n
(. 1)Aan l van

k+2i l r(anl

k+2i+l
m k+2i

\Ay vanI
l v

(A

a

+k+2i+2
k+2i '

using (3.13) and (3.4) to find r

e

Using (3 l 9)
and (3.10) to eliminate Aan Y van , and Aan-Van in

(3.18) we obtain

(3.18)

(3J9)

Frm (1.12) we have

13



+ bnledan+l)
+

bn+lanl.r(Aan)

n' (Aan)
2

I
h

w r(s,) + ( 2nzk+2i)(k+2i+l) '

mr s( >n
+ $ r(EJ

again using (3/i'),  (3.81, and (3.9).

Repeated application of (3.20) yields finally

.

1
(2n12j

k(k+l)...(k+2j-1)  "
0

j=l

0=rs( > +l (2 1
n 2i

0
n 2 k(k+l)...(k+2i-1) l v

(3.20)

(3.21)

where

0
v = max Ida:) I.

n-i <j< n+i- -

and r(ag, is the initial error in element j of the original sequence

c 3a .n

We conclude that the a-formula is never significantly inferior to the

s-formula, and if

0
V = max << max = P' (3.22)

n-i < j < n+i n-i < j < n+i- -

the a-formula is indeed superior. We therefore feel that the a-formula

(1.12) might as well be used even when a0n has to be computed explicitly

by a: = n - sn 1 .so O

14



According to the analysis given above the irregular error in the

extrapolated values will grow very fast with n and i . Since the

truncation error decreases we should also consider the case in which

the irregular error dominates the truncation error.

In Figure 2 and 3 we plot the truncation error, the irregular error

component, the a priori bound on the irregular error given by (3.27), and

the actual computed error using the a-formula in Example 2, Section 5.

These quantities were obtained by doubling the precision of the original

computation. We keep n+i constant and plot the above quantities on a

loglo scale. The actual values for p0 and v" (defined in (3.15) and

(3.27)) are use-d. Note that the derivation of the bound given by (3.27)

is valid only until the irregular error component reaches the level of

the truncation error. The theoretical bound corresponds quite well to the

actual bCha?&r of the irregular error in the region where the assumptions

for the analysis are valid.

As can be seen in Figure 2 and 3, and also from the examples in

Section 5, the irregular errors level off in practice when they start

e dominating the truncation error. This phenomenon becomes plausible when

we note that if Asn and Vs
n

were independent random variables c
1

and 6
2

uniformly distributed on (- qy T$ then

15



(This probability is relatively insensitive to the particular distribution

chosen, as long as it is symnetric  around 0 .) The above result was

found using 10,000 random trials. -.

16



Figure 2. The a-formula used in Example 2, Section 5.

n+i=15 p"= 9.9 *lo-l6 . v"= 4.0. lo-l7 ,

0 Truncation error

0 Irregular error

X Actual error

Expression 3.2%

17



‘I

0

Figure 3. The a-formula used in SectionExample 2, 5.
n+i=30. po= 7.6 l lo-l5 . v”=4.0  l 10 4.8

0 Truncation error 0 errorIrregular

X Actual error + Expression 3.27.

18



4. Estimation of k , Termination Criterion.

Sometimes the coefficients c. in the expansion (1.2) are so
J

inaccessible that even verifying co # 0 is difficult. In such cases

an estimate of k directly from the data sn is helpful.
. .

Using the expansions (2.3) and (2.5) we find that for some constant cjc ,

Asn

Asn - vsn = *
ko +c

- ncOk + co 2 1

2

+ n-1 (k-l)*k(k+2) 2k+4 '1 k+2- c
0 12 +C2k+l-cgk

--
+ c*nO2 + O(no3) 1 .

Differencing this gives

And therefore

k -l- + O(n-2) (44

-Experiments indicate that symmetrized versions perform no better than this

simple forward difference formula. (They will all have truncation error

of order nO2 l ) Note that an+l can replace As
n

in (4.1).

This estimate may be applied in several ways. First, it provides

a check of the underlying hypothesis; successive estimates kn that

steadily increase indicate an error expansion that may be exponential

-1
in -n , say, not polynomial in n .

19



Next, the estimate suggest/the first nonzero term in the error

expansion; sometimes because of problem symmetries this may not be

obvious a priori.

Finally,  it yields an appealing termination criterion. After each
-.

extrapolation, the estimate of k should increase by 2 , and once they
.

depart fram the expected behavior, the si fram which they are derived

have been sufficiently contaminated by irregular error that further

extrapolation is pointless. For a somewhat similar heuristic in adaptive

quadrature, see de Boor (19'71).

Another more specific termination criterion which is easy to implement

together with the recommended a-formula, can very naturally be based
.

on the expected monotonicity of the sequences (si] . (For each i).
.

Suppose we are computing  the sequence (sn] from the previous

column [s i-l Nmax
n

] . (Or in practice, updating the corrections to
n=Nmin

the original sequence 1s:) using the a-formula (1.12).) Then:

.
1. Find the index Nl 2 Nmin for which the elements an , ">Nl,

starts having constant sign. (Say, at least three consecutive

elements, after a possible irregular sign pattern in the beginning.)

Set Nmin = Nl .

2. :Find the first index N2 > Nl for which
aN2aN2+1<o  l

. .
A. If N2 = Nmax (that is, no sign change occured) let s: = s1

be the estimate of sco from (siJ
N2

andtake
.

TOL ' =( ) (aN I to be an estimate (order of magnitude only!) of
2 .

.
the error I s;-SJ .

20



. .
B. If N2 < Nmax , let N = N2 Y take s: = s1

N2
andtakemax

.
TOL '( ) =max{ 1% 1 I2

1% +llJ l

2

i-l
3* If TOL i( > > TOL@-') , accept the estimate sjc with error. .

estimate TOL(i-l) , otherwise compute a new extrapolated column

N
c

i+l max
S 3 .
n n=Nmin

A FORTRAN implementation of this criterion running on an IBM 370/168

(precision approximately 16 decimals) gave

S m 0.13533528320  'i 1.5 x1o-11
ca

em2 = 0.13533528324 (exact value)

based on
0 50

{s,) fram Example 1 in Section 5.
n=lO

while

S M 2.6123753486g 'r 2.0~10~~co

c(1.5) = 2.61237534869 (exact value)

based on 0 15{s,) fram Example 2 in Section 5.
n=l

21



5. Alternative Methods.

From (1.1) we can immediately derive an "elimination formula".

t,” = t +
n+l

at,
k .

-1 _.
(5.1)

This formula, too, may be iterated to take full advantage of the asymptotic

expansion (1.2). (See for example, Dahlquist and BjBrck (1974).)  Note

that two iterations of the above formula correspond to one iteration

of the s-formula; both reduce the order of the truncation error by n -2 ,

using 3 data points. However, this method has two serious flaws.

First it is not translation invariant with respect to n . As illustrated
--

in the examples below, the proper choice of origin is not always obvious

in practice. Second, the rounding errors do not level off, as they do

for the s -formula. This means that a very careful termination criterion

must be used if this formula were to be applied.

Another alternative is to use some other symmetric difference formula

based on the continuous formula (1.3). For example

*
S S

k+l + bn+vsn)2
-.

n= n - k
Asn - vsn

has truncation error

*-
s.=s+ -
n 03 C

cO
2

12 (3k2 + 'j'k+  2) - c-k + k;>l)
cok2

noko2 + ob
-k-3

1

(5.2)

(5.3)

which is comparable to the corresponding error (2.6) for the s-formula.

(Note however that the factor multiplying co is larger in (5.3).) Which

of the two formulas will do better depends on the problem. '

22



One nice feature of the s-formula (1.4) is that it can be interpreted

as a modification of the classical Aitken extrapolation formula

*
Sn

s -
n

(as,)
2

A2sn
(5.4)

which assumes an error expansion

'n+l -scr, = (A+ en)(sn-sm) I 1111 < 1 9 ~~ 30 J n 3 ~0 . (5.5)

(See, for example, Henrici (1964).)

This follows since in the limit k=ca,

* +T*
S -S
n n-l = Asnml -

AsnASnwl  - ( As,-l)2
= AsnWl -

Asn-lA2sn-1

A2 'n-1 A2snml

= 0.

The equivalence also holds of course, for the formula

*
Sn

k+l
s  - -n k

(A’n)
2

A2sn
. (5.6)

This formula is not syrmnetric  and will therefore only accelerate the
*

convergence by one order of magnitude. (sn = s=+ O(n-k-1) .) The last

e
formula can, however, be useful in a quite different context when computing

multiple roots of nonlinear equations. (see Overholt (1965).)

It should be noted that we assume the work required to evaluate  sn to

increase substantially with n . If this is not the case, and any sn can be

accurately computed, better accuracy can be obtained by using a subsequence

of sn in the extrapolation process. For example one can evaluate sn

only for n=mk or n=2k, k = 1,2,3... 9 m some integer. The

s - or a-formula can still be applied, setting k = 00 in cases like

23



n=2k (Aitken extrapolation). In this case the elimination method

will be translation invariant and both extrapolation processes tend to be

more stable; the irregular error component will not blow up.

In the special case k = 1 , other extrapolation methods are available;
-.

see Joyce (1971) for a comprehensive catalog. Like the elimination scheme

above, these other methods depend explicitly on the independent variable n ,

or more accurately on h =n l/n . Polynomial extrapolation,

j+l 9
pn = P;+l+

j j
pn+l- ‘pn
hn

9 053 t

h-- -1
n+j+l

uses Neville's iterative linear interpolation to evaluate at 0 the polynomial

passing through the data. For a more complete treatment with applications to

summatton of series see Gander (1973). Rational extrapolation (Burlisch and

Steer (1964)),

r-l = 0
n

r”
n = dh,'

e $+l = J +
n n+l

4 4
rz+l - rJ

n
.

rJ _ r&1
n n+l.

rJ
n+l

_ J-1
n+l

053 f

interpolates instead by a rational function. An alternate way to do this,

based on Ihiele's iterative reciprocal differences interpolation, is the

p-algorithm proposed by Wynn (1956), ( see also Brezinski (197?), Warner (19'74)):

24



-1
'n = 0

0
% = dh,'

1
1

$+l = pW + hn+j+l - x -.
n n+l 9 -1

Collapsing two steps yields

pj+2= pj + N
n n+l 5

where

N = (h -$ -
n+j+2

$’ A P;+~ V-P;+~
n

D = A&; APkl vpjn+l + (hn+i+2 - &‘vp~+lm (h ’
n+j+l

- $) Api+l
n

Wynn notes that as convergence progresses, the first term in the denominator

can be neglected.
1Substituting hn = ; then gives the s-formula.

Frcrm this is appears that when both apply, the s-formula and the

a p-algorithm (or, equivalently, rational extrapolation) will behave conrparably,

though not quite identically. The numerical experiments presented in the

next section bear this out.

On the other hand, the range of applicability of the two methods is

different.
1

The s-formula allows general k but requires hn= g , while

rational extrapolation allows general hn but requires k=l . Another

difference is that the a-formula is able to take advantage of the accurate

series terms a
n'

25



We have been unable to devise a satisfactory scheme generalizing both

methods. Of course, elimination can still be applied; the case of general k

and general hn
is handled by

.
c

i+l -l< m < 1
dm C+m

%l
= Y

c
-l< m < 1 dm

d-l = (h,- hn+l) / f:

do = (hn+l- hn 1) / h:'

However, limited numerical experiences suggests that this may not perform

1particularly well in practice for general hn . (For hn= ';; , the first

elimination scheme and this one behave comparably.)

Polynomial extrapolation can be used with general hn and k [Bauer,

Rutishauser and Stiefel (1963 ) 1, but the trick depends on linearity of the

extrapolation process, and therefore does not seem to carry over to rational
.

extrapolation.

Another possibility, which we have not investigated, would be to fit the

data by a least squares method. Perhaps stepwise regression based on the

asymptotic expansion would be appropriate.

We conclude that there is still room for work on extrapolation methods,

particularly in theoretically explaining empirical behavior such as the

superiority of the s-formula and rational extrapolation to elimination methods.
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6. Exa;mPles.

Example 1.

At the most recent Gatlinburg conference on linear algebra, nametags

were scattered about the dining room to encourage people to make new

acquaintances. One evening a participant remarked: "This can't be

random -- I just sat next to this guy at lunch." Suppose that n people

are seated randomly around a circular table for two meals. What is the

probability p, that no one can make such a remark'?

From a recurrence formula by Poulet (lglg), we may compute that

p2 = P3 5 p4= 0

--
1

P5 = 12

p, = -[ (-n
6
+ 17n5 - 1L6n4 3+ 41% - 84gn2 + g8n - 504)p,-~

+ (-4n4 3+ 48n - 188n2 + 240n)pn-2

+ (2n
4

- 30n3 + 154n2 - 300n + 144)pn-3

+ 2(-II + 7n - 9)Pn-4

+ (-n2 + 5n - 3)Pn-51

/( 6n - 517n +U4n
4 3- 385n + 689n2 - 618n + 216)

for n 2 8 .
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(In particular, PlOO m 0.130  l In fact, the seating was not completely

random, but the one incident would not be enough to establish this.)

The recurrence may be rewritten as

P,-P,-~ = - t(-2n4 3+ 3On - 160n2 + 36On - 288)~,-~

+ (-4n
4
+ 48n3 - 188n2 + 24on)p

n-2

+ (2n
4

- 30n3 + 154n2 - 300n + 144)~~~~

+ (-n2 + 7n - g)p
n-4

+ (-n2 + 5n - 31png5J

/( 6n - 517n + ll4n4 - 385n3 + 689n2 - 618n + 216) , 62)

Since 0 5 pn ,< 1, and pn- pn 1= O(n-2), we see that lim p, exists and an

asymptotic expansion of the form (1.2) holds with k = 1 .

We might guess that in the limit the probability of success overall

is just the product of the probability of success at n-l seats, so that

n-3
n-l

lim p, = lim n-l = ew2 = 0.135335 . . . . It appears that no
n-b= n-+a ( )

one has rigorously proven this yet, but we can easily check the conjecture

numerically using the techniques described above. On the following pages

we present the results of different extrapolation techniques applied to

S
(0)
n' '.Pn ' For clarity the predicted limit e-2 has been subtracted off

the extrapolated values, and only every second elimination step is shown.

For more detail see the 'program listings in the appendix. Estimates (4.1)

of k based on the s-formula are included in the numerical results.
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As it happens, the coefficients c
3
in the asymptotic expansion may be

computed for this problem.

P, = p,(l - 4n’” + y no3 + 58 -43 n + 736. . 15 ,-5 + 8428-r n-6 + 4017463 ,-7 + o(n-8))

(6.3)

However, the amount of labor required for this ccanputation makes the

extrapolation schemes quite attractive.

Example 2.

To illustrate that k need not be an integer, on the following pages we

give the corresponding results for

50.5) = 2.6123753 48685488

n
c
k=l

k-l.5

By the Euler -Maclaurin expansion

~(1.5) = sn + n-05(2 - in-l+ &-2 +... ) l

(Of course with the knowledge of the precise expansion (6.4) one can

compute C(l.5) more efficiently.) A more serious application with

fractional k occurs in contour integration (Lyness and Delves (1.967)).

Finally, we note that the s-formula has been used to compute the

asymptotic solution of a system of ordinary differential equations in

quantum chemistry. (Edsberg and Oppelstrup  (19‘i'5).)

64)
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Appendix.

These program listings are given only to specify exactly how the

examples were run, 'not necessarily to show how the extrapolation ought

to be coded. In particular , no effort to conserve storage was made.

The procedures are written in the language T , which is described in

Eric Grosse, "Software restyling in graphics and programming languages",

ST/U?-m-78-663, 1978.
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POUl (n,p)
# P o u l e t  rccurrcnce
i n t e g e r :  n
reaL() : p
real: fn-
case

7 < LA
f a : = c
P(L) : =  - (

i( (( ((-fn+l7) *fn-116)  *fftUlS)*fn-949)  *fnt978)  *fn-504)  *P(n-1) +
(( ((-U*fnttrQ  *fn- 188) *f nt240) *fn) *p (n-2) +
(( ((2*fn-3O)*fn+154)*fn-3OO)*fn+144)*p(n-3)+
((-frr+7) *fn-9) *p (n-4) +
((-fnt5) *fn-3) *p (n-5)

) / ~(((~(fn-l7)*fnt114)*fn-3R5)*fnt689)*fn-618)*fnt216)
7 = n

I,(n) := 2 * 2‘3,/(6*S*4*3*2)
6 = n

P w := 2 * 3./(5*4*3*2)
5 = A

P w := 2 4 L/(4*3*2)
. n < 5

p(n) := 0

Q?ou 1 (b?, Q)
# Pmlet  r e c u r r e n c e  f o r  p ( n )  -p (n - l )
proced  um : YOU  1

intwpf:  I:
tF?al()  : i,, dp
r e a l :  fI1
peul @,~I
case

7<n
fn := n

I dP(n) := - (
((((-2*f~~+30)*fn-l6O)tfn+360)*fn~2RR)*p(n-l)  t
(( ((-4*fnt48)  *fn-188)  *fn+240)  *fn) *p (n-2) +
(( ( (2*fn-30)  *fntlSU)  *f n-300) *fn+ 144) *p (n-3) t
((-fn+7) *fn-9) *p (n-4) t
((0fnt5) *fn-3) *p (n-5)

7
) / ((((((fn-17)*fnt114)*fn-385)*fnt689)*fn-618)*fn+216)

= n
‘b(n) := 2 * (23. -643)  /(6*5*4*3*2)

6 = n
Q(n) : =  2  * (3.-1*5) / (5*4*3*2)

s >= n
JP W := p ( n )



zeta (n,p)
X z e t a
i n t e g e r :  n
realf): p
r e a l :  fn
c a s e

l<n
fn := n
P w

Y = n
:= p(n-1) + fn**(-1.5)

--
p(n) := 1,

dxlrt a fn, p, ;1pj
# z e t a
procedure :  z e ta
inteqer: n
real{):  p ,  dp
rea l :  En
zeta0-w)
caw

l< n
fn := n
dP w

1
:= fn** ( - 1 . 5 )

= n
dp(n) := 1.



I

aform (nmax,pn,dpn,h,imax,k,e)
real(): pn, d p n ,  h
integer: naax, imax, i, n, new
real{nmax,O:imdx):  a ,  s
r e a l : k, e, af, ab

next page
put (*a-formula*)
next. line
S a-* - -1 (60)
a := -1 (60)
for{ 1 <= new <= nmax )

a (new, 0) := dpn (nev)
s[new, 0) := pn (new)
for( 0 <= i <= m i n  ( imax-1, f l o o r  ( (new-1)/2.)-l ) )

n := n e w - i - l
a f := a(n+l,i) - a(a,i)
ab := a(n,i) - a(n-1,i)
c a s e

af * ab 9= 0
a(n,i+l) := a(n,i) * (

[ (k+2*i+11))(k+2*i)) * a(n,i) * (af-nb)/(af*ab)
-=_ _ ((k+2*i+2.)/(k+2+i)  ) )

e l s e
a(n,itl) := 0

case
a(n+l,i) -= a(n,i}

s(n,i+l) := s&i)
- ( 1  + l,/(k+2*i))  * a(n,i)*a(n+l,i)/(a(n+l,i)-a&i))

e l s e
s(n,i+l) := s(n,i)

for{ 1 <= n <= nmax )
put(n,s(n,O)-e,s(n,l)-e,s(n,2)-e,s(n,3)-e,s(n,4)-e,

s (a,51  -e)



rich(nmax,pn,dpn,il,imax,k,e)
real(): p n ,  d p n ,  h
i n t e g e r :  nnidx, imax, j, n, new
real(nrnax,O:2*imax):  r
real: k, e

next page
put(Vizhardson extrapolationv)"
n e x t  l i n e
r := -1(60)
for( 1 <= new <= nmax )

r(nev,O) := pn(new)
for( 0 <= j <= min ( 2*imax-1,  new-2 ) )

n l - n e w - j - l

r(ki-j+l) : = rWl,j) + (rWLj)-Nbj))
/ t tW14/tW**Wj) - 1. 1

for( 1 <= n <= nmax )
put.(n,r(n,O)-e,r(n,2)-e,r(~,U)-e,r(n,6)-e,r(n,8)-e,

r(n, 10)-c)

rich2 (p.max, yn,dpn,h,imax,k,e)
rea.l():  pn, dpn, h
integer: nmax, imax, i, n, neu
real(nm3x,O:imdx):  r
r e a l : k ,  e, dml, dO, dpl

next page
put('Rizhardson  e x t r a p o l a t i o n  - m a r k  2')
n e x t  l i n e

-1(60)
ioif 1 <= new <= nnax )

r(new,O) := pn (new)
w for[ 0 <= i <= min( imax-1, floor((new-1)/2,)-l  ) )

:=
:a1

new-i-l
:= (h(n) -h(n+l)) / h (n-l)** (kQ*i)

d0 := (h(n+l)-h(n-1)) / h(n)**(kt2*i)
dpl := ( h  (n-l)+ ( c )  ) / h (n+l) ** (kt2*i)
r(n,i+l) := ( dml*r(n-1,i)  + dO*r (n,i) + dpl*r(ntl,i) )

/ ( dml + d0 + dpl )
for( 1 <= n <= nmifx )

put(n,r(n,O)-e,r(n,l)-e,r(n,2)-e,r  (n,3)-e,r(n,4)-e,
r(n,5)-e)



poly(nmax,pn,dpn,h,imax,k,e)
real(): p n ,  d p n ,  h
in teger :  nmax, imax,  j, n, n e w
real(nm3x,O:2*imax):  r
r e a l :  k, e

next page
put~~pdlynomial  extrapolation~f
n e x t  l i n e

-1(60)
5,;; 1 c= neu <= nmax )

r(new,O) := pn(new)
f o r (  0 <= j <= min( Dinax-1,  n e w - 2  )  )

n := new-j-l
Wbj+l) := r(n+l,j) + (r(n+l,j)-r(a,j))

/ ( h[n)/h(n+j+l)  - 1. )
for( 1 <= n <= nmax )

yut.(n,r(n,O)-e,r(n,2) --e,r(n,tr)-e,r(n,6)-e,r(n,9)-e,
r(n,lO)-e)



rat(nmax,yn,dpn,h,imax,k&
real():  pn, d p n ,  h
integer :  nmax, imax, j, n, new
reaL(nmdx,-1:2+imax):  r
r e a l :  k, e, n

n e x t  page
put(Vational  extrayolation')  .,
n e x t  l i n e
r := -1(60)
r(,-1) := 0
for{ 1 <= neu <= nmax )

r(nev,O) := pn(new)
for( 0 <= j <= m i n  ( 2*imax-7,  n e w - 2  ) )

n := n e w - j - l
case

r(ntl,j)=r(ntl,j-1)
Wbj+l) := r(n+l,j)

e l s e
d := (r(n,j)-r(n+l,j-I))  / (r(n+l,j)-r(ntl,j-1))
rtb W) := r(n+l,j)  + (r(n+l,j)-r(n,j))

/ ( d * h(n)/h(n+j+l)  - 1, )
for( 1 <= n <=knax )

put(n,r(n,O)-e,r(n,2)-e,r(n,4)-e,r(t1,6)-e,r(n,8)-e,
r{n, 10)-e)

rho(nmax,pn,dpn,h,i!nax,k,q
real():  p n ,  d p n ,  h
integer: nmax, imdx, j, n, new
real(nmax,-1:2*imax):  r
real: k, e

next. pa~f!
put('rha a lgor i thm*)
next line

w r := -1(60)
r(,-I) := 0
for{ 1 <= new <= nmax )

r(new,C)) := pn (new)
Eor( 0 <= j <= min ( Pimax-1,  new-2 ) )

n := n e w - j - l
case

r(ntl,j)=r(n,j)
rtbj+l) := r(n+l, j-l)

else
r(n, j+l) :=

for( 1 <= n <= nmax )
r(n+l,j-1) + (l/h(j+n+l)-l/h(n))  / (r(n+l,j)-r(n,j))

put (n,r(n,O)-e,r(n,2)-e,r(n,Ir)-e,r(n,6)-e,r(n,8)-e,
r(n,lO)-e)




