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INTRODUCTION





1. Introduction.

1.1 . Motivation and general comments.

The question of finding convenient representa.tions  for mathema.tica~  fa.cts is one of tile nlost
interesting challenges in the field of mechanical theorem proving. A solution should lead naturall>
to other a.pplica,tions. Thus, given a problem? instead of simply asking whether one ca.n find a
particu1a.r  representakion that enables a ma,chine to solve it, one should also a.&:

- Are tYe leaxning something else from this experiment,. besides the fa.ct tha.t the (usually \vell
known) theorem is true?*-’

- Is our representa,tion abstract enough to allow applications of the result to similar problems’?
For otherwise, given the Lvell known present limitations of mechanica. t.heorem provers, it is hard t,o
ima,gine that the 1la.tura.l  cust,omer of the technology of axtomatic  proof-checking. i.e. the working
lna.t.llellla.ticial~  or teacher of ma.thematics. may ever find a.ny a.ppea.1 in it.

In the esperiments described in bhis pa.per we ha,ve tried to meet. this cha.llenge 1)~ using the
proof checker EKL. a. system whose flexibility is increa.sed by the use of high order logic. (‘sing the
espksive  poiver of EKL we a.bstra.ctly  represent a result in second order la.nguage. prove it a.ntl then
apply it in a. nakural  wa,y to different contests.

.

The focus of our experiment is the ba.sic theory of permutations. .A permutation is a biject ion
of a, (finite) set into itself. Our aim is to prove tlia,t permutations of a finite set, \vith the opera.tion
of composition of functions, form a. group. Specifically, given a. finite set S? we \va?.nt  to sho~v that

(I) the composition f o g of two permutations f and g 011  5’ is a. permutat.ion on S and
composition is a.ssocia.tive;

(2) the identity function i on S is a permuta.tion: for any permutat,ion j 011 5’. i o .f = f (IfJ’f
identity) and f o i = f (right identity)

(13) if f is a permutation on S, t:hen there is a permutation ,f-l of S such t,ha.t  ,f-’ 0 J = i
( left inverse) and f o f-’ = i (raight inverse). .

EKL can ea,sily express such facts in first or higher order logic. We ca.n simply prove the
fa.cts stated a,bove using elementa.ry  set theory. In the proof we riced the ‘pigeon hole’ principle of
elenienta,ry  arithmetic: if we want to fill each of n holes and we have only I1 objects, then no hole
can contain more tha,n one object. The proof of this fa.ct is not entirely trivial. Although it can

. be formula,ted  in the la.ngua.ge of first order logic with symbols for order, b‘iuccessor and a function
symbol, it cannot be proved in the fragment of arithmetic ha.vin,0‘ t,lie usual asioms for order and
successor plus induct,ion applied to unary formulas only [Goa.d 19791.  Our proof of the pigeon hole
principle, expressed in second order axithmetic, presents no such difficulties, since we do not restrict
t.he inductive principle a,vaila.ble t,o EKL.

The ma.thema,tica.l notions considered here do not require higher order logic in an ‘essent,ial
\vay’. Any fact stated herein could be repllrased in terms of first order logic. Ra.ther, the expressive
po\ver of EKL is llsed to enlphasize the freetlolll in the choice of representations  and flesibilit,?’ Ijroving



. There are many \vays of representing finite functions. 1Iaving chosen one. \ve 111ust  tl~~finc the
operations of colllposition  of functions. the identity function alit1 the 0lwra.t ion of’ t a kills the i nvcrsc
of a function. ‘l’11cu we insist prove the facts ( 1) - (3) using t Ila,t interpret ation.

k\:e ca.n alivays assume that a representation of a finite set of objects t<ivcs alho 2111  enlinlerat ion
of it. Therefore \vc 1ua.y represent finite functions a,s lists and use t,hc ilsioillh of LISP to prove facts
a.bout them.

W’e give two diKerent. representations of permutations, one using associat  iota list 5 and t hc
other using lists of numbers. In the first case the association list cont,ains  the gl*aph of the function.
Doma.in alid range are represented by lists obtained in the obvious wa,y from the given association
list. In t.he second case the list contains the range in the order given by the tloiila.iil. The tloniaii1
is not wpreseuted by a list: rabher it is a segment. of the set of nat,ura.l  i~~imIw~*s.  Itr t llis sense \vc
have a more abstract. representation, in which it is slightly easier to aspply  the pigeoli hole principle
as an abst.ract fact of arithmetic. This representaAtion has been traditiona.lly  rlsetl in Ina.t,hematics
in order to tall; about. finite permutations.

The a.pplication of the pigeon hole principle occurs  at simi1a.r  points of t,he proofs, but the
second order statement espressing it is instantiated by different functions. The improvement of
efficiency obtained 13~ higher order logic is pa.rt.icula.rly  obvious here.

\\‘e also give tlvo versions of the results for representations using lists of nu~i~bcrs. In the first
version t.he operations of colnposition.,  identity and inverse are defined by predicates: \ve shall call
it Permritation-Predicate  or PERMP. In the second these operations are tleiilled 1)~ fllnct.ions: \ve
shall call this ap1)lxoach  PERMF. for Perllluta,tion-Function.

The cant rast between the representations through predicates and through functions is an aspect
of the tension bet ween extensional and intensiona.1 approaches to mathematics. ‘This  is relevant in
general to the a11  tomatic verifica.tion  of the correctness of programs. The u-ay if*e dealt. \vi t h this
tensiol~ ca.n be taken. in some sense. as the ‘moral’ of our esperiment. L\‘e try to summa,rizc oui
point iii the folloning (idealized) history of the project.

Siippose \ve have written a. LISP program for permutations. using any wprewiltation and we
\va.nt. to prove it correct ‘by pencil a.nd pa.per’. If we a,re willing to a,ssume the pigeon hole principle
as eviclent. and to justify the inferences by the la.bel ‘evident by elementary arit hectic’, then the

‘proof of correctness is fairly simple, no ma,tter wha,t representakion  one chooses. Orlly the forms of
the intluctions require some thought.

On the other ha.nd, if we try to check our proof mecha.nica.lly, say using EKL, and have in our
proof libra.ry only simple facts of arithmetic and of LISP, then the task may look tliscouraging.  Too
Illa.ny facts of clcment,a.ry arithmetic and LISP functions nay be needed, especially if \ve stick to
t,he original form of our recursive programs in a ‘too constixctive’ fashion.

This feeling of uneasiness is Ivell l~nown and perhaps unavoida,ble in t)llc CAI*I~ stage of such
enterprise as ours: since the first efforts of la.rge scale foimaliza.tion  of clel1ltwt i\ry mathematics
(p.s. Russell and LVhitehead’s “Principia”),  it, became obvious that the amount. of illuocent  presup-
Imsitions hidden in intuitive axguments  grows to the size of tropical forest iii a l’ull formalization.
Ilo\v<i.er. our esperinlents  and many ot,hers show that some nontrivial results a.rc i11tleec1 provable.
~vllcn  t 11~ basic proof  libraries are reasonably furnished. It is also likely that. sinil)k iinpr0veinent.s
of EKL -more semantic a,ttachments--ivill  make our task easier.

Alinor details in the choice of the representation and in the formulation of the wsults n\ay Ilavc
nlajor consequences in terms of length of the proofs and feasibility of the project. l.‘or instance, the
wl)rescuta.tioi~ of perinut.ations in terms of association lists inakes most proofs easy applications of
ow induction principle. induction on association lists. Hoivevcr.  more \vork is nwtlcd to show that
t IICW I’ac-ts on ashocia t ioil lists nctually est.ablisli t lie tlesirccl facts aboli t. perlllut.a t ions: in(lw(l t lie



.
represent ation I)y association list--unlike t,ha?t  l)y lists of nrllkll)ers--is not uniclrtc.  .A pvrt1iu t a t ioil
is represent.ecl by an equivalence class of aSssociation  lists. not by a sillglc associatioil  list. IIVI~W
one needs a canonical way to choose represent atives. a r,or~mcrl J~/+IH. that can he 0l)tainetl  v.g. I)>
ordering the field of the pernlutat~ions. It is reasoi~able  to consitler other represell t a.t ious having t hc>
uniqueness property.

-At first sight there seems to be no question that it. is better to represent oitr opcra?tiotlh
by fullct ions rat her t hai1 by predicakes. One ca.n test this assumption l),v conlparing our t iv0
versions PERMP and PERMF: t.o find a confirnmtion. one just looks at the trea.tnlcnt. of conlpositioll  of
permutations and the proof that conlposition  is a.ssocia.tive. The operation 011 lists that reprewllts
composition of functions is better represented as a. binary function. defined by recursion on tile first
list. rather than a terimry predica.tc. Indeed in the first case \ve can use a stra.ightfor\vard  proof I)>-
induction on the recursive definition of t.lle functions, whereas in the secontl case predicates req1Lil.f’
some relaoively conlplicat,ed substitutions. Fintling these substitutions \voulcl require a huge nun~lw1
of random a.tterripts if they were done without liunmn direction.

Interestingly enough. many other proofs employing list represent&ion axe easier when the
notions in question are formulated using predica.tes rather than functions. This is true especiall!
of proofs about the i(1entit.y and the inverse of a perinut.a.tion. In the version PERMP. such proofs
are simply obtained by tlspa.nding the a.ssunlpt,ions and the clefinitions. In the version PERMF. t hc
recursive definitions Inay be quit,e complicated. a.ntl t.he ilitluctive  proofs become  quite iuvolve(l.

This situation is in many mxys analogous to problem in various areas of nla,tllernatics.  In I hc
representat,ioli  through functions the intensional fea.tures of our programs are closely rcpresentc4.
011 the cant rary. iii the represent.at.ion  through predicates only t,he extensional properties of o11r

- functions are relevant. It is well I~iio\vn that in most n~athernatical  pmctice only extensional facts
are considered. \I’e Inay say tllat, pre(licates  allow slightly more a.bstract  definitions of the olwr-
ations than functions. 111 nmtlieinatics often a small progress t.o\vartls  a.bst  ractioll  simplifies t Iit\
prcscnt  a,t ion considerably.

. If we start. our proof of correctness with the definitions conta.inetl  in the version PERMF, \ve 111a.1.
find it convenient to look at the clefinitions of the operations in PERMP and to prove them first as
lemmata. One cam then use these facts in different cont,ests  insteacl of going through longer diwct
proofs.

Abstmcting  hnnia.ta, and breaking arguments into suitable paxts is the basis for niathenlatical
c.olilllliinicatioil: it niakcs proof ‘easy to t,a.ke a,nd easy to reinember‘. This remark by Iireiwl ( a
variation on a tlleiue by LVibtgenstein)  is highly appropriate here. The readability of nlecllanical
proofs depwds on such tlevices even nlore t,lian the reatlability of ‘pencil and paper’ proofs. .\ 11
autoiiiatic proof of correctness of previously written program may be too long a.ntl ttvliouh for
human coiisunlption. -1 better organization of the proI>leni. based on more ahtra.ct considerat  ioll
of the facts in question, inay.c

Some objections may be
sigiiifica,nt ly increase the reada,bility of such proofs.
raised to our reiiia?.rl;s.  On one side. one niay a,rgric that it is

\vhat counts as evidence in favour of our cla.inls: isn’t it a.fter  all just a quest ion of nlatlkcniat  ic.aI
1(/.4lC?

On the ot ller side, even granting our claims. one ma?.y he (I ~jr*iovi  skeptical about tllc rclt~vi~~~w
of our invcstigat  ioll. IIaven’t  [ve silnply verified. t lirough n1cchailical  proof checking of inat 11e111at -
ically trivial emnlples the w-cl1 kno\vn fact tl1a.t there arc good and ba.d .~lylcs of lu,?tllcnlali(.aI
I)rcsentation ? C’ari Fve expect any interestin,0. theoretical discovers  to result from espcrinlc~u15  of
1 his Iiilltl’I



do not immediately provide all the relevant information. Proof checking is a. practice of interact ivii
between a. user and a. giveu technology, in which human ca.pa.cities. t.echnica.1  possibilities. linguist iv
fea,tures  and methods of interaction are all relevant,. For instance, we know front the Xorlnalizat  ioll
Theorem in Proof Theory that direct proofs are generally longer t1la.u  those using lcniniat  a. It
is very well possible that, different languages or different theorem provers n1a.y suggest  different
strategies of proof checking. In particular. we cannot. rule out the possibility that language inay be
creamted,  a technology produced a.nd experiment esibited in which7 say, most of our Ieiiirnatn have
convenient direct proofs. Only experience ca.n decide. But given a certa.in technology. practiw tlocs
indeed show what directions a.re convenient and wl1a.t projects feasible. Strategies and methods of
proofs, not only the subjective qualities of the user, are decisive in determining the success of a
project.

On the other ha.nd. no matter how plausible the reasons of t.he slceptic n1a.y look. t 11~ pvr-
formance of a.utomatic  proof checkers has been remarkably improved since the first esperiirieut  s.
Instrume,nts  are availa.ble t1ia.t allow a. ‘microscopic analysis of mathematical proofs: a cert air\
a.mont of experimentation has alrea.dy been performed. The analysis of what is usually regarded as
‘style’ of presentation n1a.y possibly disclose importa.nt  features of proofs, t1la.t ha.ve been overlooked
so far. Above all, this work is a necessary preliminary step to start aspplying mtonzdic  proof 1 I*UIIS-
jormntions  (e.g. estraction of bounds, transformation of non elementary proofs into elementar>
ones, cut elimination and funct,iona.l interpretation, etc.) t,o ma~thematically significant esa.lllplcs.
And there, for a. logician. the real fun begins.

1.2.. The-Proofs in EKL.

EKL is a. proof checher and constructor that uses a typed la,nguage. a rewri
decision procedure and semantic attachments.

The language of EKL is described in det,a.il  in the user’s manual [Iietonen and b\‘eeuing l!Ni].
’ For the sa.ke of complet.eness. we will describe some of the basic facets of this system.

Remark 1. EKL does not distinguish between uppercase and lowercase. Xs a. convention. in
this pa,per we \vill use lowecase typeweriter-like font for commands aud formulas occurring within
a command, a.nd uppercase typeweriter-like font for the formu1a.s  returned by EKL. The output of
EKL is preceded by semicolon. Thus

( t r w  IpIpl>

is a command (asking EKL to verify a tautology) and

;P is unknown.
;the symbol P declared to have tvpe TRUTHVAL
;P3P

is the answer by EKL. The first, two lines inform us that a default declaration has been ma,de: t he
third tells t,ha t EKL has verified the ta.utology.

k\‘e thanh J. McCarthy for his constant support and encouragement. Lve owe C:. Talcott man>
ideas and suggestions at various stages of the \vork. That&s  to R. C’asley and J. \l;ecuing for tlicir
fiindamental ‘QXnical  help. This research was supported by gra.nts  NSF nIC’S $2-06565  and ;\ R I’.\
,uooo-:~!)-~‘L-c’-o’L:‘,o



SECTION 1

.
Remark 2. EKL comma,nds use the LISP syntax

(funct argl .  .  .  argn)

Lvhere the function (command) funct is applied to the argunients argl . . .
such commands we use the espressions &optionnl  a.nd &rcst.

(funct argl . . . koptionnl argj . . . ckrbfst  param)

argn. In describing

bC&zoptionrtl’ indicates that all arguments following it are optional and are given a default value if
omit t.ed. ‘krest means tha.t ‘param’ indicates the the list of all argunients follo\ving  it, rat her t ban
a single parameter.

1.2.1. The Language specified by EKL.

A list of linguist,ic a.ttributes, i.e. a declnmtior~,  is associa,ted  with every atom. The main
at.tributes of a declaration a,re the type, the syntype a.nd the .so~?.

The type of an EKL object tells how that object can be applied. For example. an object of
type ground + ground ca.n be applied to objects of type ground resulting in an oljject of type
ground. -111 object of type ground* + ground can be a.pplied to any number of oi)jects  of type
ground result.ing in a.n object of type ground. Thus objects of this type could be regarded as having
variable cr/aify. A sentence is an object of type truthval. ,A unary predicate is au object of type

-ground -$ truthval. Sets can also be represented a,s objects of this type.
In decla.ring t,lie t,ype of a new entity, the opera.tor  @ gives the t,ype of a. (previously tlefinetl)

object. Thus

(decl s e t s e q  ( t y p e :  l@n+@setl>>

establishes that setseq has the type of a. sequence of sets. i.e. the type of a?. function from 0bject.s
of the type of na.tural  numbers to objects of the type of sets. Since natural numbers ha.ve type
ground a.nd set.s ha.ve type ground+truthval,  the a.bove declara.tion is the same as

(decl s e t s e q  ( t y p e : lground+(ground+truthval)  1)).

The syntyye specifies whether a. linguistic object is a uaricdd~  - so that it call be clriaiitifietl
~- a con.stan.t  - so that it cannot be qua.ntified  - or a bindop, a,n operator binding maria hles..

-A sort in EKL is simply a una,ry predicate. Every EKL symbol has a. sort. The default, is
universal - t,he most general sort, of any t,ype.

Typically we may have a va,riable n of sort natnum and a va.ria.ble .r of sort universal. Then
sta.te1uent.s like Vn.P(n>  are equivalent to Vx .natnum(x>3P(x>.

In esistentia.1  generalization, X-a.bstraction etc. EKL checks whether the term in quest iota  sat-
isfies sort restrictions. For example, the formula. Vn . A (n> YVx . A(x) is not provable in t he above
sit,uation,  unless fa.cts like Vx.natnum(x)  are in use.

The information tl1a.t a function is defined for a certain argument (or that, a. progra 111 t ernii-
na.tes)  ca.n be given a,s a fact about sorts. In the follo\ving esa.mple, to prove tha.t numseq(m) is of
t,he sort natnum is to show that the function numseq is defined for m as a.11  argument.  Of ~OIII’W EKL
has cannot determine this just from the decla.rat.ion of numseq.



(proof sums)
(decl (i j  k  m n)  (sor t :  na tnum))
(decl numseq ( type:  l@n+@nl>)

(der ive IVm.natnum(numseq(m))  I)
;  f a i l e d  t o  d e r i v e
NATNUM(NUMSEQ(N))

( t r w  IVm.natnum(numseq(m>> I>
;(VM.NATNUM(NUMSEQ(M)))=(VM.NATNUM(NUMSEQ(M)))

Sonle EKL symbols are predechred: \ve cannot modify their wt tributes. i\'e can introtluw
lingllistic  objects using the EKL conlnland DECLARE:

(U (decl <symbol> .  <attributes>).

If \VC introduce a new symbol  without declaring it. EKL tries a default decla.rat,ion and tells us \vhat
it is.

.\ routcrt is simply a list of declarations for atoms.

1.2.2 . Proofs and Lines in EKL.

-.I probl'  in EKL consists of lines. Each line in a. proof is a. result of a. conma.nd. Tl~cr~ art’
sevcra.1 different types of lines:

(I) Lines tlia.t, result from declara.tions.  These have the effect of setting the contest of a lirlcl
and adjoining the decla.ra.tion to the current contest.

(‘2) Lines resulting from other comiiiands.
A 13sa Illples:

(W (assume wff)

‘1’11~  fornlula. wf f is assumed true, \vith the ahove lilie introduced as a, tleperldency.

wu (axiom wff)

‘I‘lrc\ formula wf f is a,ssunled as true, with no visible tlepc~ntlel~cics iI1 t rodrIced.
.

(ru (defax symbol wff)

‘1’11~  fornlula wf f is assumed  as true and regarded as the definition of symbol.

WI (define symbol wff (koptioncll  rewriter)

‘1‘110  I~)I*II~II~~  wff is regartletl a.s the definition of symbol. provided  tllat the tt*rlth  of 3 symbol.wff
~*~~/Io~L.~  Iihilyg the rc\vritcr. The fornlrlla wff Itlust  CWII~ ait) symbol.
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u-0 ( t rw term S-optiorlfil rewri ter)

The tern1 term is rc\\.rittell  Ilsing st.andard  re\vriting.  the lines labeled previously as simpinf o a11t1
the instructions givclt I,- rewriter.

If term is a. t,erm then t.he formula term = term1. Let term1 be t IIC result of s11c11 re\vrit,ing.
is given as conclrlsiou: if term is a formula. then term 3 term1 is derived. unless term1 is 1 t.110.  iI\
which case term is tlcrivetl. or false. in tvhich case -term is derived.

(LX) ( rw  S-optiounl l i ne  r ewr i t e r )

The line line is re\\*i*it ten usin g standard rewriting, the lines la.beled previously as simpinf o ;\ ntl
the instructionh givt>n by rewriter.

(L-III) (der ive term koytiond l inerange rewri ter)

The formula term ib tlcrived from the formulas in linerange. using t.he decision procctlurc. lines
previously hbeled a< s impinf o. st antlard rewriting and rewriting according to the ins;lrllcl ions
given by the rewriter.

-( IS) (cases  l ine  l inerange)

The lines in linerange 111ust  cont.ain t.he sa.nle formula,  sa) .-I: line must be a dis.juuctiorl.  ‘I’llis
conlnla.nd corrc~spo~~ds  to the conclusion of a0 “proof by cases”. Suppose \ve are able t 0 tlorivc~ ..4
front --I, ant1 also front -.lz and . . . and also from A,. Suppose ve prove rll V .-I:! V . . . V _ I,, . l’ht\n
\ve ca.n conclude .-I ..irltlepel~tlentl!: of” .A1 ,...,Arl.

( -i- 1 ( c i  l i ne range  &opfiond l i ne  r ewr i t e r )

Let t.he lines ii) linerange contain t,he formula,s Al,.....-I,. Let the fornlula in line bc I?. l‘hcil
t lie result of this conl inand is

-41 A . . . A & I B.

and this formula. Ivill ilot “depend on” -41  ,...,.411.

( -‘t’ I) (ue t e r m s l s t  koptionnl l i nedg  r ewr i t e r )

This coi*~~cs~~o~~~l~ to the instantiation of a universal statement,. If termslst contains tlic pair (x t).
t is of the sam( type and sort as x and linedg is of the forin Vx .A(x), then the UE conln~~tl \vill
yield A(t). re\vrittc\u accortliug t,o rewriter (and the lines previously labeled as simpinfo).
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1.2.3. Lines and dependencies.

Each line has associa.ted to it its contest and dependencies. If a line c0nta.k a. formula. then
its contest is the set of a.11 dec1a.rakion.s needed tF,ma,ke sense of that, formula, and parsing  of t 11c
commands leading into it.

The depende~~cies acre established using rules simila,r to Gent.zen*s  Natural Deduction Systeln.

I -- *iz line resulting from a. command assume depends on itself.
,4 line resulting from a comma,nd define or trw inherits the dependencies of t,he lines quoted

by the rewriter plus the lines that are used automatically, ha,ving previously been labeled as
simpinf 0.

- -4 line resulting from a comma.nd rw inherits the dependencies of the lines quoted in line.
rewriter and those labeled simpinf o.

I - A line resulting from a. command derive inherits the dependencies of the lines quoted in
l i ne range , rewriter and those labeled simpinf o.

- The dependencies of the line line0 resulting from a. command cases a.re determined as
follows. Suppose t,he formula of the line is Al V . . . V A,, a.nd suppose linerange is line1 . . .
l i n e n : then the dependencies of line0 a,re the union, for j = I, . .., II. of the depenclencies  of the
line, tha.t are different from Aj.

I - The dependencies of the line line0 resulting from a. command CI are determined as follo\vs.
Let all the formulas in linerange result from the command assume. Then line0 inherits the
dependencies of line and of rewriter, except for those inherited from linerange.

- ‘4 line resulting from a. command ue in1~erit.s t.he dependencies of linedg and rewriter.
A variable occurring in a. line is implicitly ur2iuer.s;crlly quo/2tified  if it does not occur free in an\-

of the dependencies of the line in question. This condition corresponds t.o the restriction on the
a.pplica.tion  of V -introduction in Natural Deduction System. -4s noted above, implicitly universally

’ quantified vsria.bles behave exactly as esplicitly universally qua.ntified  variables: in pa.rt.icular.  the
ue comma.nd applies to them. We ca.nnot allow implicitly universally quantified va.ria.bles in lines
coming from the axiom or def ax command. EKL must regard a.n a.siom as creating dependencies.
although it is instructed to be silent about them. Carefully writin,0’ a.11 the universa.1 quantifiers in
the axioms  sa.ves ma,ny unpleasant surprises to the user. The va.riable defined by define or def ax
is not implicitly universa.lly quantified: it, is to be regarded as the eigenva.ria.ble of a.n 3 -elimina.t,ion
iu Na,tural Deduction.

1.2.4. Controlling the Rewriting Process.

Certain substitutions are automatically performed by EKL in rewriting. For instance:
- if A and B differ only in the name of the bound variables a,ncl the corresponding names hav(\

t.he same sort, then A=B,AzB  and AlB are simplified to TRUE
- PsTRUE. P=TRUE, PATRUE,  TRUE3P.  FALSEvP, 1-P. IF TRUE THEN P ELSE Q are a.11 simplified

to P. etc.
Other cases of standard rewriting are listed in the user’s Ma.nual.

Control o\*er the rewriting process is one of the most import.ant  features of EKL. The comma~l(ls
to specify reivriters are described in t.he user’s Manual. IA’e reca.11  only bhe ones most frcqrlent I>
11sct1 in this paper.
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The conmand
(use l inerange kr*r-.l;t op t ions)

tells EKL that all lines in linerange are to be applied to the term being rewritten, in the ortlc~
given by linerange. A line is ‘applied’ to a?. term as follows.

-EKL identifies terms that differ only for the names  of bound varia.bles of the sanle sort. Let
A be the term being rewritten: if t.he formula. of the line is A, then A is replaced by TRUE: if the
formula of the line is 1A then A is replaced by FALSE.

-If the formula of the line is a. conjunction, both conjuncts are successively applied to the
term being rewritten.

-EKL performs ‘conditi0na.l re\vriting‘: if the formula,  of the line is BIA, then the tcrrrl A is
replaced by TRUE, provided that the decision procedure derives B from the current contest.

-If the formula of the line is universa.lly quantified, then insta.nces of the formula?, the bound
va.ria.bles being replaced by suita.ble terms, are a.pplied t.o the term.

--Suppose the formula. of the line is an equality of the form a=b a.nd let the term being rewritten
be a. formula containg a. If in the coninia.nd the list. of options is empty, then the left nrernber of
the equality a is replaced by b in the formula. provided that b is ‘simpler than a.

The notion of ‘simplicity can be roughly described as follows. The espressions of the language
of EKL are ordered lesicogra,phica.lly: we say t1la.t f is ‘sin~pler’ than g and a+b is ‘simpler’ than
b+a. hforeover the expression f (x,f (x)) is ‘sinlpler’ than f (x , y) since it contain feivcr ba.sic
symbols. The usual recursive definitions of terms from ba.sic symbols and of propositions from
atoinic‘propositions give a. natura.l  measure of complesity of the espressions: we say t.hat, f(x) is
‘-simpler’ t.han f (x , f (x) >

-A list of options is a,va.ilable to n&e substitutions in other iva.ys:

(9 d i r ec t i on :  r eve r se
A ( i i ) d i r ec t i on :  s imp le r

( i i i ) mode : exact
(iv> mode : always
w u e :  ((varl .  t e r m l )  .  .  .  (varj .  t e r m j ) )

By (i), we ask EKL to apply equalities in the reverse of the normal direct,ion (replace in t.he tern)
under consideration an occurrence of b, the right nrember  of the equality, by a, the left member).
or, by (ii), in whichever direction will make the formula simpler. By (iii), we a.sk EKL to nrake the
substitution no matter whether the result \vill be simpler. without a.pplying  t.he line a&n to the

<. ternrs produced by the first application, or. by (iv), applying the line as many times as possible.
The option (v) allows us to apply the UE command to the line and then to a.pply t,he modified line
<o the term being rewritten.

N-e can restrict. the range of application of the line to pa,rts of the term being rewritten 11.~
using the coinniancl

( p a r t  s u b p a r t  &rest r ewr i t e r )

Loosely speaking, we can regard the set of parts of an expression as a. tree and denot.e a part 1)~
any label of the pa.th tlmt lea.ds to it. For instance. t,hcl parts of

Vx.p(aMq(a)vrW)



can be clenoteci as follo\vs:

1
p(aMqb>vrW>

1.

2 .

(assume I Vx.p(a>dq(dvr(x>>  1)

(assume la=bl>

I#1
p(a)

l3anrplc:

3 . (rw 1 (use 2))
;‘=P(A>A(Q(A>vR(X>>

4 . (rw 1 (use 2 mode: exact > 1

;VX.P(B>A(Q(B)vR(X>>

5. (rw 1  ( p a r t  1#2#1  ( u s e
~;VX.P(A>A(Q(B>vR(X>>

1#2#1
qkd

2 mode: exact)))

open &rest symbols)

l#‘L
q(a>vrW

I#‘L#‘L
r(x)

. is equivalerrt to
(use linerange mode: exact),

where linerange consists of all the lines involved in the definition of the s~tnbols itI the list symbols.

\\‘c nray \va.ttt t,o call the tlecision procedure to rewrite a subfortnula. of a littc to TRUE. This is
tkme by the COlllllla.l~tl

(der  &rest  l inerange)

Finally.  we nraq’ use several re\vriters  within a. single conrxnantl.

1.2.-s. EKL and Natural Deduction.

.-\ derivation irr Gentzen-style Natural Deduction can be estractetl front al.try  EKL proof (although
roost  of the t irne iv-e don’t,  see it).

Let us disregard tire fact that EKL lines rnay result front declaratiotts. i.e. that EKL proofs con-
tain also sotire language specifications and are, in this respect, siiitilar to ~iIa.rtill-Liif-stale  clcriva-
tions.
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Son~e co~u~~lantls  of EKL corresponds to rules of Nat ura.1 Deduct ion systellls:

assume

V int roduct  ion

cases

c i 3 int roductiou

3 elinhation. . .

. . . V int reduction

ue

3 iut roductiou

define 3 eli inina.t ion

The lnissiug rules are replaced by the derive conlnla.ud. ( ‘o~un~aucl~ for the quaut ifiers inrlrltle
higher  order <luantificatiou.

If \VC want to write EKL proofs in ternrs of Natural Deduction. \ve roust also include sonic forn~
. of eqll;l  t ioid Ci\lCUlllS correspondin g to t,lle reh+t.ing process. EKL does not display all the steps of

sribst it,utions iIr 1 he process of rewriting. It. displays only t.he result of such process. \\‘e can ask
EKL to sho\v us all of t.he steps executed \trllile re~~riting by typing the conllnaud

(setq rewritemessages t>

( csanlples 21 t-f\ g iven in Sections 2.1 ,2.G and 2.9). Each step of re\Vritiug corresponds to ai1 appli-
cation of a rule of equality in equaAiona.1 calculus. The reivriting of a nontrivial line quay involve
ii huge uuulher of substitutions. It is cleax, then. why \ve do not avant alwa.ys to SW the Ilat ural
tletlu~tion derivation corresponding to a.u EKL proof.

110~ genera.lly. to siinuhte the flexibility of infornlal  reasoning t hrougli  (mechanical silnrllat iou
*of) fOl’I1~i~l  reasoning is an ilnportant  ailn in the field of autoniatic theorem proving. ‘I’hc tlctails of

t he t’0rlili~liZatioll of infornlal  axgunients  1iia.y  be ignored once we a.re coiivinced  that tllc rncchnical
procedure is correct.

Siricc t lie rc\Vriting process applies to logical siinplifica.tion as \Vcll, \-\le caii rephccl applic~at~iolls
of uat ural tlccluc*tioi~ rules \vith re\Vriting. In other ivords. we tend to apply rules of suhtit  u t iou and
of rcl)lacclneut. perhaps repeatedly in a. silyjc coollnand, instead of espa.nding  the proof accx)rtlin~
to t Ilc rules of natural deduction. This slakes  the EKL proofs much shorter. \C:e shall s110\\.  late1
SOI~IC useful tccliniclues to help the re\Vrit.iiig process and derive  lines in one step.



1.2.6 . Remembering Lines in EKL.

EKL is capable of remembering and forgetting. The command

( label  name koptiorlnr!  l inerange)

tags the lines in linerange with label name. Linerange defa.ults  to the la.st,  line of t,lte current
proof.

(unlabel  name koptiod  l inerange)

removes the label name from the tags a.ssociated to each line. Linerange defaults to the last line
of the current proof.

A state in EKL consists of the currently active proof. the currently active context. the current/>
active linena.me  contest and the currently active rewritename contest.

,4 linename context is a. list of symbolic names associated to lines. These associations n1a.y he
set by the LABEL command.

A rew4tennme  context is a. list of symbolic names associated to rewriters. These associations
ma.y be set by the REWRITENAME command.

The label simpinfo has special meaning to the rewriter. The lines la.beled simpinf o ilrtl
a,ssumecl to be lines that are a.1wa.y used in rewriting for simplification purposes or for verifyilq
sorts.

!Ve can call lines not only by name, but also by their number. The comma~nd.
(use f 00#3)

means: use the third line of the proof f oo. The command

(use -3)

means: use the third line in the current, proof before the one being written. The symbol * stands
for -1, i.e., it denotes the la.st line.

The currently active context is the cumulative subt0ta.l of all the contest ma~nipulation  that
has ha,ppened in the currently active proof.

h a. typical command several  lines may be citecl. We first of all combine the contests of t.11~
cited lines. If an incompatibility turns up, the command is aborted. This contest is then conlbinetl
with the previous active contest; all t(he incompatible declaxations  from the previous contest arc
thrown out. The resulting contest is then used for parsing of terms etc. in the colttntand.  If 110
contest lines axe cited, we default to the previous contest. This is sufficient most of the time.

It follows that \ve can use conflicting declarations in clifferent parts of the of the same proof
provided that we do not try to refer to these lines within the same command: the la.nguage t1la.t is
used is ultimately local to the line in question.

i F.Nietzsche. G’s~leclloqy of hlor~rls.  Second Essa.y. in: Iiau f’rnann (editor) Basic. lI,Vr~itinp  oj
.A-is tzwhe, pag.-49%4.



1.3. Rudiments of LISP.

\Ve shall use lists to represent, finite functions. Let us quickly recall the basic notions of LISP.
(The following n1a.y also be rega.rded a.s a. conllnentary to the file LISPAX. containing the .\siollls
of LISP. to be found in the Appendix.)

Given a set A of a.tolns? including the empty list NIL. the set S of symbolic espressions (S-
e,i;pressions). is the set built front the atoms using the pairing operakion  ‘.*“:

( i )  A C S
( ii) if x and y are S-expression then x l y is a.n S-expression.
In other words,

S=AtSxS.

The unary operations car a.nd cdr a.re t,he first and the second projections, defined on S \ A. It is
convenient for our purpose to define

c a r  n i l  = n i l  =  c d r  n i l .

The set. L of lists is a. subset of the set. S of S-expressions. L is defined indrlct,ively 1)~ the
clauses
(iii) NIL is a list.
(iv) if u is a list a.nd x is an S-espression then x l u is a, list.

-As usual.  we a.bbrevia.te  (~1 l (n? l . . . l (n, l NIL)...)) as (~11  q . . . cl,,). The va.riables xa. ya and za
alwa.ys ra,nge over S-espressions (i.e. are of sort atom)? x, y a.nd z ra.nge over S-espressions  (sort
sexp) a,nd u. v, w ra.nge over lists (sort listp).

These inductive definitions suggest principles to define functions by recursion on the dcfinitiolls
of S (mxrsion on ,S’-expressions) and L ( recwsion on hts). ITsing higher order logic \ve call

-A formulate the principle Li.st~,2clPtctiond~~of  recursion on lists a,s

Vdf nilcase d e f .
(3fun.(Vpars  x u.fun(nil,pars)=nilcase(pars)h

fun(x.u,pars)=def(x,u,fun(u,df(x,pars)),pars)))

Here pars is a3 list of n pa.ra.meters,  df is a. given ausilky (72 + 1)-ary function, giving a list of 11
parameters as va.lue, nilcase is a, given tz-ary function and def is a given 11 •t :3-ary function. for
each n. Act.ually the type structure of EKL p1a.y a major role here, since it. can be used to transforlu
any list of n arguments into a, single argument. For esample, fun is tleclarecl to ha.ve t,ype

ground@ground*+ground*.

ive can also formulate the principle of Listinduction to prove facts a.bout,  fuuct ions clcfillt\tl  1,
recursion on L:

Vphi.phi(nil)h(Vx u.phi(u>3phi(x.u>>3(Vu.phi(u))

Here phi is any predica,te taking lists as a,rgument. The priniciples  of recursion ant1 induction on
S-espressions  are sinii1a.r.

The type structure of the language of EKL I,‘s a. liniit to the inductive strengl II of t lie s>.bt (‘ill.
In the sit ua.t ion described a hove



-pars is of type ground*.
- d f  o f  t.vpe (ground@ground*)+ground*.
-nilcase of type ground*+ground*,

so that fun will be of type (ground@ground*)+ground*. too.
The device of variable t.ypes is a way t,o overcome such linritatioh. (.‘ohsitlcr t Ile follo1vinfi Miql!

Vbigfun atom,fun.3defined-fun.
Vx y. (atom x 9 defined,fun(x)=atom,fun(x))A

(defined,fun(x.y)=
bigfun(x,y,defined,fun(x),defined_fun(y)

I Iese
-arb is a variable type with nallle ?arbitrary,
-bi,gf un is of type ground@ground@@arb@@arb+@arb.
-def ined,fun and atom-fun are of type ground+Qarb.
In this \vav \ve allow EKL to postpone the decision a.bout t,he

to the tinle of a.pplication of the principle to define a pa.rticu1a.r
arb can be specialized to an object of (Lily type. Therefore we
for tlefinit ion on cl/r! higher type functiona.ls.

1.4. Perl>lutations  and the Pigeon Hole Principle.

type of the function def ined,f un
function iii a given coiltest:  then
Iave a priniitive recursive schema

I,et ..t be a, finite set and let 3 be the set of a.11 .sur:jFctior?.q 011 -4, i.e. the set of all functions
nrapping  -4 oilto itself. The following fact is a.n easy coi~sequchce of the Pigeon Hole Principle.

Lemma. ErCr*y  suryjection on ci finite set is 012 ir2jectior2.

The proof will be considered in section below . Xssunring the Lenrnla.
the follo\ving Theoreni.

it is not hard to prove

Theorem. (3. o), qI11 iere o is the oyemtiorz of’ corupmitior~  oJ’ fuwtions.  is (I group.

_ Proof. It is easy to check t1ia.t the cornposition of two srlrjections  oh .4 is a surjcction oh .-1
and that cornposition  of functions is an associative opera.tion. The itlentit,v nrap i is a surjcctioll
and is the t.\vo-sided identity with respect to o. Fina.llv. given .f E .‘3. the inverse iliap

L .f-’ : f(a) I-- Cl.

for all (1 E A, is a well defined function. since ,f is a.11  injection: .f -’ has -1 as tlohiain.  since ,f is a
srirjcctiori on -4: f-r is a surjection on -4. since the donrain of f is .4. Clcarl~. for all f E 3.

f-I 0 j = i = foJ-I. li

i I\*cl 119.2 I for I he end of a proof (both inforulal  a.nd inechanical) alit1 !YJ for t hc end of ai\
csample.



The pigeon hole principle is usua.lly formula.ted as follows: if we pu
then a.t least one hole gets more tha.n one pigeon. Equiva.lently,

contc~ins cr.t  least oae pigeon.

h/lore formally, let N, be the segment. of N bound by 11,  i.e. the set of natural numbers less

Theorem. Let f be (1 function on ~~~~~tt~.twl  raunlbers.  f : N, - N , sucl~ that for ctlr! 111.

(i) f(m) > 0

(ii)
n - l

C f(m) = n.
in=0

f(m) = 1.

Proof. FVe use induction on rl. employing the following facts of arithmetic: for all k,i,,.i,.

- for a.11 .k.iu .I)..

.

(iu) 777~nAk>_1An7+X:=1~..+1~nz=i1AX:=1.

LVe llse (i) and (iii) to show. by induction on 12, that for a-11 11,.

Now. in the induction step, we assume

71  - 1

c f(m) 2 I?.

n

Cf
m=O

IX) = 1) t 1.

and use ( iv) and ( ,LI) to prove

n - l
-

( vi) >, f(m)=  nAf(n) = I;
711=0

hen we apply the induction hypothesis. I

Non. \\‘t’ can prove
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Lemma. Every swjection  012 CI fhite set is nn ilzjectiori.

Proof .  Let  [Al = 11.  be the cardinality of A a.nd let ~1, be the n?.-th element, for some
enumeration without repetition of II. For any sequence of pairwise  disjoint sets Bi,

(vii) ClBil = IU Bile
i<n i<n

Let f c 3 and for each III  < 71, let A,, = f-‘({a,}),  the inverse image of {a,,}. The -4;‘s are
pairwise  disjoint and their union is A. Therefore, by (Gi),

( uiii) c lAmI  = IAl = n.
in<n

Moreover, since f is surjective. for all A, and all m < ~2,

( 1ix l4rl > 0.
The Pigeon Hole Principle sa,ys that, if (Gii) and (ix), then for all m < 11,

(4 lAmI = 1.

We conclude, for all i, j < II.
(li # uj 1 .fCni)  # f(a,?)~

by a.pplying (m) to A/(,). I

1.5 . The Representation of Permutations in LISP.

We turn now to the representation of finite functions in terms of of LISP structures and the
operations on finite functions as LISP programs. We will consider the representation of the above
mathematical facts as properties of LISP programs and formally state the facts t,o be proved by
EKL.

1.5 .1 . A Remark on Sets and Lists.

A set, according to Cantor’s esplanation, is an aggregate of objects, regarded as a.n entit?
that can itself be an element of other sets. In Set Theory sets ma*y be constructed out of a. given
stock of basic objects. the urelenzeuts,  but a.bstraction  is made from the pa.rticu1a.r  fea.tures  of the
urelements as well as from the order in which the urelements may be given to us. (In fact. in
mainstream Set Theory ltrclements are ignored and the entire universe of sets is generated out. of
nothing, from the empty set.)

In formalizing Set Theory within, say, first order logic, a distinction is xrmde betiveen sets and
Jasses in order to avoid paradoses: unlike sets, classes cannot be regarded as elements of othex
sets or classes and axioms (sa.y. Zermelo-Frankel asioms) determine if a. property. expressed by a
predicate, actually dcnotcs a set or only a. cla.ss.
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If the formal la.nguage is a typed language, as the langua.ge of EKL, we nra,y disregarcl the
distinction between sets and classes, for the strict, restriction ixnposecl by the type structure alread)
gua.ra.ntee from pa,radoses.  Thus instea.d of

{x : P(x))

we xna,y write (using the lambda nota.tion)

Xx.P(x)

or simply
P

to denote the set of objects having the property P. The E relation can then be defined as
Definition. ( Epsilon)

Vav xv.xvEavrav(xv)

We will use the epsilon notation applied only to the relation between urelements ancl sets of urele-
nient.s.

The set
{ Ix

ca.n be represented as
/ y.y\, = .x.

- This is our notation for the singleton set:
Definition. (Mkset)

Vxv.mkset(xv)=(Ayv.yv=xv).

Given a,n a.ggregate,  if we abstra.ct  only from the pa.rticu1a.r  features of the element,s we have
a.11 ortleraecl set; if the set is finite we spea?.k of a list. In the LISP language the term ‘list’ has a
technical xnea,ning, and membership in a list is represented by the recursive predica.te member.

Definition. (Member)

Vx y  u .  ~member(x,nil)hmember(x,y.u)=(x=yvmember(x,u))

Conceptually, the distinction between a list u and the set

-C .c : .c is a member of u} (*:)

amounts to the distinction between a finite ordered set and a set. Our notation for the set (*:) is
Definition. (.Vklset)

Vu.mklset(u)=Xx.member(x,u)

The functional mklset maps a lists into the set of its members.



1.5.2 . Permutations as Association Lists.

I,et .f : .A - B be any finite function. i.e. a. function dcfnetl on a finite set A. Its grapl~, i.0.
the set ((0, f(~)) : (1 E A}, can be ivritten as

A ‘finite function ca,n be represented by a.n associa.tion  list, i.e. by writing the gra.ph of t,lle
function a.s a, list. For instance the above function f can be represented by the list alistf

The nota.tion  (*) is slightly ambiguous: the graph of a function is a set of pairs, but (*)
seems rather to denote a list of pairs. Strictly speaking, the graph of f is correctly represented 1~~
mklset(alistf).  not by alistf. It is more informative to represent f by an equivalence cla.ss of
a.ssocia.tion lists rather than by a predicate. Me give an a,ppropriake equivalence relation beloiv.

IJsing alistf. we ca.n represent the opera.tion ‘apply f to an element (lk in the domain of f’
as follows: take the cdr of the S-espression  in alistj whose car is elk. Moreover, if f and g are
finit,e functions such tha.t the composition g o f of f and g is defined a.nd alistf al.nd alist, a.re
the association lists representing f and y. then \ve cali find a list alist,,

( ((11 l Cl) (Cl;, l c z) . . . (a , l c ,,) )

representink g 0 f a.s follows: “given (ik, in order to find ck go through alistf searching for the
S-exbression.  whose car is elk and take its cdr, say by;; nest. go through alist, sea,rching for the
S-expression, whose car is bk: and ta.l;e its cdr as ck”.

The ident.ity and inverse operations have a,n ea.sy representation using association lists. The
following list alist;d represents the identity function on {CL,,  . . . . a,,}:

The ‘inverse’ of alistf is given by t.he list alistj-1:

The result of ‘composing alistf-1 with alistf is alisti,j. The result of ‘coniposing’ alistf lvit 11
alistf-1 is the following list alist;dl:

If f is a bijection (and alist,,i,  alist,Cil “don’t contain garbage”) then bot.1~ alist;d a.nd alist,,il
represent the identity function on tlke same set.

The official EKL definition of alist is given by tile following asiom. Here alist is a variahlc
of t,ype ground and sort. alistp.

Definition. (illisttlef)
Vxa y  a l i s t . a l i s t p  n i l  A  a l i s t p  (xa.y).alist
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.
l‘he following is the clcfinit,ion of the opera.tion of application using associat ioik lists.
Definition. (. Ipp~list)

V a l i s t  y . a p p a l i s t ( y , a l i s t ) = c d r  a s s o c ( y , a l i s t )

\vllere assoc 11ab  bwn tlefined in tile LISP library file as follows:

Vx xa  y  alist .assoc(x ,n i l )=ni lA
assoc(x , (xa .y)  .alist)= ( i f  x=xa

then xa .y
e l s e  assoc(x,alist>>

Givtln all association list alist, let dom(alist)  be tile list containing tile first. elcwwt of ~(-11
pair and range(alist) the list of a.11 the second elenlents.

Definition. ( Dour)

Vxa y a l is t .dom ni l=ni lA
dom((xa.y).alist)=xa.dom  alist

Definition. ( RCIII~F)

Vxa y  a l i s t . range nil=nilA
range((xa .y)  .a l i s t )=y. range alist

The recursive predicate uniqueness is true of a list. u iff every element, of u OCCII~S  only once.
Definition. ( rr?iq”~~‘w.~)

vu x. uniqueness  ni l  A
(uniqueness(x.u)= Tmember(x,u)Auni queness (u) >

The fact that (the equivalence class of) alist represents a function is gi1.w bv the propert).
of IIH~~~UFHCSS of dom(alist):

Definition. (Fuucfp)

Valist.functp(alist)Guniqueness  dom(al is t )

c
ant1 the fact t.hat (the equivalence class of) alist represents an injection can he chracterizetl as
follo\vs:

Definition. ( I~~.jcctp)

Valist.injectp(alist)=functp(alist)Auniqueness r a n g e ( a l i s t )

Finally. (the equivalence class of) alist represents a pernlutation if and only if dom(alist)
at1t1  range(alist) arc t.lle satne (I.\ se/s and llave the sanle lengt 11 (1.5 li.ti!.q. l’lic second propel-t!- is
of course ol~viollsl~  true for any alist.

Definition. ( P~rmu~p)

Valist.permutp(alist)~functp(alist)A
mklset (dom(alist ) )=mklse t ( range(a l i s t ) )



Lc’e  don’t need t.o include in our definition of permuta.tion the fact that (t’he equivalence class
of) alist  represents a,n injection. namely injectp(alist). The fact t,ha.t.  the property injectp
follo\vs  from our definition permutp corresponds to the Lemma in Section 1.4.

C’ornposition  of functions is then represent,ed  by the following LISP function a, (notice the orxlcr
- a l i s t f  0 alist, is the function y 0 f):

Definition. ( Ccvqdist)

V a l i s t l  alist x a  y.nil m  alist2=nilA
((xa.y).alistl)  m alist2=

(xa.appalist(y,alist2)).  ( a l i s t l  a, a l i s t 2 )

Identity is represented by the following predica,te:
Definition. (Idalistp)

Valist xa y . idalistp(nil)A
(idalistp((xa.y)  .alist)Exa=yAidalistp  alist)

Inversion is represented by the LISP funct,ion:
Definition. ( Inwdist)

Valist  xa y .  invalist  nil=nilA
invalist((xa.y).alist)=(y.xa).invalist  a l i s t l )

AII unpleasant feature of this a.pproach  is that any a.ssociation list consisting exactly  of t Ilc
S-espressions (nk l f(nk)),  for aI1 I;, is also a representa,tion of f, independently of the ardor  in
which they occur. The function f is not represented by a. single associa.tion list, but. by the class
of a.11 association lists t.hat have t.he  sa.lne  members and give the same result. wit.11 respect to the

A 0pera.t  ion of “application”.
The equiva.lence  relation is represented by the following predicate:
Definition. (Samemnp)

V a l i s t  alistl.samemap(alist,alistl)~
m k l s e t  dom(alist)=mklset  dom(alistl)A
(Vy.yCmklset  dom(alist)D

appalist (y , alist)  =appalist  (y ,alist 1) )

The Theorem to be provecl  consists of the following statements:
-Theorem  1. (i) (Permutp  C’omplist)

VALIST ALIST~.PERMUTP(ALIST)APERMUTP(ALIST~)A
MKLSET(DOM(ALIST))=MKLSET(DOM(ALIST1))3
PERMUTP(ALIST  w ALISTl)

Theorem 1. ( ii) (Conzplist  .-Issoc;c~~~~)

VALIST ALISTl  ALIST2.MKLSET(RANGE(ALIST))CMKLSET(DOM(ALISTl))3
ALIST  w (ALIST~  a ALI~T~)=(ALIST  w ALIsT~)  OD  ~LIsr2



Theorem 2. (i) (Idcdistp  Permuf~~)

Theorem 2. (ii) (Right IA~li.r;tl~)

Theorem 2. (iii) (Left Idcdistp)

VALISTID ALIST.IDALISTP(ALISTID)h
MKLSET(DOM(ALISTID>>=MKLSET(DOM(ALIST))1
SAMEMAPCALISTID  a0 ALIST,ALIST)

Theorem 3. (i) (Permu@ Irzvcllist)

VALIST.PERMUTP(ALIST)1PERMUTP(INVALIST(ALIST))

Theorem 3. (ii) (Right Irzzdist)

VALIST.ALLP(AX.ATOM X,RANGE(ALIST>>AINJECTP(ALIST)~
IDALISTP(ALIST a, INVALIST(ALIST))

Theorem 3. (iii) ( Left hzdist)

VALIST.ALLP(XX.ATOM  X,RANGE(ALIST))AINJECTP(ALIST)~
IDALISTP(INVALIST(ALIST) 03 ALIST)

1.5 .3 . Permutations as Lists of Numbers.

Let N, be the segment of N up t.o 11, i.e. the set {m : m E N . m < 11.).  If A is the set N,,
and f is a function with domain A then f is called a, (finite) sequence.

\Ve can represent arbitrary finite functions using finite sequences. Given f : .-I - f? and
suit.able bijections i :  N, - A, j  :  N, - 8,inhere 71 is the caxclinality  of A and I)) is the
cardinality of the ra.nge of f, there is a. finite function 9 : N,, - N,, such t,ha.t the diagram

commutes. Thus, \ve need only consider functions from segments of N to segments of N.
Although lists and finite sequences are essent,ia.lly  the sa.me kind of mathema.tica.1 oljjec‘t , a

function is usually understood as a r,wthotl to associate an elelnent. of the range to each cletllellt~  of
the domain in a. unique way.



R%en finite functions are represent,ed by lists. we specify a method as follows. Given t Ire fitiitc
function 11 : N,, - N. “list the range” of I) in the order giveu by t Ile donmill.  i.e. c-oustruct  t 11~  Iis1
VI1

(h(0) h(1) . . . h(l? - I) ).

Thus 11 associates to each number in N,, the 11th element of vh. (To “list the dolllain” ill the ortlcr
given !)y the rangy is a.not her possibilit’y.)

The LISP function nth is defined as follows:
Definition. (3-/h)

Vx u n.nth(nil,n)=nilAnth(u,O)=car uAnth(x.u,n’)=nth(u,n)

The equation
nth(vh,k) = /j(k)

explains how the function nth represents the operation of a.pplying  a. function to a. number.
If VI, represents Il. and u is any list of numbers, then vh can be “applied” to u, by applying VI,

successively t.o all the nlelnbers  of u. The operakion “applying vh” to u is defined if all nienil)ers of
u are numbers less t1la.n  the leligtli of vh.

This motivates our official definition of application. using lists of numbers:
Definition. (.4pp1)

1p’u  i.appl(u,i)=nth(u,i)

The follo\ving pret1icat.e  specifies the condition for v to be defined as an application OLI u as
t he tlo~~~air~:

Vu v.def-appl(v,u)~allp(Xx.natnuxn(x)Ax<length(v),u)
.

Ilere a l l p  I,‘s a recursive predicate, checking whether all ruembers of a list ha.ve a certain
property:

Vphi x u.allp(phi,nil)A
allp(phi,x.u)=if p h i ( x )  t h e n  allp(phi,u) e l s e  f a l s e

The fact that a list u represents a.n injection is naburally  represented by tlte predicate inj: if
every element of u occurs just once in u, then two applications of u give the same value 0111~ for
t IIC same argument.

Definition. ( If~j)a
Vu.inj(u)=Vn  m.n<length(u)Am<length(u)Anth(u,n)=nth(u,m)3n=m

On the other hand. the fact t1la.t u represents a sur.jection on Nle,,J,ti,( t,) is given by the proper!>
onto, namely  the fact t1la.t  all members of u are numbers in Nlerlgtll( tl) md. conversely. all nrlmbcr~
ill Wrrrgt/,(  tr) are members of u. In such ca.se every nllnlber  in NIF,jgtI,(rr) \vill be t.llc result of an
application of u to sonie a.rgullicnt.



.
Definition. ( Onto)

Vu.into(u)=(Vn.n<length  u3natnum n t h ( u , n

Vu.onto(u)=(into(u)A(Vn.n<length  u3membe

)Anth(u,n)<length u>

rh,u>>>

Definition. (P~rm)
c

Vu.perm(u)=onto(u)

-4s above. IVP don‘t need to include in our definition of perlulttat.ion  the fact that .f is 1-l : the
proof’ that perm(u) inlplies inj (u) ivill be described in Section 1.5.1.

(“onlposition  of functions can be represented by the folloiving LISP function:
Definition. ( C’o~~zpose)

V u  v  x.(u@nil>=nilA(u@(x.v>>=(nth(u,x>>.(uev>

13qllivalentl~. the following predicate camp gives the condition for an application of u to be the san~e
as an application of w followed by an application of v.

Definition. ( Conzp)

Vu v w.comp(u,v,w)=
l e n g t h  u=length wA(Vn.n<length ugnth(u,n>=nth(v,nth(w,n)))

The represent,a.tion of the identity function ancl the inversion of pernlutations  are discussed ill
Sect ion 6.1. It is clear that the predicate id gives t.he condition for the result of au application of
u to be the saine  as its argunlent:

Definition. (Id)

Vu.id(u)=(Vn.n<length  uInth(u,n)=n)

L\-e will choose the following function to construct the list representing the identity fuuctioll:
Definition. ( Ident)

Vx u n i.identl(i,O)=nilAidentl(i,n’)=i.identl(i’,n)

Vn.ident(n>=identl(O,n>

Consider the function Au x .f stposition(u,x)  tha.t ret urns a. nrlrnber 11, with 0 5 11 <
-length(u). corresponding to the position of the first, occurrence of x in u. if x occurs  in u. altd NIL
ot herwise.

Vx u y.fstposition(nil,y)=nilA

This friiict  iol

fstposition(x.u,y)=if  lmember(y,x.u)
then  n i l
e l s e  i f  x=y

then 0
e l s e  addl(fstposition(u,y))

is o11r candidate for the inl?erse operation of nth. If x occIlrs in u. then



nth(u,fstposition(u,x))=x.

By a.pplying  this for x = nth(u,?l.)  and 11. < length(u). we get

fstposition(u,nth(u,n))=m,

with nz.< length(u). Here 172  need not be equal to n. However, this will certainly be the case if x
occurs only once in u, or in other words if u has the Illjectiuity  property inj (u).

Notice the asymmetry here: the function fstposition is the right inverse of An.nth(u,n)
for any uh. i.e. for any function 12 represented by uh. However fstposition is the left inverse of
Xn. nth(u ,n> only if uh has the il?.jectivity  property. i.e. if the function h represented by ujl is a
perinutation.

Using this property of fstposition, we ca.n give the condition for u to represent the inverse
function of the permutation v:

Definition. (112~)

Vu v.inv(u,v)=(Vn.n<length  uDnth(u,n)=fstposition(v,n))

a.nd, as argued below. the following is a. convenient way of constructing such inverse:
Definition. (Ilzuersc)

V u  i  n.inversl(u,i,O)=nilAinversl(nil,i,n)=ni~A
inversl(u,i,n’)=if  null(fstposition(u,i))

then  n i l
e l se  f s tpos i t ion(u , i )  .  invers l hi’ ,n>

Vu.inverse(u)=inversl(u,O,length(u))

. Using predicates, the results to be proved are:

Theorem 1. (i) ( C’omposition)

VU V W.PERM(V>hPERM(W>hLENGTH  V=LENGTH WACOMP(U,V,W>~PERM(U>

Theorem 1. (ii )( lirliqu.e?zess)

VU ui V W.COMP(U,V,W)hCOMP(Ul,V,W)XJ=Ul

Theorem 1. (iii)( Associcdivity)

vu Ul v Vl Wl w2 w3.
INTO(W3)hLENGTH  W2=LENGTH  w3A
COMP(V,W~,W~)ACOMP(U,V,W~)ACOMP(V~,W~,W~)ACOMP~U~,W~,V~)~U=U~

Theorem 2. (i)( Iderztity)

VU.ID(U>1PERM(U)

VU V W.ID(U)hCOMP(V,W,U ‘>’ALENGTH  W=LENGTH UIV=W
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Theorem 2. (ii)( Right Identity)

VU V W.ID(U)APERM(W>ALENGTH  W=LENGTH UACOMP(V,W,U)DW=V

Theorem 2. (iii)(lejt Jc!ehty)

VU V W.ID(U>APERM(W)ALENGTH  W=LENGTH UACOMP(V,U,W)JW=V

Theorem 3. (i)( Inverb.s;e)

VU V.PERM(U>hINV(V,U>hLENGTH  V=LENGTH U3PERM(V)

Theorem 3. (ii)( Right ~12~7~)

VU V W.PERM(W>AINV(U,W>ACOMP(V,W,U)ALENGTH  U=LENGTH WXD(V)

Theorem 3. (iii)(Left Inverse)

VU V W.PERM(W)AINV(U,W>ACOMP(V,U,W)ALENGTH  W=LENGTH UXD(V)

Using functions, the results can be staked as follows:

Theorem 1. (i) (Perm c’ompose)

VU V.PERM U A PERM V A LENGTH U = LENGTH V 1 PERM(U@V)

Theorem 1. (ii) ( Associativity  of Cbmpositiouz)

VU V W.PERM(V)APERM(U>ALENGTH  V=LENGTH UhLENGTH  W=LENGTH U3
(W@V)@U=W@(V@U)

Theorem 2. (i)( Pem Ic/etzt)

VN.PERM(IDENT(N))

Theorem 2. (ii)(Right Identity)

VU.U@IDENT(LENGTH  U)=U

Theorem 2. (iii)( Lejt Iderztity)

VU.INTO(U)XDENT(LENGTH  U)@U=U

Theorem 3. (i)(Perm hmeme)

VKPERM(U)1PERM(INVERSE(U))

Theorem 3. (ii)( Right Inverse)

VU.PERM(U>XJ@INVERSE(U)=IDENT(LENGTH(U))

Theorem 3. (iii)( LejIs h~mc)

VU.PERM(U)XNVERSE  U@U=IDENT(LENGTH  U)
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1.5.4 . Application of the Pigeon Hole Principle to Permutations.

I\‘e have t\vo representa.tions  of finite fuuctious: thus \ve will have prove t\vo facts representing
t.hc t heorern that every finite surjection is a.11  injection. 111  the representntiorr  by alists  the fact is:
T heoreln ( Pt rmu tp Irzjwtp)

VALIST.PERMUTP(ALIST)XNJECTP(ALIST)

linder the assumption permutp(alist),  we need to show uniqueness range (alist >.
In the represeutatiou  by lists of rruiirbers we sho\v:

Theorem ( Pemt Ir~jectiz~ity) VU.PERM(U)  3INJ(U)

--Is e,.spla.ined above. zlrG--ue7zes.s  and irljectizrity are equiva.lent.  predicates, a.sserting  t.1~a.t every
element of a, list occurs just once. Although the theorems in question can be formulated in ternzs
of I he definition of permutation ancl of the predicates above, we ueed more informat,ion when ive
try to prove them.

The argument for theorem Pemuty I~z.j~‘rtl~  can be suunnarizcd as follows. Since by definition
dom( alist j has the uniqueness property. there are I). different kinds of objects (n ‘holes’) in
dom(alist)  and also in range(alist), since dom(alist)  and range(alist) have objects of the
same kiuds (i.e., each ‘hole has at least one object (‘pigeon’) of range(alist>). The number of
(distinct) objects in range alist (‘pigeons’) is at tuost the length of range(alist) and at least
the irumber of different kinds of objects. therefore it, is esa.ctlv 11,. Therefore each kind of object
occurs just ouce in range(alist) and this implies that range alist has the uniqueness property.

Despite the a.pparent triviality of this informal argunrent, sotne work is needed to formalize it.
To speak of ‘kinds’ of objects is to spea.1;  of set.s. \,\‘e need a function counting the mult.iplicity of

. eleluent,s of u belonging to the set a:
Definition ( Multiplicity):

Vx u a.mult(nil,a)=OA
mult(x.u,a)=if  a ( x )  t h e n  mult(u,a)’ e l s e  mult(u,a)

Sest we must show that the list dom(alist),  considered as a, set. caOn  be pa,rtitioued  into
disjoint. sets, i.e. the sets

A, = {x: x=nth(dom alist ,n>}

for a.11  11. 11 < length(dom(alist)).
2’hcrefore we need a recursive predica.te to decide whether t,he sets of a, sequence a.re pairwise

sjoint:
Definition ( Dkjoz’nt):

Vn s e t s e q .
d i s j o i n t ( s e t s e q
disjoint(setseq

,O>A
,n’>=(disj

d i s j
oint (s
-pair (

e t s
ud

eq,nh
setseq,n > ,setseqW>>
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Va b.disj-pair(a,b)=emptyp(anb)

*>--1

To count the distinct objects in range(alist) \ve need the iiot~ions  of finite union ant1 liiiilft
s11111:

Definition ( Firrite  I,*r~ion):

Vn setseq.un(setseq,O)=emptysetA
un(setseq,n’)=un(setseq,n)vsetsetseq(n)

Definition ( Finitc ,S’WI~):

Vn numseq.sum(numseq,O)=OA
sum(numseq,n’)=sum(numseq,n)+numseq(n)

and, moreover, t lie following
Lemma ( Ahlt of b-n is Sum Jlzdt)

VSETSEQ U N.DISJOINT(SETSEQ,N)3
MULT(U,UN(SETSEQ,N))=SUM(AX1.MULT(U,SETSEQ(Xl)),N)

The argument for Tlieorenr  Pe~w Il1.j is siinila.r, but simpler. ,4s before we prove tlie rather
obvious fact. tliat N,, can be partitioned into tlie disjoint sets

.

{ ;t’: .c = In>

for each III < length(u). \\‘e lieed to show tliat for each III < length(u) tlie inultiplicit~ iii II of
tlie set {x: x = II,}. is csactly 1; tlieii tire iiijectivity of u follows. Tlic pigeon-hole  principle is 11set1
to prove tlris  fact.

The pigeon-hole principle as such is a,n easy matter also for EKL. L\‘e use simple numeric
induction to prove that for a,ny function f : N,, - N if the values of f are at least 1 and tlic sum
of II values is 11 then each value is esactlv 1. In both applications t.lle function in question is

Am.mult(v,a(m))

In t,lie case of association lists, v is range(alist); in the other case it is tlie given list u. In tlic
case of associa.tion lists, a(m) is the set {x: x=nth(dom alist ,m>};  in t.lre case of nuineric  lists we
can take tlie set {x : x = m} for a(m) a.nd t,lris is the reason \vlly in tliis case proofs arc sinipler.

1.6. Outline of the Paper.

All the proofs are given in tire -4ppendis.  The organization of proofs in files and tlie dependence
of the files arc described at the beginning of the Appendis.

Part I, i.e. Sections 2 a.nd 3 can be regarded as a,n introductor> guide to a\.utomatic detlrictioli
of facts abolit  LISP. t Iirougli esperiinents  a.iitl csamples.

Section 2 is devoted to tlie definition of the LISP functions nth, nthcdr. fstposition an(l
mult alit1 to t lie proof of I)asic facts about tlicin. It also coiitaiils  facts of set t1ieor.v  and aritlimet ic.
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Some useful techniques to replace “deriving” by “rewriting” through ta.utologies of ~ecoutl  ortlc~
propositional logic are esplained and illustrated with an esample.
We prove. among other things, the following facts connecting member a.nd nth...

Lemma 2.1. ( !Vth  Meniber)

VU N.N<LENGTH  WMEMBER(NTH(U,N),U)

Lemma 2.2. (Member  Nth)

VU Y.MEMBER(Y,U)3(3N.N<LENGTH  UhNTH(U,N)=Y)

. ..and the following properties of nthcdr:
Lemma 2.3. (I\ithcdr  cur &h)

VU N.N<LENGTH  U3NTHCDR(U,N>=NTH(U,N).NTHCDR(U,N')

Lemma 2.4. (Nth in ib’thcdr)

VU N M.NIMhM<LENGTH  U3MEMBER(NTH(U,M>,NTHCDR(U,N))

Facts about nth and fstposition:
Lemma 2.5. (Nth Fstyosition)

VU N.MEMBER(N,U)3NTH(U,FSTPOSITION(U,N))=N

Lemma 2.6. (Fstyosition Nth)

VU N.UNIQUENESS(U)hN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N

The .set of elements of a. list is the finite union of the sets obtained using nth:
Lemma 2.7. (MIdset Un)

. h/loreover  we show the following facts concerning the function mult:
Lemma 2.8. (Length Mult)

VU A.MULT(U,A)ILENGTH  U

Lemma 2.9. (Me~~ber  MuZt)

VU Y A.MEMBER(Y,U>AA(Y>~~WULT(U,A)

Lemma 2.10. (Mult Nthcdr)

VN A U.N<LENGTH  U3MULT(NTHCDR(U,N),A)<MULT(U,A)

Lemma 2.11. (Mult Inj)

VV.(VK.K<LENGTH  W¶ULT(V,MKSET(NTH(V,K)))=l)3INJ(V)

The following facts about finite sums and unions are also needed:
Lemma 2.12. ( Mdtsum)

Lemma 2.13. ( Mult of Un is St1172 Mult)

VSETSEQ U N.DISJOINT(SETSEQ,N)3
MULT(U,UN(SETSEQ,N))=SUM(~Xl.MULT(U,SETSEQ(Xl)),N)
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Section 3 contains the definitions of application and permutation. in bot,h representations.
It contains also some fa.ct>s needed for the representa.tion  through association 1ist.s. In parbicular.
since t.his representation is not unique, we have the predicat.e samemap t.1ia.t  is true of t\vo nlists if
t.hey represent, the same function. FVe show that samemap is a.n equivalence relation on al ist s:

Lemma 3.1. (Snnzemnp Equivdence)

(i> VALIST.SAMEMAP(ALIST,ALIST)

( i i )  V A L I S T  ALIST1.SAMEMAP(ALIST,ALISTl)~SAMEMAP(ALISTl,ALIST)

( i i i )  V A L I S T  ALISTl  ALIST~.SAMEMAP(ALIST,ALIST~)ASAMEMAP(ALIST~,ALIST~)~
SAMEMAP(ALIST,ALIST2)

Part 2 contains the three mathematical facts, namely
- the proof of the Pigeon Hole Principle, and two proofs that every finite surjection is an

injection (Section 4);
- the proof that permutations represented as a.ssocia.tion lists form a group (Section 5);
- the proof tha.t permutations represented as lists of numbers form a. group (Section 6).

Section 4. contains
Theorem. ( Piyeonfnct)

VF N.(VM.MLN3NATNUM  F(M))A(VM.M<NX<F(M)
(f1bkM<N3i=F(K))

)ASUM(AK.F(K

Corollary. ( Piyeorzlist)

VU.DISJOINT(SETSEQ,LENGTH U):,
((VM.M<LENGTH  UXlMULT(U,SETSEQ(M)))3
(VM.M<LENGTH  UX=MULT(U,SETSEQ(M))))

> ,N)INI

and the two applications of the pigeon hole principle. In both cases the proof takes three steps.
In the version representing functions as a.ssocia,tion lists the desired result....
Theorem. (Permuty Injectp)

VALIST.PERMUTP(ALIST)3INJECTP(ALIST)

. ..is proved through the following steps:a
Lemma 4.1. (1n.i Disj)

VU.INJ(U)3DISJOINT(AM.MKSET(NTH(U,M)),LENGTH  U)

Lemma 4.2. ( Permutp Injectp Lemma)

VU V,MKLSET(U)=MKLSET(V)3
(VM.M<LENGTH(U)X<MULT(V,MKSET  NTH(U,M)))



VU V.MKLSET(U)=MKLSET(Vh
(VM.M<LENGTH  U3MULT(V,MKSET(NTH(U,M)))=l)3
(VI.I<LENGTH  V3MULT(V,MKSET(NTH(V,I)))=l)

The co!lclusion follow-s by the lemma ;\;l~lt  lr1.j.

In the version representing functions as lists the result...
Theorem. (Penn  Irzjectilqify)

VU.PERM(U)3INJ(U)

. ..is proved again in three steps:
Lemma 4.4. ( Disjoint :Yumbcr)

VN.DISJOINT(AXV.MKSET(XV),N)

Lemma 4.5. (Oat0 Mult)

VU.ONTO(U)3
(VN.N<LENGTH(U>3lIMULT(U,MKSET(N)))

Lemnia 4.6. (Into ,2fdt)

VU.INTO(U)h
(VK.K<LENGTH  U31=MULT(U,MKSET(K)))3
(VI.I<LENGTH  U31=MULT(U,MKSET(NTH(U,I))))

*The conclusion follows using the lemma .\fu/t 112;.

Sections 5 - 6 contain definitions of t#he operakion  composition of functions, of the id~~lity
function and of the operation taking the irzvers~ of a permutation and proofs of the follo\vitlg
t heorexns:

Theorem 1. (i) Tile corilyositior~  of pfmutatiorls  is cI pcrnwtatio~2.
(ii) C’ompoailiorz of j’urzctiorzs  is cwocidii~e.
Theorem 2. (i) The identity jknctim i is (1 pemzltatiorz.
(ii) For every permutcl.tion f, f o i = f.
(iii) For every perrnutclfion  f, i o f = f.
Theorem 3. (i) For every pemwtntior~ f, tlw inwrre function f-l is (1 yernmlatior~.
(ii) For every permutdion  f, f o f-’ = i.
(iii) For every pemutntiort  f, f-l o f = i.

III Section 5 we work wit,11  a.ssociation  lists. 111 the proof of the theorems \ve need the follokving
facts:

Lemma 5.1 (=Ipp Corilpdid)

VALIST ALISTl.MEMBER(X,DOM(ALIST))3
APPALIST(X,ALIST m ALISTl)=APPALIST(APPALIST(X,ALIST),ALISTl)



.
Lemma 5.2 ( Dam C’orvpr~list)

VALIST ALISTl.DOM(ALIST  m ALISTl)=DOM(ALIST)

Lemma 5.3 ( ikTorsetuyty  Range)

VALIST X.MEMBER(X,DOM ALIST)
(ilY.MEMBER(Y,RANGE  ALIST)hAPPALIST(X,ALIST)=Y)

Lemma 5.4 ( n’ont rnpty Domain)

> VALIST ZJNIQUENESS  DOM(ALIST)AMEMBER(Z,RANGE  ALIST)
(jX.MEMBER(X,DOM  ALIST>hAPPALIST(X,ALIST)=Z)

Lemma 5.5 (Jlaiti  Iddistp)

VALIST Y.IDALISTP(ALIST>AMEMBER(Y,DOM(ALIST))~
APPALIST(Y,ALIST)=Y

In Section 6 first we cliscuss the choice of LISP functions and predicates for the represent.a.tion
through lists of numbers. Then the proofs of the theorems in the representations PERMP. using
predicates, and PERMF. using LISP functions. are shown in parallel.

I!1 the version PERMF we need first to prove some facts about length.
Lemma 6.1. (Lerzyth  Compose)

VU W.DEF,APPL(W,U)3LENGTH  (W@J)=LENGTH  U

Lemma 6.2. (Lertgth Idetzt)
A

VN.LENGTH (IDENT(N))=N

Lemma 6.3. (Length fnuerse)

VU.PERM(U)ILENGTH  (INVERSE(U))=LENGTH  U

In the version PERMF by proving first the following facts. we make it possible to follow the
proofs of the version PERMP. .

Lemma 6.4. (.Vfh Compose)

_c VU N.DEF-APPL(V,U)hN<LENGTH  U~NTH(V@U,N)=NTH(V,NTH(U,N))

Lemma 6.5. (,llain Id)

VN.N<MJNTH(IDENT(M),N)=N

Lemma 6.6. (,\laiii Inzt)

VU N.PERM UANXLENGTH  UINTH(INVERSE  U,N)=FSTPOSITION(U,N)
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2. Preliminaries: Basic Tools.

2.1 . Educating EKL about propositional Logic.

One of the unique features of EKL is t,lre ability to describe procedures like bringing fortnrtlas
into disjunctive normal form (where ot.lrer  rewriters cau then be applied) as a set of simple rewriters.
However, since this is often not a.ppropria.te  and ma.y cause combinatorial explosions. we do not
a.dd these  to the default re\vrite facts denoted by simpinfo; instead we want to ~a.11 those  lines as
rewriters Ivheu needed.

;propositional schemata, used by the rewriter to normalize expressions
(proof normal)

(trw IVp q r.((pvq>Ar>~((phr>v(qhr))l)
(label normal)

(trw lVp q r.(rh(pVq>>r((rhp>v(rhq))  l>
(label normal)

(trw* ttfp q  r .  ((pVq>Ar>r((pAr>V(qAr))  i>
(label normal >

( t r w  IVp q  r .  (pvq3r>s(pX->h(q3r>  1)
(label normal >

( t r w  ltlp q.(l(pVq))‘((ip>A(iq>)I)
( l a b e l  demorgan)

( d e r i v e  IVp q.-(pAq)=bp)Vh$  l>
( l a b e l  demorganl)

ru’ow the rewriter \vill be a.ble to uormalize  espressions, distributing conjunction over tlisjunc-
tion, elimina.tiug  disj 11 nc t ions in the antecedent of an implication and negations of disjunct.ions.

The pure rewriter. bowever,  finds it difficult to make certain inferences in conditional reivrit ing.
This problem may be overcome by introducing propositional facts to be used later as rewriters.

7. ( d e r i v e  IVp q.p~(q~phbq~p)l)
(label excluded-middle)

8. (de r ive  IVp q  r.(qIr)A(if p  t h e n  q  e l s e  r>Irl)
( l a b e l  trans,cond)

Remark. Example 1. The use of the liues la.beled NORMAL is an interesting esarnple of use
of second order unification. Since sentences  a.re just terms of type truthval, we can apply to t beur
the rewriting proce~lure in a uuifornr  wa,!. This is ma.de possible, of course. by the use of t,lle bigbet
order unification. \\‘c give an eXampIe of its a.pplication. The fa,ct  to prove is the t,ransitivit~  of 5.
assuming the t.t.ansitivitv of <. Iysing our tecbuique we collapse into oue line a 16 line loug .Xat lIta
Deduction style proof’. ke will present tire Natural Deduction Style proof first.
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(wipe-out)
(ge t -proofs  n th  pr f  prm glb)
(proof example)

(setq rewritemessages t>

;labels:  TRANSITIVITY-OF-ORDER
;VN M K.N<MhM<KDN<K

;labels:  LESSEQDEF
;VM N.MSN=(M=NvM<N)

(R.ernember: (open lesseq) is the sa*me as use: lesseqdef mode: exact.)

0. ( t rw 1Vn m k.nlmAmlkW<kl (open lesseq)
t r a n s i t i v i t y - o f - o r d e r )

; the  term NSM i s  replaced by:
N=MvN<M
; the  term MIK  i s  replaced by:

M=KvM<K
;the term N<K i s  r e p l a c e d  b y :

N=KvN<K
;(VN M K.NLMAM<KDNIK)~(VN  M K.(N=MvN<M)A(M=KvM<K)~N=KvN<K)

We do not go very fa,r by simply expanding the definit,ion  of 5, because the rewriter does not know

what to do wit.h the disjunctions in the antecedent.
Instead. we can construct a derivation a,nd use two arguments by cases to handle the disjunc-

tions (lines 1-I and 15).

(se tq  rewri temessages  n i l )

1. (assume Inlml)
( l a b e l  examplel)

2 . (assume lmlkl)
( l a b e l  example2)

3 . (r-w  example1 (open lesseq))
;N=MvN<M
( l a b e l  example31
; d e p s :  (EXAMPLWa

Argue by cases. First case:

4 . (assume In=ml)

5 . (rw example2 (use * mode: exact direction: reverse>>
;NIK
( l a b e l  example41

Second cease:



6 . (assume In<ml>
( l a b e l  example5)

7 . (rw example2 (open lesseq))
;M=KvM<K
( l a b e l  example61
;deps: (EXAMPLE2)

Within the second case, we need another a,rgument  by cases.

8 . (assume Im=kl)

9 . (rw example5 (use * mode: exact))
;N<K

1 0 .  ( t r w  InSkI  ( o p e n  l e s s e q )  *)
;NIK
(label  example7)

1 1 .  ( a s s u m e  Im<ki)

1 2 .  ( d e r i v e  In<kl ( t r a n s i t i v i t y - o f - o r d e r  e x a m p l e 5  *:>)

1 3 .  ( t r w  lnlkl  ( o p e n  l e s s e q )  *)
;NSK
( l a b e l  example8)

14. (cases example6 example7 example81
;NIK
( l a b e l  examplelo)
;deps: (EXAMPLE2 EXAMPLES)

This concludes the second case. So we can conclude our first argument.

15.  (cases example3 example4 examplelo)
;NSK
; d e p s :  (EXAMPLEI  ExAwLE2)

1 6 .  (ci (example1 example2))
;N<MhMIKINLK

.
. This concludes the Natural Deduction style proof of the transitivity of 5. However. using

the rewriter NORMAL we can do a.11 t.his  in one step.

0. (trw IVn m k.nlmAmlkIn<kl  (open lesseq) (use normal mode:  always)
t r a n s i t i v i t y - o f - o r d e r )

;VN M K.N<MhMIKINIK
(label  example)

For after ~~spanding t,he definition of < the rewriter  uses lines 1 a,ncl '2 of the proof NORMAL
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;the term (N=MvN<M)h(M=KvM<K)  is replaced by:
N=MA(M=KvM<K)vN<MA(M=KvM<K)
; the  te rm N=Mh(M=KvM<K)  i s  r e p l a c e d  b y :
N=MAM=KvN=MAM<K

So in the first disjunct

;the term M is replaced by:
K

; the  term N<Mh(M=KvM<K)  i s  r e p l a c e d  b y :
N<MAM=KvN<MAM<K
;the term M is replaced by:

K

La.ter the rewriter uses line 4 of the proof NORMAL. This corresponds to axgunlent  by cases.

;the term N=KAM=KvN=MAM<KvN<KAM=KvN<MAM<K~N=KvN<K  is replaced by:
(N=KAM=K~N=KVN<K)A(N=MAM<KVN(K~M=KVN(M~M<K~N=KVN<K)

Now standard rewriting does the job for the first conjunct:

;the term N=K is replaced by:
TRUE
; the  te rm TRUEVNXK  i s  r e p l a c e d  b y :
TRUE
; the  te rm N=KhM=KITRUE  i s  r e p l a c e d  b y :
TRUE

. etc. q  t

2.2. Educationg  EKL about first grade Arithmetic.

First we a.sk EKL to rea.d the proofs contained file MINUS. narnel~  the proofs 'x~inus" ant1
'* lesseq" . They in turn contain the instruction of reading the files NATNUM ant1 NORMAL (see t ilc
Appendis).

(wipe-out)
;Done.Proof?

(get-proofs minus)
;file r e a d  i n
;switched to MINUS
;the proof LESSEQ read in.
;the proof INDUCTION read in.
;the proof MINUS read in.
;the proof NATNUM read in.
;the proof NORMAL read in.

t CVe use 0 for I he e~tl of an exalnple a.nd I for the end of a proof
nlecha nical ).
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2.3. LISP and the Bound Quantifier Allp.

Silnilarly we ask EKL to learn about LISP by reading the file LISPAX (scxe 1.11~  :\1)ptlIl(Iis).

(wipe-out)
;Done.Proof?
( g e t - p r o o f s  lispax)
; f  i l e  r e a d  i n
;switched t o  LISPAX
; the  proof  LISPAX r e a d  i n .

In defining function&, t,he language of EKL gives us the option between a tlefillitiorl  1)~ rccursiolr
a.nd a clefinit.ioll  using bountletl  quantifiers.

Consider the predicate allp(phi  ,u),  to be interpreted as “for all nlelnbers x of u. phi(u). It
could be defillecl  as:

( d e f i n e  allp IVphi x  u.allp(phi,u)g(Vx.member(x,u)3phi(x))l)

The definition by recursion AZl$ef’

Vphi x u.allp(phi,nil)h
allp(phi,x.u)=if  p h i ( x )  t h e n  allp(phi,u)  e l s e  f a l s e

sixnplifies  its use in proofs by induction on lists: consider for insta.nce  the proof’s of tile Leillina .\-!I)
C’OI~Z~MSE  or of Theorem Assoc Compose. In contests ivliere  a. stra.iglitforWarcl  proof t).v induction
is not possible. we nlay  use the other definition. ha,ving proved the equivalence.

;facts a b o u t  a l l p
( p r o o f  allp)

;a  re formula t ion  o f  the  de f in i t ion  o f  a l lp

( t r w  ltlphi  x  u.allp(phi,x.u)3phi(x)hallp(phi,u)l  ( o p e n  a l l p ) )
;VPHI X U.ALLP(PHI,X.U>3PHI(X)hALLP(PHI,U)
( l a b e l  a l l p f  a c t )

;allp-introduction

(ue (phi Ihu.(Vy.member(y,u)3phil(y))3allp(phil,u)  I>
l i s t i n d u c t i o n
(open allp member) (use normal mode: always))

( l a b e l  a l l p , i n t r o d u c t i o n )
;VU.(VY.MEMBER(Y,U)3PHIl(Y))3ALLP(PHIl,U)

;  allp-elimination

( u e  ( p h i  Ihu.member(x,u)hallp(phil,u)3phil(x)  I)
list induct ion
(part 1 (open member allp) (use normal mode: always)))

( l a b e l  a l l p - e l i m i n a t i o n )
;VU.MEMBER(X,U)AALLP(PHIl,U)3PHIl(X)

;allp-implication
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4. ( u e  ( p h i  IAu.Va a~.allp(a,u)A(Vx.a(x)~al(x))~allp(al,u
l is t induct ion (open allp) >

( l a b e l  allp,implication)
;bTJ  A A~.ALLP(A,U)A(VX.A(X)~AI(X))~ALLP(AI,U)

Similarly for the predicate somep:

Vphi x u.lsomep(phi,nil)A
somep(phi,x.u)=if p h i ( x )  t h e n  t r u e  e l s e  somep(phi,u)

> I>

(proof somepprop)

( u e  ( p h i  ~Au.member(y,u)Aphil(y)~somep(phil,u)  1)
l i s t i n d u c t i o n
(open somep member) (use normal mode: always))

;VU.MEMBER(Y,U)APHI~(Y)~SOMEP(PHI~,U)

( d e r i v e  IVu.(3y.member(y,u)Aphil(y))Jsomep(phil,u)l  *)

( u e  ( p h i  IXu.somep(phil,u)~(3x.member(x,u)Aphil(x))~)
l i s t i n d u c t i o n
(part 1 (open member somep) (use normal mode: always) (der)))

;VU.SOMEP(PHI~,U)~(~X.MEMBER(X,U)APHI~(X))

( d e r i v e  IVu.somep(phil,u)~(3x.member(x,u)Aphil(x))~  (* -2))
( l a b e l somepf act >

2.4. Facts of elementary set theory.

Next we introduce some useful notations of elementa(ry set theory. We do not distinguish
between sets and predicates: our variables av, bv for sets will allow us to speak only about very
few sets (only sets of “urelements”, sets of objects of type ground-see the file 1.5.1).

Remark. Example 2. The following example shows that some care is needed in clea.ling \vit 11
default decla,rations.  In guessing the declaration for a term, EKL looks for syntactical similarities
with previously defined terms: thus if x has been previously declared, EKL tries the same declaration
for xl or xv.

If we start a new proof, without a,ccess to the previous ones, then the expression xv receives
default declaration type: ground syntype : variable sort: universal.

(proof  se t s )

I . (decl ( a v  b v )  ( t y p e :  Iground+truthvall))
2. (decl e p s i l o n  ( t y p e : 1 groundeQav+truthval I >

( inf ixname:  E) (bindingpower:  925))

3. (de f ine  eps i l on  IVav xv.xvCavrav(xv>l)
;XV is unknown.
;the symbol XV declared to have type GROUND
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On the other hand, in the proof LISPAX the term x has already been decla.red:  its declaration
is type: ground syntype: variable sort : sexp. Therefore, if we give EKL access to tht proof
Iispax first, then xv becomes a va.riable of the sort sexp (line 3 below).

Since in this paper we will consider only sets of S-espressions. such default tleclaratioll  is
convenient.

(get-proofs allp)
;file read in
;switched  to ALLP
; the proof ALLP read in.
;the proof LISPAX read in.

(proof sets)

1. (decl (av bv) (type: lground+truthvall))
2. (decl epsilon (type: lground@Qav+truthvall)

(inf ixname : E) (bindingpower: 925))

3. (define epsilon 1Vav xv.xveavzav(xv>l>
(label epsilondef)
;XV is unknown.
;the symbol XV is given the same declaration as X

lt: we can declaze xv to be of solneHowever, there is a. more elegant way to obtain this resu
sort, Say urelement:

(wipe-out)
(proof set)

(decl (xv yv zv) (type: ground) (sort: urelement))

Then we establish, by asioms,  that urelements and S-expressions a.re t.he sa.me class.

(axiom lVx.urelement  xl>
(label simpinfo)

(axiom lVxv.sexp XVI>
(label simpinfo)

Thus we can create the two files separately and later give EKL access to both files and assunlc  t 11~
a.bove a.sioms, if needed. 0

;useful  set theory
(wipe-out)
(get-proofs allp)
(proof sets)

;a11 urelements will be S- expressions
;a11 S-expressions will be urelements

1. (decl (xv yv zv) (type: lgroundl) (sort: urelement))
2. (decl (av bv) (type: lground+truthvall))



-IO ABOI JT PERMUT.UIONS IS Lrw ASI) El\L

3. (axiom IVx.urelement xl)
(label simpinfo)

4. (axiom IVxv.sexp(xv>  I>
(label simpinfo)

5. (decl epsilon (type: Iground@@av+truthvalI)
(inf ixname : E) (bindingpower: 925))

6. (define epsilon IVav xv.xvCavsav(xv)l)
(label epsilondef)
;XV is unknown.
;the symbol XV is given the same declaration as X

7 . ;VA B.(VXV.XVEA=XVEB)IA=B
(label set,extensionality)

8 . (decl intersection (type: IQset@Qset+Qsetl)
(inf ixname : n> (bindingpower: 950)
(pref ixname : intersect ion) >

9. (define intersection IVa b.anb=Axv.(a(xv)hb(xv))l)
(label interdef)

10. (decl union (type: IQset@@set+@setl)
(inf ixname: U) (bindingpower: 950)
(prefixname: union))

.ll. <define union IVa b.aub=Axv.(a(xv)Vb(xv))l)
(label uniondef >

12. (decl inclusion (type: I@set@Qset+truthvall)
(inf ixname : C> (bindingpower: 920)
(pref ixname : inclusion) )

13. (define inclusion IVa b.aCbWxv.a(xv)Jb(xv>I)
(label inclusiondef >

14. (defax emptyset  lemptyset=Axv.falsel)
(label emptysetdef)

15. (defax emptyp IVa.emptyp(a)=Vxv.la(xv)l)

11-e  \vmtt to be able to talk of the set of occurrences of an S-espressions  x as well as of t,he set
of elenieuts  of a list u.

‘16. (decl mkset (type: Iground+Qsetl))

17. (define mkset IVxv.mkset(xv)=(Ayv.yv=xv)  I)
(label mkset,def)

;the set of members of a list

18. (decl mklset (type: Iground+Qavl))
19. (define mklset IVu.mklset(u>=hx.member(x,u)l)

(label mklsetdef)



2.5. Putting things together.

The basic ground domain \vill  contain  hot 11  S-expressions and natural nunlbers.  \,Ye uwtl hot II

to define tile function length

Vu x.(length  nil=O)hlength(x.u)=(length  u)’

(see the -Appendix).

(get-proofs length)
;file read in
;switched  to SETFACTS
;the proof SETFACTS  read in.
;the proof ALLP read in.
;the proof LESSEQ read in.
;the proof INDUCTION read in.
;the proof LENGTH read in.
;the proof MINUS read in.
;the proof NATNUM read in.
;the proof NORMAL read in.
;the proof SETS read in.
;the proof LISPAX  read in.

111  such cont.est,, the folhving principle (Dozlbleirlnzrctio/zf)  of double induction for lists and
nuinbcrs  [vii1 he very useful:

VPHI3.
(VU N X.PHI~(NIL,N)APHI~(U,O)A(PHI~(U,N)~PHI~(X.U,N’)))~(~  N.PHI3(U,N))

Kwllbers  ant1 S-espressions are ground objects of different sorts.

(axiom IVn.sexp nl)
(label simpinfo)

(axiom IVn.lnull(n)l)
(label simpinfo)

L\ye rewarkecl  above that. some care is needed t,o give the dat.a.base the proper structure ol
types and sorts. In our esperiment,  no a.rtificia.l liInita,tion  of expressive po\ver is imposed t)y the
type strrlcture  of EKL. Now we are ready to int,roduce  the main LISP functions needed for OII~
rt\prescutations  of permutations.

.

2.6. Properties of Nth.

7’11~  LISP function nth pla.ys a. key role in our represent a.tion. nth a.nd nthcdr arc tlefincd
as total functions, with the defa.ult, iralue  NIL. \Ve shall present. facts a.bout these functions as
esannlples  of silnplc  inferences in EKL.
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ABOIYI- PERMVTATIONS IN LISP AND EIiL

1. (decl nth (syntype: constant) (type: Iground@ground+groundl))

2. (defax nth IVx u n.nth(nil,n)=nilhnth(u,O)=car  uh
nth(x.u,n’)=nth(u,n)  1)

(label simpinfo) (label nthdef)

E x a m p l e  3 . The well-definedness of nth is an immediate consequence of its definition  I),v
double induction on lists a.ud numbers. \ive show the rewriting process in detail. !Yithout. the use
of simpinfo the following statement is obtained.

(setq rewritemessages t)

0. (ue (phi3 IAu n.sexp nth(u,n>i) doubleinductionl (nuse simpinfo))
;(W N X.SEXP NTH(NIL,N)hSEXP  NTH(U,O)h
. (SEXP NTH(U,N)ISEXP  NTH(X.U,N')))D
;(W N.SEXP NTH(U,N))

The information in simpinf o9 including the definition of nth, is enough to obtain the result.

3 . (ue (phi3 IAu n.sexp nth(u,n)i) doubleinductionl)
;the term NTH(NIL,N) is replaced by:
NIL
;the term SEXP NIL is replaced by:
TRUE

.

;the term SEXP NTH(U,O) is replaced by:
TRUE
;the term NTH(X.U,N’)  is replaced by:
NTH(U,N)
;the term SEXP NTH(U,N) is replaced by:
TRUE
;the term SEXP NTH(U,N)ITRUE  is replaced by:
TRUE
;the term TRUEhTRUEhTRUE  is replaced by:
TRUE
;the term W N X.TRUE is replaced by:
TRUE
;the term TRUEI(W N.SEXP NTH(U,N)) is replaced by:
W N.SEXP NTH(U,N)
;VU N.SEXP NTH(U,N)
(label simpinfo) (label sexp-nth)

Lemma 2. I. ( .Vth Jlember)

W N.N<LENGTH  UIMEMBER(NTH(U,N),U)

Proof. kve use double induction also the membership of the values of nth in the original list.
The first base case. when 11 = 0, is proved by listinduction. For u = NIL \ve obtain a cont,radictioh
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in the antecedent (the line ZEROLEASTl.  proof NATNUM, is in simpinfo). For u = x.u Ive app1.v
definitions of nth a.nd of member.

(ue (phi IAu.O<length uDmember(nth(u,O),u>I)  listinduction
(open member))

;VU.O<LENGTH UIMEMBER(NTH(U,O),U)

. The other base case gives a.gain a. contradiction and the inductive step is immediately  re-
duced to the induction hypothesis. Indeed, n’<length(x.u)  reduces to n’<(length(u))  J arid l).v
SUCCESSORLESS (proofNATNUM)ton<length(u).  By definit.ion,nth(x.u,n') = nth(u,n).

(ue (phi3 IAu n.n<length  u 3 member(nth(u,n),u)  1) doubleinductionl
(use memberdef mode: always) (use * >)

; W  N.N<LENGTH  UIMEMBER(NTH(U,N),U)
(label nthmember) I

\.lr, need a,converse  of NTHMEMBER:
Lemma 2.2( kkmber  Nth)

W Y.MEMBER(Y,U)I(BN.N<LENGTH  UhNTH(U,N)=Y)

Proof. Since Member Nth is a,n existential statement, we ha.ve to expand  the proof. CVe  use
induction on the list u. In order to prove tha,t

Bn.n<length(x.u)Anth(x.u,n)=y,

assume the induction hypothesis (line 1) and the antecedent for the inductive step (line 2). (liue
11).

(proof member,nth)

1. (assume I(MEMBER(Y,U>I(BN.N<LENGTH  UhNTH(U,N)=Y))I)
(label m,nl)
;deps: (1)

2 . ( a s s u m e  lmember(y,x.u>l  >
(label m,n2)
;deps: (2)

L

3 . (rw * (open member))
(label m,n3)
;Y=XvMEMBER(Y,U)
;deps: (M,N2)

This requires a proof by ca,ses.

4 . (assume ly=xl>
(label m,n4)
;deps: (4)



. I f y  = x. one can take 0 for the desired 11.  It is euough to espautl  the definitions  of length a11(1
nth in line 5 to verify tht

O<length(x.u)Anth(x.u,O)=y.

5. ( t rw  IO<length(x.u)hnth(x.u,O)=yl * >
;O<LENGTH (x.U)ANTH(X.U,O)=Y
;deps: (M-N41

6. (der ive  13n.n<length(x.u)Anth(x.u,n)=yl  * >
(label m,n5)
;deps: (M,N4)

Second case:

7. (assume Imember(y,u)  I >
(label m-n61
;deps: (7)

8. (define nv Invclength uAnth(u,nv)=yl (m-n1 *(>I
;NV is unknown.
;the symbol NV is given the same declaration as N
;deps: (M-N1  M-N61

The conlnland DEFINE a*llo\rrs  the introduction of an eigenvariable.  This is EKL*s way to deal \vitll
esistelltial  elixnination. Now t.ake VIP’ for 71:

9. ( t r w  Inv’<length(x.u>Anth(x.u,nv’)=yl  * >
;NV'<LENGTH (X.U)hNTH(X.U,NV')=Y
;deps: (M-N1  M,N6)

. 10. (derive 13n.n<length(x.u>Anth(x.u,n)=yl  * >
(label m,n7)
;deps: (M-N1  M,N6)

Esist,entia.l  introduction is performed in lines 6 a.nd 10 by tile DERIVE cornnland.  III both cases \VC
ha.ve reached the desired conclusion.

11.  ( ca ses  m-n3 m-n5 m-n71
;3N.N<LENGTH (X.U)hNTH(X.U,N)=Y
;deps: (M,NI M,N2)

Cases derives t,he formula of lines ci and 10 (the formula must be the same) a,nd clischargcs t hc
opea  assumptions of lines 3 and 7: respectively, by using line 3. We use conditional introduction
to discharge assumpt.ions  and to write down the induct.ioll  st.ep (line 13). In line 1-l the inductive
argument is performed as a rewriting p rocedure,  ushg line 13 as a rewriter.

12 .  ( c i  m,n2)
;MEMBER(Y,X.U)1(3N.N<LENGTH  U)ANTH(X.U,N)=Y)
;deps: (M,N~)

13. (ci M,Nl)
;(MEMBER(Y,U)1(3N.N<LENGTH  UhNTH(U,N)=Y))1
;(MEMBER(Y,X.U)1(3N.N<LENGTH  U'hNTH(X.U,N)=Y))
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The base  case is trivial. shce NIL has no members. Therefore:

14. (ue (phi IAu.member(y,u)I(3n.n<length  uAnth(u,n>=y>l)  listinduction
(open member) * )

;VU.MEMBER(Y,U)1(3N.N<LENGTH  UhNTH(U,N)=Y)  n

2.i Properties of Nthcdr.

(proof nthcdr)

1. (decl nthcdr (syntype: constant) (type: Iground@ground+groundl))

2. (defax nthcdr IVx u n.nthcdr(nil,n)=nilAnthcdr(u,O)=uA
nthcdr(x.u,n'>=nthcdr(u,n)l)

(label simpinfo) (label nthcdrdef)

The proofs of the following facts are quite easy and can be found in the Appendix.

3. VU N.LISTP NTHCDR(U,N)
(label simpinfo)

4. VU.O<LENGTH  U1NTH(U,O).NTHCDR(U,l)=U
(label nth,nthcdr,zero)

5. VU N.N<LENGTH  UICAR NTHCDR(U,N)=NTH(U,N)
(label car,nthcdr)

6. VU N.CDR NTHCDR(U,N)=NTHCDR(U,N')
(label cdr-nthcdr)

7. VU N.N<LENGTH  U1NTHCDR(U,N>=NTH(U,N).NTHCDR(U,N')
(label nthcdr,car,cdr) I

The proof of tile follo\ving Lemma is of some interest. We give it here.
Lemma 2 . 4 .  (  .Vth in ~Vthcdr)

VU N M.NIMAM<LENGTH WMEMBER(NTH(U,M>,NTHCDR(U,N))
e

Proof. First, we show

VU N M.(N<MAM<LENGTH  U1MEMBER(NTH(U,M),NTHCDR(U,N)))

I .j

by double iilclllctioll on numbers and lists, i.e. on 11  and on u (line 13).  For 11 = 0 the result is just
the lemma ,Vth~~~~~hcr*.  For u = NIL we have a false antecedent.

Xs the inductive hypothesis we need an explicitly universally quantified formula.:

1. (assume lVm.(n<mAm<length  uImember(nth(u,m),nthcdr(u,n)))l)
(label nincdrl)



The inductive step is proved by a. secondary induction on 171..  The case ?)I = 0 gives a false
antecedent. 1Vllen 172 is a successor the inductive formula. is rewritten t.o a.n illstance  of lint\ 10.
using the definitions of nth, nthcdr, length and the fa.ct ,~trcco,c.~or~k~s. file NATNUM. wiiicll is in
simpinfo.

Notice thatt we must tell EKL not to use the definitions of nth, nthcdr and length in tile part
of the formula. that corresponds to the conclusion.

2. (ue (a IAm. (n’<mhm<length(x.u)3member(nth(x.u,m)  ,nthcdr(x.u,n’))) I>
proof-by-induction
(part 2 (nuse nthdef nthcdrdef lengthdef))
nincdrl zero-non-less-successor)

;VN~.N'<N~AN~<LENGTH  (X.U>3MEMBER(NTH(X.U,N2),NTHCDR(X.U,N’))

3. (ci nincdrl)
;(VM.N<MhM<LENGTH UIMEMBER(NTH(U,M>,NTHCDR(U,N)))D
;(VN~.N'<N~AN~<LENGTH U'IMEMBER(NTH(X.U,N2),NTHCDR(U,N)))

We can conclude the main induction.

4. (ue (phi3 1x1.1 n.Vm.n<mAm<length(u)~member(nth(u,m),nthcdr(u,n))~)
doubleinductionl
(use  n thmember  mode :  exac t )  (use  * mode :  exac t ) )

;(VU N M.N<MhM<LENGTH UDMEMBER(NTH(U,M),NTHCDR(U,N)))

It is interesting to notice that the above a.rgunlent  ca,n be replaced by a. one line proof. using
proof-by-induction as a rewriter.

0. (ue (phi3 I&I n.Vm.n<mAm<length  uImember(nth(u,m),nthcdr(u,n))l)
doubleinductionl
(use nthmember mode: exact)
(use proof-by-induction

ue:  ((a.lxm.(n'<mAm<length(u)'I
member(nth(x.u,m>,nthcdr(u,n)))l))

mode: exact))
;VU N M.N<MhM<LENGTH UIMEMBER(NTH(U,M),NTHCDR(U,N))

In the last  step an argument by cases is avoided by our technique of using second order
unificat.ion  ( line iV0rmc-d).

5. (trw IVu n m.nlmAm<length(u)~member(nth(u,m),nthcdr(u,n))~
(open lesseq member)(use  normal mode: always)

L (use * nthcdr,car,cdr mode: exact))
;VU N M.NIMhM<LENGTH  WMEMBER(NTH(U,M),NTHCDR(U,N))
( l abe l  n th , in ,n thcdr )  I

The proofs of the following fa.cts  a.re easy and left to the Appendis.



1. VU N M.N<LENGTH UhM<LENGTH  (NTHCDR(U,N))I
NTH(NTHCDR(U,N),M)=NTH(U,M+N)

(label nth,nthcdr)

2. tfu N.NILENGTH  UILENGTH (NTHcDR(U,N))=LENGTH  U-N
(label length,nthcdr)

3 . VU.NTHCDR(U,LENGTH U)=NIL
(label last,nthcdr)

4. VU N.LENGTH(U)INJNTHCDR(U,N)=NIL
(label trivial,nthcdr)

5. VA U N.ALLP(A,U)lALLP(A,NTHCDR(U,N))
(label allp,nthcdr)

The principle of nthcdr induction can be viewed as a. trick to reduce induction on lists to
finite induction on numbers. Nlore  interestingly, it is induction on lists locnlized to a given list,
i.e. induction on the tails of a given list. Assume a list u is given; we can prove that u has a
certain property phi from the fact that the null list has property phi and that if x.v is a tail
of u and v has the property phi t.hen x.v has the property phi. Using the functions nth and
nthcdr we ca.n formulate this method of proof as finite descent from phi (nthcdr (u, length(u) ) )
to phi(nthcdr(u,O)).

The mecha.nical derivation of t,his inductive principle is not terribly interesting a.nd
the Appendis.

6. VPHI U.PHI(NIL)A
(VN.N<LENGTH(U)1(PHI(NTHCDR(U,N’))I

PHI(NTH(U,N).NTHCDR(U,N’))))1PHI(U)
(label nthcdr,induct ion)

is left to

2.8. Properties of Fstposition.

In the representation of permutations the function f stposition pla.ys the role of the inverse
operation of nth. Here we give the definition of fstposition and some fa.cts about it.

;fstposition
(proof fstposition)

* 1. (decl (fstposition) (type: Iground@ground+groundl))
2. (define f stposition

ltlx u y.fstposition(nil,y)=nilA
fstposition(x.u,y)=if lmember(y,x.u)

then nil
e lse  i f  x=y

then 0
else addl(fstposition (.

listinductiondef)
(label fstpositiondef)

u,y>> I



;facts about fstposition

3. (ue (phi IAu.(null fstposition(u,y)1lmember(y,u))A
(member(y,u)Inatnum fstposition(u,y))A
(null fstposition(u,y)Vnatnum fstposition(u,y))l)

mode: always)))
listinduction
(part 1 (open member fstposition) (use normal

;VU.(NULL  FSTPOSITION(U,Y)1lMEMBER(Y,U))h
., (MEMBER(Y,U)~NATNUM(FSTPOSITION(U,Y)))A
. (NULL FSTPOSITION(U,Y)vNATNUM(FSTPOSITION(U,Y
ilabel simpinfo) (label posfacts) I

‘I>>

4. (ue (phi (Au.Vy.sexp  fstposition(u,y)l)  listinduction
(part 1 (open member fstposition) (use normal mode: always)

;VU Y.SEXP FSTPOSITION(U,Y)
(label simpinfo) (label sortpos) I

5. (ue (phi IAu.Vy.member(y,u)Jfstposition(u,y)<length(u)l)
listinduction
(part 1 (open member fstposition) (use normal mode: always)))

;VU Y-.MEMBER(Y-,U)1FSTPOSITION(U,Y)<LENGTH  U
( l a b e l  p o s , l e n g t h )  I

2.9.- The Lemmata Nth Fstposition and Fstposition Nth.

Since tllese  facts are very basic, we cornrnent  tile proofs in detail.
Lemma 2.5 (Nth Fstpositiorl)

. VU N.MEMBER(N,U)1NTH(U,FSTPOSITION(U,N))=N

The proof that fstposition is the right inverse of nth is a sinlple induction on li sts.

1. (ue (phi IAu.Vn.member(n,u)1nth(u,fstposition(u,n))=nl)
listinduction
(use normal mode: always)
(open member fstposition nth))

;VU N.MEMBER(N,U)1NTH(U,FSTPOSITION(U,N))=N
( label  nth, fstposit ion)  I

To obtain the fact that f stposition is tile left inverse ofnth we need tile additional hvpot llesis
tllat u 1la.s  the uniqueness property.

Lemma 2.6 ( Fstpositiorz  Sth)

VU N.UNIQUENESS(U)hN<LENGTH UJFSTPOSITION(U,NTH(U,N))=N

Proof. B,Y double induction 011  u a.nd 11.

(i) If u = NIL.theh length(u) is 0, and \ve obt.ain a contradiction in tile anteccdcut.
(ii) If’ n=O. b-e  provv 1)~  intirlct,ioti 011  u tllat
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VU.UNIQUENESS(U)hO<LENGTH U1FSTPOSITION(U,CAR  U>=O.

The base  cast is like i, and the induction step is given by

fstposition(x.u,car(x.u)) = fstposition(x.u,x)=  0.

(iii) .&ume the induction hypothesis

uniqueness(u)hn<length(u)~fstposition(u,nth(u,n))=n.

-\ssunle  uniqueness(x,u) and n’<length(x.u),  which a.re rewritten as

respectively.
(iv) Now

fstposition(x.u,nth(x.u,n’))

rewrites to
if x=nth(u,n) then 0 else fstposition(u,nth(u,n))‘.

1Ve have only to show that x#nth(u,n): for then we ca.n a.pply the induction hypothesis. But. if
x=nth(u,n). with n<length u, then x is a. member of u, 1~) Mthruerl~kr.  cant ra.dict  ing (iii).

(proof fstposition-nth)

1. (ue (phi IAu.O<length u1fstposition(u,nth(u,O))=Ol)
listinduction (open fstposition nth member))

;VU.O<LENGTH U1FSTPOSITION(U,CAR  U)=O

2. (derive InXlength u A x=nth(u,n) 1 member(x,u)l  (nthmember))

3. (derive luniqueness(x.u)An<length  u1lx=nth(u,n)l * (open uniqueness))

4. (ue (phi3 IAu n-uniqueness uAn<length  u3fstposition(u,nth(u,n))=nl)
doubleinductionl *
(open fstposition nth member uniqueness) -3 nthmember)

;VU N.UNIQUENESS(U)hN<LENGTH U1FSTPOSITION(U,NTH(U,N))=N
(label f stposition,nth) I

Remark. Example 4. The la.st line is a compact. proof. obtained by an interesting conlbina-
tion of rewriting steps. Let us look at the details of the wvriting process. The follo\ving statcmellt
must. be verified:
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(setq rewritemessages t)

0. (ue (phi3 1Au n.uniqueness uAn<length u3fstposition(u,nth(u,n))=nl)
doubleinductionl (nuse simpinfo))

;(VU N X.(UNIQUENESS(NIL)hN<LENGTH  NIL~FSTPOSITION(NIL,NTH(NIL,N))=N)A
., (UNIQUENESS(U)A~<LENGTH  U~FSTPOSITION(U,NTH(U,O))=O)A
., ((~NIQUENESS(U)AN<LENGTH  ~~F~TP~~ITI~N(~,NTH(~,N))=N)~
., (UNIQUENESS(X.U)AN'<LENGTH (x.u)3
. FSTPOSITION(X.U,NTH(X.U,N'))=N')))3
&U N.UNIQUENESS(U)hN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N)

Using simpinf 0, without specifying a.ny rewriter, only few substitutions are made. by t.hc
definition of nth and the fact Successorless.

0. (ue (phi3 IAU n.uniqueness uAn<length u1fstposition(u,nth(u,n))=nl)
doubleinductionl)

;(VU N X.(UNIQUENESS(U)hO<LENGTH  U3FSTPOSITION(U,CAR  U)=O)h
., (WNIQUENESS(U)AN<LENGTH  ~~F~T~~~ITI~N(~,NTH(~,N))=N)~
. (~IQ~ENE~~(x.~)AN<LENGTH  ~~FsTP~sITIoN(x.u,NTH(~,N))=N~)))~
i(VU N.UNIQUENESS(U)hN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N)

Let us see how the rewriting process simulates the above argument.
(i) First base case:

;the term UNIQUENESS(NIL) is replaced by:
TRUE
;the term LENGTH NIL is replaced by:
0
;the term N<O is replaced by:
FALSE

. ;the term TRUEAFALSE  is replaced by:
FALSE
;the term FALSEDFSTPOSITION(NIL,NTH(NIL,N))=N  is replaced by:
TRUE

Here EKL has found a. contradiction in the antecedent.
(ii) Nest EKL does the second base case, by espanding the definition of nth a.nd using line 1:

;the term NTH(U,O)  is replaced by:
CAR U
;the term FSTPOSITION(U,CAR U> is replaced by:
0L ;the term 0=0 is replaced by:
TRUE
;the term UNIQUENESS(U)hO<LENGTH U3TRUE is replaced by:

TRUE

(iii) Now EKL staxts the induction step. It espands the definitions of uniqueness. length
and uses the fact Successorless (which is in s impinf 0).



;the term UNIQUENESS(X.U) is replaced by:
lMEMBER(X,U)hUNIQUENESS(U)
;the term N'<LENGTH (X.U) is replaced by:
N<LENGTH  U
;the term (~MEMBER(X,U)AUNIQUENESS(U))AN<LENGTH  U is replaced by:
~MEMBER(X,U)AUNIQUENESS(U)AN<LENGTH  U

(i2;) In expanding fstposition, EKL finds two nested LISP conditionals:

;the term FSTPOSITION(X.U,NTH(X.U,N'))  is replaced by:
IF 1MEMBER(NTH(X.U,N'),X.U)  THEN NIL ELSE (IF X=NTH(X.U,N') THEN 0 ELSE
FSTPOSITION(U,NTH(X.U,N'))')
;the term MEMBER(NTH(X.U,N'),X.U)  is replaced by:
NTH(X.U,N')=XvMEMBER(NTH(X.U,N'),U)
;the term NTH(X.U,N')  is replaced by:
NTH(U,N)
;the term NTH(U,N)=X  is replaced by:
FALSE

Line 3 has been used here.

;the term NTH(X.U,N')  is replaced by:
NTH(U,N)
;the term MEMBER(NTH(U,N),U) is replaced by:
TRUE

Here EKL has used the fact Nthmenzber.

;the term FALSEvTRUE is replaced by:
TRUE
;the term -TRUE is replaced by:
FALSE

The if clause of the outermost conditional is therefore false (see the first line a,fter  (is-j). Now EKL
moves to the else clause a.nd finds the innermost conditional.

;the term NTH(X.U,N')  is replaced by:
NTH(U,N)
;the term X=NTH(U,N) is replaced by:
FALSE

Line 3 has been used here again to see that the if cla.use  of the innermost conditional is Talw.
+ Hence EKL considers the else clause, i.e.

FSTPOSITION(U,NTH(X.U,N'))'

(see the first line after (iu))).

; the term NTH(X.U,N')  is replaced by:
NTH(U,N)
;the term FSTPOSITION(U,NTH(U,N)) is replaced by:

N

Here the induction hypothesis 1la.s  been used.



. ;the term IF FALSE THEN 0 ELSE N' is replaced by:
N'
;the term IF FALSE THEN NIL ELSE N' is replaced by:
N'

This concludes tlte evaluation of the tern1 FSTPOSITION(X.U,NTH(X.U,N')). The result follo\vs  1,
standa.rd  rewriting.

;the term N '=N' is replaced by:
TRUE
;the term IMEMBER(X,U>AUNIQUENESS(U)ANCLENGTH UDTRUE is replaced by:
TRUE
;the term (UNIQUENESS(U>hN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N)3TRUE  is
replaced by:
TRUE
;the term TRUEhTRUEhTRUE  is replaced by:
TRUE
;the term VU N X.TRUE is replaced by:

TRUE
;the term TRUED(KJ N.UNIQUENESS(U)hN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N)
is replaced by:
VU N.UNIQUENESS(U)hN<LENGTH  UDFSTPOSITION(U,NTH(U,N))=N
;VU N.UNIQUENESS(U)hN<LENGTH UDFSTPOSITION(U,NTH(U,N))=N

El

2.10. Injectivity and Uniqueness.

IVe a.lready pointed out that, in order to represent t.he pr0pert.y  ‘each  lnelnber  of a. list u occurs
just once in the list u’, we can use either the recursively defined predica.te  uniqueness

V u  x . u n i q u e n e s s  n i l  A.
(uniqueness(x.u)Elmember(x,u)Auniqueness(u)),

or the predicate inj, defined using a bounded quantifier.

; injectivity
;another predicate for uniqueness

(proof inj)

(decl (inj) ( type: Iground+truthvall))
. (define inj

IVu.inj(u)=Vn  m.n<length(u)Am<length(u)Anth(u,n)=nth(u,m)~n=m~)c (label injdef)

The proof of equivalence of the two predica.tes  can be found in the Appendix.

VU.UNIQUENESS(U)=INJ(U)
(label uniqueness,injectivity)

C_‘lea,rly  the predica.te  uniqueness is  Inorc  convenient,  in a.  proof 1,~ induction 011  l is ts .  AII
csauiple is tile previous Lernnla.  Fstyositiorl  .\‘!I,: a. direct proof of

VU N.INJ(U)AN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N
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2.11. The notions of Finite Union and Finite Sum.

Lve introduce functions that perform  finite sunls and finite uuious,  i .e.  given f:  N- N. tllcl
operation

c fW
m<n

incl given F: N- A, where -4 is a. collect,ioii  of sets, the operation

u F ( m ) .
nt<n

The recursively defined predica.tes  all and some can be used instea.d of the bounded clua.ntifiers
**for  all III. < 11.  a( 772)”  and “for some 711 < n, a( ~12). The proof of Pigeoafnct  shows an effect.ive  use
of all.

1.

2.

3.
-4.

5.
6.

7.

8.

9.

(proof sums>

(decl allnum (type: IgroundMset+truthvali)
( s y n t y p e :  c o n s t a n t ) )

(decl somenum (type: Iground@@set+truthvali)
( s y n t y p e :  c o n s t a n t ) )

(decl (numseq f> (type:Iground+groundl))
(decl sum (type: I (@numseq>@(@n)+(@n>  I  > ( s y n t y p e :  c o n s t a n t ) )
(decl setseq (type: I@n+@setl>>
(decl un (type: I(@setseq>@(@n)+(4Iset>  I) (syntype: constant))

; axiom for allnum
(defax allnum IVn a.allnum(0,a)A(allnum(n’,a>~a(n>Aallnum(n,a>>  I>
(label allnumdef >

;axiom for somenum
(defax somenum lVn a.~somenum(O,a)A(somenum(n’,a)~a(n)Vsomenum~n,a~~~~
(label somenumdef)

(defax sum
IVn numseq.sum(numseq,0)=oA

sum(numseq,n’)=sum(numseq,n)+numseqol)
(label sumdef >

10. (defax un
IVn setseq.un(setseq,o)=emptysetA

un(setseq,n’)=un(setseq,n)usetseqol)
(label undef >

E’inall~  we have a. recursive predicake  t,o identify finite sequences of disjoint sets.
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9. (decl disj,pair (type: I(@set@Qset>+truthvall))
10. (define disj,pair IVa b.disj,pair(a,b)=emptyp(anb)l)

(label disj,pair,def)

11. (decl disjoint (type: I((ground+@set)eground)+truthvall))
12. (defax disjoint

IVn setseq.
disjoint(setseq,O)h
disjoint(setseq,n')=(disjoint(setseq,n)A

disj,pair(un(setseq,n),setseq(n)))l)
(label disjoint,def)

The following line gives the condition for sum to be defined:

; sumsort

3. (ue (a IAn.allnum(n,Xm.natnum  numseq(m))Dnatnum sum(numseq,n)l)
proof-by-induction (open allnum sum))

;VN.ALLNVM(N,XM.NATNUM(NUMSEQ(M)))~NATNU(SUM(NUMSEQ,N))

4. (rw * (use allnumfact mode: exact direction: reverse))
;VN.(~.M<N~NATNUM(NUMSEQ(M)))~NATNUM(S~(NUMSEQ,N))
( l a b e l  sumsort)  n

2.12. The not ion of Multiplicity.

The function mult counts the number of members in a list u that sa.tisfy the predicate (1.

(proof multiplicity)

1. (decl mult (type: I(ground@@set)+groundl))
2. (defax mult IVx u a.mult(ni.l,a)=OA

mult(x.u,a)=if a(x) then mult(u,a)'  else mult(u,a)l)
(label mult,def)

The following fact about multiplicity is easy to prove.

3. (ue (phi IAu.Va.natnum(mult(u,a))l)  listinduction
(use mult,def mode: always))

(label simpinfo) (label multfact) I

Lemma 2.8. (Length Mult)

VU A.MULT(U,A)<LENGTH  U

Proof. There axe two cases in the inductive step. If x does not sakisfies (1 t.hen

follo\vs from the definitions and the induction hypothesis.



0 t herwise
mult(x.u,a)llength(x.u)

follows from the definitions and the induction hypothesis (using SUCCESSORLESSEQ, which is ill
s impinfo) .

;multiplicity  is lesseq length

;labels:  LESSEQ,LESSEQ,SUCC
;VN M.N<MINLM'

;labels:  SIMPINFO SUCCESSORFACTS SUCCESSORLESSEQ
;VN M.N'IM'=NIM

4. (ue (phi IAu.mult(u,a)llength(u)l)  listinduction
(open mult length) (use lesseq-lesseq,succ)
(part l#l (open lesseq)))

;VU.MULT(U,A)ILENGTH  U
( l a b e l  length,mult) I

Lemma 2.9.  (Member Mult)

VU Y A.MEMBER(Y,U)AA(Y>~~<MULT(U,A)

;if there is a member, multiplicity is not zero

5. (ue (phi IXu.Vy a.member(y,u>ha(y)3O<mult(u,a)l)  listinduction
(open mult member) (use normal mode: always))

;VU Y A.MEMBER(Y,U)AA(Y>~O<MULT(U,A)

6. (rw * use less-lesseqsucc mode: always))
;VU Y A.MEMBER(Y,U>hA(Y>%MULT(U,A)
( l a b e l  member,mult)  I

Lemma 2 .10 .  (Mdt  Nthcdr)

VN A U.N<LENGTH  UXIULT(NTHCDR(U,N),A)WULT(U,A)

Alzdt  Nthcde  is only slightly more difficult. Line 8 is needed to help the rewriter in line 9.
The problem in line 9 is the following: we want  to expand the definition of mult in the following

> argument for the induction step: if a(nth(u,n)),  then

mult(nthcdr(u,n),a) =mult(nth(u,n).nthcdr(u,n'),a)  = mult(nthcdr(u,n'),a)'

otherwise

mult(nthcdr(u,n),a)=mult(nth(u,n).nthcdr(u,n'),a)  =mult(nthcdr(u,n'),a)

Rut
mult(nthcdr(u,n'),a)'  <mult(u,a)



, implies, using the fact Szrcc L~.s.L;~(I  LE.uY~.

mult(nthcdr(u,n'),a)  5 mult(u,a)

Therefore, in both cases
mult(nthcdr(u,n),a) 5 mult(u,a)

implies’
mult(nthcdr(u,n'),a)  5 mult(u,a).

This involves a. combination of rewriting and logical reasoning: the definition of mult is es-
panded into a0 if . . . fkrz .,. C/S;C form a.nd the instance of Szlcc  Lesseq Lesseq is an implication.
We help EKL by giving t,he logical step described a.bove as a sepa.ra.te  rewriter (line 8) using 7’~111.~
C’Od

;labels:  TRANS,COND
;VP Q R.(QX)h(IF P THEN Q ELSE R)3R

;labels: SUCC,LESSEQ,LESSEQ
;VM N.M'LNIMIN

8. (ue ((q.imult(nthcdr(u,n'),a)'lmult(u,a)l)
(r.imult(nthcdr(u,n'>,a)Lmult(u,a)()
(p.la(nth(u,n))i))

trans,cond
(use succ-lesseq,lesseq

ue:  ((m.lmult(nthcdr(u,n'),a)l)
(n.lmult(u,a>l>> mode: exact >>

;(IF A(NTH(U,N))  THEN MULT(NTHCDR(U,N'),A)'<MULT(U,A)
. ELSE MULT(NTHCDR(U,N'>,A>IMULT(U,A))3

. IMULT(NTHCDR(U,N~,A)<MULT(U,A)

;conclusion

9. (ue (a IAn.Va u.n<length(u)3mult(nthcdr(u,n),a)lmult ha> I >
proof-by-induction
(part l#l (open lesseq))  succ,less-less
(part 1#2#1#1 (use nthcdr,car,cdr mode:
(open mult) * >

always))

;VN A U.N<LENGTH  U3MULT(NTHCDR(U,N>,A>SMULT
(label mult,nthcdr) I

(U,A)

;mult  emptyset

(ue (phi IAu.mult(u,emptyset>=Ol)  listinduction
(part 1 (open emptyset  mult>>)

;VU.MULT(U,EMPTYSET)=O
(label simpinfo) (label emptyfacts) m
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2.12.1 . Multiplicity Implies Injectivity.

The following Lemma. embodies the main use of the notion of multiplicity. If the number of
the occurrences of every member of a list v is 1, then the list has the irt.jcrtic*ity  property: f01.
;.j < length(v).

nth(v,i)=nth(v,j)3i=j.

LVe use the following fact: if nth(v, i) = nth(v,j a.nd i<j, then tllc rnuitiplicity  of the set
mkset nth(v,i)  is at least '2.

VV I J.I<JhJ<LENGTH  VhNTH(V,I)=NTH(V,J)I
21MULT(V,MKSET(NTH(V,I)))

(label multinj-computation)

The proof of Multinj Computation, a. consequence of the lemmata, il’th  ill iVthdr  and Men&r  Jlult,
is left to the Appendix.

Lemma 2.11. ( Mzilt  Inj)

VV.(VK.K<LENGTH  VXfULT(V,MKSET(NTH(V,K)))=l)XNJ(V)

Proof. At, lines 3 and 3 we instantiate Multinj Computation and we use line 1 to derive t1la.t
if i < j or j < i, then 2 5 1. Now we esploit sema.ntic attachment: EKL knoivs  tllat 'L < 1 and
2 = l-are  false. ?Ln application of the trichotomy conclucles the proof.

1. (assume IVk.k<length  v1mult(v,mkset(nth(v,k)))=ll)
(label mil)

2. (assume liclength vhjxlength vAnth(v,i)=nth(v,j)l>
(label mi2)

3. (ue ((v.v>(i.i)(j.j>>  multinj-computation mi2
(use mil ue: ((k.i)) mode: exact) (open lesseq

;lI<J
;deps: (MI1 M12)

>>

4. ( u e  ((v.v>(i.j>(j.i>>  m u l t i n j , c o m p u t a t i o n  mi2
(use mil ue: ((k.j)) mode: exact) (open lesseq))

;lJcI
;deps: (MI1 MI2)

5. (derive li=jl (trichotomy * -2))
;deps: (MI1 MI21

6 . (ci mi2)
;I<LENGTH VhJCLENGTH VANTH(V,I)=NTH(V,J)X=J
;deps: (MIl)

7 . (trw linj vl (open inj
;INJ(V)
;deps: (MIl)

* >
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8 . (ci mil)
;(VK.K<LENGTH  V3MULT(V,MKSET(NTH(V,K)))=l)3INJ(V)
( l a b e l  mult,inj) I

2.12.2. The Multiplicity of a Disjoint Union is the Sum of Multiplicities.

Consider a list and two sets (say, the sets of occurrences of two different S-espressions in the
list). If the sets are disjoint, then the sum of multiplicities is the multiplicity of the union (Lemma.
Multsu~m).  Lemma Multsum  generalizes to any finite sequence of disjoint sets (Lemma. Mult of [‘I,
i s  Sum Mult).

Lemma 2 .12 .  (M&sum)

WDISJ,PAIR(A,B)3MULT(U,AuB)=MULT(U,A)+MULT(U,B)

Proof: By induction on u. For u = NIL, all values of mult are 0. Assume the result for u. The
assumption that a and b are a disjoint pair of sets means that the intersection of a and b is e1npt.y.
If not x E a and not x E b, then induction hypothesis gives the result. If either x E a or x E b, then

mult(x.u,aub)  = mult(u,aUb)’ = (mult(u,a)+mult(u,b))’ = mult(x.u,a)+mult(x.u,b)

- the induction hypothesis is used to esta.blish the second equality.
The mechanical proof is one line long:

(proof multsum)
1. (ue (phi IAu. disj,pair(a,b)3mult(u,aub)=mult(u,a)+mult(u,b) I)

listinduction
(part 1 (open mult union disj,pair emptyp intersection)

(use normal mode: always))
(part 1 (d-1) >

(label multsum) I

The lemma, MuZtsum  is used in the induction step in the proof of the next fact:
Lemma 2.13. (Mult  of Un is Sum Mult) If all the sets of the sequence setseq nre pc~irwise  di.~,joint.
thel2.

mult u( , U setseqjm)) = C mult(u, setseq(n?,)) :
m<n m<n

VSETSEQ U N.DISJOINT(SETSEQ,N)3
MULT(U,UN(SETSEQ,N>)=SUM(~Xl.MULT(U,SETSEQ(Xl)),N)

Proof. By induction on n. For n = 0,

U setseq(nl)
171 <o
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is the empty set, whose multiplicity is 0 (by ‘simpinfo’). and

c mult(u,  setseq( m))
m<O

is 0 too.
Assume the result for 12. Now

disjoint(setseq,n’)

implies
disjpair(un(setseq,n) ,setseq(n));

this implies, using MULTSUM

mult u( , U setseq(n2))  = mult (u, U setseq(n2)) + mult(u, setseq(n)).
7n<n’ m<n

which is, by definition of un and induction hypothesis

= C mult(u,setseq(m))  +  mult(u,setseq(n))  =  C mult(u,setseq(na)).
m<n m<n+l

Here the mechanical proof is a.gain one line long!

(proof mult-of,un,is,sum,mult)

1. (ue ( a  ihn.disjoint(setseq,n)3
mult(u,un(setseq,n))=s~(~xl.mult(u,setseq(xl)),n)l)

proof-by-induction
(open disjoint un sum mult ) multfact
(use multsum mode: exact) (use normal mode: always))

;VN.DISJOINT(SETSEQ,N)3
;MULT(U,UN(SETSEQ,N)>=SUM(~Xl.MULT(U,SETSEQ(Xl)),N)
(label mult,of ,un-is,sum-mult) I
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3. Notions of Application.

k\:e give tile basic facts about application, injection and perlnuta.tioh using two representations
for finite functions: functions as association lists and functions as lists of llulnbers.

3.1. *Function Application using Association Lists.

Our first. approa.ch uses association lists. We recall the recursive definition of alist (see tile
I\ppendis)  and present the nlain definitions (see also the Introduction l..S.;!).

55. (decl (alist) (type: ground) (sort: alistp))
56. (axiom Itlalist. listp alistl)

(label simpinf o)

57. (axiom IVu.alistp  u 3 (-null u 1
latom car uAatom  car (car u)Aalistp(cdr  u>)l>

(label alistdef 1)

58. (axiom IVxa y alist .alistp nil A alistp (xa.y) .alist I)
(label alistdef) (label simpinfo)

(wipe-out)
(get-proofs nth)

.

(proof appalist)
1. (decl dom (type: IGROUND+GROUNDI))
2. (defax dom )Vxa y alist .dom nil=nilA

dom((xa.y).alist)=xa.dom alistl)
(label domdef)

3. (decl range (type: IGROUND+GROUNDI))
4. (defax range IVxa y alist.range nil=nilA

range((xa.y).alist)=y.range alist l >
(label rangedef )

5. (decl functp (type: IGROUND+TRUTHVALI))
6. (define functp IValist .functp(alist)wuniqueness  dom(alist) I >

(label functdef)

. 7. (decl injectp (type: IGROUND+TRUTHVALl))
8. (define injectp

I~alist.injectp(alist)wfunctp(alist)Auniqueness  range(alist)I)
(label injectdef)

9. (decl (appalist) (type: Igroundeground+groundI))
10. (define appalist IValist y.appalist(y,alist)=cdr  assoc(y,alist)l>

(label appalistdef)

1,ct alistf represent  t lie funct,ion  f. As not.icecl  above, dom(alist1) a,nd range(alistf) do
not give t IIC donlain  a1lt1 tllc rangt‘ of f: ratllcr  they list tile tlolnain and tile ra.nge of tllc fll nctioll
itI tllc\  ortlcrit~g giv?II t,y thcl association list alistf. To ah~ttxct frolu such ordering \vc IISC ttlo



functional mklset. (Ciiven  a list u, mklset (u) is the set of members of u-identified. a.s usual. \vith
the predicate Ax.member(x,u)).

Xs we pointed out in the introduction, the same function can be represented hy several as-
sociation lists. in fact by the equivalence class of association lists. The predicate samemap  is the
a.ppropriate  equivalence relation: two a.ssocia.tion  lists alist 1 and alist represent the same map
if

(i) t.hey are ‘defined’ on t,he same set. i.e. their domains are the same CLY sets. and
(ii) for all y, appalist (y ,alistl) = appalist (y ,alist2), i.e. if they ‘map’ the same ele-
ments into the same elements.

Both conditions are needed: appalist  (y,alist) n1a.v be NIL either beca.use  the pair  (y.NIL)
belongs to alist or because y does not. belon,s to dom(alist); we do not want to identify the two
cases.

11. (decl (samemap) (type: Iground@ground+truthvall))
12. (define samemap

(define samemap
(Valist alistl.samemap(alist,alistl)=

mklset dom(alist)=mklset  dom(alistl)A
(Vy.yEmklset dom(alist)I

appalist(y,alist)=appalist(y,alistl))  I)
(label samemapdef >

- 13. (define permutp IValist.permutp(alist)=
functp(alist)Amklset(dom(alist))=mklset(range(alist))~)

(label permutp,def)

14. (axiom jVchi.chi(nil)A(Vxa y alist.chi(alist)Ichi((xa.y).alist))I
(Valist.chi(alist))I)

(label alistinduction)

Alist Induction is easily derivable from Listinduction  (see the Appendix).
The following facts are very easy to prove:

(proof alistfacts)

; domsort

1. (ue (chi IAalist.listp dom(alist)  I> alistinduction (open dom))
;VALIST.LISTP DOM(ALIST)
(label domsort) (label simpinfo)

; rangesort

2 . (ue (chi IXalist.listp range(alist)l) alistinduction (open range))
;VALIST.LISTP  RANGE(ALIST)
(label rangesort) (label simpinfo)

;domlength

3 . (ue (chi /Xalist.length  dom alist=length alist!) alistinduction
(open dom) >
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;VALIST.LENGTH (DOM(ALIST))=LENGTH ALIST
(label domlength)

;domrangelength

(ue (chi (Xalist.length(dom  alist)=length(range  alist>l>
alistinduction
(open dom range))

;vALIST.LENGTH  (DOM(ALIST))=LENGTH  (RANGE(ALIsT))
(label domrangelength)

;appalistsort

(ue (chi IAALIST.SEXP  APPALIST(Y,ALIST)I)
alistinduction
(part 1 (open appalist assoc)))

;VALIST.SEXP APPALIST(Y,ALIST)
(label appalistsort)(label  simpinfo)

;trivial appalist

(ue (chi IAalist .l(yCmklset  dom(alist))3appalist(y,alist)=nill)
alistinduction
(part 1 (open epsilon mklset dom appalist assoc member)))

;~VALIST.lYEMKLSET(DOM(ALIST))~APPALIST(Y,ALIST)=NIL
(label trivial,appalist)

samemap is an equivalence relation:

7. (trw Isamemap(alist,alist>I(open  samemap))
;SAMEMAP(ALIST,ALIST). (label samemap-equivalence)

8. (trw Isamemap(alist,alistl)3samemap(alistl,alist)l
(open samemap  mklset dom))

;SAMEMAP(ALIST,ALIST1)3SAMEMAP(ALISTl,ALIST)
(label samemap,equivalence)

9. (trw Isamemap(alist,alistl)Asamemap(alistl,alist2)3
samemap(alist,alist2)  I

(open samemap  mklset dom))
;SAMEMAP(ALIST,ALIST~)ASAMEMAP(ALIST~,ALIST~)~SAMEMAP(ALIST,ALIST~)

a (label samemap-equivalence)

The restriction to elements of the domain in the definition of appalist is not necessary:
appalist has a defa.ult value,  as shown in the line Tritkd  Appnlist.  The easy proof of equivalence
is in the rlppendis.

10. VALISTl ALIST2SAMEMAP(ALISTl,ALIST2)m
(MKLSET(DOM(ALISTl))=MKLSET(DOM(ALIST2))A
(VX.APPALIST(X,ALISTl)=APPALIST(X,ALIST2)))  I)

(label samemap,defl)
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3.2 . Function Application using Lists of Numbers.

Our second representation of functions uses lists of numbers.

;definition  of application

(proof appl)

1. (define appl IVu i.appl(u,i)=nth(u,i) I>
(label appldef)
;predicates for functions

2. (decl ( into)  ( type:  Iground+truthvall))
3. (define into

IVu.into(u)=(Vn.n<length u1natnum nth(u,n)Anth(u,n)<length  u>l>
(label intodef)

4. (decl (onto) (type: Iground+truthvall))
5. (define onto IVu.onto(u>=(into(u)A(Vn.n<length u1member(n,u>)>l>

(label ontodef)

6. (decl (perm) ( t y p e :  Iground+truthvall))
7. (define perm IVu.perm(u)=onto(u>  I>

(label permdef)

Estensionality is proved using Doubleinduction. To do the inductive step, we insta.nt,ia.te  twice
the assunlption of line 3, by replacing i first with 0 (line 4) and then with i’ (line 5).

(proof extensionality)

(show doubleinduction)
;labels:  DOUBLEINDUCTION
;VPHI2.(VU V X Y.PHI2(NIL,U)APHI2(U,NIL)A(PHI2(U,V)~PHI2(X.U,Y.V)))~
.9 (VU V.PHI2(U,V))

;first attempt:
0. (ue (phi2 IAu v.length u=length VA

(Vi.i<length u1nth(u,i)=nth(v,i)>1u=vl)
doubleinduction (open nth))

(VU V X Y.(LENGTH U=LENGTH VA
(‘dI.I<LENGTH  V1NTH(U,I)=NTH(V,I>>1U=V)1

(LENGTH U=LENGTH VA
(VI.I<LENGTH  V'1NTH(X.U,I)=NTH(Y.V,I))1X.U=Y.V))1

(VU V.LENGTH U=LENGTH Vh(VI.I<LENGTH V~NTH(U,I)=NTH(V,I))~U=V)

1. (assume ILENGTH  U=LENGTH Vh(VI.I<LENGTH V~NTH(U,I)=NTH(V,I))~U=V~)
(label extl)

2 . (assume ILENGTH  UsLENGTH VI>
(label ext2)

3 . (assume IVI.I<LENGTH  V'~NTH(X.U,I)=NTH(Y.V,I)I)
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(label ext3)

(ue (i 0) * ext2)
; X=Y
(label ext4)
;deps: (EXT2 EXT3)

(ue (i Ii']) ext3 ext2)
;I<LENGTH VJNTH(U,I)=NTH(V,I)
(label ext5)
;deps: (EXT2 EXT3)

(derive lu=vl (extl ext2 ext5))
(label ext6)
;deps: (EXTl EXT2 EXT3)

(trw ix.u=y.vl  (use ext4 ext6 mode: exact))
;X.U=Y.V
;deps: (EXTl EXT2 EXT3)

(ci (ext2 ext3))
;LENGTH U=LENGTH VA(VI.I<LENGTH  U'1NTH(X.U,I)=NTH(Y.V,I))3XU=Y.V
;deps: (EXTi)

(ci extl)
;‘(LENGTH  U=LENGTH VA(VI.I<LENGTH  U~NTH(U,I>=NTH(V,I))~U=V)~
;(LENGTH U=LENGTH VA(VI.I<LENGTH  U'DNTH(X.U,I)=NTH(Y.V,I))DX.U=Y.V)

10. (ue (phi2 IAu v.length u=length VA
(Vi.i<length Kkth(u,i>=nth(v,i))Du=vl)

doubleinduction (open nth) * >
. ;VU V.LENGTH U=LENGTH Vh(VI.I<LENGTH  V1NTH(U,I)=NTH(V,I))3U=V

( l a b e l  e x t e n s i o n a l i t y )  I

11. (trw lVu i.i<length u 1 sexp(appl(u,i))Amember(appl(u,i),u)l
(open appl) nthmember)

;VU I.I<LENGTH WSEXP APPL(U,I>hMEMBER(APPL(U,I),U)
(label simpinfo) (label applfacts) I
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2.13. Conclusion of Part I.

It  may be appropriate to conclude the f irst  part  by some renia.rks  and guidelines for the
heuristics of pa,rticular  proofs of EKL. In the second part we will make some suggestions 110~  to
choose among ma.t.hematical  representa,tions  and linguistic va.riants, how to orga,nize the proofs.
how to brea.k them into lemma,ta. and how to improve the efficiency of proofs.

How should a user proceed’?

1. First, we must nmk sure that we urzderrstand  the nmthernc&‘cnl notions and how (I proof
strategy thnt  ~ork.r;  011  paper.  In particulax:

-Ij n proof by iriduction  is needed, EKL uGl1  not give hints on the form of induction.
-Even if the result follows by exparzdirlg the definitions nnd making nppropriclte  .r;~rbstitlr  fior,.~.

we cannot expect the rewriting process to find the right substitutions by itself.
As a proof checker, EKL is not designed to cope with the danger of combina.toria.1  explosion.

EKL comma.nds  give the user ma.ny  ways to control and direct the rewriting process according to
her (his) proof strategy.

2. Two methods are a.va,ilable  in searching for a proof.

-Search  by tricll  (Illd  error. Try to obtain a proof in a single line. If this does not succeed.
use the output of EKL to esta,blish what other informa.tion is needed and try again.

--E~;1’przd the proof,  using explicitly the logic decision procedure 611  the style of Xattlrcll Detluc-
- tion. This is safer, but time consuming.

.

3. Suppose that, according to the first a.lterna.tive,  we ask EKL to rewrite a cert,ain formula .-I
to true (or a certain term t to t’) a.nd EKL gives instead some error message or returns ,-I G B (01
t = I/,).  The output of EKL and the form of B (or of n) a.lwa;\is  give useful informa.tion.  Rewriting
may fail because

(i) Type conditions CIW not mti.s;fyed. In this case EKL will return an error messa.ge.  There ma.?
be a. parsing error. Or we need to modify some definition. Otherwise, we tried to prove something
that cannot be espressed  by EKL.

(proof foo)

(trw Ip~p~pl)
;P is unknown.
;type-check: 3
;does not  apply  in  P3P3P
*-it currently has type (TRUTHVAL~TRUTHVAL)~TRUTHVAL
i.

(trw If(f
;FOO started.
1. ;F is unknown.
; type-check: F
;does not apply in F(F)
--it9 currently has type GROUND+GRIIIJND
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(ii) Sort conditions are not satisfied. If something totally obvious didn’t. work, this may be the
reason. A sorted language is more flexible, but some iuforma,tion is left implicit. To check sorts is
of course an essential step: it a,mounts  to check that a term has the intended meaning or that. a
functiou is defined for the given argument.

(proof f 00)
1: (decl (m n) (type: ground) (sort: natnum))
2. (decl plus (type: lground@ground*+groundl)

(infixname: I+I> (bindingpower: 930))

3. (decl (f) ( t y p e :  Iground+groundI))
4. (define f IVn.f(n)=ll>

5. (decl (g> (type: Iground+groundI))
6. (define g IVn.g(n)=nI)

7. (trw If (f (n)+l) I (open f))
;F(F(N)+l)=l

8. b-w If(gh>+l) I (open f g>>
;F(G(N)+l)=F(N+l)

What’s wrong here.7 Of course we have forgotten the information that n+l is of the sort natnum,
so iii line 8 the rewriting cannot continue. As soon as this information is ava,ila,ble, the rewrit,ing  is
completed (line 10).

9. (axiom lVn.natnum(n+l)  I >
(label simpinfo)

10. (trw lf(g(n)+l) I (open f g)). ;F(G(N)+l)=l

One may wonder why the rewriter was successful in line 7. Although we ha.ve  not defined plus,
by semantic attachment 1+1 has its intended meaning and natnum(2) is true.

(setq rewritemessages t)

7. (trw lf(f (n)+l> I (open f))
; the term F(N) is replaced by:
1
;the term l+l is replaced by:

L 2
;the term F(2) is replaced by:
1
;F(F(N)+l)=l

(iii) There are conditions on the rewriting that are not satisfied. Often the conditions a.re
satisfied, but cannot be verified directly by EKL decision procedure a.nd we need to construct an

additional rewriter. (See Example 5.)
(iv) The u.se of a line is blocked, because we a,re rewriting in mode: exact. In this case \ve

n1a.y try the same rewriting in mode: always. If the rewriter mode: always causes an infixrite 1001~.
then espanding  the proof may be our only choice.



. (17)  The expression produced by the rewriting is not simpler. and we a,re rewriting in the default
mode. For instance? at line 12 the line line is not applied when rewriting in default mode. since
the espression g(g(n))  resulting from it.s application would be more comples  t1~a.u f(x). IIere it
is enough to specify the mode of the rewriting (line 13).

11. bssume If(x)=g(g(n))l)
(label line)

12. (trw If(x) 1 line (open g))
;F(X)=F(X)
; deps : (LINE)

13. (trw If(x)/ (use line mode: exact)(open g))
;F(X)=N
;deps: (LINE)

(vi) The line is not applicable, because of a confict  of context.

14. (define g lVx.g(x)=f(x)  1)
(label gdef)

15. (trw Ig(x> 1 (open g) line)
;context  of line GDEF cannot be adjoined: the atom G in line GDEF has
two definitions: one from line 6 and the other from GDEF

4. The following is a nontrivial esample, in which there is additional logical structure t,o be
considered in rewriting. We consider the proof of Lemma 2.10 Mult Nthcdr.  Section 2.12. Here t.he
rewriting line is found by interaction with EKL, and from this rather involved espressiou a. general
‘propositional schema’ is abstracted, to be used in similar contexts.

Example 5.

VN A U.N<LENGTH  UWULT(NTHCDR(U,N),A)<MULT(U,A)

This is a statement about the sublists of a given list u formulated in terms of the function
nthcdr. It ma,y be convenient to use a proof by induction ou n. In the ba.se ca.se, since nthcdr (u ,0)
is u, EKL ha.s to know only what nthcdr and I mean. It is enough, therefore, to say (open lesseq)
in the part of the induction asiom corresponding to the base case (the definition of nthcdr is in
simpinfo). To do the induction step one can formalize the informal argument given in t,he test.
assuming

n<length u1mult(nthcdr(u,n),a)<mult(u,a)

and deriving

n’<length  u1mult(nthcdr(u,n’)  ,a)lmult(u,a)

To a.void an explicit proof, we notice that we can easily induce EKL to rewrite the inductive
step as

(NCLENGTH U1MULT(NTH(U,N).NTHCDR(U,N’),A)<MULT(U,A))1
(N-LENGTH U1MULT(NTHCDR(U,N’),A)SMULT(U,A))



Then mult  is expanded and the conditional clause is pushed out; hence the same line rc\vritcs t 0

This is not very perspicuous. The key point is to realize that
ca.n be summarized in the formula Trans C’o12d:

(NCLENGTH u3
(IF A(NTH(U,N))

THEN MULT(NTHCDR(U,N'),A)'SMULT(U,A)
ELSE MULT(NTHCDR(U,N'),A>WULT(U,A)))3

(N-LENGTH U3MULT(NTHCDR(U,N'),A)IMULT(U,A)) .

VP Q R.(QJR

where Q is

where R is

and P is

the structure of the logical

h(IF P THEN Q ELSE R)3R,

mult(nthcdr(u,n’)  ,a)‘<mult(u,a),

mult(nthcdr(u,n’)  ,a)Smult(u,a),

a(nth(u,n>).

Clearly Q3R follows from elementary a.rit.hmetic  (fact Succ Lesseq Lesseq). To do the inductive
argument in one step iv-e need only prepa.re  one rewriter (line 8 in the test.):

(IF A(NTH(U,N))
THEN MULT(NTHCDR(U,N'),A)'<MULT(U,A)
ELSE MULT(NTHCDR(U,N'),A)IMULT(U,A))3

MULT(NTHCDR(U,N'),A)<MULT(U,A)

and use the follo\ving  fact of elementary arithmetic (Succ  Less Less):

N'XLENGTH  WN<LENGTH U

The simplification of this proof is certainly worth the effort. Indeecl  the a.rgnment  used here is
quite common in proofs about recursively defined objects. There is a good chance t1ra.t the reivritcl
Trcrns  Cond  may be a,pplied  in similar ca.ses. 0

5. Finally it may be the case that, despite our attempts, we cannot find by tria.1  a.nd error the
appropriate rewriter. Then we espand our proof in a ‘Natural Deduction style’: e.g. in a proof 1))
induction we try to prove the base ca.se, \ve a.ssume  the induction hypothesis and try to prove  the
conclysion  of the inductive step. If the latter is in t,urn an implication. we assume the antecedent
etc. In the process, we may expand definitions, perform substitutions, etc. Moreover, we may need
to prove other lemmat,a. also by induct.ion. The process is not easily described in general ternis. since
there is no general analysis of higher order  iuductiw  proofs in ~Vatural  Deduction. as we rewarketl
earlier. In practice it. is clnite c1ea.r  what to do, although severa,  options Inany be open, especiall!
when we are engaged in a proof by contradiction.

6. Once the derivation is found we may try to collapse it irl few  steps. For esa.nlplc.  it rna-
may be clear \vhich forniulas  could be taken a.s rewriters.

In trying t.o replace logical tlediiction  by rewriting, \ve find some steps harder to h~~~~(lle  t II~II
others.
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(i) A line resulting from the cases command, i.e. the conclusion of a proof by cases. corrp-
sponds to rewriting a disjunction in t,he a,ntecedent  of a,n implica.tion. This ca.n be handled by using
the reivriter NORMAL as explained in Esample  1.

(ii] Argument by contradiction and st,eps involving negation may require some help. FOI

instance. although EKL can easily derive 1B 1 1A from A I B, i t  ma.y not do this step in the
contest of conditional rewriting.

(iii) Quantifiers may require additional lines, in particu1a.r  the esistentia.1 one. If the result
involves  n bound qucrntifier,  it may  be convenient to replace it by n recursively clefirlecl  pmdimtr.
For inst.ance

Vm.m<nIA(m), 3m.m<nhA(m), Vx.member(x,u>3A(x>, 3x.member(x,u)AA(x).

are equiva.lent  to the recursive predicates

allnum(n,Xm.A(m)), somenum(n,Am.A(m)), allp(Ax.A(x) ,u), somep(Ax.A(x)  ,u).

In the contest of inductive proofs, it is convenient to formulate the result by using the recursive
predicate and prove this formula first. This method is presented in Examples 6 and 7.

The proof of F&position  Nth, already exammined  in Esa.mple  4, Section 2.9 , is a.11  instance of
t,he process of colla.psing a long proof in few lines. First of all, in la.ter  a.pplications  we use

(*I - VU N.INJ(U)hN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N

rather than

b-4 VU N.UNIQUENESS(U)hN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N

. and we may be tempted to prove directly (*).  inj and uniqueness are equivalent predicates. but
the latter is a recursively defined predicate, whereas the former has an explicit definition using
quantifiers. In the spirit of our suggestion (iii), we should try a. proof of (w) and indeed we find
one four lines long. Moreover, notice tha.t we derive line 3 of the proof from line 2, to allow the
use of lx=nth(u ,n>. a. negative formula, in rewrit.ing.  This is in accordance to our suggestion ( ii).
Looking at the proof. it is completely c1ea.r that line :3 will do the job, by considering its effects of
the rewriting of line 3. But the form of 3 or t,he possibility of proving it in two steps may not. have
occurred to us at first sight, before a. more detailed proof.

In conclusion, one learns to control the rewriting process of EKL by trial and error: it nla>
be necessary first to write some explicit proofs in order to understa.nd  with total clarity the single

- st,ep of rewriting. Then one may succeed in collapsing the proof into a single step. using a suitable
line to reduce logical inferences to steps of rewriting. Several proofs in this paper were obta.ined  in
this way and some more may be reduced to a few lines with some additional effort. To make the
proofs shorter doesn’t mean to make them clea.rer. -4s in informal mathematical present,a.tions,  a
balance 1la.s  to be found between the necessity of formal precision and the need for claxity. One
has to admit, however, that at the present stage it is premature to worry about mechanical proofs
being too concise.
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SECTION 3 i-1

4. The Pigeon Hole Principle.

In this section we prove the Pigeon Hole principle in second order arithmetic and apply it to
show t,hat every finite siirjection  is a,n injection, in our two representations.

.4,1. The Pigeon Hole Principle in Second Order Arithmetic.

Theorem. ( Pig~orljwf)

VF.(VN.NATNUM(F(N)))3

We give two versions of the proof. In the former we prove directly

VF N.(VM.M<N~lIF(M))hSUM(AK,F(K),N)~N~(~.M<N~l=F(M));

the presence of qua.ntifiers  requires a proof in the style of Natural Deduction.
In the latter we assume  VN . NATNUM F(N) a.nd we prove

the use of the recusivelv  defined predicate allnum allows a. straightforvvard  proof by induction.

First Proof. L\‘e need a preliminary fact: if f is defined and has positive values on 0, . . . . II- 1.
then the function

c fW
m<n

. is strictly increa,sing. The proof is a. stra.ightforwa.rd  induction. using in the induction step the
lemma .4dC! Lesseq  ( line 7).

1

L 2

3

4

(wipe -ou t )
( g e t - p r o o f s  s u m s )

(proof pigeonfact)

( a s s u m e  l(Vm.m<rGnatnum  f(m)Allf(m)>3nlsum(~k.f(k),n) I)
(label si,indhyp)

(assume IVm.m<n'3natnum f(m>Al<f(m>i>
(label si-hyp)

(trw IVm.m<nInatnum f (m)Al<f(m>l
(* transitivity-of-order successorl))

;VM.M<N3NATNUM(F(M))AHF(M)
(label sil)

(ue ((numseq.lXk.f(k)  I)(n.n>> sumsort  * )
;NATNUM(SUM(AK.F(K>,N))
(label sisort)
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. 5. (derive InCsum(~k.f(k),n)l(sil  si,indhyp))
(label si2)

6. (ue (m n) si,hyp successorl)
;NATNUM(F(N))hllF(N)
(label si3)
;deps: (SI,HYP)

We need Add Lesseq:

;labels:  ADD,LESSEQ
;VN M.NSMA~<K~N'SM+K

7. he ((n.n>(k.lf(n>l>(m.ls~(~k.f(k>,n>l>>
add,lesseq (sisort si2 si3))

;N'<SUM(~K.F(K),N)+F(N)
;deps: (~1,INDHYP sI,m)

8. ( c i  si-hyp)
;(VM.M<N'~NATNUM(F(M))hl<F(M))~N'ISUM(XK.F(K),N)+F(N)
;deps: (SI,INDHYP)

9. (ci si,indhyp)
;((VM.M<N1NATNUM(F(M))AlsF(M))DN<SUM(XK.F(K),N))1
;((VM.McN'~NATNUM(F(M))hllF(M))~N'ISUM(~K.F(K),N)+F(N))

lo. (ue (a  I~n.(Vm.m<n1natnum  f(m)Al~f(m))~nlsum(Ak.f(k),n)~)
proof-by-induction
(open sum) zeroleast (use * mode: always))

;VN.(VM.M<N~NATNUM(F(M))A~<F(M))~N<SUM(AK.F(K),N)
(label strictly-increasing).

Next we want to show that if the values of f are greater than or equal  to 1 and, in a.ddition.
the value of

grc )m
m=O

is bounded by n, then the values of f must be equal to 1.
The proof is another simple induct,ion,  using in the induction step the lemma. Add One (line

19).

L ;use
;labels:  ADD-ONE
;(AXIOM lVK N M.lIK A N'=M+K A NSM 3 l=K A N=M/)

Vc’e  will replace f(n) for k and su.m(Xk .f (k) ,n) for m. Lines 15, li' and 18 are all the condibions
in the antecedent of the Lemma to apply the lemma. At line 18 we use the first pa.rt  S’11>lcfly
Increasing.

I
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;other direction

11. (assume 1 (Vm.m<n3natnum  f (m)Allf (m))Asum(Ak.f  (k) ,n)=nI(Vm.m<nIl=f  (m)) I)
(label pf indhyp)

12. (assume jVm.m<n’~natnum  f (m)Al<f  (m) I)
(label pf -assume)

13. (derive IVm.m<nDnatnum f (m)Al<f  (m) 1
(pf,assume transitivity,of,order  successorl))

(label pf0)

14. (ue ((numseq.lXk.f(k>l)(n.n))  sumsort  * )
;NATNUM(SUM(XK.F(K)  ,N))
(label pfsort)
;deps : (PF,ASSUME)

The following is the first fact needed for the application of the lemma Add One We obtain it
as a,n immediate consequence of the assumption of the inductive step.

15. (ue (m n> pf,assume successor11
;NATNUM(F(N))AllF(N)
(label pf 1)
; deps : (PF,ASSUME)

-The second fact,

n’ = F f(m) + f(n),
m=O

is also an a,ssumption  of the inductive step.

16. (assume Isum(Ak.f(k),n’)=n’l)
(label pf -assume)

17. (rw * (open sum)>
;SUM(AK.F(K>,N>+F(N>=N’
(label pf2)
;deps: (PF,ASSUME)

The third fact,
n - l

n I c fbM,
m=O

* is a direct consequence of Strictly Increasing.

18. (derive Inlsum(Ak.f(k),n)l  (strictly-increasing pf0 pfsort))
(label pf3)
;deps: @F-ASSUME)

19. (ue ((k.lf(n)~)(n.n)(m.lsum(~k.f(k),n)l)) add-one
(pfl pf2 pf3 pfsort))

; l=F(N)AN=SUM(XK.F(K) ,N)
(label pf4)
;deps: @F-ASSUME)
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pye use the second conjunct to apply the induction hypothesis.

20. (derive IVm.m<n1l=f(m)  I (pfindhyp pf0 * ))
(label pf5)
;deps: (PF,ASSUME PFINDHYP)

21. (derive lnO=n1l=F(n0)1 pf4)
. ; deps : (PF,ASSUME)

22. (trw IVm.m<n’1l=f(m)  I (use less,succ,lesseq mode: exact)
(open lesseq) (use normal mode: always) pf5 * >

;VM.M<N’X=F(M)
;deps: (PF,ASSUME PFINDHYP)

23. (ci pf,assume)
; (VM.M~N’~NATNUM(F(M))A~~F(M))ASUM(AK.F(K)  ,N’
; deps : (PFINDHYP)

24. (ci pfindhyp)

25. (ue (a /~n.(Vm.m<n&atnum  f(m)Al<f(m))Asum(Xk.f(k),n)=n1
(Vm.m<n1l=f (m)) I)

proof-by-induction * )

C’heck t‘hat the result holds for any f:

26. (trw IVf n.(Vm.m<n%iatnum  f(m)Al<f(m))Asum(~k.f(k),n)=n~
(Vm.m<nIl=f (m)) I * )

.

;VF N.(VM.M<N~NATNUM(F(M))A~~F(M))ASUM(XK.F(K),N)=N~
. (vM.M<N~I=F(M))
ilabel pigeonf act) I

Second Proof. Using the inductive predicate allnum instead of quantifiers, t 1,
proved very quickly.

(wipe-out)
(get-proofs sums)
(proof pigeonf act)

. (assume IVn.natnum f(n) I)
(label sort 1)

. (ue ((numseq.  IXk.f(k) I)(n.n)) sumsort  * )
;NATNUM(SUM(AK.F(K),N))
(label sort2)

. (ue (a IAn.allnum(n,Ak.llf(k))3nssum(Ak.f(k),n)l)
proof-by-induction
(open allnum sum) zeroleast (use sort1 sort2 mode: always)
(use add,lesseq

ie theorexii  is

ue :  ((n.n)(k.lf(n)l)(m.lsum(~kf(k),n)l)) ) )
(label strictly-increasing)
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;VN.ALLNUM(NJK.l<F(K))IN<SUM(AK.F(K),N)
;deps: (SORTl)

4. (ue (a Ihn.allnum(n,Ak.lSf(k))Asum(Ak.f(k),n)=n3
allnum(n,Ak.l=f(k))  I)

proof-by-induction
(open allnum sum) strictly-increasing sort1 sort2
(use add-one

ue:  ((k.lf(n>l>(n.n>(m.l sum(Ak.f(k) ,n> I)) mode: always))
;VN.ALLNUM(N,~K.lIF(K))ASUM(~K.F(K),N)=N~ALLNUM(N,~K.l=F(K))

;in more conventional notation:

5. (rw * (use allnumfact ue: ((a.lAk.l<f(k)l)(n.n))
mode: a l w a y s  d i r e c t i o n :  r e v e r s e )

(use allnumfact ue: ((a.lAk.l=f(k)l)(n.n))
mode: always direction: reverse))

;VN.(tlM.M<N~l<F(M))hSUM(XK.F(K),N)=N~(~.M<N~l=F(M))
;deps: (SORTl)

6. ( c i  sort11
;(VN.NATNUM(F(N)))>
;(VN.(~.M<N~lIF(M))ASUM(~K.F(K),N)=N~(~.M<N~l=F(M)
( label  pigeonfact)  I

Remark. Example 6. Let us consider the heuristics of this theorem. If we formulate S’tr+ctlfl
lucreming  using the inductive predicate ‘a.llnum’, and expand the definitions we obtain:

.

0. (ue (a IAn.allnum(n,Ak.natnum f(k>hl<f(k))3n<sum(~k.f(k),n)l)
proof-by-induction (open allnum sum>)

; O<OA
;(VN.(ALLNUM(N,XK.NATNUM(F(K))hllF(K))~N~SUM(~K.F(K),N))~
., (NATNUM(F(N))hl<F(N)hALLNUM(N,XK.NATNUM(F(K))Al~F(K))~
. N'<SUM(AK.F(K),N)+F(N)))3
I(VN.ALLNUM(N,XK.NATNUM(F(K))A~~F(K))~N~SUM(~K.F(K),N))

The main point is to formulate the fact Add Lesseq. In other words, we must recognize that the
following line would do the job (once we gua.rantee  that f(n) and sum(Ak.f(k) ,n> are natural
nulubers).

.
0. he (h.n>(k.lfh>l>h.lsum(Ak.f(k),n) I)) add-lesseq)

;NATNUM(F(N))ANATNVM(SUM(XK.F(K),N))~
;(N~SUM(~K.F(K),N)A~IF(N)~N'<SUM(~K.F(K),N)+F(N))

Simila.rly. the theorem is:

0. ( u e  ( a  IXn.allnum(n,Ak.natnum f(k)Allf(k))Asum(~k.f(k),n)=n3
allnum(n,Ak.l=f(k))  I)

proof-by-induction (open allnum sum))
;(VN.(ALLNUM(N,AK.NATNUM(F(K))hlLF(K))A
, SUM(AK.F(K),N)=N3ALLNUM(N,XK.l=F(K)))3
, (NATNUM(F(N>>A~<F(N)AALLNUM(N,XK.NATNUM(F(K))A~~F(K))A
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. SUM(XK.F(K>,N>+F(N)=N'~l=F(N)hALLNUM(N,~K.l=F(K))))~
I(VN.ALLNUM(N,~K.NATNUM(F(K))~~~F(K))~SUM(~K.F(K),N)=N~
., ALLNUM(N,AK.l=F(K)))

Again the lie? idea. is the fa,ct Add One. We need only to construct the follo\ving  line as a rewriter
(a.nd make sure that f(n) a#nd  sum(Ak.f (k) ,n> are natural numbers).

0, Cue ((k. If(n>l>( n.n)(m.lsum(Ak.f(k),n)l)) add-one)
;NATNUM(F(N))ANATNUM(SUM(XK.F(K),N))~
;(~IF(N)ASUM(XK.F(K>,N)+F(N)=N'ANWM(~K.F(K),N)~
; l=F(N>hN=SUM(XK.F(K>,N))

=I priori. it ma,y seem irrelevant for our capacity of discovering the a,ppropria.te  steps whether t.hese
facts are espressed  by bound quantifiers or by recursive predica,tes. Intuit.ively. we ca.n say t 1la.t  the
second representation helps us to ‘think recursively’ and to focus our attention towards the right
inductive step. The mechanization of the proof makes it clear that the second representation is
indeed more economica. and gives more precise content to our intuition. 0

4.2 . Corollary for Application to Lists.

As an applica,tion  we prove the following corollary. Let. {al,  . . . . a,} be a. sequence of pairwise
disjoint. sets, given by the functional Xm.setseq(m)  and let w be a.ny list of length II.

If the function we consider associates any set ai with the number of occurrences in w of elelnent  s
of a;.-then we ca.n certainly define it as a total function and the sum of the values  is cert.ainly  bound
by 11, the length of w. In our terminology:

Corollary. ( Piyeorzlist)

VU.DISJOINT(SETSEQ,LENGTH  U)3. ((vM.M<LENGTH  UXlMULT(U,SETSEQ(M)))3
W.M<LENGTH  u~~=MuLT(u,sETsEQ(M))))

Proof Consider the function Ak .mult (w , setseq(k)  > from N to N.

(U Xk.mult  (w ,setseqW  >

is a trotal  function. This is certainly true, no matter what setseq is by definition of mult (see
!lfIdtf~l.ct).

gince the sets setseq(i), for 1. < length(w), a4re  pa,irwise  disjoint, then

c mult(w,setseq(l~?)  > I U setseqW
m<length(  w) i<lenyth(  w)

by the Len-ma 4.T.( Mzrlt  of IJn is Su171 Mult).  Also by the Lemma. 2.8. (Lerzglh Mu/t)

U setseq(i)  5 le?rgtll(w).
i<knyth(  w)



Therefore

(‘L)

s Et-“I’IO  N s,t

c mult(w,setseq(,,,))  < length(w)
m<fength( w)

Hence we ca.n apply the Theorem Pigeo~2f’cct  to obtain the Corollary.

(proof  p igeonl is t )

1. (assume Idisjoint(setseq,length w>l)
( l a b e l  pll)

;multiplicity l e s s  t h a n  l e n g t h

2 . (ue ((u.w)(a.lun(setseq,length w>l>> length,mult)
;MULT(U,UN(SETSEQ,LENGTH U))ILENGTH U
(label ~12)

3 . ( d e r i v e  Isum(Am.mult(w,setseq(m>>,length  w)llength WI
(mult,of,un,is,sum,mult p l l  p12))

( l a b e l  ~13)

4 . (ue ( ( f .  IAm.klt(u,setseq(m>> I)(n. [length ul)) p igeon fac t
~13 multfact)

;(VM.M<LENGTH UXWULT(U,SETSEQ(M)))~
;(VM.M<LENGTH U~l=MULT(U,SETSEQ(K)>)
;deps: (PLl)

; the  pigeon hole  pr inciple  on l i s ts

5 . ( c i  pll)
;DISJOINT(SETSEQ,LENGTH U)1
;((VM.M<LENGTH  UX<MULT(U,SETSEQ(M>))1
; (vM.M<LENGTH  ~~~=M~LT(~,~ET~EQ(K))))
( l a b e l  p i g e o n l i s t )  I

4 . 3 . Application of the Pigeon Hole Principle to Lists.

Ha.ving proved the Pigon Hole Principle, we will conclude that every map f of a finitcl sot
.-I ont,o itself is a.11  injection, using our two different representakions  of finite functions. We co11It1
fornlalize  the infornlal proof. given as a Lenlnla in the Introduction. Section 1.4. :Ict ually. \vc
could prove a nlore genera.1 result for surjective lnappings  f : A - B between finite sets of 1 he S;IIII(\
cardinality. (The nlecha.nical proof is described as Esa.rnple  10 in the Clonclusion.) (This ~~I~IYM(‘II
is described as Esaniple 10 in the Conclusion.)

By rest,ricting  ourselves to pernluta t ions. \ve Ci\Il  slightly simplify our proof as follo\v~.
- First, let

{ .l’l . . . . . TII}



be an enuinera.tion  witllout  repetition of t lie set dov~crin(f)  aild let v be the list

where

(YPY,,)

Y., = $b4

for some i. v lists /*f/r,ge(j). possibly with repetitions. Finally. consider t lie sequence  of. c’r+ s

{x1 j. . . . . {.c&
These sets are disjoint.

- Second. since .f is ont.0 .-I, for each {Xj) there is some y; such t.1la.t  Xi = yj, i.e.

l{j 1 tJj = *Vi}1  > 1,

or, in our t,erminology,
mult(v,mkset(xi))  > 1.

Therefore by tlie Pigeon Hole Principle.

Iti : Yj =  Xj}l =  1 .

- Finally. since f is into -4.  each  yi is some .cj. It follows that the set of all sets {.r,} is a
partition of v. i.e. of ,‘cr/,y6(f’)  (E very element yj of rwngf(f)  belongs to one a.nd only one class
[y,].)  By tile s e c o n d  st.ep. each [y.,] 1la.s  ca.rdinality  1 . It follows easily tlla,t if .f( z, ) = $( .t’.,  )
tllen i -= j.
The two representat  ions for finite funct,ions  canse  some variations in the argument. In botl1

cases. the fact tllat J is an injection is represented by tile fact that, each element of 5’ occurs .jnst
once in a certain list v. In both  cases we use t,lle function mult t.0 count the nu~i~ber  of’ occurrences
of elements of a set in a list. i.e. l{j : y.i = X,}I.

.
4.3.1 . Application of the Pigeon Hole Principle to Alists.

In this subsect  ion we give tile proof that every ma.p  of a finite set onto itself is an injection.
using the represent ation  of functions 1)~  association lists (Theorem YC IWU~~)  I,j,jtctl~ Section -l.:l..‘i).

If alist/ represents f. tlie fact, t1la.t  f is a map of a finite set onto itelf is given by tile propert)
permutp(alistf). ‘I’llen  tile two lists u = dom(alistf)  and v = range(alistf) llave tile sanle
length and contiin  the sa.nle set of elements. The list u leas the UN~~U~I~~.SS  propcrtv  since .f ih a
function. Our ultimate goa. is to show t1la.t v 11a.s the uniqueness propert,S,  too.

LC’e search for a partitioning {a; : i 5 n} of v, where n, = leng th(v) ,  nanlel,v,  a  sequence  of
11 narlenlpty  disjoint sets. such tllat eacll element of v belongs to 501ne set of tile sequence. L\‘cj
know inore  about u tllan  about v, since u has tile ir2jectiGty property. The idea is to consider 1.llc
sequence of t lie sets

{x : x = nth(u,fn)}.

for 111 < length(u): in our notation

Ar?l.nlX’PCt(  nfh( II, m)) :

tllis is a sequence of nonenlpfy  sets. \vllose union is the set of members  of u. \\‘e ca.n prove t 11a1  it
is fliqjoir,/. since u is i~j,jf rlil*c.  ‘1’11115  it partitions u. It part.itions  also v. since u ant1 v arc tlrc sa111c



4.3.2. Step 1: Injectivity implies Disjointness.

Lemma 4.1. ( I11.j n;.l;j)

VU.INJ(U)~DISJOINT(AM.MKSET(NTH(U,M)),LENGTH  U)

Proof. To sllo\v  this. \ve proye

Vn.inj(u)hnllength u1disjoint(hm.mkset(nth(u,m)),n)

1)~ induction on 11 (line 13). The theoreln  fol1otv.s 11~ taking I) = length(u). Tile essential part of
tile induction step is proved first as a lelnnla (line 1'2).

;inj implies disjoint
(proof inj,disj)

;a main lemma for the induction step

1. (assume linj ul)(label injdsj0)

2. (rw * (open inj))(label injdsjl)
;VN M.N<LENGTH UhM<LENGTH  UhNTH(U,N)=NTH(U,M)IN=M

3. (assume (n<length  ul)(label injdsj2)

4. (assume I(un(hm.mkset(nth(u,m
(label injdsj3)

),n))(xv)A(mkset(nth(u,n)))(xv)l)

;need mksetfact

. 5. (ue ((u.u>(n.n>>  mksetfact (open lesseq) injdsj2)
;UN(~M.MKSET(NTH(U,M>),N)=(AX.(~K.K<NANTH(U,K)=X))

6. (rw injdsj3 (use * mode: exact) (open mkset) injdsj2)
;(~K.K<NANTH(U,K)=XV)AXV=NTH(U,N)
(label injdsj4)

7. (define kv Ikv<nAnth(u,kv)=xv
(label injdsj5)

I

8. (derive Ikvxlength  uAnth(u,kv > =nth(u,n)l
(* injdsj2 transitivi ty-of-order)

(use *I>

.
(use injdsj4 mode: always direction: reverse>>

9. (derive Ikv=nl (injdsj2 * injdsjl))

10. (rw injdsj5 (use * mode: exact) irreflexivity,of-order)
;FALSE
;deps: (INJDSJO INJDSJ3 INJDSJ2)

11. (ci injdsj3)
;l((UN(XM.MKSET (NTH(U,M)),N))(XV >A
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12. (ci (injdsjo injdsj2))
;INJ(U)hN<LENGTH U1
;l((UN(~M.MKSET(NTH(U,M)),N))(XV)h(MKSET(NTH(U,N)))(XV))
(label injdsj,lemma)

The result follows in two lines.

13. (ue (a IXn.inj(u)hnllength(u)~disjoint(Xm.mkset  nth(u,m),n) I)
proof-by-induction
(open disjoint disj,pair intersection emptyp)
(use less,lesseqsucc mode: always direction: reverse)
(use id-lemma mode: always) (part 1#2#1#1 (open lesseq)))

;VN.INJ(U)hNILENGTH  U1DISJOINT(AM.MKSET(NTH(U,M)),N)

14. (ue (n ilength ul> * (open lesseq))
;INJ(U)1DISJOINT(AM.MKSET(NTH(U,M)),LENGTH U)
( l a b e l  i n j , d i s j )  I

4.3.3 . Step 2: Positive Multiplicity.

L e m m a  4 . 2 .  (Pernzutp  Injectp  Lenznw)

VU V.MKLSET U=MKLSET VD
(VM.M<LENGTH  WlIMULT(V,MKSET  NTH(U,M)))

Proof. We want to show that the multiplicity in v of the set {x : x = nth(u,m)} is pohitive
(line 8) under the assumption that u and v have the same set of elements (line 1). In l’;lct. WX~
obtain a map

N length(u) AN length( I!)
12 + x:1*,

where nth(v,kv)  = nth(u,n) (line 6).

(proof permutp,injectp,lemma)

1. (assume lmklset u=mklset  VI)
(label pill)

2. (assume In<length ul)
(label pi12)

The fact that nth(u,n)  E { XV : member (:c 1’ ,u)} is a.n immediate consequence of fl:t/~r~c rl,bt I’.

5. (trw Inth(u,n>E mklset ul .(open epsilon mklset)
nthmember pi12) .

;NTH(U,N)EMKLSET(U)
;deps: (PIL2)

Here we apply line 1.

4. (rw * (use pill mode: exact))
;NTH(U,N)EMKLSET(V)
;deps: (PILl PIL2)



5. (rw * (use mklset-fact mode: exact) (open epsilon mkset))
;BK.K<LENGTH VhNTH(V,K)=NTH(U,N)
;deps: (PILl PIL2)

6. (define kv Ikv<length(v)Anth(v,kv)=nth(u,n)l  * >
(label pi13)
;deps: (PILl PIL2)

7 . (trw Imember(nth(v,kv),v)I  nthmember pi13)
;MEMBER(NTH(V,KV),V)
(label pi14)

Therefore, by tile Lemma. member nzult,  the set {XV : ~21 = nth(u,lz)} ha,s positive multiplicity iI\
V.

a. (ue ((u.v)(y.Inth(v,kv)l)(a.lmkset  nth(u,n)l))  member,mult
(part l(open mkset)) pi12 pi14 (use pi13 mode: always))

;l<MULT(V,MKSET(NTH(U,N)))
;deps: (PILl PIL2)

9. (c i  (pi l l  pi12))
;MKLSET(U)=MKLSET(V)hN<LENGTH  UXIMULT(V,MKSET(NTH(U,N)))

Cosmetics:

10. (derive IVu v.mklset u=mklset v3
(Vm.m<length u1llmult(v,mkset  nth(u,m)))l * )

( l a b e l  permutp-injectp,lemma)  I

.
4.3.4 . Step 3: The Sequence partitions the Range.

ITsing t,he result of steps 1 a.nd 2, we will apply the corollary Pig~otdid  tto obtain:

Vm.m<length u1llmult(v,mkset  nth(u,m))

c
In the final st,ep,  for each member x of v we consider the set {x u : xc = x} - ill our notation \vc take
mkset(nth(v,i)), with x = nth(v,i)  for some i - and show that it coincides with so~ne clc~nent
of the partition constructed in step '2. Hence we can conclude

mult(v,mkset(nth(v,i)))  = 1

for all i < length(v). Injectivity of v will follow by the Lemma. Mtrlt Irz;j (Section 2.12.

Lemma 4 .3 .  (.\(ult  ,\Ilrlt)

VU V.MKLSET(U>=MKLSET(V)A
(VM.M<LENGTH  U1MULT(V,MKSET(NTH(U,M)))=l)1
(VI.I<LENGTH V>MULT(V,MKSET(NTH(V,I)))=l)

1).
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Proof. This step is easy. Since u and v axe elelncllt of v occurs  iI1

\vllere nth(u, 111 v) = nth(v,i) (line 6). It. follows from our nla?.in  hypotl~esis  (line 2) that the i-t11
element has just one occurrence in v.

(proof mult,mult)

1. (assume lmklset u = mklset VI)
(label mml)

2. (assume IVm.m<length  u 1 mult(v,mkset nth
(label mm2)

h,m>>=ll

3. (assume li<length VI>
(label mm3)

4. (trw Inth(v,i)  E mklset VI (open epsilon mklset)

5. (rw * (use mm1 mode: exact direction: reverse))
;NTH(V,I)EMKLSET(U)

6. (rw * (use mklset,fact mode: exact) (open epsilon)
;3K.K<LENGTH UANTH(U,K)=NTH(V,I)

.
7. (define mv Imvclength u Anth(u,mv)=nth(v,i)l  * )

(label mm4)
;MV is unknown.
;the symbol MV is given the same declaration as M
;deps: (MM1 MM3)

a. (ue (m mv) mm2 (use * mode: always))
;MULT(V,MKSET(NTH(V,I)))=l
;deps: (MM1 MM2 MM3)

9.L

4n

(ci mm3)
;I<LENGTH V1MULT(V,MKSET(NTH(V,I)))=l
;deps: (MM1 MM2)

I”. (ci (mm1 mm2))
;MKLSET(U)=MKLSET(V)h(trM.M<LENGTH  U1MULT(V,MKSET(NTH(U,M)))=l)D
;(I<LENGTH V1MULT(V,MKSET(NTH(V,I)))=l)
( l a b e l  mult-mult) I

>

(use * nthmember mode: exact) )
;NTH(V,I)EMKLSET(V)
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4 . 3 . 5 . The Main Result for Association Lists: Every Permutation is an Injection.

'I'he deriva.tion  of nlain result for alists folhvs.
Theorem ( Permutp Il!j~~‘tp)

VALIST.PERMUTP(ALIST)XNJECTP(ALIST)

Proof.

(proof permutp-injectp)

1. (assume lpermutp alist I>
(label permutp-injectpl)

2 . (rw * (open permutp))
;FUNCTP(ALIST>hMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
(label permutp-injectp2)

3 . (rw * (open functp))
;UNIQUENESS(DOM(ALIST))AMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
(label permutp-injectp3)

First step: disjointness of a sllitahle sequence of sets (Lelunla. I17.j  Di.r;j)

;labels:  UNIQUENESS,INJECTIVITY
;VU.UNIQUENESS(U)zINJ(U)

;labels:  INJ,DISJ
;VU.INJ(U)~DISJOINT(XM.MKSET(NTH(U,M)),LENGTH U)

4 . (derive linj(dom(alist))  I (* uniqueness,injectivity))
;deps: (PERMUTP,INJECTPl)

5 . (derive IDISJOINT(AM.MKSET(NTH(DOM(ALIST),M)),LENGTH  (DOM(ALIST)))I
(* in j ,d i s j ) )

(label permutp-injectp4)

Second step: Illult,iplicit~ of t.he sets in the sequence is positive (Perwutp  Iujectp  LFIHIHII)

;labels:  PERMUTP,INJECTP-LEMMA
;VU V.MKLSET(U)=MKLSET(V)J(VM.M<LENGTH UXIMULT(V,MKSET(NTH(U,M))))

6 . (ue ((u.ldom alistl)(v.lrange  alistl))  permutp,injectp,lemma
(permutp-injectp3 permutp-injectp4))

;VM.M<LENGTH  (DOM(ALIST))~l<MULT(RANGE(ALIST),MKSET(NTH(DOM(ALIST~,M)~~
(label permutp-injectp5)
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. Now we a.pply the Pigeon Hole principle:

;labels:  PIGEONLIST
;VSETSEQ U.DISJOINT(SETSEQ,LENGTH U)A
;(VK.K<LENGTH  U3lSMULT(U,SETSEQ(K)))3
., (WK~LENGTH UX=MULT(U,SETSEQ(K)))  I)

;need a l s o
;labels:  DOMRANGELENGTH
;vfmsT.Lmm~ (D~M(ALIW)=LENGTH  (RANGE(ALI~T))

7 . (ue ((setseq.IXm.mkset  nth(dom alist,m>l>(u.lrange alistl)) pigeonlist
(use domrangelength mode: exact direction: reverse)
permutp,inj ectp4 permutp,inj ectp5)

;VK.K<LENGTH (DOM(ALIST))I
;l=MULT(RANGE(ALIST),MKSET(NTH(DOM(ALIST),K)))

Third step: injectivity  (using lemmata MuZt Mzllt and Mult I/II))

;labels:  MULT,MULT
;VU V.MKLSET(U>=MKLSET(V)A
., (VK.K<LENGTH U3MULT(V,MKSET(NTH(U,K)))=l)3
., (VI.I<LENGTH V3MULT(V,MKSET(NTH(V,I)))=l)

8 . (ue ((u.ldom(alist)l)(v.lrange(alist)l)) mult,mult
- permutp,injectp3 * >

;vI.I<LENGTH  (RANGE(ALIST))~
;MULT(RANGE(ALIST>,MKSET(NTH(RANGE(ALIST),I)))=l
;deps: (PERMUTP,INJECTPi)

;labels:  MULT,INJ
1 ;VV.(VK.K<LENGTH  V3MULT(V,MKSET(NTH(V,K)))=l)XNJ(V)

9. (ue (v lrange alistl) mult,inj * )
;INJ(RANGE(ALIST))
;deps: (PERMUTP,INJECTPI)

9)10. (derive luniqueness(range  alist)l (* uniqueness,injectivity
;deps: (PERMUTP,INJECTPl)

11. (derive linjectp alistl (permutp-injectp2 *)(open injectp))
;deps: (PERMUTP,INJECTPl)

-12. (ci (permutp,injectpl))
;PERMUTP(ALIST)XNJECTP(ALIST)
( l a b e l  permutp-injectp) I
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4 . 4 . Application of the Pigeon Hole Principle to Lists of Numbers.

In the second applica,tion we give the proof of the theorenl:
ilny mop of (1, finite set onto itsel.f  is l-l,

by representing functions as lists of numbers
Here ha.ve  a list u of numbers less than length(u) ( intoness)  and \ve know that every II less

*than  length(u) occurs in u (ontoness). This simplifies our problem. First we ca.11  consider for each
??I, < length(u) t,he set {X : x = m}. T he proof that  the sequence Am.mkset(m)  is disjoint is
fairly st.ra.ig
set {X : .2 =
multiplicity

ttforwa.rd.  The second step-the proof that for r-n < length(u) the multiplicity of the
IX} is positive-is immedia.te;  only the third step -to prove i??j( u) a.ssuming  that the
of every such set in u is exactly l-requires some work.

4 . 4 . 1 .  St{ ‘p 1: Disjointness.

Lemma 4.4. (Disjoint fvumber)  VN.DISJOINT(XXV.MKSET(XV),N)
Proof. First a useful fact: if m E Ui<,{i},  then 772 < n.

( p r o o f  d i s j o i n t - n u m b e r )
1. ( u e  ( a  IAn.Vm.(un((Axv.mkset(xv)),n))(m)3m<nl)

p r o o f - b y - i n d u c t i o n
(part 1 (open mkset un emptyset union))
(use normal mode: always)
(use successor1 transitivity-of-order))

;VN M.(UN(AXV.MKSET(XV>,N))(M)3M<N
(label dnl)

Therefore
u(i} f-l {n} = 0
l<n

and so. by induction on 12,  Ui<,,{;} is disjoint.

2 . (ue ((n.n>(m.n>>  dnl irreflexivity,of-order)
;,(UN(XXV.MKSET(XV>,N))(N)

3 . ( t r w  I(un(Xyv.mkset(yv>,n>)(xv)A(mkset(n))(xv)l  *
(part 2 (open mkset)))

;l((UN(AYV.MKSET(YV),N))(XV)h(MKSET(N))(XV))

4 . ( u e  ( a  IAn.disjoint(Axv.mkset(xv),n)  1) p r o o f - b y - i n d u c t i o n
(open disjoint disj,pair emptyp intersection)
(tise * mode: exact))

;VN.DISJOINT(XXV.MKSET(XV),N)
(label disjoint-number) I

This completes st,ep  1.
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4.4.3. Step 2: Ontoness Implies Multiplicity.

Lemma 4.5. (Onto Mult)

VU.ON'rO(U)1
(VN.N<LENGTH(U>XIMULT(U,MKSET(N)))

( label  onto ,mult)  I

This is irnnledia.te from the definition of onto and the lemma. Member*  :2/u/t.

4.4.3. Step 3: Intoness Implies Multiplicity.

1Tsing the lenlnla  Pi~cot,list.  steps 1 a.ncl '2 we will conclude that

PERM(U)I(VK.K<LENGTH UX=MULT(U,MKSET(K)))

Let’s look at the last step.
Lemma 4.6. (Into .\fult)

VU.INTO(U)A(VK.K<LENGTH  UX=MULT(U,MKSET(K)>)1
(KXLENGTH UX=MULT(U,MKSET(NTH(U,K))))

Proof. .&unle  into(u) and that for all Xr < length(u) the nlultiplicity of the set {X : R* = 1,
is exactly 1.

(proof into,mult)

1

I. (assume linto(u> I> _
(label iml)

2. (assume IVk.k<length  uX=mult(u,mkset  k) 1)
1 ( label im2)

3. (assume Ikclength ul)
(label im3)

4. (rw iml (open into))
;VN.N<LENGTH  U~NATNUM(NTH(U,N))ANTH(U,N)<LENGTH  U
;deps: (IMI)

By ~I~~oI)F.w. nth(u,k) is a nunlber less that1 length(u). The result is inlrnediate front lillcl 2.

5. (ue (k Inth(u,k)l)  im2 (use im3 * mode: exact))
a ;l=MULT(U,MKSET(NTH(U,K)))

;deps: (IMI IM2 IM3)

6. (ci im3)
;K<LENGTH UX=MULT(U,MKSET(NTH
;deps: (IMI IM2)

(U,K)))

7. (ci (iml im2))
;INTO(U)A(VK.K<LENGTH  UX=MULT(U,MKSET(K
;(K<LENGTH UX=MULT(U,MKSET(NTH(U,K))))
(label into-mult) I

>



4.4.4. The Main Result for Lists: Every Permutation is an Injection.

i\e uow give the lnain result for functions represclltecl  as lists of nlll~lbe~.
Theorem ( Pc~+r,,  Il~.jccfit~ity)  VU.PERM(U)1INJ(U)
Proof.

(proof perm,inj)

1. (assume lperm ul)(label  perm,injl)

2. (rw * (open perm onto))
;INTO(U)A(VN.N<LENGTH  UIMEMBER(N,U))
( l a b e l  perm,inj2)

Second step: nlultiplicity  is positive

;labels: MEMBER,MULT
;VU Y A.MEMBER(Y,U)AA(Y)XIMULT(U,A)

3. (ue ((u.u)(y.n)(a.lmkset nl)) member-mult
(part 1 (open mkset)))

;MEMBER(N,U)XIMULT(U,MKSET(N))

4. ( d e r i v e  IVn.n<length u1l<mult(u,mkset  n>l (perm-inj2  *)>
( l a b e l  perm,inj3)
; d e p s :  (PERM,INJl)

Third step: the application of the pigeon hole

5. ( u e  ((setseq.lAxv.mkset(xv)l)(u.u))
pigeonlist disjoint-number perm-inj3)

;VK.K<LENGTH UX=MULT(U,MKSET(K))
( l a b e l  perm-inj4)
; d e p s :  (PERM-INJi)

6. ( c i  perm-injl)
;PERM(U)I(VK.K<LENGTH  UX=MULT(U,MKSET(K)))

Fourth step: injectivity (using Lenlnlata  INTO-MULT ant1  MULT-INJ)

;labels: INTO,MULT
;VU.INTO(U)A(VK.K<LENGTH  UX=MULT(U,MKSET(K>>)1
., (VI.I<LENGTH  UX=MULT(U,MKSET(NTH(U,I))))

7. ( d e r i v e  IVi.i<length  u1l=mult(u,mkset(nth(u,i)))l
( into -mult  perm-inj2 *))

; d e p s :  (PERM,INJl)

;labels: MULT-INJ
;VV.(VK.K<LENGTH  V1MULT(V,MKSET(NTH(V,K)))=l)XNJ(V)

8. ( u e  (v u) mult-inj * >
;INJ(U)



; d e p s :  (PERM,INJ~)

(derive linj W I (perm,
;deps: (PERM,INJI)

i n j l

9. ( c i  perm, in j l )
;PERM(U)XNJ(U)

.  ( l a b e l  p e r m , i n j e c t i v i t y )  I

perm,inj4 perm,inj,1
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5. Representation using Association Lists.

In this section we prove that permutations (over a finite domain) form a. group. wing t I](>
representation of functions by association lists.

Remark. In this representation we do not need to restrict ourselves to functions from numbers
‘to numbers: we ma.y consider permutations of any finite set. However it is customa.ry to view
association lists as ma,ps from atoms to S-espressions. We keep this convention.

To define our functions as ma.ps from atoms to a.toms would sligthly simplify some proofs
below: not,ice that we need the assumption that all the members in the range are at,oms iu ortlcr
to prove the lemmata Invalistsort,  Don2  Invnlist,  Range Inudist as well as Theorem :3 (ii) and (iii).
In the case of permuta,tions  this condition is a consequence of the definition of permutation (as a
map of a domain of atoms onto itself).

5.1. Definitions of Corn posit ion, Inverse and Identity.

The following functions and predicates on ahsts  represent composition of functions, the ident it.!
function and the inverse of a function. Since the domain of our funct,ions  is not, fixed in advance.
we must use a predica.te  ra,ther  tha,n a function for identity.

;functions as  assoc iat ion  l i s ts
( p r o o f  assoc)

;composition of functions

1. (decl ( c o m p a l i s t )  ( i n f i x n a m e :  laoI>  ( t y p e :  Iground@ground+groundl
(syntype: constant) (bindingpower: 930))

2. (def ax compalist
(Valistl alist xa y.nil a, alist2=nilA

((xa.y>  .alistl) (ID alist2=
(xa.appalist(y,alist2))  .(alistl 00 alist

(label compalistdef >

;the inverse function

.

3. (decl i n v a l i s t  ( t y p e :  GROUND+GROUND))

4. (def ax invalist
IValist xa y.invalist nil=nilA

invalist((xa.y).alist)=(y.xa).invalist  alistl)
( label invalistdef >

;the identity function

5. (decl i d a l i s t p  ( t y p e :  GROUND+TRUTHVAL))

6. (defax idalistp
ltlalist xa y.idalistp(nil)A

(idalistp((xa.y).alist)=xa=yAidalistp  alist) I)

> I
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( labe l  ida l i s tpde f )

Remark. 111 t hc present, sect.ion the reader should keep in mind that

appalist(x,alist,  m alist,)

represents (g 0 .f)( z). It would be helpful to use ieft notation ,2’( f g) for funct,ions  in our coinnlent  5.
but we do not avant to change our not,ation just for one section.

5.2. Almost All the Facts.

Lc’e collect. here sonle Lenlnlata of general use. Their proof a.re remarkably short a,pplications
of alistinduction. The first two lenlnlata.  are used to check sorts for invalist a,nd compalist.

(proof alistf acts)

1. ( u e  ( c h i  IXalist.alistp(alist  UJ alistl>l>
alist induct ion
(part 1 (open compalist)(use appalistsort mode: exact)))

;VALIST.ALISTP ALIST a, ALISTl
(label simpinfo) ( label compalistsort) I

-2 . (ue (chi Ihalist.allp(>x.atom  x,range alist)Jalistp  invalist(alist)  I)
a l i s t induct ion
(open range member invalist)
(use allpf act
ue: ((phi.(Xx.atom  xl)(x.y>(u.lrange  alistl))  mode: always) )

;VALIST.ALLP(AX.ATOM  X,RANGE(ALIST>)3ALISTP  INVALIST(ALIST)
( labe l  s impinfo )  ( labe l  inval i s tsort ) I

1s1-e  nlust consider \vith special care the behavior of the LISP function

X a l i s t  x.appalist(x,alist).

It is defined as Aalist x.cdr(assoc(x,alist)),  so it associates w-it11 x tl,e Jj~s! y such that (x.y>
belongs to alist a.ntl  has defa,ult  value NIL, if there is no such y.

In Lelnnla 3, I. 1)~ assuming: that x belongs to dom(alist),  we ignore the default  case: in Lctnn~
5.2, by taking into account the default case we prove equality instead of inclusion of doinaill5.

Sekt, Lcwnla  5.3 proves that if x belongs to dom(alist),  then the value of appalist(x,alist)
is not the tlefalllt value NIL, but an elenzent  belonging to range(alist):  Letnnla 5.4 says that if
z belongs to range(alist). then there is an x in dom(alist)  such t.ha.t,  appalist(x,alist) = z.
Observe that t ilk nwd not be true, unless alist represents a. function. i.e. unless dom(alist)  has
the Irrliqrlerlc.~.~  property. Indeed, if sonle (x .zl) occurs in alist before (x .z), \vitll ~1 # s. t I~cI~
appalist (x,alist) ivill give zl as value.



. Lemma 5.1 (.-Ipp C’ornpnli.st)  (g 0 f)( n:) = g( .f( .r)) :

VALIST ALISTI  X.MEMBER(X,DOM(ALIST))1
APPALIST(X,ALIST a, ALISTl)=APPALIST(APPALIST(X,ALIST),ALISTl)

Proof.

3. ( u e  ( c h i  IXalist.member(x,dom(alist))1
appalist(x,alist  aD a l i s t l ) =
appalist(appalist(x,alist),alistl)l)

a l i s t induct ion
(part 1 (use appalistdef mode: always)

(open dom member compalist assoc))
(use normal mode: always))

;VALIST.MEMBER(X,DOM(ALIST))1
. APPALIST(X,ALIST w ALISTl)=APPALIST(APPALIST(X,ALIST),ALISTl)
ilabel a p p , c o m p a l i s t )  ( l a b e l  alist,lemmal)  I

The follo\ving Lemma says that the domain of y o f is a subset of the domain of f.
Lemma 5.2 (Don1  Conayctlist)

VALIST ALISTl.DOM(ALIST m ALISTl)=DOM(ALIST)

Proof.

4. ( u e  ( c h i  IXalist.dom(alist  a alistl)=dom(alist)l)
a l i s t induct ion
(open compalist dam))

;VALIST.DOM(ALIST  a3 ALISTl)=DOM(ALIST)
( l a b e l  dam-compalist)(label  alist,lemma2)  I

The nest two Lemmata will be used in the proof of Theorem l(i).
Lemma 5.3 says that if .r belongs to the domain of f then there is a y = f( n*) that belongs

to the range of f.
Lemma 5.3 (,Yon~mpty  Rtirige)

VALIST X.MEMBER(X,DOM  ALIST)
(~Y.MEMBER(Y,RANGE ALIsT>AAPPALI~T(~,ALI~T)=Y)

The argulnent is by induction on alists.

(proo f  alist,lemma3)

1. ( u e  ( c h i  IAalist.member(x,dom  alist)
somep(hy.appalist(x,alist)=y,range  alist>l>

al is t induct ion
(part 1 (open dom somep range member appalist assoc))
(use normal mode: always))

;VALIST.MEMBER(X,DOM(ALIST))~SOMEP(~Y.APPALIST(X,ALIST)=Y,RANGE(ALIST))

2. (rw * (use somepfact mode: exact))
;VALIST.MEMBER(X,DOM(ALIST))1
. (~X~.MEMBER(X~,RANGE(ALIST))AAPPALIST(X,ALIST)=X~)
ilabel n o n e m p t y , r a n g e )  ( l a b e l  alist-lemma3)  I



ABOUT I~ERRMWATIONS  IN LISP AND  EI;L

. Remark. Example 7. We prove first the formula, in line 1 (containing the recursively  defillctl
predicate samep instead of the esistenbial  clua.ntifier as in line ‘L). In this wa.y we considerably sltort cu
the proof. Let’s analyze the proof and see how the reivriber of EKL simula.tes it.

The induction step of line 1 is

;(VXA Y ALIST.(MEMBER(X,DOM(ALIST))3
., SOMEP(AY2.APPALIST(X,ALIST)=Y2,RANGE(ALIST)))3
. ., (MEMBER(x,DoM((xA.Y).ALIsT))~
., SOMEP(XYl.APPALIST(X,(XA.Y).ALIST)=Yl,RANGE((XA.Y).ALIST))))

Bv expa,nding
member(x,dom((xa.y>.alist))

we obtain two ca.ses:
(i) x=xa, in which case cdr(assoc(x,(xa,y)  .alist)> is y, and y is clearly a n~enher  of

range((xa .y)  .alist);
(ii) member (x ,dom alist). In this case the induction hypothesis yields

somep(Xy2.appalist(x,alist)=y2,range(alist)).
(The two cases are dealt with sepa.ratelv  bv using a.s a. rewriter the formula. .

Vp q  r .  (pVq3r)=(p3r)A(q3r)

labeled NORMAL, as we saw in previous esa*mples. )
Conside? how the rewrikg process a.ccomplishes this inference. By expanding appal is t a ntl

assoc in

we have:

;the term APPALIST(X,(XA.Y).ALIST) is replaced
CDR ASSOC(X,(XA.Y).ALIST>
;the term ASSOC(X,(XA.Y).ALIST> is replaced by
IF X=XA THEN XA.Y ELSE ASSOC(X,ALIST)

..

Piow the conditional term is ‘pushed outside’ the function cdr:

by:

;the term CDR (IF X=XA THEN XA.Y ELSE ASSOC(X,ALIST
IF X=XA THEN CDR (XA.Y) ELSE CDR ASSOC(X,ALIST)

c ;the term CDR (XA.Y) is replaced by:
Y
;the term (IF X=XA THEN Y ELSE CDR ASSOC(X,ALIST)
IF X=XA THEN Y=Yl ELSE CDR ASSOC(X,ALIST)=Yl

Nest by espanding  range we obtain:

;the term RANGE((XA.Y).ALIST)  is  replaced by:
Y.RANGE(ALIST)

Now somep is espanded:

> =Yl is  replaced by:

>> is  replaced by:
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;the term
SOMEP(XYl.(IF  X=XA THEN Y=Yl ELSE CDR ASSOC(X,ALIST)=Yl),Y.RANGE(ALIST))
is replaced by:
IF (IF X=XA

THEN Y=Y
ELSE CDR ASSOC(X,ALIST)=Y)

THEN TRUE
ELSE SOMEP(AYl.(IF X=XA

THEN Y=Yl
ELSE CDR ASSOC(X,ALIST)=Yl),RANGE(ALIST))

In the innermost conditional

;the term Y=Y is replaced by:
TRUE

so that the ‘if’ case of the outer conditional becomes

)=Y is replaced by:;the term IF X=XA THEN TRUE ELSE CDR ASSOC(X,ALIST
X=XAvCDR  ASSOC(X,ALIST)=Y

On the other hand in the ‘else’ case of outer conditiona.

;the term X=XA is replaced by:
FALSE
;the term IF FALSE THEN Y=Yl ELSE CDR ASSOC(X,ALIST)=Yl  is replaced by:
CDR ASSOC(X,ALIST)=Yl

In conclusion. the term (*t) becomes

X=XAvCDR  ASSOC(X,ALIST)=YvSOMEP(hY1,CDR  ASSOC(X,ALIST)=Yl,RANGE(ALIST))

and it is this formula that rewrites to true in both cases (i) and (ii). 0

Similarly, Lemma 5.4 sa.ys  that if z belongs to the range of f then there is an .r in t,he domain
of f such that f(x) = 3. The proof is left to the Appendis.

Lemma 5.4 (Nonempty Domain)

VALIST Z.UNIQUENESS DOM(ALIST>hMEMBER(Z,RANGE  ALIST)
(3X.MEMBER(X,DOM  ALIST)AAPPALIST(X,ALIST)=Z)

( l a b e l  alist,lemma4)

6 The following Lemma, (describing the behavior of compalist with respect to the second alist)
is used in the induction step of the proofs of theorems 3( ii) and 3( iii ).

; compalist lemma

5. ( u e  ( c h i  IAalist.lmember(za,range  alist)
alist a3 ((za.z).alistl)=alist  a, alistll)

al is t induct ion
(open member range compalist assoc) (use demorgan mode: always))

;VALIST.TMEMBER(ZA,RANGE(ALIST))~ALIST  m ((ZA.Z).ALISTl)=ALIST  a, ALISTI
( l a b e l  c o m p a l i s t - l e m m a )  I



6. ( u e  ( c h i  I~alist.samemap(alistl,alist2)3alist  (D alistl=alist  a, alist2l)
alistinduction
(part 1 (open compalist samemap)))

;VALIST.SAMEMAP(ALISTl,ALIST2)3ALIST  w ALISTl=ALIST  a0 ALIST
( labe l  s impinfo )  ( labe l  samemap-right) I

\\‘hell colnposing  on the left. the best possible analogue is the following: ( ,%~MM~I Lclf’f)

VALIST ALISTl ALIST2.SAMEMAP(ALISTl,ALIST2)3
SAMEMAP(ALIST1 a~ ALIST,ALIST2  OI ALIST)

The proof uses Lenlnlata. .5.1  and .5.2 and is left to the .JLppenclis.
The nlain property of the identity alist is given by the following:
Lemma 5.5 ( ,2/niri  Idcrlistp)

VALIST Y.IDALISTP(ALIST)AMEMBER(Y,DOM(ALIST))~CDR  ASSOC(Y,ALIST)=Y

Proof.

7. ( u e  ( c h i  l~alist.idalistp(alist)hmember(y,dom alist)
appalist(y,alist)=yl)
alistinduction
(open idalistp appalist assoc member dom) (use normal mode: always))

;VALIST.IDALISTP(ALIST)AMEMBER(Y,DOM(ALIST))~CDR  ASSOC(Y,ALIST)=Y
( l a b e l  i d a l i s t p , m a i n )  n

Finally. \VC prove two lenlnla.ta essential for the proof of Theorexn 3.
\,l'e sllow  tllat  dom(invalist) is the sanle  as range and t1la.t range(invalist) is dom.

;dom invalist

8. (ue  ( ch i  IAalist.allp(Ax.atom  x ,range  alist)
dom invalist(alist)=range alistl

alistinduction
(open dom range invalist)  (use invalistsort)
(use allpfact
ue :  ((phi.lXx.atom  xl>(x.y>(u.lrange alistl)) mode:  a lways)  >

;VALIST.ALLP(AX.ATOM  X,RANGE(ALIST))3
. DOM(INVALIST(ALIST)>=RANGE(ALIST)
ilabel d o m , i n v a l i s t )  I

9.

;range i n v a l i s t

(ue  ( ch i  (halist.allp(Xx.atom  x,range  alist)
range invalist(alist)=dom  alistl)

alistinduction
(open dom range invalist)  (use invalistsort)
(use allpfact
ue :  ((phi.lXx.atom  xl)(x.y)(u.lrange  a l i s t l ) )  mode :  a lways)  )

;VALIST.ALLP(XX.ATOM  X,RANGE(ALIST))I
. RANGE(INVALIST(ALIST>)=DOM(ALIST)
ilabel r a n g e - i n v a l i s t )  I
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5.3. The Composition of Permutations is a Permutation.

\\‘e want to prove that if t\vo  alists. alist a.ntl alist 1 a.re permutp. then also their composit  ioll
alist a, alistl is a permutp: i.e. (by the definition of permutp) we know that the l domaillh o[
alist and alistl have the u~~~‘~ucM.w property and their ‘domains and ‘ranges’ a,re the sanlc set
and we want to show that

(i) uniqueness holds of dom(alist 00 alistl):
(ii) the dom and t,he range of (alist m alist 1) a.re the same set.

To prove (i) it is enough to show that the dom(alist a~ alistl) is the same as dom(alist).  ‘L’o
prove (ii) we prove inclusion in both directions.

The proof of (ii) is the longest in this section. The reason is that we cannot use induct ion 011

alists in proving facts a.bout the ra.nge of dom(alist m alistl) CM n set.
Theorem 1 (i ) ( Permutp  C’onzpdist)

VALIST ALIST~.PERMUTP(ALIST)APERMUTP(ALIST~)A
MKLSET(DOM(ALIST)>=MKLSET(DOM(ALIST1))3
PERMUTP(ALIST  w ALISTl)

This is proved through a. nla.in Lemma:
Lemma Range C’ompose.  past 1:

VALIST ALIST~.PERMUTP(ALIST)A
MKLSET(DOM(ALIST>>=MKLSET(DOM(ALIST1))3
MKLSET(RANGE(ALIST co ALISTl))CMKLSET(RANGE(ALIST1

VALIST ALIST~.PERMUTP(ALIST)APERMUTP(ALIST~)A1
MKLSET(DOM(ALIST)>=MKLSET(DOM(ALIST1))3
MKLSET(RANGE(ALISTl)>cMKLSET(RANGE(ALIST  w ALISTl))

5.3.1. Proof Range Compose, First Part.

In Part 1 \ve show that if permutp(alist)  and mklset dom(alist)=mklset  dom(alist1).
then range(alist  m alistl) is a subset of range(alistl).

Let f and g be the functions represented by alist and alistl, respectively. The argument can
* be summarized as follows: given z in the range of g 0 j. choose an element xz in the inverse ilnage

of z by g o .f. Such element is in t.he domain of f. By definition of composit.ion,  if z = (g o f)( .v= ).
t lien z = g( f(L)). so t belongs to the range of g.
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1.

2.

The nest
domain.

3.

4.

(proof range-compose)

(assume Ipermutp(alist)l)
( labe l  rc l )

(rw * (open permutp functp))
;UNIQUENESS(DOM(ALIST))AMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
( l a b e l  rc2)
; d e p s :  (RCl)

line saq’s tl1a.t the functions f and 9 represented by alist a.nd alist 1 ha?.ve t.he sa.nle

(assume lmklset dom(alist)=mklset  dom(alistl)l)
( l a b e l  rc3)

(assume Imember(z,range(alist  m alistl)>l)
( l a b e l  rc4)

By applying Lemma 4 we a.ssociate  to z an element 2, in dom(alist  m alistl). By Lemma. 12 .x=
lies in dom(alist)  (line 6).

5. (ue ((alist.lalist  (I) alistll)(z.z>>  nonempty,domain
- (use dom,compalist rc2 rc4 mode: exact)  >

;~X.MEMBER(X,DOM(ALIST))AAPPALIST(X,ALIST  w ALISTl)=Z
; d e p s :  (RCl RC4)

6. (define xxvv
Imember(xxvv,dom alist)Aappalist(xxvv,alist  00 alistl)=z) * >

( l a b e l  rc5)
; d e p s :  (RCl RC4)

-Apply Lemma. 1:

7. (rw * (use app,compalist mode: always))
;MEMBER(XXVV,DOM(ALIST))AAPPALIST(APPALIST(XXVV,ALIST),ALIST~)=Z
( l a b e l  rc6)
; deps :  (RCl RC4)

This represents the fact that if z = (g o f)(.~~),  then z = s(flx=)). The proof is not finished.
howe\rer.  We have to check that the two applications of appalist do not give defa.ult  value.

By applying lemma, 3, we associa,te  to X, its image yZ in the range(alist).

8. (de f ine  yyvv  Imember(yyvv,range  alist)Aappalist(xxvv,alist)=yyvvl
(nonempty,range rc6))

(label rc7)
; d e p s :  (RCl RC4)

9. (trw lyyvv  E mklset range(alist>l (open mklset epsilon) rc7)
;YYVVEMKLSET(RANGE(ALIST))
; d e p s :  (RCl RC4)
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Bv the assumption of line 3 we know tha,t yz belongs to dom(alist1).

10. (r-w * (use rc2 mode: exact direction: reverse)
(use rc3 mode: exact))

;YYVVCMKLSET(DOM(ALISTl))
;deps: (RCl RC3 RC4)

11. (rw * (open epsilon mklset))
;MEMBER(YYVV,DOM(ALISTl))
;deps: (RCl RC3 RC4)

We a.pply a.gain lemma 3 to pick the ima.ge of y= in range(aIist1).

12 .  (de f ine  zzvv  Imember(zzvv,range aIistl)AappaIist(yyvv,aIistl)=zzvvl
(nonempty-range * ))

( l a b e l  rc8)
;deps: (RCl RC3 RC4)

By lines i' and 8 such an image is z.

13. (rw rc6 rc7)
;MEMBER(XXVV,DOM(ALIST))hAPPALIST(YYVV,ALISTl)=Z
; d e p s :  (RCl RC4)

- 14. (trw Izzvv=zI  * (use rc8 mode: always direction: reverse))
; zzvv=z
;deps: (RCl RC3 RC4)

Hence. 2 is in the range(alist1).

1 5 .  ( t r w  Imember(z,ra.nge  alistl)l  r c 8
(use * mode: exact direction: reverse))

;MEMBER(Z,RANGE(ALISTl))
;deps: (RCl RC3 RC4)

1 6 .  ( c i  rc4)
;MEMBER(Z,RANGE(ALIST a, ALIST1))1MEMBER(Z,RANGE(ALISTl))
;deps: (RCl RC3)

1 7 .  ( t r w  lmklset r a n g e ( a l i s t  00 alistl)Cmklset  range(alist1)  I *
(open mklset inclusion))

;MKLSET(RANGE(ALIST w ALISTl))CMKLSET(RANGE(ALISTl))
;deps: (RCl RC3)

1 8 .  ( c i  ( r c l  r c 3 ) )
;PERMUTP(ALIST)AMKLSET(DOM(ALIST))=MKLSET(DOM(ALIST~))~
;MKLSET(RANGE(ALIST a, ALISTl))CMKLSET(RANGE(ALISTl))
(label range-compose)
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5.3.2. Proof of Range Compose, Second Part.

In Part ‘2, again Ilnder t*he a.ssumption that

permutp(alist) A mklset dom(alist)=mklset  dom(alistl),

ive prove that

rangecalist) C range(a l i s t  w a l i s t l )

The derivation represents the following argunlent:  suppose that f and 9 are maps of the sallie
finite set onto itself and t belongs to t.lle  range of y. If yz is in the inverse ima.ge of 2 by y. then
y, is in the range of f. hIoreover, if xz is in the inverse image of gt by f, then 2 = y( $(.Y~)). i.t>.
z = (g o .f)(x=). Therefore z is in the range ofg o f.

1

2

3

4

.

5

c;

(assume Ipermutp(alist)l)
(label rc21)

(rw 3: (open permutp functp))
;UNIQUENESS(DOM(ALIST))hMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
(label rc22) .

(assume Ipermutp(alistl)l)
(label rc23)

(rw * (open permutp functp))
;UNIQUENESS(DOM(ALIST~))AMKLSET(DOM(ALIST~))=MKLSET(RANGE(ALIST~))
(label rc24)

(assume lmklset dom(alist)=mklset  dom(alistl)l)
(label rc25)

-. (assume Imember(z,ra.nge  alistl) I>
( l a b e l  rc26)

(proof range-compose2)

Give11  .3 iu r*clHge(uli.$tl). using lemma -4 \ve pick a y, in rlo~n(nld.l;tl) such that

appalist(y,,alistl)  = 2.

7. ( d e f i n e  y v l  Imember(yvl,dom  alistl)Aappalist(yvl,alistl)=zl
(nonempty,domain rc24 rc26))

(label rc27)

8. (trw lyvl  E mklset dom(alistl)l  * (open epsilon mklset))
;YVl~MKLSET(DOM(ALISTl))
;deps: (RC23 RC26)



9. (rw * (use rc25 mode: exact direction: reverse)
(use rc22 mode: exact))

;YVlcMKLSET(RANGE(ALIST))
;deps: (RC21 RC23 RC25 RC26)

10. (rw * (open epsilon mklset))
;MEMBER(YVl,RANGE(ALIST))
(label rc28)
;deps: (RC21 RC23 RC25 RC26)

By applying again lernnla -1 \ve can pick .c= in dom(alist)  such that

appalist(z,,alistl)  = y=.

1 1 .  ( d e f i n e  xv1 lmember(xvl,dom alist)Aappalist(xvl,alist)=yvll
(nonempty-domain rc22 rc28))

(label rc29)
;deps: (RC21 RC23 RC25 RC26)

Apply lenlina 2:

1 2 .  ( t r w  ~member(xvl,dom(alist a3 alistl>>l  * ( u s e  dam-compalist))
;MEMBER(XVl,DOM(ALIST  m ALISTl))
(label rc30)
;deps: (RC21 RC23 RC25 RC26)

z = appalist(appalist(:1.,, alist),alistl)  =  appalist(:l*,,alist  w a l i s t l ) .

13 .  ( t rw lappalist(xvl,alist 00 alistl)l  rc29  rc30
(use app-compalist  rc29 rc27 mode: always))

;APPALIST(XVl,ALIST  a0 ALISTl)=Z
( l a b e l  rc31)
;deps: (RC21 RC23 RC25 RC26)

L\‘e have to check that z is not the tlefa.ult value of appalist. We a,pply :ITorwwl~f~y Rcrrzg6:

14. (ue ((alist.lalist  0) alistll)(x.xvl))  nonempty,range
(use dam-compalist  rc22 rc30 mode: always))

;gY.MEMBER(Y,RANGE(ALIST  a, ALIST~>>AAPPALIST(XV~,ALIST  m ALISTl)=Y
;deps: (RC21 RC23 RC25 RC26)

1 5 .  ( d e f i n e  z v l  Imember(zvl,range(alist  w alistl))A
appalist(xvl,alist  a, alistl)=zvl I * >

(label rc32)
;deps: (RC21 RC23 RC25 RC26)

16. (trw Izvl=zl  rc31 (use * mode: always direction: reverse))
;ZVl=Z
;deps: (RC21 RC23 RC25 RC26)
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. So z belongs to the range(alist  m alistl).

1 7 .  ( t r w  Imember(z,range(alist  a, alistl))l  r c 3 2
(use * mode: exact  d i rect ion :  reverse ) )

;MEMBER(Z,RANGE(ALIST m ALISTl))
;deps: (RC21 RC23 RC25 RC26)

18 .  ( c i  rc26)
;MEMBER(Z,RANGE(ALIST1))1MEMBER(Z,RANGE(ALIST  m ALISTl))
;deps: (RC21 RC23 RC25)

1 9 .  ( t r w  lmklset range(alistl)Cmklset  r a n g e ( a l i s t  (D alistl)l  *
(open inclusion mklset)  >

;MKLSET(RANGE(ALISTl))CMKLSET(RANGE(ALIST  m ALISTl))
;deps: (RC21 RC23 RC25)

20 .  ( c i  ( rc21  rc23  rc25) )
;PERMUTP(ALIST)APERP(ALIST~)AMKLSET(DOM(ALIST))=MKLSET(DOM(ALIST~))~
;MKLSET(RANGE(ALISTl))CMKLSET(RANGE(ALIST  a, ALISTl))
(label range-compose)

5.3.3. Conclusion of the Proof of Permutp Compose.

Npw we*conclude  the theorem: by Lemma Rarzge  C'onlyose  a*nd  estensionality we show that

mklset(range(alist  m alistl))  = mklset(range(alist1))

(line '7). By the definition of permutp and the assumption that the alistl and alist are pre-
mutations of the same set (line 3), mklset range(alist1)  is equal to mklset dom(alist).  Xn
application of Lemma 'z (line 10) is enough to reach the conclusion.

1.

2.

3L '

4.

5.

(proof permutp,compalist)

(assume lpermutp(alist)l)
(label permut,compl)

(assume Ipermutp(alistl)l)
( l a b e l  permut,comp2)

(assume ~mklset(dom(alist))=mklset(dom(alistl))~)
( l a b e l  permut,comp3)

(der ive  Imklset(range(alist  m alistl))Cmklset(range(alistl))A
mklset(range(alistl))Cmklset(range(alist  m alistl>>l
(permut,compl permut,comp2  permut,comp3  range-compose))

; d e p s :  (PERMUT,COMPl PERMUT,COMP2  PERMUT,COMP3)

(rw * ( open  inc lus ion) )
;(VXV.(MKLSET(RANGE(ALIST  a, ALIST~>>>(XV)~(MKLSET(RANGE(ALIST~)))(XV))A
;(VXV.(MKLSET(RANGE(ALISTl)))(XV)~(MKLSET(RANGE(ALIST  m ALISTl)))(XV))
; d e p s :  (PERMUT,COMPl PERMUT,COMP2  PERMUT,COMP3)
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6. (der ive  IVxv.(mklset range(a l i s t  m alistl))(xv)=
( m k l s e t  range(alistl))(xv)l  * >

Remember Set Extensionality:

;labels:  SET,EXTENSIONALITY
;(AXIOM lVA B.(VXV.XVEA=XVEB)DA=BI)

7. (ue  ((ahklset range(a l i s t  m a l i s t l )  I)
(b.lmklset  range(alistl)l))

set ,extens ional i ty
* (open epsilon))

;MKLSET(RANGE(ALIST m ALISTl))=MKLSET(RANGE(ALISTl))
; d e p s :  (PERMUT,COMPl PERMUT-COMP2  PERMUT,COMP3)
( l a b e l  permut,comp4)

8. (rw permut,compl (open permutp functp))
;UNIQUENESS(DOM(ALIST))AMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
( l a b e l  permut,comp5)

9. (rw permut,comp2  (open permutp))
;FUNCTP(ALISTl)AMKLSET(DOM(ALIST1))=MKLSET(RANGE(ALISTl))

10. (trw (uniqueness(dom(alist  m aliStl))A
mklset dom(alist m alistl)=mklset  range(alist  m alistl)l

(use dom,compalist permut,comp4  mode: exact)  permut,comp5
(use * permut,comp3  mode: always direction: reverse))

;UNIQUENESS(DOM(ALIST  m ALISTl))h
;MKLSET(DOM(ALIST m ALISTl>)=MKLSET(RANGE(ALIST  m ALISTl))
; d e p s :  (PERMUT,COMPl PERMUT,COMP2  PERMUT,COMP3)

11. (trw lpermutp(alist m alistl)l  * (open permutp functp))
;PERMUTP(ALIST  m ALISTl)
; d e p s :  (PERMUT,COMPl PERMUT,COMP2  PERMUT,COMP3)

1 2 .  ( c i  (permut-compl  permut,comp2  permut,comp3))
;PERMUTP(ALIST>APE~UTP(ALIST~)AMKLSET(DOM(ALIST))=MKLSET(DOM(ALIST~))~
;PERMUTP(ALIST m ALISTl)
( l a b e l  p e r m u t p , c o m p a l i s t )  I

L

5.4. Associativity of Composition.

To show that composition is associative is very straightforward. Line :3 simply helps the
rewriter in the inductive step to espand the antecedent of the induction formula (line 4).

Theorem 1 (ii) ( Conzyalist  Associcrtivity)

VALIST ALISTl ALIST2.MKLSET(RANGE(ALIST))CMKLSET(DOM(ALISTl))J
ALIST m (ALISTl m ALIST2)=(ALIST  m ALISTl) m ALIST



. Proof.

(proof compalist-associativity)

1. ( t r w  lmklset(range((xa.y).alist))Cmklset(dom  alistl)I
member(y,dom aliStl)AmklSet range(alist)Cmklset  dom(alistl)l

(open mklset inclusion range member)
(use normal mode: always))

;MKLSET(RANGE((XA.Y).ALIST))CMKLSET(DOM(ALISTl))~
;MEMBER(Y,DOM(ALIST~))AMKLSET(RANGE(ALIST))CMKLSET(DOM(ALIST~~)

2. ( t r w  Imember(y,dom  alistl)&nklset  range(alist)Cmklset  dom(alistl)1
mklset(range((xa.y).alist))Cmklset(dom  alistl)l (der)

(open mklset inclusion range member)
(use normal mode: always))

3. ( d e r i v e  Imklset(range((xa.y).alist))Cmklset(dom  alistl)s
member(y,dom alistl)Amklset range(alist)Cmklset  dom(alistl)l

(* -2))
( label helpinduction)

4. ( u e  ( c h i  (halist.mklset(range  alist)Cmklset(dom  alistl)I
alist m (alistl  m alist2)=(alist  m alistl)  m alist21)

alistinduction
(part 1 (open compalist) (use app,compalist * mode: always)))

;VALIST.MKLSET(RANGE(ALIST))cMKLSET(DOM(ALISTl))~
ALIST m (ALISTl m ALIST2)=(ALIST m ALISTl) a ALIST

ilabel c o m p a l i s t - a s s o c i a t i v i t y )  I

5.5. The Identity Alist.

It is a, sinlple  nla.tter to prove that a.11 alist representing an identity functiorl satisfies the
property permutp.

Theorem 2 (i) (Itltllistl)  Pemutp)

VALIST.FUNCTP(ALIST)hIDALISTP

Proof.

.L ( u e  ( c h i  Ihalist.idalistp(ali. .st)Idom alist=range alistl) a l i s t i n d u c t i o n
(open idalistp dom range)).

;VALIST.IDALISTP(ALIST)1DOM(ALIST)=RANGE(ALIST)

2. ( t r w  ~Valist.functp(alist)Aidalistp(alist)~permutp(alist)~
(open functp permutp)(use  * mode: always))

;VALIST.FUNCTP(ALIST)hIDALISTP(ALIST)~PE~UTP(ALIST)
( l a b e l  idalistp-permutp)  I



lrsing the sanle ‘help for the rewriter that was used in the preceding section it is easy to
prove t,he main theorem for right identity. We prove that if alistl represents the itlelltity  f'unc-
tion i and alist represents a. function f (i and f being defined on tile right dotuains),  then
alist 0D a l i s t l  = alist,  i.e. i 0 f = f.

Theorem 2 (ii) (Idnlisty  Right)

VALISTl.IDALISTP(ALISTl)~
(VALIST.MKLSET(RANGE(ALIST))CMKLSET(DOM(ALISTl))~ALIST  w ALISTl=ALIST)

Proof.

3. (assume lidalistp(alistl)l)

4 . ( u e  ( c h i  ~~alist.mklset(range(alist))Cmklset(dom(alistl))~
(alist a0 alistl=alist)l)

alistinduction
(part 1 (open compalist))
(use helpinduction idalistp,main * mode: always))

;VALIST.MKLSET(RANGE(ALIST))CMKLSET(DOM(ALISTl))~ALIST  a, ALISTl=ALIST
;deps: (4)

5. ( c i  - 2 )
;IDALISTP(ALISTl)1
;(VALIST.MKLSET(RANGE(ALIST))CMKLSET(DOM(ALISTl))~ALIST  w ALISTl=ALIST)
( l a b e l  i d a l i s t p - r i g h t )  n

Left identity presents a different kind of problem. Here we pay for our sins. namely for the
fa.ct that our representation is not unique. \;\l’lmt  we prove is that if alistid is idalistp tllen
alistid o) alist is in the relation samemap  with alist. The proof uses the main fact about
identity alist (lemma. ;\lflirz  Ihlisty).

Theorem 2 (iii) ( Left Idnlistp)

VALIST.IDALISTP(ALISTID)AMKLSET(DOM(ALISTID))=MKLSET(DOM(ALIST))~
SAMEMAP(ALISTID a0 ALIST,ALIST)

Proof.

(proo f  ida l i s tp - le f t )

1. (assume lidalistp alistidl)
( l a b e l  idal,11)
;ALISTID is unknown.
;the symbol ALISTID is given the same declaration as ALIST

2. (assume lmklset dom(alistid)=mklset dom(alist)  I)
( l a b e l  idal-12)

3. (assume lyemklset(dom(alistid  w alist))l)
( l a b e l  idal,13)

4. (rw * (use dam-compalist  mode: exact)(open epsilon mklset))
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( l a b e l  idal,14)
;MEMBER(Y,DOM(ALISTID))
; d e p s :  (IDAL,L3)

5. (trw lappalist(y,alistid  w alist)l (use app,compalist * mode: exact))
;APPALIST(Y,ALISTID w ALIST)=APPALIST(APPALIST(Y,ALISTID),ALIST)
( l a b e l  idal,15)

;labels: IDALISTP,MAIN
;VALIST  Y.
; IDALISTP(ALIST)AMEMBER(Y,DOM(ALIST))~APPALIST(Y,ALIST)=Y

6. ( d e r i v e  lappalist(y,alistid)=yl
( ida l i s tp ,main  idal- idal,14))

; d e p s :  (IDAL,LI IDAL,L3)

7. ( r w  idal-  * )
;APPALIST(Y,ALISTID w ALIST)=APPALIST(Y,ALIST)
; d e p s :  (IDAL,Li  IDAL,L3)

8.

-9.

( c i  idal,13)
;YEMKLSET(DOM(ALISTID  w ALIST))J
;APPALIST(Y,ALISTID w ALIST)=APPALIST(Y,ALIST)
( l a b e l  idal,16)
;deps: (IDAL,Li)

( t r w  Imklset(dom(alistid  w alist))=mklset  dom(alist>l
(use dom,compalist idal-  mode: exact))

;MKLSET(DOM(ALISTID w ALIST)>=MKLSET(DOM(ALIST))
; d e p s :  (IDAL,L2)

1 ;labels: SAMEMAPDEF
;VALIST  ALISTl.SAMEMAP(ALIST,ALISTl)=
.8 MKLSET(DOM(ALIST)>=MKLSET(DOM(ALISTI))A
.# (VY.YEMKLSET(DOM(ALIST))I
., APPALIST(Y,ALIST)=APPALIST(Y,ALISTl))

1 0 .  ( t r w  Isamemap(alistid  w alist,alist)l  ( o p e n  samemap)  (idal-  *))
;SAMEMAP(ALISTID w ALIST,ALIST)
; d e p s :  (IDAL,Li  IDAL,L2)

1 1 .  (ci (idal- idal,12))
L ;IDALISTP(ALISTID)AMKLSET(DOM(ALISTID))=MKLSET(DOM(ALIST))~

;SAMEMAP(ALISTID w ALIST,ALIST)
( l a b e l  i d a l i s t p , l e f t )  I

5.6. Inverse of a Permutation is a Permutation.

i\;e promised  short proofs for the inverse operation using association lists. Et voila.!...
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Theorem 3. (ii) (Right Indist)

1O.j

VALIST.ALLP(AX.ATOM  X,RANGE(ALIST))AINJECTP(ALIST)~
IDALISTP(ALIST w INVALIST(ALIST))

Proof.

(proo f  inva l i s t )

1. ( u e  ( c h i  IAalist.allp(Ax.atom  x,range(alist))Ainjectp(alist)J
i d a l i s t p ( a l i s t  00 invalist(alist))l)

alistinduction
(part 1

(use allpfact
u e :  ((phi.IXx.atom  xl)(x.y)(u.lrange  a l i s t l ) )  )

(open range injectp functp uniqueness
invalist idalistp compalist appalist assoc)

(use invalistsort dom,invalist compalist,lemma mode: exact)))
;VALIST.ALLP(AX.ATOM  X,RANGE(ALIST))hINJECTP(ALIST)2

IDALISTP(ALIST w INVALIST(ALIST))
ilabel i n v a l i s t , r i g h t )  I

Theorem 3. (iii) (Left Inva.list)

VALIST.ALLP(AX.ATOM  X,RANGE(ALIST>>hINJECTP(ALIST)1
IDALISTP(INVALIST(ALIST) w ALIST)

Proof.

2. (assume lallp(Ax.atom  x,range(alist>>  I>

3. (ue ((alist.linvalist(alist)l)(alistl.  lalistl>(za.xa>(z.y>>
compalist,lemma
(use * invalistsort range,invalist mode: exact))

;lMEMBER(XA,DOM(ALIST))D
;INVALIST(ALIST) w ((XA.Y).ALIST)=INVALIST(ALIST) w ALIST

4. (ci -2)
;ALLP(XX.ATOM X,RANGE(ALIST))J
;(lMEMBER(XA,DOM(ALIST))D
., IN~ALIsT(ALIST)  w ((XA.Y>.ALIST>=INVALIST(ALIST)  w ALIST)

5. ( u e  ( c h i  IAalist.allp(Ax.atom  x,range(alist))Ainjectp(alist)1
i d a l i s t p ( i n v a l i s t ( a l i s t )  w alist)l)

alistinduction
(part 1 (open allp range injectp functp uniqueness

invalist compalist appalist assoc idalistp)
invalistsort (use range-invalist mode: exact)  (use * mode: always)))

;VALIST.ALLP(AX.ATOM  X,RANGE(ALIST>>hINJECTP(ALIST)1
. IDALISTP(INVALIST(ALIST)  w ALIST)
ilabel i n v a l i s t , l e f t )  I

Part (i) of Theorern  :3 is also quite ea.sv. ?%'e need first a Leinnia,,  to niake sure t1la.t



106

dom(inval i s t (a l i s t ) )

is nlade of atoms only. The proof of this lemma is a simple example of method of proof frequentl>
used in this paper: first we prove a property of lists by a. convenient induction a.nd then we derive
a property of sets (i.e. we abstract from the order given by the list.).

VALIST.MKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))1
ALLP(AX.ATOM  X,RANGE(ALIST))

Proof.

(proof atomrange)

1. (assume Imklset(dom(alist))=mklset(range(alist))  i)
( labe l  ar l )

2. ( u e  ( c h i  IAalist.allp(Ax.atom(x),dom  alist) I)
alistinduction
(open allp dom))

;VALIST.ALLP(AX.ATOM  X,DOM(ALIST))
(label ar2)

-3. (ue  ((phil.lXx.atom(x)l)(x.x)(u.ldom  alistl))  a l lp ,e l iminat ion  * )
;MEMBER(X,DOM(ALIST))JATOM  X

4. ( trw lmklset dom(alist)C(Ax.atom  x)1 * ( open  inc lus ion  mklset )  )
;MKLSET(DOM(ALIST))C(AX.ATOM X)

.
5. (rw * (use arl mode: exact))

;MKLSET(RANGE(ALIST)>c(XX.ATOM  X)

6. (rw * (open inclusion mklset))
;VXV.MEMBER(XV,RANGE(ALIST))1ATOM  XV

7. ( u e  ((phil.IAx.atom  xl)(u.lrange  a l i s t l ) )
a l lp , introduct ion  * )

;ALLP(AX.ATOM X,RANGE(ALIST))

8. ( c i  a r l )
c ;MKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))~ALLP(~X.ATOM  X,RANGE(ALIST))

( l a b e l  a t o m r a n g e )  I

Xow ive can prove
Theorem 3. (i) ( Perr~utl~ Inanlist)

VALIST.PERMvTP(ALIST)1PERMUTP(INVALIST(ALIST))

Proof. By our application of the Pigeon Hole Principle we know that
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(see Yf~?lltl~  I/ljectp, htion J.:3..3). Lines 13 and 4 will give permutp(invalist (alist) > (line  10 ).
using the fact that

(i) dom(invalist(alist)) is range(alist) (line 6) and
(ii) range(invalist(alist)) is dom(alist)  (line i);

these are true becarlse of our Lemma ,iltol,rrnlzge  (line 5).

1.

2.

3.

4.

5.

6.

7.

8.

9.

(proof permutp-invalist)

(assume lpermutp alist I>
( labe l  p iv l )

( d e r i v e  linjectp  alistl(permutp-injectp  p i v l ) )
; d e p s :  (PIVI)

(rw * (open injectp))
;FUNCTP(ALIST>AUNIQUENESS(RANGE(ALIST))
(label piv2)

(rw pivl (open permutp))
;FUNCTP(ALIST)AMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
(label piv3)

(derive lallp(Xx.atom  x,range alist>l  (atomrange *:>>
(label piv4)

( d e r i v e  ldom invalist(alist)=ra.nge  alistl ( d o m , i n v a l i s t  *))
( l a b e l  piv5)

(der ive  lrange invalist(alist)=dom  alistl ( range- inval i s t  p iv4) )
(label piv6)

( trw Iuniqueness  dom(invalist(alist))I  p iv2  (use  p iv5 ) )
;UNIQUENESS(DOM(INVALIST(ALIST)))
(label piv7)

( t r w  lmklset dom(invalist(alist))=mklset  range(invalist(alist))I
piv3 (use piv5 piv6))

;MKLSET(DOM(INVALIST(ALIST)))=MKLSET(RANGE(INVALIST(ALIST)))
( l a b e l  piv8)

10. (trw lpermutp invalist(alist)l  piv7 piv8
(open permutp functp)  (use invalistsort piv4 mode: exact))

;PERMUTP(INVALIST(ALIST))
; d e p s :  (PIVI)

1 1 .  ( c i  pivl)
;PERMUTP(ALIST)1PERMUTP(INVALIST(ALIST))
( l a b e l  p e r m u t p - i n v a l i s t )  n
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. 6. Representation using Lists of Numbers.

The rest of this paper contains the proof that permuta,tions  (of a. finite set) form a. group, \vitll
functions being represented by lists of numbers,

6.1. General Comments on the Choice of the LISP Functions or Predicates.

After the main features of a certain representation have been chosen, many variations are
possible, not, a.11 equally desirable. Our representation of permutations by lists of numbers “lists
the ra,nge” in the order given by the domain. However, given a, l-l finite function h : N,, - N ,
we could ha.ve “listed the domain” in the order given by the range .t \Ve could represent the
operation of “a.pplying  a list v” to a number X: in the domain of h, by (An.position(v,n))(k)
where position gives the number corresponding to the (first) position of the number n in the list
u. Then we have

position(v,k)  = h(k).

Our representation has the a,dva,ntage that it allows the representation of any finite function. not
only injections and permuta.tions.

Given a certain LISP program, different formal representation are possible. For inst,ance, uhen
Fve express our programs in the language of EKL, we ca.n either represent them a.s functions or a,s
predicates. Logically speaking. the representations a,re equivalent, but one should not espect the
matter to be irrelevant for automatic proof checking. There are many progra.ms  computing the
same function and many properties ca,n be used to cha,ra.cterize them.

Sometimes it seems quite cleaz what we need: for insta,nce, the operation of composit,iou  of
two functions. represented as by a LISP function, should be

. (define compose ltlu v.u@v=mapcar(Ai.appl(u,i),v)l)
(label composedef >

or, avoiding mapcar.

(define compose IVu v x.(u@nil)=nilA
(u@(x.v))=(nth(u,x))  .(u@v) I

l i s t i n d u c t i o n d e f )
(label composedef)

Given our definition of perm, the identity function for permuta,tions  of 17 e1ement.s is the list,
(1 . ..* n). The most obvious recursive programs generating it are represented either by

(decl ( i n d e n t )  ( t y p e : Iground+groundl))
( d e f i n e  ident IVn.ident(O)=nilA

ident(n’)=ident(n)*list(n’) I  induct ive-def ini t ion)

where * is the LISP function append. or by

t This representation is practical only if h, is indeed a permutation. If t.he range is not, a
segment of N , we would need some place-holder t,o mark the places not in the range of 11 - a ntl.
of course. this representation doesn’t ma.l<e sense if I> is not l-l.
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( d e f i n e  i d e n t l  IVn.identl(O)=nilA
identl(n’)=n’. ident 1 (n) I inductive-definition)

( d e f i n e  ident IVn.ident(n)=reverse(identl(n))  I ) .

These definitions. however, ueed  not be t,he best choice from the point of view of a,utomatic
proof checking. For we will try to construct. proofs by induction on numbers, or lists, or both. The
first definition  would be all right, except that lists are defiued recursively using cons, not append,

so one would need some extra lemmata about append. The second definition is perha.ps  worse,
because of the use of reverse. One can use t,he standard trick of introducing an a,usiliary  function
with an extra parameter:

(de fax  ident l  IVx u  n  i.identl(i,O)=nilA

(label identdef 1)
identl(i,n’)=i.identl(i’,n)  I)

(de f ine  ident IVn.ident(n)=identl(O,n)  I )
( label  identdef)  -

If we want to introduce identity by a. predicate, we ma-y be tempted to follow the a,bove
definition:

(decl ( identp l )  ( type : Iground@ground@ground+truthvalI))

(defax identpl JVx u n i.identpl(nil,i,n)Aidentpl(u,i,O)A
identpl(x.u,i,n’)=(x=iAidentpl(u,i’,n))I)

(label identdef 1)

(decl ( i d e n t p )  ( t y p e :  Iground+truthvalI))
(define identp IVu.identp(u)=identpl(u,O,length(u)) I)
(label identdef)

The definition of identpl is by double recursiou  on numbers a,nd lists. This complicates
subsequent inductions.

The LISP function inverse is defined using f stposition by recursion on numbers:

(def ax invers 1
IVu i n.inversl(u,i,O)=nilAinversl(nil,i,n)=nilA

inversl(u,i,n’)=if n u l l ( f s t p o s i t i o n ( u , i ) )
then nil
else fstposition(u,i)  .inversl(u,i’,n) I)

(label inversdef 1)

(de f ine  inverseIVu.inverse(u)=inversl(u,O,length(u))I)
(label inversdef )

One could represent it by the predicate:

(def ax inverspl
IVu v i.(inverspl(nil,v,i)~null(v)Vnull(fstposition(v,i)))A

(inverspl(x.u,v,i)rx=fstposition(v,i)Ainverspl(u,v,i’))l)
(label inversdef 1)

the

(de f ine  inverseIVu.inversp(u,v)=inverspl(u,v,O)I)
(label inversdef > .



. iXotice that inverspl  is defined by recursion on lists. The choice of the definitioxl of a I’tInction
dcterlnines the form of induction to be used in the proofs. (For a systenla,tic  use of this renlark. WC
Boyer and Lloore  [19i9].)  However, the principle of proof is by no ulea.ns uniq~~~ly  tleteminctl  ill
this \vay. For insta.nce two objects with different recursive definitions in the same statement  111a>
already produce a. puzzle. Often to find the right form of induction is a. nontrivial contribution
required from 1luxna1~  interaction. Consider one of our main fa.cts, say t.he theorem Kiyht INWMC:

Vu.perm(u)N@inverse(u)=ident(length(u))

If we have defined our operations as functions. the function compose suggests that \ve try an
induction on lists. or maybe a double induction on lists and numbers, since inversl and ident 1
are defined I)y recursion on numbers. This ca,nnot work: perm(x .u> does not imply perm(u).

kve need to use induction locnlly, \vith respect to a. single list. LVe must assume that a list
is a. permutation and prove facts about it by scanning it, without assuming that its sublists  are
perniut,a.tions. ,Vthc~!~ Induction is such a local form of induction:

Vphi u.phi(nil)A(Vn.n<length(u)3(phi(nthcdr(u,n’))J
phi(nth(u,n).nthcdr(u,n’))))3phi(u)

\ret, this doesn’t solve our problem. Since inverse and ident are defined by recursioll on
nuxnbers,  a. promising route is to use induction on numbers instead of I&s and espand the definitions
of inverse and ident.

Certainly our search for a. proof strategy is not a blind process by trial a.nd errors. guided l)>
some liiiits from the definitiou  of the objects. Lk-e liase a purpose a,nd ai1 intuitive idea. ilainc4y to
construct the identity list using the fact that for a.11 n less than the length of u

nth(u,fstposition(u,n))=n.

Indeed \ve ha.ve defined inverse through f stposition in order to do this. What we a.re searching
is a strategy of proof that accomplishes it. Iii our search now \ve know that, we cannot use induction
on the given list u. To use induction on n seems intuitively right: our t,lieoreni asserts that two
nla.thenlatica.1 objects behave like the identity function, i.e. giver1 a number they return the sanlc
nllnlber.  Our proof should be based upon this property of the identity function.

\\‘e are sa.t.isfied \vith such intuitive guidelines in interactive proof checking. For the issue here
is still the a,dequacy of representation, and not the aut,omatic  heuristics of mathematical proofs.
Guided. say, by the above remarks, we ivill attempt to prove by induction on 11

perm(u)Am<length(u)~(u~inversl(u,m,n))=identl(m,n).
A s

and we ask whether this is the best strategy for a.n effective mechanical simulation of the intuitive
proof.

Further renla.rks  1na.y give suggestions for the kind of improvcnlent we are interested in. ~larnel~
the iinprovenient of the efficiency of the entire proof.

Since we want. to see t,liat  two lists a.re equal, it is na.tural t.0 use the lemma. E;~*tensioncrliiy for
lists:

length u=length vI((Vi.i<length  uWth(u,i>=nth(v,i>>W=v).



This suggests that we break the proof in two parts, proving first somet.hing about lengths and
second something about uih elements. Indeed, the function nth bray be t,he lz’r,kirly  rjolio/, that
allows to choose induction on numbers rather than on lists a,s t.he ba.sic proof strategy.

If \ve choose t.0 represent our opera.tion by predicates, it is not, convenient to use the predicates
identpl a.ntl inverspl (a.ithougil  they are close to the recursive definition of our programs). It is
bet.t.er  t.0 tlefirle  the pretlica,te  ‘u is the identity’ as

( d e f a x  i d  IVu.id(u)~(Vn.n<length  uInth(u,n)=n>l>
(label  id-def  >

ant1 ‘u is tire inverse of v’ as

( d e f a x  i n v  1Vu v.inv(u,v)E(Vn.n<length u3nth(u,n)=fstposition(v,n >I I
(label invdef >

Then ‘u is the composition of v and w’ becomes:

(de f ine  camp
IVu v w.comp(u,v,w)=length  u=length  WA

(Vn.n<length  u3nth(u,n>=nth(v,nth(w,n))
(label compdef >

The proof of our theorem as

Vu v w.perm(w>Ainv(u,w>Acomp(v,w,u)hlength  u=length  wIid(v)

> I>

then follows simply by expanding the definitions. without a need of complicated inductions.
\,\h consider these definitions a.s more ‘abstract and ‘est.ensiona.1’: t.he ‘intensional’ features of

the programs computing our functions a.re abstra.cted  away. Since nth is the function that interprets
our notion of a.pplication,  they describe the properties of a.pplications. together ivith the propert.ies
of the lists used in our representat,ion.

Therefore. when dealing with functions instead of predicates, it is convenient, t.0 prove these
definitions as basic properties of our funct,ions, rather tha.n carrying through the proofs directly.
\\t~ follow this strategy in the following proofs. In the represent.a.tion through fu net ions \ve will
prove the ieinniata :L-th co?,lyose.  hlcl.in  Id, dgnin  Inv, showing that our functions compose. ident
and inverse have the properties described by the predicates camp. id a,nd inv. respect i\-cl!.

On the other hand, to represent the operations a,s primitive recursive fnnctionals and to prove
facts by the corresponding induction is in many cases the na,tura.l  choice: very often. rcprcscnt,ing
the operations by functions, rather than by predica.tes, allows for simpler proofs. (An clear csample
is the proof that composition of permutat.ions is associative).

In conclusion. inspection of our proof should be convincing evidence that. the follolving st rateg)
is the most. efficient in terms of the overall organization of the ma.teria,l.

1) It is convenient to use the funct.ion compose to represent composition of funct,ion5. for the
proof of associa\.tivit.y  is much shorter;

2) It is convenient to charact,erizc  the idenbity permutation by the predicate id. and the
predicate inv for the operation of inversion of permutations. PVe obta.in elegant proofs of the
properties of t lie left and right ident,ity and of left and right. inverse.

:j) Finally. we ca.n easily prove tllat

Vn.id(ident n)
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. and
Vu.perm(u)Iinv(inverse  u,u)

Using these facts. we can derive theorems ‘L and ~3 for the specific functions ident and inverse as
corollaries.

However, in order to give the most convincing evidence for the gamin  in efficiency obtained in
this way, we will consider most of the proofs in the two formula.tions. Occa.siona.lly  we will show
a.lso  how a. direct proof looks like in the representa.tion  using functions.

6.2. Definitions of Composition, Identity, Inverse.

6.2.1. Functions as Lists: Using Predicates.

1

2 (de f ine  camp

3
4

5
6

;definitions of composition,identity,  inverse as predicates
(proo f  camp,pred)

;composition of functions

(decl  (camp)  ( t y p e : lground@ground@ground+truthvall)  (syntype: constant)
(bindingpower: 930))

IVu v w.comp(u,v,w)=length  u=length  WA
(Vn.n<length  uInth(u,n>=nth(v,nth(w,n)))l)

(label compdef >

;the identity function

(decl  ( i d )  ( t y p e : Iground+truthvall))
( d e f a x  i d  IVu.id(u)=(Vn.n<length  uInth(u,n>=n>i>
(label  id-def  >

;the inverse of  a function

(decl  (inv) ( t y p e : Iground@ground+truthvall))
(defax inv IVu v.inv(u,v)E(Vn.n<length  uInth(u,n>=fstposition(v,a))l)
(label invdef >

Remark. Using list represent,ation  for functions the assumption t1ra.t  the functions are defined
on the same domain is represented by t,he condition tha,t our lists ha,ve the same 1engt.h.  In our
situation we consider permutations of a. finite set. We assume that the lists are of a fixed letlgth.
We characterize u as the composition of v and w by the property

(Vn.n<length  uInth(u,n>=nth(v,nth(w,n))).

In order to spea,k of the composition of u and w we have  to a.dd t.he condition that,

length(u)=length(w).

Similarly for the inverse of a function.
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6.2.2. Functions as Lists: Using Functions.

If every element of u is a nunlber less then length(v), tllen it, nla,kes sense to apply v to each
element of u (since we defined appl (v, x) to be nth(v, x> ). In this case \ve may say that v is
defined a.s a function over t,he domain u.

(proof camp,f net )

1. (decl  def ,appl (type: I @u@@u+truthvalI  > >
2. (de f ine  de f ,app l  IVu v.def_appl(v,u)~allp(Xx.natnum(x)Ax<length(v),u)~)

( labe l def -appl,f  act)

Composition of functions:

3. (decl ( compose)  ( in f ixname:  1~1) ( type :  Iground@ground+groundl)
(syntype: constant)(bindingpower: 930))

4. (define compose IVu v x.(u@nil)=nilA
(u@(x.v>>=(nth(u,x>>.(u@v)l  l i s t induct iondef )

(label composedef)

The identity funct.ion:

. 5. (decl  ( i d e n t l )  ( t y p e : Iground@ground+groundl))
6. (de fax  ident l  lVx u  n  i.identl(i,O)=nilA

identl(i,n’)=i.identl(i’,n)  I)
(label identdef 1)

7. (decl  (ident)  ( t y p e :  Iground+groundl))
8. (de f ine  ident IVn.ident(n)=identl(O,n)  I )

(label identdef)

The inverse of a, function:

9. (decl  ( i n v e r s l )  ( t y p e : lground@ground@ground-+groundl))
10.  (defax inversl

lVu i n.inversl(u,i,O)=nilAinversl(nil,i,n)=nilA
inversl(u,i,n’)=if null(fstposition(u,i))

then nil
else fstposition(u,i)  .inversl(u,i’,n) I)

(label inversdef 1)

1 1 .  (decl  ( i n v e r s e )  ( t y p e :  Iground+ground)))
12 .  (de f ine  inverselVu.inverse(u)=inversl(u,O,length(u))l)

(label inversdef)
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6.3. Preliminaries.

\\P collect here facts about definiteness, sort a.nd length of the lists rcsultillg front our opcr-
at ions in the representat.ion  using functions. We prove facts about cotlcreto  LISP p1qra111s  that

perforin the operations ‘conlposing’ two lists and taking the ‘inverse of a list: henc~~ \vc obtain
nlore infornlation t ban in the proofs using predicates.

R’emark. The proofs of in the representation by functions require tedious c’onll)llt at ioils
invol\--ing  the funct,ion minus. Typica.lly, in a proof by induction 011  n. for n<length  u. tile illtlrlction
step cant ains an espression like

m0.m (INVERSi(U,(LENGTH  U-N~‘,N))=N))

to be sinlplified as

LENGTH (INVERSl(U,LENGTH  U-N,N))=N))

Such replacenlent is dependent on the truth of the cla.use N<LENGTH  U.
LVe ha.ve collected in the proof MIiVI?S a sequence of fact,s of the forin

;labels: MINUSFACT
VN M.N<MIM-N=(M-N')'

to be used as rewriters in similar  cases. In fortuna,te  situations the t.ruth of the condition is
inllnedia\tely  recognized by the decision procedure. Often a derivation is needed from ot.hcr facts.
e.g. Troixi

;labels: LESS,LESSEQSUCC
VM N.M<N=M'IN

. and UY Inay need to do the substitution ‘b-y brute force’. with sonle tediunl a.nd pain.

6.3.1. Preliminaries: Condition for Definiteness and Sorts of the Functions.

The condition for v to be applica,ble to u as dorna.in is forlnulated recursively iI1 Dcf’ .41~l~l  Fact.
Sow \ve give a sufficient condition for 0~1 Aypr! Ftict.

1. (assume lint0 ul)

2. (assume Ilength  uslength VI>
c

3. (rw -2  (open in to))
;VN.N<LENGTH  U~NATNUM(NTH(U,N>>ANTH(U,N)<LENGTH U

4. ( t r w  IVn.n<length uJnatnum  nth(u,n)hnth(u,n)<length  VI *
( l ess , l esseq- fact1  -2))

;VN.N<LENGTH  U~NATNUM(NTH(U,N>>ANTH(U,N)<LENGTH  V

5. ( u e  ((phil.lAx.natnum  xhxxlength  vl)(u.u>> n t h , a l l p  *  >
;ALLP(AX.NATNUM(X)hX(LENGTH  V,U>

6. ( t r w  Idef-appl(v,u)l  ( o p e n  def-appl)  *  )
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;DEF,APPL(V,U)

7. ( c i  ( - 6  - 5 ) )
;INTO(U)ALENGTH  USLENGTH  VIDEF-APPL(V,U)
(label def -appl-condition) I

In particular. the sanle  condition holds for permutations of the appropriate length.

a. (rw def-appl,condition  (open lesseq) (use normal mode: always))
;VU V.(INTO(U)ALENGTH  U=LENGTH V~DEF,APPL(V,U))A
., (INTO(U)ALENGTH  UXLENGTH  VJDEF,APPL(V,U))

9. (der ive  lperm uhlength  u = length v3def_appl(v,u)l
(def-appl-condition  *)(open  perm onto))

(label def -appl-conditionl) I

FYe prove that the results of our opera.tions  have the right sorts.
compose:

10 .  (ue  (phi  IAu.def-appl(v,u)Jlistp  v@ul> l i s t induct ion
(part 1 (open def-appl  allp compose )))

;VKDEF,APPL(V,U)3LISTP VW
(label sortcomp) (label simpinfo) m

ident:

11 .  (ue  (a  /Xn.Wn.listp  identl(m,n>l)  proo f -by - induct ion
(open identl))

;VN M.LISTP IDENTl(M,N)
( labe l  ident-sortl)  ( labe l  s impinfo ) I

1 2 .  ( t r w  IVn.listp  ident  I ( o p e n  ident)  * >
;VN.LISTP IDENT
(labe l  ident-sort)  ( labe l  s impinfo ) I

inverse:

13 .  (ue  (a  IAn.Vi.listp inversl(u,i,n)l)  proo f -by - induct ion
(open inversl)  posfacts)

;VN I.LISTP INVERSl(U,I,N)
( labe l  invers-sortl) ( labe l  s impinfo ) I

1 4 .  (trw llistp inverse(u)1  ( o p e n  i n v e r s e )  * )
;LISTP INVERSE(U)
(label inverse-sort)  ( label simpinfo) I
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6.3.2. Preliminaries: Length of Cpmpose.

Lemma 6.1. ( l;cngth  C’ont~~ose)

VU W.DEF-APPL(W,U)ILENGTH  (WeU)=LENGTH(U)

Proof. By Nthcdr  Irductioa  a.pplied to u. For u = NIL, the result is given by the definition
of compose. Assume that

length(w e nthcdr(u,n'))=length(nthcdr(u,n')),

for )I’ less tha.n length(u). bye ~oulcl like to have:

length(w e (nth(u,n).nthcdr(u,n'))=length(nth(u,n).nthcdr(u,n') 1.

Since nth(u,n) is always an S-expression, we can apply the definition of compose: the left hand
side becomes

length(nth(w,nth(u,n)).(wenthcdr(u,n'))).

The inductive step Cl1 be proved if we show that the terms have proper sorts, under the assumption
of line 1. Lines 3 - 9 do this.

(proof length-compose)

1. (assume Idef,appl(w,u)l)
( l a b e l  l-c-1)

2. (rw * (open def,appl))
1 ( l a b e l  l-c-2)

;ALLP(XX.NATNUM(X)hX<LENGTH  W,U)

Since w is defined as a.n a.pplication  on u as domain (line 1). nth(u,n) is a, natural number less
than length(w). Therefore nth(w,nth(u,n)) is an S-expression (line 5).

3. (assume In<length(u)l))
( l a b e l  l-c-3)

4. (ue ((u.u>(x.~nth(u,n)~>(phil.~~x.natnum(x)Ax~length(w)  I>>
allp-elimination

. nthmember sexp,nth l-c-3 l-c-2)
;NATNUM(NTH(U,N>)hNTH(U,N)<LENGTH  W
( l a b e l  l-c-4)

5. ( t r w  Isexp(nth(w,nth(u,n)))  I  sexp,nth l-c-4)
;SEXP  NTH(W,NTH(U,N))
( l a b e l  l-c,sortl)

6. ( c i  l-c-3)
;N<LENGTH UISEXP NTH(
( l a b e l  l-c-7)

W,NTH(U,N))



h1oreover.  w is defined as an application 011 any part of u, since it is defined on u (using .~l/lp
.Ythrclr). Therefore. using Sortcomp.  we see tlla,t w e nthcdr(u,n')  is a. list.

7. (der ive  lallp(Ax.natnum(x)Ax<length  w,nthcdr(u ,n ' ) )  I
(allp-nthcdr  l-c-2))
;ALLP(AX.N-ATNUM(X)AX<LENGTH  W,NTHCDR(U,N'))

8. ( d e r i v e  Ilistp(w@nthcdr(u,n'))l  (* sortcomp))
( l a b e l  l-c-sort2)

9 . ( c i  l-c-3)
;N<LENGTH UILISTP  WeNTHCDR(U,N')
( l a b e l  l-c-8)

The result follows by Nthcdr Induction.

10 .  (ue  ((phi.lhu.length(w@u)=length(u)l)(u.u))
nthcdr,induction
(part 1 (open compose length )) l-c-7 l-c-8)

;LENGTH (WeU)=LENGTH  U

1 1 .  ( c i  l-c-1)
;DEF-APPL(W,U)ILENGTH  (WeU)=LENGTH  U
( l a b e l  l e n g t h - c o m p o s e )  m

6.3.3. Preliminaries: Length of Ident.

Lemma 6.2. (Length Ident)

VU N.LENGTH (IDENT(N))=N

Proof.

1. ( u e  ( a  IXn.Vm.length identl(m,n)=nl)
proof-by-induction
(open identl))

;VN M.LENGTH (IDENTl(M,N))=N
(label length-identl)  ( label simpinfo)

>)2. ( t r w  IVN.LENGTH  (IDENT(N))=NI * ( o p e n  idint
(label length-ident) ( label simpinfo)



.
6.3.4. Preliminaries: Length

Lemma 6.3. (Lengthinwrse

of Inverse.

VU.PERM(U)~LENGTH  (INVERSE(U))=LENGTH  u

Remark. Example 8. It n1a.y  be instructive to consider the heuristics of the proof. The first
problenl  is to find the approyrhte  sublenlnla.. inverse is defined in tel’lus of the auxiliary functiou
inversl and the la.tter  is defined by recursion on its third argument:

;labels:  INVERSDEFl
VU I N.INVERS~(U,I,O)=NILAINVERS~(NIL,I,N)=NILA

INVERSl(U,I,N’)=
(IF NULL FSTPOSITION(U,I)

THEN NIL
ELSE FSTPOSITION(U,I).INVERS1(U,I’,N))

Hence it is reasonable to try
wasona.ble to try induct,ion  on

a proof by induction on n.
LVe assume perm u and t.ry to proveU.

The reader should see why it is uot

(VN.N<LENGTH U~LENGTH (INVERS~(U,LENGTH U-N,N))=N)

--it this point Lve iniIiiediately see that
(i ) the base case follows by espanding tile definitions:
(ii) in the inductive step f stposition(u,length u-n’) \vill not be null since

length u-n’clength u and onto(u):

(iii) to apply the induction llypot.hesis  in the inductive step we need the lewna

;labels:  SUCC,LESSEQ,LESSEQ
VM N.M’INIMIN

11.~ can ask EKL to prove it and see precisely  in \vllat fol.In the above inforlnation  11111s~ lw
pwsent,ed  to EKL 01‘ \vllat.  other facts we nla,y  ha.ve  overlooked.

(ue  (a  lXn.nllength  u3length  invers l (u , length  u-n,n)=nl)
proof-by-induction

(open inversl)  succ-lesseq-lesseq)
;(vN.(NILENGTH U~LENGTH  ~NVERS~(U,LENGTH U-N,N))=N)~

a .

, (NJ~LENGTH  u3
., 1NULL FSTPOSITION(U,LENGTH  U-N%
. LENGTH  (INVERWU,(LENGTH U-NJ)J,N))=N))~
;(VN.N<LENGTH  U3LENGTH (INVERSl(U,LENGTH U-N,N))=N)

Tllis test infolxx us that EKL has done tile base case as expected and has expanded the
tion of inversl.dclinitiorl  of inversl in tile induction st,ep. In botll cases of’ the conditional defini

t llc tlcfinitioll  of length has been expanded as desired. giving O=n’ if

(*I NULL FSTPOSITION(U,LENGTH  U-N')
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and

1 I!)

(4 LENGTH(INVERSl(U,(LENGTH U-N’)‘))=N

otlwrwise:  so t hc cla.use  of tile form if p then false else q hams become lp A q.
Now ive are coufitlcut  that EKL will prove the negation  of (*),  accordiug to t 11e argulllcllt gii.cltl

*it1 (ii) a.bove.  ivith t,lle information contained in Posfacts  aud Minw~factlf:

;labels:  SIMPINFO POSFACTS
VU Y.(NULL FSTPOSITION(U,Y>~~MEMBER(Y,U))A

(MEMBER(Y,u>~NA~NUM(FSTPOSITION(U,Y)))h
(NULL FSTPOSI’I’ION(U,Y>vNATNUM(FSTPOSITION(U,Y)))

;labels:  MINUSFACT
VN M.M<NIN-M’<N

and tllat EKL n-ill see tllat, the inductiou  hypothesis implies (++). if we add

;labels:  MINUSFACT
VN M.N<MIM-N=(M-N’)’

In both cases we need also

;labels:  LESS,LESSEQSUCC
;VM N.M<N=M'LN

etc. The details of’ the proof follow. 0
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Proof.

1. (assume Ipedu> I >
( l a b e l  lil)

TATIONS  IN LISP A N D  E:liL

2. (rw lil (open perm onto into))
;(VN.N<LENGTH  U~NATNUM(NTH(U,N))ANTH(U,N)<LENGTH  U)A

. ;(vN.NxLENGTH UIMEMBER(N,U))
( l a b e l  l i 2 )

3. Cue (Cu. Id> (y. InIN posfactd
;(NULL FSTPOSITION(U,N)~~MEMBER(N,U))A
;(MEMBER(N,U)1NATNUM(FSTPOSITION(U,N)))

4. ( d e r i v e  Inclength  u3lnull fstposition(u,n)i (
( l a b e l  l i 3 )

3 li2))

5. ( u e  ((m.Inl) (n.(length  ui)) m i n u s f a c t l l
(part 1 (use less,lesseqsucc mode: exact)))

;N'ILENGTH UILENGTH U-N'<LENGTH  U

6. ( d e r i v e  In'slength  uD-rnull  f s t p o s i t i o n ( u , l e n g t h  u-n'>1  ( 5  l i 3 ) )
( l a b e l  l i 4 )

7. (trw In'llength u3(length  u-n')'=length u-n1
(use minusfactlo)
(use less-lesseqsucc mode: exact direction: reverse))

;N'ILENGTH UI(LENGTH U-N')'=LENGTH U-N

8. (ue  (a  IXn.n<length  ul)length ( invers l (u , length  u-n,n))=nl)
proof-by-induction. ( open  invers l )  (use  succ,lesseq-lesseq)  (use  7 )  (use  l i4 ) )

;VN.NILENGTH UILENGTH (INVERSl(U,LENGTH U-N,N))=N

9. (ue  (n  llength  ul) * ( open  lesseq ) )
;LENGTH (INvERs~(U,O,LENGIH U))=LENGTH  u

10. (trw Ilength inverse(u)=length ul (open inverse)  *
;LENGTH (INVERSE(U))=LENGTH U
; d e p s :  (LIl)

1 1 .  ( c i  l i l )
c ;PERM(U)ILENGTH  (INvERSE(U))=LENGIH  u

( l a b e l  l e n g t h i n v e r s e )  fl

6.4. Theorem 1: Composition of Permutations.



6.4.1. Using predicates: Composition of Permutations is a Permutation.

We prove t,lie follo\ving theorem:
Theorem 1 ( Co,mposition)

(i) VU V W.PERM(V)APERM(W>ALENGTH  V=LENGTH WACOMP(U,V,W>DPERM(U>
(ii) VU V W.COMP(U,V,W)ACOMP(U~,V,W)XJ=U~

The proof of (i) is long but not hard.
Proof. A4ssunle t,hat v a,nd w are permutations (lines 1 and 2), have the same length (line 3)

a.nd u is the result of ‘composing’ v a,nd w (line 4). LVe show tl1a.t
(i) u is into (line 17) a.nd
(ii) u is onto (line 32).

(i), is a ma.tter  of expanding definitions. If 17?.  is less than the length of u (and so of w and of v ).
then nth(w,m) is a natural number less than the length of w (line 10) and nth(v,nth(w,m)) is a
natural number less than the length of v (line 11). But this is just nth(u,m), by the definition of
composition (line 15). ‘Intoness’ follo\t-s.

;composition of permutation is a permutation
(proo f  camp-perm)

1. (assume IpemW I >
(label cp,pml)

2. (assume Iperm(w> I >
( l a b e l  cp-pm2)

3. (assume llength v=length  WI>
( l a b e l  cp-pm3)

4. (assume Icomp(u,v,w)  I>
( l a b e l  cp-pm4)

Rewrite:

5. (rw cp-pm1 (open perm into onto))
( l a b e l  cp-pm5)
;(VN.N<LENGTH  VJNATNUM(NTH(V,N>>ANTH(V,N)<LENGTH  V>A
;(VN.N<LENGTH  VIMEMBER(N,V))

6. (rw cp,pm2 (open perm into onto))
( l a b e l  cp-pm6)
;(VN.N<LENGTH  W~NATNUM(NTH(W,N>>ANTH(W,N)<LENGTH  W)A
;(VN.N<LENGTH  W3MEMBER(N,W))

7. (rw cp-pm4  (open camp )>
( l a b e l  cp-pm7)
;LENGTH &LENGTH WA(VN.N<LENGTH  UIN'l'H(U,N>=APPL(V,NTH(W,N)))

A straightforward verification.
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11. ( t r w  INATNUM(NTH(V,NTH(W,M))) ANTH(V,NTH(W,M))<LENGTH  VI (* cp-pm5))
( l a b e l  cp-pml0)

. 8. (assume Im<length(u)  I)
( l a b e l  cp-pm8)

9. (rw * (use cp-pm7 mode: always))
( l a b e l  cp,pm9)
;M<LENGTH  W

P O .  ( d e r i v e  Inatnum(nth(w,m))hnth(w,m)<length  VI (cp,pm6  *)
(use cp,pm3 mode: exact))

So ive can obt.aiii the desired result...

. . . and open appl in line 7

1 2 .  ( d e r i v e  Inth(u,m)=nth(v,nth(w,m))l  (cp-pm7 cp-pm8)
(open appl) ( u s e  -2 ) )

13. (rw cp,pmIO  (use * mode: exact direction: reverse))
;NATNUM(NTH(U,M>)ANTH(U,M)<LENGTH  V
( l a b e l  cp,pmll)

14. (trw Ilength u=length  VI (use cp,pm7  cp,pm3  mode: always))
;LENGTH U=LENGTH V

15. (rw cp,pm11 (use * mode: exact direction: reverse))
;NATNUM(NTH(U,M>>ANTH(U,M)<LENGTH U
;deps: (CP,PM1 CP,PM2 CP-PM3 CP,PM4 CP-PM8)

.
1 6 .  ( c i  cp,pm8)

;M<LENGTH  U~NATNUM(NTH(U,M))ANTH(U,M)<LENGTH  U

1 7 .  ( t r w  lint0 ul ( o p e n  i n t o )  * )
( l a b e l  cp-into)
;INTO(U)
; d e p s :  (CP-PM1  CP,PM2 CP-PM3 CP-PM4)

The second pa.rt, the proof of (ii), is sligthly more  complicated. Any 111 less t ha.n the lellgt  11 of
u (and so of v and of w) is a member of v (line 19), shce v is onto.

c
18. (rw cp,pm9 (use cp,pm3  mode: exact direction: reverse))

;M<LENGTH  V

1 9 .  ( t r w  Imember(m,v>l  (* cp-pm5))
;MEMBER(M,V)
( l a b e l  cp,pm20)



.
20. (derive IBj.j<length(v)Anth(v,j)=ml  (* member-nth))

( l a b e l  cp,pm21)
; d e p s :  (CP,PMl CP,PM3 CP,PM4 CP,PM8)

2 1 .  ( d e f i n e  j v  Ijv<length(v)Anth(v,jv)=ml * )
( l a b e l  cp,pm22)

-Again. since w is onto, jl1' is a member of w (line '23).

22 .  (rw * (use  cp,pm3 mode :  exact ) )
;JV<LENGTH  WhNTH(V,JV)=M

2 3 .  ( t r w  Imember(jv,w)l  (* cp,pm6))
;MEMBER(JV,W)

:\nd again we can find a, number kv less than the length of w such tha,t jr is the k/I-t11  element  of
w (line '25).

24.  (derive lBk.k<length(w)Anth(w,k)=jvl  (* member-nth))
; d e p s :  (CP,PMl CP,PM2 CP,PM3 CP-PM4 CP-PM8)

- 2 5 .  ( d e f i n e  k v  Ikv<length(w)Anth(w,kv)=jv(  * )
( l a b e l  cp,pm23)

so 111 is nth(v,nth(w,kv))  (line '24); but this is just nth(u,kv) (line SO), by the definition of
colllposition.

. 26. (rw cp,pm22 (use * mode: always direction: reverse))
;NTH(W,KV)<LENGTH  VhNTH(V,NTH(W,KV))=M
( l a b e l  cp,pm24)

27 .  (trw Ikv<length(u)l  cp,pm23 (use  cp,pm7  mode :  a lways) )
;KV<LENGTH U
( l a b e l  cp-pm25)

2 8 .  (trw lnatnum nth(w,kv)l  cp,pm23)
;NATNUM(NTH(W,KV))

.
2 9 .  ( d e r i v e  Inth(u,kv)=nth(v,nth(w,kv))l  (cp-pm7 cp-pm25)

(open  appl) (use *:> >

30. (rw * (use cp,pm24 mode: always))
;NTH(U,KV)=M



1’2-4 ABOUT PERAWTATIONS IN LISP ASD EI\

31. (derive Imember(m,u)l  nthmember
cp,pm25 (use * mode: exact direction: reverse>

;deps: (CP,PM1 CP,PM2  CP,PM3 CP,PM4  CP,PM8)

;L

>

3 2 .  ( c i  cp,pm8)
;M<LENGTH  UIMEMBER(M,U)
( labe l  cp ,onto )

33. (trw lperm  ul (open perm onto) cp,into cp,onto)
;PERM(U)
; d e p s :  (CP,PMl CP,PM2  CP,PM3  CP,PM4)

3 4 .  ( c i  (cp,pm1  cp,pm2 cp,pm3 cp,pm4))
;PERM(V)hPERM(W)hLENGTH  V=LENGTH WhCOMP(U,V,W>DPERM(U>
( l a b e l  perm-composition)  I

Composition of functions is unique:

3 5 .  ( t r w  ~comp(u,v,w)Acomp(ul,v,w)3u=ul~  ( o p e n  camp)  extensionality)
;COMP(U,V,W)ACOMP(Ul,V,W)1U=Ul
( l a b e l  camp-uniqueness)  u

6.4.2. U’sing  Predicates: Composition is Associative.

Finally we prove associativity:
Theorem 1 (iii) ( ,~ssocicrtiz~ity  Pretl)

VU Ul V VI WI W2 W~.INTO(W~)ALENGTH  W2=LENGTH  W3A
COMP(V,WI,W~)ACOMP(U,V,W~)~
COMP(V~,W~,W~)ACOMP(U~,W~,V~)~U=U~

Proof. The aim is to apply estensionality. In view of an application of E.rtensiontrlity  (line
‘26).  we want to prove tha.t for a,11  ?z < length(u)

nth(u,n) = nth(u1 ,n>.

The facts needed follow from the definitions. However, a, lot of rewriting is required not 0111~
to expand definitions, but also to find the right matching (e.g. see the derivation of lilie  16 fro111
lines 10 and 1.5). The decision procedure is often applied, since the definition cont,a.ins a. conditional
cla.use.  More specifically. we have to perform the following substit,utions:

n t h ( u , n )  =  nth(v,nth(w3,n) (line 10) if n<length(u)

= nth(wl,nth(w2,nth(w3,n))) (line 16) if natnum(nth,  w3)
and nth(w3,n)<length(v)

= nth(wl,nth(vl,n) (from 16, IS) if n<length(vl)

= nth(u1 ,n> (line 23) if n<length(ul).
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It would take a. lot of ~vorl;  to n~ecliaiiically  perfornr all the matching involved iii tlrestl  st t’ps.
if all possible substitutions had  to be attenlpted a.t randonr. It is reasonable to aspect  111r11rarr
guidance of the proof checker. ‘Tlrerefore  oiie cannot expect a. proof in fe\v  lines.

This is in sharp contra.st  t-o the proof using functions, consisting of few stra.ight,for~vartl  intluc-
tions on lists and nunrbers.

(proo f  camp-associative)

1. (assume linto(w3) 1)
( labe l  ca l )

2. (assume llength  w2=length  ~31)
(label ca2)

3. (assume Icomp(v,wl,w2)  I)
(label ca3)

4 . (assume Icomp(u,v,w3)1)
(label ca4)

5. (assume Icomp(vl,w2,w3)1)
(label ca5)

6. (assume Icomp(ul,wl,vl)l)
(label ca6)

7. (assume In<length ul)
(label ca7)

8. (rw ca4 (open camp))
;LENGTH U=LENGTH W3A(VN.N<LENGTH  LDNTH(U,N)=NTH(V,NTH(W3,N)))
(label ca8)
;deps: (CA4)

9. ( d e r i v e  In<length(w3)! (ca7 ca8))
( l a b e l  ca9)
;deps: (CA4 CA7)

1 0 .  ( d e r i v e  Inth(u,n)=nth(v,nth(w3,n))l  (cai’ c a 8 ) )
( l a b e l  cal0)
;deps: (CA4 CA7)

11. (rw cal (open into))
;VN.N<LENGTH W~INATNUM(NTH(W~,N))ANTH(W~,N)<LENGTH  W3
; d e p s :  (CAI)

1 2 .  ( d e r i v e  ~natnum(nth(w3,n))Anth(w3,n)<length(w2)~  (ca9 * c a 2 ) )
( l a b e l  c a l l )
;deps: (CA1 CA2 CA4 CA7)

13. (rw ca3 (open camp))
;LENGTH V=LENGTH W~A(~‘N.N<LENGTH  VINTH(V,N)=NTH(Wl,NTH(W2,N)))
(label ca12)
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;deps: (CA3)

1 4 .  ( d e r i v e  Inth(w3,n)<length(v)I  ( c a l l  c a 1 2
(label ca13)
;deps: (CA1 CA2 CA3 CA4 CA7)

ISI’ .\N I) 13; r.

>>

15 .  (der ive  IVn.n<length(v)Inth(v,n)=nth(wl,nth(w2,n))l  ca12)
( u e  ( n  Inth(w3,n)  I )  * c a l l  ca13)
;NTH(V,NTH(W3,N))=NTH(Wl,NTH(W2,NTH(W3,N)))
;deps: (CA1 CA2 CA3 CA4 CA7)

16. (rw Cal0 (use * mode: exact))
;NTH(U,N)=NTH(Wl,NTH(W2,NTH(W3,N)))
(label ca14)
;deps: (CA1 CA2 CA3 CA4 CA7)

17. (rw ca5 (open camp))
(label ca20)
;LENCTH Vl=LENGTH  W~A(VN.N<LENGTH  VlINTH(Vl,N)=NTH(W2,NTH(W3,N)))

1 8 .  ( d e r i v e  Inth(vl,n)=nth(w2,nth(w3,n))  I (ca9 c a 2 0 ) )
(label ca21)
;deps: (CA4 CA5 CA7)

19. -(rw ca6 (open camp))
;LENGTH Ul=LENGTH  VM(VN.N<LENGTH  Ul~NTH(Ul,N)=NTH(Wl,NTH(Vl,N)))
(label ca22)
;deps: (CA6)

20. (rw ca9 (use ca20 ca22 mode: always direction: reverse))
;N<LENGTH Ul. ;deps: (CA4 CA5 CA6 CA7)

2 1 .  ( d e r i v e  Inth(ul,n)=nth(wl,nth(vl,n))l  ( c a 2 2  *))
;deps: (CA4 CA5 CA6 CA7)

22. (rw * (use ca21 mode: exact))
;NTH(Ul,N)=NTH(Wl,NTH(W2,NTH(W3,N)))
(label ca23)
;deps: (CA4 CA5 CA6 CA7)

23. (rw ca14 (use ca23 mode: exact direction: reverse))
A ;NTH(U,N)=NTH(Ul,N)

;deps: (CA1 CA2 CA3 CA4 CA5 CA6 CA7)

24 .  ( c i  ca7)
;N<LENGTH UINTH(U,N)=NTH(Ul,N)
(label ca24)
;deps: (CA1 CA2 CA3 CA4 CA5 CA6)

25 .  ( t rw Ilength u = length ull (use ca8 ca22 mode: always)
(use ca20 mode: always direction: reverse))

;LENGTH U=LENGTH Ul
;deps: (CA4 CA5 CA6)
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26 .  (ue  ((u.u>(v.ul>>  extens ional i ty  ca24  * >
;U=Ul
;deps: (CA1 CA2 CA3 CA4 CA5 CA6)

27. (ci  (cal ca2 ca3 ca4 ca5 ca6))
;INTO(W~)ALENGTH  W2=LENGTH  W3A
;COMP(V,Wl,W2)ACOMP(U,V,W3)A
;COMP(Vl,W2,W3)ACOMP(Ul,Wl,Vl)1U=Ul
( l a b e l  a s s o c i a t i v i t y - p r e d )  1

6.4.3. Using Functions: the Lemma Nth Compose.

LVe prove firLabc+ the lemma. Nth C’ompo.se,i.e.  the ba,sic propertv of composition, that \vas take11.
as definition of the predicate camp.

Lemma 6.4. ( IVth Compose)

VU N.DEF-APPL(V,U)AN<LENGTH  UINTH

Proof. By double induction 011  11 and II:

(proof nth-compose)

;labels:  DOUBLEINDUCTION
;(VU N X.PHI~(NIL,N)APHI~
;(VU N.PHI3(U,N))

(&oh (PHI3(U,N

One base-case is proveti  by listinduction:

(VeU,N

)1PHI3

=NTH(V,NTH(U,N))

1. ( u e  ( p h i  IAu. lnull(u)Adef-appl(v,u)Jnth(veu,O)
l is t induct ion
(part 1 (open compose nth def-appl  allp))

;VU.lNULL  UADEF-APPL(V,U)ICAR  (V@U)=NTH(V,CAR
( l a b e l  a-c-basel)

(X.U,N')))

=nth(v,nth(u,O)) I)

. ..and tlie other is trivial. So:

2. (ue  (ph i3  IAu n.def-appl(v,u
doubleinductionl

)An<length ( u)1nth(veu,n>=nth(v,nth(u,n))  I)

>>
(part 1 (open compose def,appl allp))  a-c-basel)

;VU N.DEF-APPL(V,U)AN<LENGTH  U1NTH(V@U,N)=NTH(V,NTH(U,N
( l a b e l  n t h - c o m p o s e )  I

Exercise. Prove Theorem 1 in the representation by functions

VU V.PERM U A PERM V A LENGTH U = LENGTH V 1 PERM(UeV)

wing directly  'l?lieowni  1 ( C'on~~~ositiorr)

!YU V W.PERM(V)APERM(W>ALENGTH  V=LENGTH WACOMP(U,V,W)~PERM(U)
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6.4.4. Using Functions: Theorem 1.

Theorem 1 (i) (Penn Compose)

VU V.PERM U A PERM V A LENGTH U = LENGTH V 3 PERM(U@V)

The proof is basically the same as in Section 6.4.1. It can be found in the .4ppendis.

Theorem 1 (ii) (Assock tivity of Composition)

VU V W.PERM(V)hPERM(U>hLENGTH  V=LENGTH UhLENGTH W=LENGTH U3

Proof of (ii) By listinduction on u:

(proof assoc,compose)

1. ( t r w  ldef,appl(w,v)Adef_appl(v,u)3
(open compose) sortcomp)

( l a b e l  ass-camp-base)

(w@v)@nil=w@(v@nil >I

2, ( u e  ( p h i  Ihu.def_appl(w,v)Adef,appl(v,u)~(wev)~u=w~(v~u)l)
- l i s t i n d u c t i o n

(part 1#2 (open compose def,appl allp)) sortcomp ass-camp,base
(use nth,compose ue: ((v.w)(u.v))  ) )

;VU.DEF-APPL(W,V)hDEF-APPL(V,U)I(W@V)@U=W@(V@U)
(label assoc,camp)

1 In particular, the conditions of definedness are satisfied if u and v are permutations of the
sa,ine  length

3. (trw IVU v w.perm(v)Aperm(u)Alength  v=length uhlength  w=length u3
(w@v)@u=w@(v@u)l  assoc-camp
( u s e  def-appl-condition1  u e :  ((u.u)(v.v))  >
( u s e  def-appl,condition1  u e :  ((u.v)(v.w)>  ) )

;VU V W.PERM(V)APERM(U)ALENGTH  V=LENGTH UALENGTH W=LENGTH U:,
; (WW) @U=W@ (WV)
( label associativity,of -composition) I

Compare with the corresponding result using predicates (Section 6.4.2 ). --\n esplanat.ion  \vll?
this proof is much simpler is: both compose and def -appl  ha.ve a simple definitiori  by recursion
on lists. The lemma and the theorem can be proved by a straightforward double induction on lists
and numbers. On the other hand. when composition is defined as a predicate. a lot, of rewriting is
required to expand the definitions and to perform the right substitutions, a.nd the decision procctl  II re
is often applied to justify condit.ional  rewriting. This cannot be done in a, few lines.

6.5. Theorem 2: The Identity Permutation.



6.5.1. Using Predicates.

\;l;e have  the follo\ving theorem about idef!tity:
Theorem 2 (i) ( 1(l! Perm)

VU.ID(U)1PERM(U)

Proof. Intoness:

;id implies perm
(proof idperm)

1. ( t rw lid(u)1into(u)l  ( open  id  into ) )
;ID(U)XNTO(U)
( l a b e l  p-il)

Ontoness:

2. (assume lid(u) 1)
( l a b e l  p-i2)

3. (rw * (open id))
;VN.N<LENGTH UINTH(U,N)=N
( l a b e l  p-i3)

4. (assume lnclength  ul>
( l a b e l  p-i4)

5. ( d e r i v e  lmember(nth(u,n),u)l  (* nthmember))

6. ( d e r i v e  lmember(n,u)l  (* p-i4  p-i3))

7. ( c i  p-i4)
;N<LENGTH UIMEMBER(N,U)

8. (der ive  lperm ul (p-i1  p-i2 *) ( open  perm onto ) )

9. ( c i  p-i2)
;ID(U)3PERM(U)
( l a b e l  i d - p e r m )  I

Right and left identity are also easy consequences of the definitions
Theorem 2 (ii) (Right Id)

VU V W.ID(U)ACOMP(V,W,U)ALENGTH  W=LENGTH UIV=W
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1.

2,.

3.

4.

5.

6.

7.

a.

9.
1

11 I’

.

(proof identity-right)

(assume lid(u)  I?
( l a b e l  i d , r l )

(assume lcomp(v,w,u)  I>
( l a b e l  id,r2)

(assume Ilength  w=length  ul)
( l a b e l  id,r3)

(rw id-r1 (open id))
;VN.N<LENGTH  UINTH(U,N)=N
( l a b e l  id,r4)

(rw id-r2  (open camp))
;LENGTH V=LENGTH Uh(VN.N<LENGTH U1NTH(V,N)=NTH(W,NTH(U,N)))
( l a b e l  id,r5)

(rw * (use id-r4  mode: always))
;LENGTH V=LENGTH UA(VN.N<LENGTH  UINTH(V,N)=NTH(W,N))
( l a b e l  id,r6)

(trw Ilength v=length  wl (use id-r3 id-r5  mode: always))
;LENGTH V=LENGTH W

( d e r i v e  Iv=wl ( e x t e n s i o n a l i t y  id-r6 *)>

( c i  (id-r1 id-r-2  i d - r 3 ) )
;ID(U)ACOMP(V,W,U)ALENGTH  W=LENGTH UIV=W
( l a b e l  i d - r i g h t )  I

Theorem 2 (iii) (Left  IfI)

VU V W.ID(U>APERM(W)ALENGTH W=LENGTH UACOMP(V,U,W)~W=V

Proof.

(proo f  ident i ty - le f t )

-1. (assume lid(u) I)
(label id,11)

2. (assume lperm WI>
(label id-12)

3. (assume [length w=length ul>
( labe l  id ,13 )

4. (assume Icomp(v,u,w)l)
(label id-14)



5. (rw id-11 (open id))
;VN.N<LENGTH  UINTH(U,N)=N
(label id,15)

(rw id-14 (open camp))
;LENGTH  V=LENGTH WA(VN.N<LENGTH V3NTH(V,N>=NTH(U,NTH(W,N)))
(label id-16)

(rw id-12 (open per-m onto into))
;(VN.N<LENGTH  W3NATNUM(NTH(W,N>)ANTH(W,N)<LENGTH  W)A
;(VN.N<LENGTH  WIMEMBER(N,W))
(label id-17)

( t r w  IVm.m<length  uInatnum(nth(w,m))Anth(w,m)<length  ul i d - 1 7
(use id-13 mode: exact direction: reverse))

;VM.M<LENGTH  U3NATNUM(NTH(W,M>>hNTH(W,M)<LENGTH  U
( l a b e l  id-la)

\J*e ca.n apply the property  of the identity function u

9. ( t r w  IVm.m<length  uInth(u,nth(w,m))=nth(w,m)l  i d - 1 5  * )
;VM.M<LENGTH  UINTH(U,NTH(W,M))=NTH(W,M)
(label id-19)

.\L'e will use estensionahty

10. (assume Imclength  VI)
(label id-110)

1 1 .  ( t r w  Imclength  ul *
(use id-13 id-16 mode: exact direction: reverse))

;M<LENGTH  U
( l a b e l  id-111)

12 .  (der ive  Inth(u,nth(w,m))=nth(w,m)l  ( id -19  id -111) )

\\P use tile fa.ct that v is the coInposition  of u and w

13.  (der ive  Inth(v,m)=nth(w,m)l  ( id -16  id ,110)
(use * mode: exact direction: reverse))

.
14 .  ( c i  id ,110)

;M<LENGTH VINTH(V,M)=NTH(W,M) .

1 5 .  ( d e r i v e  Iw=vl ( e x t e n s i o n a l i t y  id-16 *))

1 6 .  ( c i  ( i d - 1 1  id-12  id-13  i d , 1 4 ) )
;ID(U)APERM(W)ALENGTH W=LENGTH UACOMP(V,U,W)~W=V
( l a b e l  i d - l e f t )  I
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6.5.2. Using Functions: the Lemma Main Id.

The main result a.bout  the ‘identity' list is the estensional property that rva.s assun~etl  as
definition of id.

Lemma 6.5. (:\fain Id)

VN.N<MINTH(IDENT(M),N)=N.

Proof. First we show the following fact, Nthcdr Ident, by induction on 12:

Vn.n<mInthcdr(ident(m),n)=identl(n,m-n)

(line 8 ). The lemma then follows easily.

(proof id-main)
;id main

1. (assume In<m1nthcdr(ident(m),n)=identl(n,m-n)!)
(label id,mainl)

2. (assume In'cml)
( l a b e l  id,main2)

3. ( d e r i v e  Inthcdr(ident(m),n)=identl(n,m-n)/
(id-main1  id-main2  s u c c , l e s s - l e s s ) )

; d e p s :  (ID,MAINE  ID,MAIN2)

Now we use Minusfact  to expand the definition of identl in the right member of t,lle  equality.

;labels:  MINUSFACT
;VN M.N<MIM-N=(M-N')'

4 . (rw * (use minusfact mode: exact) (open identl)
(use id-main2 succ-less-less  mode: exact))

;NTHCDR(IDENT(M),N)=N.IDENTl(N',M-N')
; d e p s :  (ID-MAIN1  ID,MAIN2)

The inductive step is concluded by the use of cdr A’thcdr

;labels:  CDR,NTHCDR
;VU N.CDR NTHCDR(U,N)=NTHCDR(U,N')

5. ( t r w  Inthcdr(ident m,n')l .
(use cdr,nthcdr mode: exact direction: reverse)
(use * mode: exact))

;NTHCDR(IDENT(M),N')=IDENTl(N',M-N')

6. ( c i  id,main2)
;N'<M1NTHCDR(IDENT(M),N')=IDENTl(N',M-N')

7. (ci id-mainl)
;(N<MINTHCDR(IDENT(M),N)=IDENTl(N,M-N))J
;(N'<MINTHCDR(IDENT(M),N')=IDENTl(N',M-N'))



a. ( u e  ( a  lXn.n<m3nthcdr(ident(m),n)=identl(n,m-n)l >
proof-by-induction

SECTION 6

(part l#l (open minus ident))  * )
;VN.N<M3NTHCDR(IDENT(M),N)=IDENTl(N,M-N)
( l a b e l  nthcdr-ident)

To finish the proof of the lemma we use a.ga.in  MimsjactlO...

9. (rw * (use minusfact mode: exact))
;VN.N<M3NTHCDR(IDENT(M),N)=IDENTl(N,(M-N’)’)

. ..and then apply (Z’~P’ A’tlzcdr. In this la.st step we use the information about the length of the
ident function (see Section 6.3.3) in simpinfo.

; labels : CAR,NTHCDR
;VU N.N<LENGTH  UXAR NTHCDR(U,N)=NTH(U,N)

; labels : SIMPINFO
;VN.LENGTH (IDENT(N))=N

10. (ue ((u.  (ident  ml)(n.n))  car-nthcdr (use * mode: always))
;N<MIN=NTH(IDENT(M),N)

- 1 1 .  ( t r w  IVn m.n<m3nth(ident m,n)=nl * )
( l a b e l  i d - m a i n )  I

Exercise. Prove Theorem 2 in the representation by functions

VU.U@IDENT(LENGTH  U)=U

VKINTO(U)3IDENT(LENGTH  U)@U=U

using directly Theorenl 2 (ii) (Right  I(Z)  and (iii) (Left Id)

VU V W.ID(U>ACOMP(V,W,U)ALENGTH  W=LENGTH U3V=W

VU V W.ID(U)APERM(W)ALENGTH  W=LENGTH UACOMP(V,U,W)~W=V

c 6 .5 .3 . Using Functions: Identity is a Permutation.

Using the above lemma,  it easy to prove that the ‘identity’ list is a, permutation, following the
pattern of the proofs in Section 6.5.1.

Theorem 2 (i) (Pernz Ident)

VN.PERM(IDENT(N))
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.
Proof.

(proo f  perm,ident)

;only ontoness requires some help

1. (assume Inclength ident I>
(label prm,idl)

2. (rw * (open ident))
;N<M
( l a b e l  prm,id2)

Aga.in notice that the fact Length.  Itle12f:

VN.LENGTH  (IDENT(N))=N

is in simpinfo.

3. ( d e r i v e  lNTH(IDENT(M),N)=NI  (* i d - m a i n ) )

4. *(derive Imember(nth(ident  m,n),ident m> I
(nthmember prm,idl) >

5. (rw * (use -2 mode: exact))
;MEMBER(N,IDENT(M))

6. ( c i  prm-id11
;N<MDMEMBER(N,IDENT(M))  8

7. (trw IVn.perm(ident  n)] (open perm into onto). (use id-main mode: always) * >
;VN.PERM(IDENT(N))
( l a b e l  perm-ident)  I

6.5.4. Using Functions: Right Identity.

[:sing  the lemma :IIclin Il it is also easy to shop tl1;t.t  ident gives t.he right identity.

Theorem 2 (ii) (Right [lentit!/)

VU.U@IDENT(LENGTH U>=U

Remark. Example 9. LVe give t,wo proofs of this Theorem, as evidence of ow claim that a
presentation throllgh  abstract lemmata (Proof 1) is more convenient than direct veCfica.tion  (Proof
2). The convenience is not simplv  in the fact that the first proof is shorter tha.n the second: rathct*.
it lies in that-  we Iise t,he lemmata .Vth C’0nayose  and A/lair2 11, ha.ving  many ot.lier  a.pplications.
illstead of proving a lemma, of intelxlst  only  in this contest.



First  Proof.

(proo f  ident i ty -r ight )

1. (rw perm,id (open perm onto))
;VN.INTO(IDENT(N))A(VN~.N~~N~MEMBER(N~,IDENT(N)))

;labels:  DEF,APPL,CONDITION
;VU V.INTO(U)hLENGTH ULLENGTH  VIDEF-APPL(V,U)

2. (ue ((u.lident(length  u) I)(v.u))
def ,appl , condi t ion  * ( open  lesseq ) )

;DEF-APPL(U,IDENT(LENGTH  U))

;labels:  NTH,COMPOSE
;VV U N.DEF,APPL(V,U)AN<LENGTH  U1NTH(V@U,N)=NTH(V,NTH(U,N))

3. ( u e  ((u.lident(length  u>l>(v.u)(n.n))  nth-compose  *
(use id-main mode: exact))

;N<LENGTH UINTH(U@IDENT(LENGTH U),N)=NTH(U,N)

;labels:  EXTENSIONALITY
;VU V.LENGTH U=LENGTH VA(VI.I<LENGTH  U1APPL(U,I)=APPL(V,I))W=V

4. (ue ((u.lu@ident(length  u)l)(v.u)) extensionality (open appl)
(use length-compose -2 *))

;U@IDENT(LENGTH U)=U

Notice that this proof is the same as that given ill Section 6.5.1.

Second Proof. LVithout  using the main lemma, we call prove Right Ident itv by proving first

1. (ue  ((u.u)(n.llength  ul ) )  t r iv ia l -nthcdr  (open  lesseq) )
;NTHCDR(U,LENGTH U)=NIL

2. (trw lueidentl(length  u,O)=NTHCDR(u,length  u) I (open identl compose)
(use * mode: exact))

;U@IDENTl(LENGTH  U,O)=NTHCDR(U,LENGTH U)
( l a b e l  i r l )

3. (assume Inllength(u)W@identl(length  u-n,n)=nthcdr(u,length u-n) I)
(label ir-hyp)

4.

5.

(assume In'llength ul)(label ir2)

(derive lueidentl(length  u-n,n)=nthcdr(u,length u-n)1
( i r -hyp  i r2  succ-lesseq-lesseq))

( labe l  i r3 )

6. (der ive  llength u-(n')<length  ul (minusfact l l  l ess - lesseqsucc  i r2 ) )

Vn.nllength  uW@identl(length  u-n,n)=nthcdr(u,length u-n)

(proo f  ident i ty -r ight )
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( labe l  i r4 )

( d e r i v e  I(length u - n ’) ‘=length u-n1 (minusfact  l e s s , l e s s e q s u c c  ir2))
( l a b e l  ir5)

( t r w  lu@identl(length  u-(n’),n’)=nthcdr(u,length  u-(n)>)/
(open ident 1 compose)
(use nthcdr,car,cdr ue: ((u.u)(n.llength  u-(n’>l>> mode: exact)
i r4  i r5  i r3 )

;U@IDENTl(LENGTH  U-N’,N’)=NTHCDR(U,LENGTH U-N’)
; deps : (IR,HYP IR2)

( c i  i r 2 )
;N’ILENGTH UXJ@IDENTl(LENGTH  U-N’,N’)=NTHCDR(U,LENGTH U-N’)

IO.  ( c i  i r ,hyp)

11.  (ue (a IAn.nllength(u)1u@identl(length  u-n,n)=nthcdr(u,length u-n)l)
proof-by-induction
(part  I#1 (open  minus) )  i r l  * )

;VN.NLLENGTH UXJ@IDENTl(LENGTH  U-N,N)=NTHCDR(U,LENGTH U-N)

The theorem follows immediately:

12 .  (ue  (n Ilength u l )  * ( open  lesseq  nthcdr )  (use  n - less -n ) )
;U@IDENTl(O,LENGTH U>=U

1 3 .  ( t r w  lu@ident(length  u>=ul ( o p e n  ident)  * >
;U@IDENT(LENGTH U)=U
( l a b e l  i d e n t i t y - r i g h t )  I

III

6.5.5. Using Functions: Left Identity.

Similarly. by applying the Main Lemma for Identity, we can prove that ident gives the left
identity by following the pacttern  of the proof in Section 6.5.1.

Theorem 2 (iii) (Left Identity)

VU.INTO(U)3IDENT(LENGTH  U)@U=U
6
Proof.

(proo f  ident i ty - le f t )

1. (assume lint0 ul)
( l a b e l  il,I>

2 . ( u e  ((u.u)(v.lident(length  u>l>>
def ,appl,condition
* (open lesseq))

;DEF,APPL(IDENT(LENGTH U),U>
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.

3.

4.

5.

w

6.

(label S-2)

(rw il,1 (open into>>
;VN.N<LENGTH U~NATNUM(NTH(U,N>>ANTH(U,N)<LENGTH  U

(ue ((v.lident(length u>l>(u.u>>  nth,compose il,2 *
(use id-main ue: ((n. Inth(u,n>  I>h. (length ul>>

;VN.N<LENGTH UJNTH(IDENT(LENGTH  U)@U,N)=NTH(U,N)

(ue ((u.lident(length u>@ul)(v.u)> extensionality
(sortcomp il,2 length-compose *:> (open appl))

;IDENT(LENGTH U)@U=U

(ci il,l>
;INTO(U)XDENT(LENGTH  U)@U=U
(label identity-left) I

>>

It is complet.ely  clear  that, by abstacting  the main property of identity, we obt.a.in a uniform
treatment of all the parts of theorem ‘2 and greatly simplify the proofs. Actually  the present
version is even more elegant than that using predicates, since the espression uaw is easier to read
than camp (v , u , w) (for humans  as well as for computer programs).

6.6. Theorem  3: the Inverse of a Permutation.

6.6.1. Using Predicates: the Inverse of a Permutation  is a Permutation.

Theorem  3 (i) (Inv Perm)

VU V.PERM(U>hINV(V,U>hLENGTH  V=LENGTH UIPERM(V)

The proof  of this theorem  is obtained by expanding  the definitions  and making a.ppropriate
substitutions, in the style of Theorems 1 (i) and 2 (i). Vve give it in the =\ppendis.

6.6.2. Using Predicates: the Right Inverse Theorem.

Theorem  3 (ii) (Right  Invelzse)

VU V W.PERM(W>AINV(U,W>ACOMP(V,W,U)ALENGTH  U=LENGTH WXD(V)

Proof.  .lssunle that w is a permutation (line l), v is the result of coinposing w a.nd u (line ,l),
where u is the inverse of w (line ‘L), and u is of the same length as w (line 3). \l\ie need to see t Iiat
for all ?11 < length(v), nth(v,7??)  = n? (line 14).

The key point is the application of the lemma Nth Fstposition (line  13). To prepare  it, LVC have
only to espand the definitions and perform  the right  substitutions.
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nth(v,m) = nth(w,nth(u,m) (by liw 7) ifm<length(v)=length(u)

= nth(w,fstposition(w,m))) (line 10)

= m (line 13)

1.

2.

3.

4.

5.

6.

1
7.

8.

9.

;the theorem right inverse
(proof inverse-right)

(assume lperm wl)
(label invrl)

(assume linv(u,w)l)
(label invr2)

(assume ilength u=length WI)
(label invr3)

(assume Icomp(v,w,u) I)
(label invr4)

(rw invrl (open perm onto into))
;(VN.N<LENGTH  W~NATNUM(NTH(W,N))ANTH(W,N)<LENGTH  W)h
;(VN.N<LENGTH WIMEMBER(N,W))
(label invr5)

(rw invr2 (open inv))
;VN.N<LENGTH  U1NTH(U,N)=FSTPOSITION(W,N)
(label invr6)

(rw invr4 (open camp))
;LENGTH V=LENGTH Uh(VN.N<LENGTH U1NTH(V,N>=NTH(W,NTH(U,N)))
(label invr7)

(assume Imclength VI)
(label invr8)

(rw * (use invr7 mode: exact))
;M<LENGTH U
(label invr9)

c 10. (trw Inth(v,m)=nth(w,fstposition(w,m))l (invr7 *)
(use invr6 mode: always direction: reverse))

;NTH(V,M)=NTH(W,FSTPOSITION(W,M))
(label invrl0)

11. (rw invr9 (use invr3 mode: exact))
;M<LENGTH W

12. (derive Imember(m,w) I (invr5 *))

;labels: NTH-FSTPOSITION



;VU N.MEMBER(N,U)1NTH(U,FSTPOSITION(U,N))=N

13. (rw invrl0 (use nth-fstposition * mode: always))
;NTH(V,M)=M

14. (ci invr8)
;M<LENGTH VINTH(V,M)=M

15. (trw I id(v) I (open id) * )
; ID(V)

16. (ci (invrl invr2 invr4 invr3))
;PERM(W>AINV(U,W)ACOMP(V,W,U)ALENGTH  U=LENGTH WXD(V)
(label inv,right) I

6.6.3. Using Predicates: the Theorem  Left Inverse.

Theorem  3 (iii ) ( Left Inv)

VU V W.PERM(W>AINV(U,W)ACOMP(V,U,W)ALENGTH  W=LENGTH UXD(V)

Proof.  Assume that w is a perm. that u is the inverse of w, v is the result. of coInposing u and
w, aI;d the length(w) = length(u). \I’e need t.o prove that

Vn.n<length(v)Inth(v,n)=n.

Assume that n < length(v). *After espanding  the definitions we know that.

length(v) = length(w),

so n < length(w) and n < length(u). Silnilarly. all rnernbers  of w are natural nunll)trs less tllan
length(u) (lines 9. 13). So the sorts are verified and we can apply the definition of cornposition
to get

nth(v,n)=nth(u,nth(w,n))

(line ld), and the definition of inverse to obtai11

)=fstposition(w,nth(w,n))nth(u@w ,n*

(line 1.5).
\Ve Ivant to conclude  that

fstposition(w,nth(w,n))=n.

This need not be true if ill w there are several occurrences of the n-th element.  However. w is a
permuta.tion. By t,lle pigeon hole principle w is inject ive; we can apply tile lemma. 17slpo.sifinr~ .I-th
(lines 8, 16) and obtain t IIC tlcsired conclusion (line 19).
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I.
(proof compose-inverse-left)
(assume Iperm(w)l)
(label invl,I)

2. (assume linv(u,w>l>
(label invl,2)

3. (assume lcomp(v,u,w) I>
(label invl,3)

4. (assume Ilength(w)=length(u)l)
(label invl,4)

5. (r-w invl,2 (open inv>>
;VN.N<LENGTH U1NTH(U,N)=FSTPOSITION(W,N)
(label invl,5)

6. (rw invl,I (open perm onto into))
;(VN.N<LENGTH  W~NATNUM(NTH(W,N>>ANTH(W,N)<LENGTH  W)h
;(vN.N<LENGTH WDMEMBER(N,W))
(label invl,6)
;deps: (INVL,I)

7.

8.

9.

IO

* 11

(rw invl,3 (open camp))
-;LENGTH V=LENGTH WA(VN.N<LENGTH  DNTH(V,N>=NTH(U,NTH(W,N)))
(label invl,7)

(derive IVn.n<length  w3fstposition(w,nth(w,n))=nl
(fstposition,nth perm,injectivity uniqueness,injectivity
invl,I invl,6))

(label invl,8)
;deps: (INVL,I)

(rw invl,6 (use invl,4 mode: exact))
;(VN.N<LENGTH  U~NATNUM(NTH(W,N>>ANTH(W,N)<LENGTH  u>A
;(VN.N<LENGTH U3MEMBER(N,W))
(label invl,9)
;deps: (INVL,I INVL,4)

. (assume In<length VI>
(label invl,IO)

a*. (rw * (use invl,7 mode: always))
;N<LENGTH W
(label invl,II)
;deps: (INVL,3 INVL,IO)

12. (rw * invl,4)
;N<LENGTH U
(label invl,12)
;deps: (INVL,3 INVL,4 INVL,IO)

13. (derive Inatnum(nth(w,n>>Anth(w,n)<length  ul (invl,9 *(>>
(label invl,13)
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;deps: (INVL,I INVL,3 INVL,4 INVL,IO)

14. (derive INTH(V,N>=NTH(U,NTH(W,N))I (invl,7 invl,IO))
(label invl-14)
;deps: (INVL-3 INVL-IO)

15. (rw invl,I4 (use invl,5 ue: ((n.lnth(w,n)l))  invl-I3 mode: exact))
;NTH(V,N)=FSTPOSITION(W,NTH(W,N))
(label invl,15)
;deps: (INVL,I INVL,2 INVL,3 INVL,4 INVL,IO)

*want, to apply the lemma fstposition,nth

16. (rw invl-I5 (use invl,8 invl-II mode: always))
;NTH(V,N)=N
;deps: (INVL,I INVL,2 INVL,3 INVL,4 INVL,IO)

;and so V is the identity function

17. (ci invl-IO)
;N<LENGTH VINTH(V,N)=N
;deps: (INVL-I INVL,2 INVL,3 INVL,4)

18. (trw lid vl (open id) * >
; ID(V)
;deps: (INVL-I INVL,2 INVL,3 INVL,4)

19. (ci (INVL,I INVL-2 INVL,3 INVL,4))
;PERM(W)AINV(U,W>ACOMP(V,U,W)ALENGTH  W=LENGTH UXD(V)
(label inv-left) I

6.6.4. Using Functions: the Lemma Main Inv.

\1'e follow the same st,rategy for the proof of the facts about the inw~w operation.  First n-e
prove the main estensional  property of inrerse  (compare with the definition of inv, Section (i.g.1 ):

Lemma 6.6. ( :\/cI%I~ Irzv)

VU N.PERM UANXLENGTH UINTH(INVERSE  U,N)=FSTPOSITION(U,N)

a and then \ve follow the proof of Theorem :3 in Sections 6.6.1, 6.6.2 and 6.6.13 .

Proof  of the Main  Lemma.  We show first that. if u is a, permut at,ion. t Ilen

Vn.n<length  u1nthcdr(inverse(u),n)=inversI(u,n,length  u-n).

(proof inverse-main)

I. (assume lperm ul)
(label inv-mainl)
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\\'e need to cllccl; t Il:1\t f stposition has the proper  value on t Ile int,entlctl tlonlail~.

2. (rw inv-main1 (open perm onto))
;INTO(U)A(VN.N<LENGTH WMEMBER(N,U))
(label inv,main2)

3. (ue ((u.u)(y.n)) posfacts)
;(NULL FSTPOSITION(U,N)~~MEMBER(N,U))A
;(MEMBER(N,U)1NATNUM(FSTPOSITION(U,N)))

4. (derive In<length u1lnull fstposition(u,n)l  (inv-main2  *))
(label inv-main3)

Sest \vc give tile inductive argunlent for our sublen~nla:

5. (assume Inclength u1
nthcdr(inverse(u),n)=inversI(u,n,length u-n) I)

(label inv-main5)

6. (assume In'clength ul)
(label inv,main6)

7. (derive Inclength ul (* succ,less-less))
(label inv,main7)

8. . (derive I-mull fstposition(u,n)l (inv,main3 inv-main7))
(label inv,main9)

\\-e use .\/l.l~usfurtlO  to espand tile definition  of inversl ih t lie right  nlenlber  of the equality.

9 . (rw inv-main5
(use inv,main7 inv-main9)(open inversl)

. (use minusf act IO mode: always))
(label inv-mainlO)
;NTHCDR(INVERSE(U>,N>=FSTPOSITION(U,N).INVERSI(U,N',LENGTH  U-N')
;deps: (INV,MAIN1 INV-MAIN5 INV-MAING)

\\(> use (-'(I/* .\-thcdr to colkclude tile iltductive step:

;labels: CDR-NTHCDR
;VU N.CDR NTHCDR(U,N)=NTHCDR(U,N')

10. (ue ((u.linverse  ul)(n.n)) cdr-nthcdr (use * mode: exact))
;INVERSI(U,N',LENGTH U-N')=NTHCDR(INVERSE(U),N')

c ;deps: (INV-MAIN1 INV,MAIN5 INV-MAING)

Il. (ci inv-main6)
;N'<LENGTH UXNVERSl(U,N',LENGTH  U-N')=NTHCDR (INVERSE(U),N')

12. (ci inv-main5)

13. (ue (a IXn.n<length  u1nthcdr(inverse(u),n)=inversI(u,n,length  u-n)l)
proof-by-induction (part I#1 (open inverse minus)) * >

;VN.N<LENGTH  U1NTHCDR(INVERSE(U),N)=INVERSl(U,N,LENGTH  U-N)
;deps: (INV-MAINI)



14. (rw * (use minusfact mode: exact) (open inversl)
(use inv-main3  mode: always))

;VN.N<LENGTH U1
;NTHCDR(INVERSE(U>,N>=FSTPOSITION(U,N).INVERSl(U,N',LENGTH  U-N')
;deps: (INV-MAINE)

;labels: CAR-NTHCDR
;VU N.N<LENGTH  UXAR NTHCDR(U,N)=NTH(U,N)

15. (ue ((u.linverse(u>l>(n.n>> car-nthcdr
(use * lengthinverse inv-maini  mode: always))

;N<LENGTH U1FSTPOSITION(U,N)=NTH(INVERSE(U),N)
;deps: (INV-MAINl)

16.  (ci inv-mainl)
;PERM(U)J(N<LENGTH  U1FSTPOSITION(U,N)=NTH(INVERSE(U),N))

17. (derive ltru n.perm uhnclength uJnth(inverse u,n)=fstposition
(label inv,main) I

b-d I * >

Exercise. Prove ‘Theorenl 3 in t.he repi*eseiitation by functions

VU.PERM(U)XJ@INVERSE(U)=IDENT(LENGTH(U))

VU.PERM(U)XNVERSE  U@U=IDENT(LENGTH  U)

using directly Tlleorenl  I$ (ii) ( Z?iql~t I~IWIW) ant1 (iii) ( Left 171~)

VU V W.PERM(W>AINV(U,W>ACOMP(V,W,U)ALENGTH  U=LENGTH WXD(V)

VU V W.PERM(W>AINV(U,W>ACOMP(V,U,W)ALENGTH  W=LENGTH UXD(V)

6.6.5. Using Functions: the Inverse of a Permutation  is a Permutation.

Theorem  3 (i) ( Pe1.m ~n17er.w)

VU.PERM(U)DPERM(INVERSE

Theorem  3 (ii) ( Riqlrt I,l~~ra.hc)

VU.PERM(U)XJ@INVERSE(U)

Theorem  3 (iii) (I,fft I/II-C WC )

u>>

IDENT(LENGTH(U))

VU.PERM(U)XNVERSE  U@U=IDENT(LENGTH  U)
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Proof  of Theorem  3 (i). The first  part  of the Theorem  is tile proof  of the following  fact. /III*
Ill to:

VU.PERM(U)XNTO(INVERSE(U))

(proof inverse-perm)

1 . . (assume  Ipem(u)l>
(label inv,pl)

2. (rw * (open perm onto))
;INTO(U)A(VN.N<LENGTH UIMEMBER(N,U))
(label inv,p2)

3. (ue ((u.u)(y.n)) posfacts)
;(NULL FSTPOSITION(U,N)~~MEMBER(N,U))A
;(MEMBER(N,U)1NATNUM(FSTPOSITION(U,N)))

4. (derive lVn.n<length  u1
natnum fstposition(u,n)hfstposition(u,n)<length  ul
(inv,p2 * pas-length))

(label inv,p3)

5. (derive IVn.n<length  u1
nth(inverse u,n)=fstposition(u,n)I
(inv,main inv,pl))

(label inv,p4)

6. (r-w inv,p3 (use * mode: always direction: reverse))
;VN.N<LENGTH  U~NATNUM(NTH(INVERSE(U),N))hNTH(INVERSE(U),N)<LENGTH  U

.
7. (trw (into inverse(u)1 *

(open into) (use lengthinverse inv,pl mode: exact))
;INTO(INVERSE(U))
(label into-inverse)

8. (ci inv,pl)
;PERM(U)XNTO(INVERSE(U))
(label inv-into)

The second part of the theorem  is the proof that inverse(u) is onto. still under  the assrltll1)t iou
t11a.t  berm(u) (line 1).

9. (rw inv,pl (open perm into onto) )
;(VN.N<LENGTH  U~NATNUM(NTH(U,N))ANTH(U,N)<LENGTH  U)A
;(VN.N<LENGTH  UIMEMBER(N,U))
(label inv,plO)

10. (derive Ilength inverse(u)=length  ul (inv,pl lengthinverse))
(label inv-pll)

11. (assume In<length inverse(u)l)
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(label inv-p12)

12. (rw * (use inv-pll mode: exact))
;N<LENGTH U
(label inv-p13)

i\‘e can apply t,lle nlain property of the inverse function...

13. (ue (n Inth(u,n)l) inv,p4 (use inv,plO * mode: always))
;NTH(INVERSE(U),NTH(U,N))=FSTPOSITION(U,NTH(U,N))
(label inv,pl4)

. . . t,he consequence of the Pigeon Hole principle. . .

14. (derive linj ul (inv,pl per-m-injectivity))

. ..the ha,sic fa,ct Fstposition Nth...

15. (derive Ifstposition(u,nth(u,n))=nl
(fstposition,nth uniqueness,injectivity * inv_plO inv-pl3))

16. (rw inv-p14 (use *))
;NTH(INVERSE(U>,NTH(U,N))=N
(label inv-p15)

. ..a.nd the lenlma, n’thmember...

17. (derive (natnum nth(u,n)Anth(u,n)<length  inverse(u)1
(inv_plO inv,pll inv-p13))

18. (trw Imember(nth(inverse  u,nth(u,n)),inverse u>l
(nthmember *))

;MEMBER(NTH(INVERSE(U)  ,NTH(U,N)) ,INVERSE(U))

. ..to conclude:

19. (rw * (use inv,pl5))
;MEMBER(N,INVERSE(U))
;deps: (INV,Pl INV-P12)

20. (ci inv-p12)
;N<LENGTH (INvERSE(U)DMEMBER(N,INVERSE(U))
(label onto-inverse)

21. (trw Iperm(inverse  u)l (open perm onto)
into-inverse onto-inverse)

;PERM(INVERSE(U))

22. (ci inv-pl)
;PERM(U>1PERM(INVERSE(U))
(label perm-inverse) fl

‘l’lle proofs of the otller parts of Tlleorern  :3 are given in tile Appcllclis.
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7 . Conclusion.

The remarks  made in the Int,roduction  and in t,he test.  especially in Sect,ioll 6.1. are relevant
to t,lie heuristics  of automatic  theorem  proving  a.ntl apply at three  stages  of the enterprise  01’
ineclianicall~  representing  niathematical  fact,s.

I . First.  the choice of a. represent,a.tion  detemiines the basic  strategy  of proof.  It is cert ailll>
reasonable  to sea*rch for a representation  tl1a.t  a.llows  simple  recursitre  definitions  of the basic  objects
and hence  relatively  simple  proofs  by induction  on those recursive  definitious. For this ream11
our representa.tion  using a.ssocia.t.ion  lists is pa.rticularly  at,tractive. However,  there  may be other
reasons  suggesting  a diffhrent represciit  ation. In our case, \ve considered  the representat  ion by list 5
of numbers  since it, has the property  of uniqueness.

Since EKL uses higher  order  language.  it does not restrict  us to a. particular kind of representa-
tion: if recursive  definitions  are not available,  or not. convenient,  we may give abstract  definitions
a,nd carefully orga.nize the a,rgument  so t.1la.t a.ppropriate  mathematical  or logical  principles  apply.
As a very sinlplc  csample.  discussing  the choice of predicates  or of functions  in the representat  ion
PERMP a.ntl PERMF we weight.ed  two approaches: explicit  definitions.  derivations  by logic  i nfertnces
and term substitutions  directed  1)~ t,he user  W~.S;‘US  recursive  definit,ions,  proofs  by induction  and
logic  inference replaced  by rewriting.  \\-e considered  advanta.ges  and limit,a.tions of the two methods
and saw 110~  a. jlitlicioiis  coinbination  of them ina.? give the best.  results. Xt the end of Sect  ion 6. I.
\ve outlined  the optimal choice of definitions  a.nd the most  effective  proof  strategy.

1.lorc\over.  EKL allows us to prove  abstract  mathematical  fa.cts  t,ha.t  are independent  of the
particular  ;.epresentation: the Pigeon  Hole principle  ivas proved  in second  order  arit hlnetic and
theu applied  to different reprt5entations. In general  there  is no doubt  that a.11  essential  advantage
in proving correctness  of prograuls  is given by access to a.bstra.ct  ma.t hema.tical  knotvledge.

I Even wllc~l the tnain sl rategy  of proof  is chosen.  different choices may be possible  for t h(1
Lenmata.  Oue can use EKL a.s an heuristic  aid a.nd try to find a proof  by trial  a,nd error.  reduce

’ the task  lo sonic lemmata,  try to prove  the Lemma.ta. etc. (An esarnple  is given in the pro01
Lf Ilgtllirl  l’r’1’*SC  . Section 6.i3.4  .) :\ warning  has t,o be made against  this procedure:  E K L  will bcl
extremely  helpful  in reminding  us of ma.ny  deta.ils  we usually  take for grant.ecl.  but. we are not yet
ready to dismiss  pencil  and paper  a.s obsolete: indeed  it, will save us a lot of t inle to ivork out a
fairly detailed  proof  by ‘pencil a.nd paper‘ 6pfore  starting  our intera,ction  \vith EKL.

Let IIS say t hat a proof  is ‘trivia.1  \vhen the recursive  definition  of t.he basic ol)jects  a1It1  t hc
4tatenient  of t hc theorem  deternCne  not only the main strategy  of proof  of t.he theorem.  l)Ii  t illSO a

natural  choice of the lemnmta.  and st,rategies  for their  proofs.  Presumably,  for such ‘trivial’ proofs
some  tlevc4opmt~nt  of Bayer a.nd Moore‘s  techniques  will a.llow entirely  a.utomatic  heurisf its.

‘I’l~~~ro  is no reason to think  that, given a simple  recursive  definition  of SOWC\  basic ol).jcct  s. OIIC

kvill -ilivays find -tri\rial‘ proofs  by induction. Often the choice of the Lemmata  will not I>(>  obviolis.
Sonletimes  the lemlnata suggested  by the recursive  definition  of the objects  a~(1 by t,hc statclllc\ut
of t lie thcorein  1)y no nleans are t,lie most, convenient  or the most  perspicuous.

C’on~itler  for instance  our definition  of inverse,  using  inversl  aud f stposit ion: the fu1tc.t  ions
involved  Itcre C;I lItlot be considered  cstrenlely difficult as LISP programs. However.  t hcrc is i*ooIII

for discussion  OII how to choose  and to prove  the leminata. Indeed,  as we a.rglletl iu the test.  t 11~
best.  choice s(\ellls to bc to consider  the abstract  properties  of the functions  ident ant1 inverse.
a.ild provcb  t hclti1  ;is lell1llla til. ‘l’hes;c  properties  iIre  iinmetliat  ely recognized  \vlIcLI \ve fO~lIllIli~t~~ t lit\
identity fltnct ioll ant1 the operation of function  inversion  more  a.bstractlv  as predicates.  They :II’V
not the 0110s  t 11~1  c01ne  to iliiil~l first if \ve try to prove  the theoreins  by expanding  the dt\finitiot\s.



n Finally,  there is still room for choice at the stage  of performing  single inductive  proofs.
when the neccssaqv  lenlinata have been proved.  One Inay try to obtain the proof in a siuglc line. I,
rewriting  or espand  the proof  I>? using  esplicitly t.he logic  decision  procedure  in the style of Sat ural
Deduction. .Tlle heuristics  of single  proofs has been  estensively  discussed  in the C’onclrlsiou of Part
I, Secti  2.13.

Remark.  Example 10.  To consider  the different. options  available  in carrying  on a relativt\l\-
long proof. let ‘5  look at the problem  of formalizing  the Lemma in Section  1.4 in full generality.  \\‘e
avant to prove  that for a11.v  f : -4 - B \vith .A and B finite sets of the sa,me cardinalit~.  if f is a
surjection  then  f is also an injection. 1Ve  express  this statement  in o u r  fraqnent of Set.  Theory.
using  our ( higher ortler)  forina~iza~tion  of arithmetic. The following is a.n outline  of the project.
The -details  are left to the reader  as a.11  exercise.

i) Forlnulate the Set Tlleoret.ic  notions  of ma.p, surjection, injection  a.nd I)iject,ion,  and use
function abstraction  a.ntl  application  to define  function composition.  For instance:

(decl  (f g h) (type: lground+groundl))

(decl  map (type: I @f Ma@@a+truthval  I > >
(define map IVg a b.map(g,a,b)z(Vxv.xvCa3g(xv)Eb)))
(label  mapdef)

(decl  compmap (type: I@g@@g-+@gl)(infixname:  @@)
(bindingpower:  960))

(define compmap IVf g.f@@g=(Xxv.f(g(xv)))l)
(label  compmapdef  )

The fact, that. a set a I~as finite cardinalitv n can be expressed  as

Va n.fincard(a,n)Eaf  .bijection(f  ,segm(n)  ,a)

( where  segm (n) denotes  N,, ).
The inverse image of au elelllent  y under  a function  g is

VG A YV.INVIM(G,YV)= XXV.G(XV)=YV

VG N.ONTOMAP(G,SEGM(N),SEGM(N))~INJMAP(G,SEGM(N),SEGM(N))

6 ,A \\.a~  t,o do this  is to define  a. recursive  functioua.1 card t,ha.t counts  the intersect  iou of’ a it
a with t Ile set N,:

(define card  IVa n.card(a,O)=OA
card(a,n’)=if  a(n) then card(a,n)' else card(a,n>l

inductive-definition)

'L‘lle next step is to prove  the ;~tl;~logues  for card of the properties of' mult. The Pigeon  llole
principle  110\v  takes  the fornl



VSETSEQ N.DISJOINT(SETSEQ,N>1
((vM.M<NWCARD(SETSEQ(M),N))~
(VM.McND1=CARD(SETSEQ(M),N)))

Let setseq(m)  be invim(g,m): by the properties  of the inverse  image a.nd of surject,ive  maps
we obtain

VG N.ONTOMAP(G,SEGM(N),SEGM(N))1
(vM.M<NI~=cARD(INvIM(G,M),N))

An argument by contradiction,  counting  caxdinalities,  gives Ontorncrp I1l.jmcc.y.
iii) Reduce  the problem  for arbitrary finite  sets to the problem  for sets of numbers.  Pr’axnely.

show t$hat given  an onto function g : A4 - B  a.nd suitable hijections  .fii : N,, - A, f~ : B  - N,,,
there  is a, (finite)  onto function f : N, -+ N,, such  tl1a.t the diagram

commutes. f is a.11  onto function over N,, hence O~for~crl~  I~~.jr)?al~  applies.  This involves  some
ahst.ract# prbperties  of maps  between  sets.  C’onclude:

VG A B N.FINCARD(A,N)hFINCARD(B,N)hONTOMAP(G,A,B)~INJMAP(G,A,B)

From this  general  a.pplication  of the Pigeon  IIole principle  one can derive  the correspondins
*statements  using various  representa.tions  of finite  functions. In the representa#t  ion by associa.tion
lists  one ca.n show

1. VALIST.PERMlJTP(ALIST)1
ONTOMAP(~X.APPALIST(X,ALIST),MKLSET(DOM(ALIST)),MKLSET(RANGE(ALIST)))

2. vALIST.PERMvTP(ALIST)~FINCARD(MKLSET(DOM(ALIST)),LENGTH  (DOMCALIST)))

3. VALIST.PERMUTP(ALIST)1
BIJECTION(~X.APPALIST(X,ALIST),MKLSET(DOM(ALIST)),MKLSET(DOM(ALIST)))

and derive the familiar  result  Permutp I?ajectp

VALIST.PERMuTP(ALIST)1INJECTP(ALIST)

by using 1,2,3  a.nd some  fact about appalist. For instance,  the folloiving fact may be useful:

VALIST N.~NIQuENESS(D~M(ALIST))AN<LENGTH  (DoM(ALIST))I
APPALIST(NTH(DOM(ALIST),N),ALIST)=NTH(RANGE(ALIST),N)

Clearly  the above alternative  route to prove  Permutp Ij7jeclp  is elegant  a.nd a.ttra.ctive.  siiw
tlte general  facts inay be applied  in other contexts.



iz,)  In the sa.me vein,  one could  wa.nt to do the entire project at a more abstract  level. Na1nt4y.
one ca,n use EKL to check tha,t bijections  over c/n?/  (not  necessarily  finite)  set,  with coinpositiotl  of
functions, form a, group.  Facts  a.bout composition  a.nd the identity funct~ions  are easy. a,nd ollc 111a.~
use the Axiom of Choice  to show thak every bijection  lms a right inverse, a.nd some categorical
properties  of mappings  of sets to conclude  that the right  inverse is a two sided inverse.

The Asiom  of Choice. i.e. t,he statement

is built  in EKL:  whenever  we lmve obtained the line

;(VX.3Y.A(X,Y))

we can ask EKL to define a suit.a.ble  function  fv

(define  fv IVx.A(x,f(x))  1 * )

In the case of finite  set.s, by using iii) one can restrict  oneself  to prove that surjections  form
a. group. -41~0  the corresponding  fact? say, for t.he representation  of finite functions by association
lists,  can be obtained by proving  the following  facts:

(1)  If f is a bijection  over  a, finite set A, then there  exists  an associa.t.ion  list. alistf tltat
represents  f. i.e. such t.hat for all elements  .r of A,

*f(z) = appalist(x,alistf).

(II) If fi and f; are functions  for which fl o fi is defined, and alist 1, alist represent  S1.
f2 3 respectively,  theu composition  of functions  is represented  by ‘conlposit,ion’ of association  lists.
i.e.

(fz ofi) = appalist(alist1  a, alist2,x).

This  approach  is certainly very efficient a.nd elegant. Here,  hoivever,  we see that there  ma,v  be
a price  to be paid  for efficiency:  by Bseneral  considerations  we onlv show the e.ri.~ter,ce  of an inverse.
function. We do not obt,ain  the verifica.tion  that a part,icular  LISP program  represents  the inverse
permut,ation.  In logical terms, \ve verify tha.t our LISP structures  satisfy the asioms  of groups  using
t lie axioms

vxyz.2:  0 (y 0 z) = (x 0 y) 0 z,

3skcly..c 0 2 = 2 0 2: = :L’ A n: 0 y = y 0 :c = s,

ra t her t hi t lie universal  axioms

V’z.n: 0 f = e 0 n: = x,

v2x 0 2’ - 1 = p-1 0 :c = e.

If t.he purpose  of t.lie project  is inecha.nica.1  verifica.tion  of correctness  of progra.nls,  the verification
of a given  program  representing  inversion  of permutations  has to b(\ done separatly.

Dcspitcl  0111’ emphasis  on the use of ahtract ma.theinattical tool.s. the approach  to verification
of properties  of progranls  that has ken folloived in this pa,pcr  col~ltl  be described  as the approach



.
‘from below’: given simple  LISP programs  performing  some ma.thematical  construct ions. pro~*c
bdirect,ly’ the properties  of programs  tha,t correspond  to the mat.hematica.1 facts in question.

The  efFiciency  obtained by \vorking  with a,bstract  notions  suggests  a different al~proach  to nit-
chanical  program  vcrificat  ion: working ‘from abolre’, we may formally  prove  facts Ic’it 11  a masiiuliin
of generally  and abstractSion;  only at the end we apply  the result  to the concrete  progran~..  0

Iii conclusion.  olir experiment  shows that, even when  (i) our mathematical  objects have siiiiple
recursive  definitions.  (ii) the proofs require  no sophisticated  methods and (iii) the licrl  ristics  it self
a.ppea.rs nieclia.nizable  for some  part  of the proofs,  it is still convenient  to organize  the sul)jc\ct
through abstract  lerumata. rather  than to use direct  proofs every time.

In Proof Theory procedures  of Normalization  play an essential  role. Roughly  speaking,  \vlrcn
logical consta.nts  and n~at1~en~a.tica.1  entities  ca,n be appropriately defined accortling  to the pat tern
Introduction - Elimination. it is possible  to define a. normal  form for proof’s  a.ncl  to find procedures
that transform every proof  into  one in normal  form.

In such procedrires  a sequence  of inferences that first establish  a general  lemma and then  appl!*
it to particular  conditions  is considered  a ‘detour‘. Such  sequence  must  be simplified  in favor of a
longer  but more direct  proof. From the poirjt of ~Gew of Prooi ‘Theory it is GSSF)I~~~N~ to cstcr.bli.4 t/If
po.ssibilit~J ojf Izo7’7~)clli=llti(ll). Important  properties  of mathema.tical  systems  can be established  by
these met hods.

Howeves. .~c~l.r,,cr.li=ntioll chs rjot seem to be the optirncd strategy for* proof c-lrc-cl*ir,g.  Iii fosmal-
izing relatively  large areas of kno\vledge  it seems necessa.ry to follow the opposite  strategy. naniel>
t,o search  for suitable  abstract  Lemnmta  applicable  to different sit.ua.tions.

ITsing Il;reisel’s  \vords:

*The particular  strategy  of orgaking  an area  of knoivledge.  which serves us here as
a model.  is the style of Rourba.ki:  one looks for a feu? definitions  and key theorcrns  that
lead to easy solutions  of ~~/~ly problems.  (No one proof  in l3ourbal;i  is long).’
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8. APPENDIX.

8.1. A Summary of Natural  Deduction.

The aim of the following  notes  is to remind  the reader  of the basic  featllres  of C~eutzcn’s
system  of Natural  Deduction  not only because  of its hist,orical  importance  in the design  of EKL and
of rela.ted systems  (e.g.  FOL), but also since some  familiarity with  Natural  Deduction  n1a.v be useful
in constructing EKL proofs. The rea,der a,lrea.dv fami1ia.r with  the subject mav want  to skip this
section.

A iVatzr.ral  Deduction Syste171  is a formal  system  that allows one t.o derive a formula.  as consc~-
quence  of a list of formulas,  the cls.s;7~7nptions, a,nd to eliminate formulas  from a given  assumption
list. One of the deduction  rule in a Natural  Deduction  system, given a deriva.tion  of B from a set
of assumptions  of the form A, allows one to construct a, derivation  of A > B, where (some of) the
assumpt,ions  A ha,ve  been discharged (see the 5> - Introduction  rule below).

Bv contrast  a HiZl>ert  style miornutic system a.llo\vs  one only t,o derive logical  consequences  of
certain  formulas,  regarded  as axioms. We need  a rnetntheorem to prove  that in certain conditions
if B is provable  from a set of axioms S together wit 1~ the axiom .A then there is a. proof of .+I 3 n
from S only (Dedzlctior-r  Theorem).

The most  successful system of Na.tural  Deduction  \va.s defined by Gent,zen  a.nd later improved
bv Pra.witz  [l!Jrjri,  19711.  In the Prawitz formulation, we a,re given  a, language  with  a, symbol  I
for falsity  and the usual  connectives  and quarrtifiers  A, V ,  1, V and 3. Nega.tion  is defined:  l.-1 is
-A 11.  >Ioreover  \ve use two disjoint  sets of symbols  for free and bound variables.  A system  of
Na.t,ural  Deduction  is specified  bv rrl1e.s;  of 1’~~J;?r~e12c~  and nrl~.r;  of cleductiou.

A deriva,tion  is a finite tree of formulas  (with  ‘leaves’ at the top). ivhere

(i) the top formula,s (‘leaves’)  are the a.ssumptions.

(ii) the bot.tom formula is the conclusion.

(iii) everyv  formula  not act the top is derived by a rule of inference  from
immediately  above  it and

the subderivat  ioir

(iv) a. deduction rule associates  t.0 each  occurrence  of a formula  a set of o/)ci). c1..S;8111721jti017.s’.  i.e.

the set of assumptions,  which  the formula in question  C~C~JCI?C~S  on.
Often in the literature  the detlllction  rules  are not esplicitely specified,  but the reader  can

easily fill in the details.  (Actually.  dealing  with finite trees, an effective specification  is al\vaxs
possible.)  .4 useful convention  is to divide a.ssumptions  of the same form into  cls.sumptio/~  cIu.s.~(  8,
to mark with the same label an assumption class and the inference by which  the assumpt.iou  class
is discha.rged.

,4 rule of inference has the form: If n, ,,.., n,, clre derimtiorw of Cl,,.. Cllb,  respectively. thcr,

I-I 1 n 71

c’l . . . G



is CI.  derivation of c’. under  certa,in conditions  on the form of the C’i’s and n,‘s.  The  forluulas  ( ‘(
are called the premises and c’ the co~~r/~r.sio~~  of the inherence.

Thus  the set of rules  of inference. together \vith the cla.use

Ewry formulcl  is n derimtiou  of itself.
gives a,n inductive  defiiiit.ion of dcriva~tions.

The reader  will recognize  the usual  rules  of introduction  and elimination  of the logical COII
nectives  a.nd quantifiers  in t,he figures below. More specifically.  iii ea.ch of the figures Mo\v. if’
the synlbol(  s) above  the line denote  derivation(s)  of the indicated  forrnula(  s), then the tlisplayotl
symbols  denote  a derivation  of the formula below the line.

A-Introduction A-Elimination

l-I 1 n,9 rI n

A B .-I A B a-1 A B

.-I A B .-I B

I-Introduction I-Elimination

n rl 1 n 2

B

A 1 B

V-Introduction

.-I 1 B A

B

V-Elimination

L rI

.-I

n
B

:I v 11 .-I v B



V-Introduction V-Elimination

l-I 0 l-I

A( a) Q.r . A ( .r )

v.r . -4 ( .L' ) .-l(t)

where  no open assumpt,ion  of no contains  the free variable  cl. t is ally inrIivitll1al  tertlr.

TIntroduction SElimination

[-4Wl

IT n 1 I-l 2

-w 3.r . .4 ( 2’ ) c

3.r..4(  x) C’

\vherc  the free varia.ble  cl does not occur in C. in &.A( x), or in any open  assiirnpt  ion of fl) tlifferent-
- from ;4(  0). t is any individual  term.

Iii my elimination  rule the Jim! premise.  containing  tile symbol  to be ‘eliminated’.  is called
t he rlici.jor  111-f  mtk. The  other preinise(  s) (if any) axe called nsirmr  prf /wisf (.q).

‘~IIP  follo\ving rrlles for negation  are needed  to formalize Intuitiouistic Logic  a.ud Classic  Logic.

II (Intii~!  ionistic)

l-I
I

-4

1~. (Classic)

[ 1 .- 11

n
I

-4

lincler  most rules  of deduction  the open  assumptions  associated  ivit 11 t.llc\  conclusion  of a11
inference are the union of the sets of open a.ssuniptions  associated  ivit.11  the premises.  \vit II t IL(>
follo\ving esceptions:

11 a rgec
i) in 1 - Introduction.  t.he assurnpt,ion  class [.4]  is discl~arged;

ii) in V - Elinlinat,ion.  the assumption  classes [.A] of JJ,  and [R] of fl:, are disc

iii) in 3 - Elimination.  the assumption  class [.-I( o)] of n, is discharged:

iv) iI1 the (.‘lassicaI  RIII~ of Yyqation.  the assunlption  class [l-4]  is dischargctl.

I:



1.54 ,ABOUT  PERMUTATIONS IN L ISP  AND  13IiL

Deduction  rules  can be specified  by writing  the set, of open a.ssumptious  (followed  by sonic
symbol.  e.g.*t-‘) before each  formula occurrence  in the deriva.tion. Thus,  using  Greek  letters  for sets
of assumpt.ions,  we can write  the rules  for disjunction as

V-Introduction V-Elimination

I3 n r-I 1 n2 n3

IV-A IV-B II-AvB a, u {‘4} I- c &u{B}W

I? I- .-I v B rt-AVB nu,uA,t-c

Warning. A formulation of Natural  Deduction  along these  lines would  be only a typographical
variant of the above  system and n o t  a form of Calculus  of Sequents,  a. related  but  concel~tucrlly
diaferer2t  logical  calculus.

The restrictions on free variables  for V-Introduction  and 3Elimina.tion  establish  a, relation
bct\veen  free variables  a.nd rules.  When performing  transformations  on proof it is convenient  to
ha.ve a. different  free varia.ble for each  application  of such a rule.  This ca,n be ha.ndled by introducing
a specia.1 list of variables,  called  eiyenunrinbles  or pura1neter.s to be used i u a.ssocia.tion  with V-
Ilitroduction  a.nd 3-Elimination.

One ca.n prove  that every deriva.tion  can be transformed into  a.n equivalent  one in which t.he
eigenva.ria.ble  a.ssociated  with  a V-I or 3-E a.pplication  occurs only in the ancestors  of the conclusion
of such rule.  (Lenzmcr 011 pcl.mmeter.5,  Prawtz [1965], p. 29).

.A formal system tha,t distinguishes  between  variables  and parameters  may be sometimes  c1111i-
bersome.  although the main idea is simple.  In the top level la.ngua.ge  of EKL the distiuctiou is not
required  (see  rules  about dependencies  below)..

The  system M, containing only the rules  for A, V. 1, V a.nd 3. formalizes  ,~4inin2trl Logic. The
system I, given  by M plus the Intuitionistic  Nega.tion  Rule 11, is (Heytiny)  Irltzlit.ior,i.stic Logir.
The system  C, given  by M plus the Classical  Negation  Rule. is full C’~cr.s.~icc~l Logic. LVe iv-rite  I l-1 .4
(P l-c .4)  to indica.te  tha,t A is derivable  from the formulas  in I’ in the system  for Intuitiouist  ic
(Classical)  Logic.

Example 1.

(1) (3
A B

(.3) - V - I (9 - V - I
3-4 v B) .4 v B +I v B) AvB

3-E 3-E
I I

3-L (1) 3-T. (2)
1A 18

A-I
1.4 A TB



(Here ‘T>-I’.‘I-E’ stand  for ‘I-Introductiou’;~-Elimina,tion’, etc. \Vith the above  specificatiou  of‘
the deduction rules.  we ol,tain a. derivation  l( -4 V B) l-1 1.4 A 1B.

Example 2.

(1) (‘2)
1.4 A

3-E

J-I (3)
B B

C-1) x-1, (2) 3-I
1-4~ B -4 I B AIB

V-E, (0, (9
A3B

This  is a derivation 1.4 V  B  l-1 A 1 B .  Notice  that we can infer  A 1 B  from B  e v e n  if the
assumption class [A] is empty-i.e. .-I is not an open assumption, which B depends  on.

Example 321)

(3
3yv.1: .A( .c. y )

(1)
Vz.A(  2, b)

V-E
A(n, b)

3-I
3/4% Y)

V-I
Vdy.A(x. y)

3-C (1)
v+.qz, y)

Here \ve assulne  trhat  3yVx..4(  x, y) does not contain  n, b.

Example 3.b) L1’ha.t restrictions  must  C satisfy in order  for the follolving to be a correct,
deriva.tion:’

(1)
V’z.A(  x, b)

(3 V-E
c A(u, b)

A- I
C A A@, b)

A-E
Ata, b)

3-I
3y.A(  CL, y )

(9 V-I
3tJV.c.A(.x, y) Vn+J.A(a,  y)

3-G (1)
vm3g..-I( x. y)



Example 4. (;) The rl11e  1~. is derivable  in the system  I plus  the axiom .-1 v 1.L.

( i i )  t-c :I v 1.-l. It is easy to see that in the proof  we must assu~ne  7(.-I V 7.4).

It will not. I)e difficult to convince  the reader  that the derivation  iI1  lhample 3(a)  is *I)cttcr
tha11  that. iI\ Example  3( I,). Not onl,v Example  3(a)  is shorter. but a,lso the t\vo successive  steps  of
Tutrotluction  and Elitnina,tion  of A in Example  3( 1))  do not give us any interesting  infornlation:  t hc
forlllula. c’ is silllply irrelevant  for the derivability  of the conclusion from the premises.

This  simple  remark  can be estended  to other rules  and gives the nmin idea of Normalization
Thoren1, one of the most interesting result  of Proof Theory.

The occurrence  of a formula in a derivat.ion  is called mnzir& if it is at, the same time the
conclusion  oC au Int reduction and the major premise  of an Elhhtion  rule ( necessa.rily. of the
sanle  logica,  symbol).  X nlasilua.1  forlnula can be removed by a rwlzrctiorz. a t ra.nsforma.tion  of the
given deriva,t.ion  that consists  essentially  of removing  the two steps.  Introduction and Elhinat  ion.
Here \ve give the list of reductions.

A-Reduction

rI 1 rI 2

.A 1 -4:
A - I

A-t1 A .A2
A - E

PI- 1

\vllcre i = I or 2. is reduced  to

n i

[ 4.1- 1

rI 3



sI~:(“I‘Ios s

I>-Reduction

is reduced to

l-l 1

I-I 3

V-Reduction

n0 (1) (‘L)

[-I 1 11, L--L,2 1
A

V,I n I IT 2

Al v -42 (’ C’
V - E .  (1). (2)

-I
[ 3c
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rI 0

PI- i

III i

The following derivation assume  that n, ((1)  satisfies  the restric
contains  n only at some axestors  of A(U).  (One can show tha,t an!
into  an equivalent  deriva.tion  satisfying the la.st  condition.)  Then

V-Reduction

@I
V-I

V’z.rl(  .r)
V-E

[WI

is reduced  to

II1 W

[.-I( t )I

rI-,)
where  n,(t) is the result of replacing  everywhere  t for (1 in &(a).

tion for the V-Introduct  i
derivation  ca.n he t rans



The following  derivations  assume that I, sa.tisfies  the rest,riction  for the 3l<lill~ilrat ion arrtl
cont.a.ins (I only a.t some  descenda.nts  of A(n).

I-Reduction

id(t) l-I~~4
3-I

3Lqx) c
3-E.  (I)

[Cl

rI 3

is reduced to

rI 1

n 3

where  n, ( t ) is the result  of replacing  everywhere  t for n in n, (0 ).

Example 5. The  following  derivation  formalizes  a, cornlnou  procedure:  first 1)r-o~~  a gcn~ral

lenma (V.r.(il(  x) 1 B(ab))) and tllen apply  it to particu1a.r  ca.ses.

&I
3-L ( 1)

A(Q) I B(n)
V-I

b’~(A(x)  1 B(x)) r-l-.)
V-E

4.t) 1 B(t) -NO
3-E

B(t)



1 W b\BOI’T m.\II~‘1’.\‘L‘10N~  1~ bill .W ]xr,

.
.A derivation  is said to be ~mrwwl  if it does not contail\  Inasinml  formulas.

Normalization  Theorem. Every derivation  ill the system  for Illt uitionistic  Logic (*a~  Iw
transformed into one in normal  form.

The reader  may have noticed  that the nornml  deriva,tions  in Esamples  1, 2 anti :3(a)  are. iI1
sonle sense.  ‘among the best  possible’, but with a difference:  the derivation  in Example  1 is. in SOI~~P
sense. ‘unique’. whereas the others  are not. Illdeed in Esa.mple  2 \ve could  permute the the 1-I
applications  and the V-E and st.ill obtain a normal  deriva.tion. Similarly in Esarnplc  3(a)  \ve could
permute the V - I  am1 the 3-E. Of course  these  remarks  could  be made  precise.  but our examples
suggest  that uniqueness  of the nornia.1  form Inay fail in a nont,rivia.l  sense.

;L’orma.l  derivations  ha.ve  a very interesting structure.  Their  analysis  requires  some technical
notions.  Let n be a derivation. .A ycfth in n is a sequence  .4 1 ,....Arl of formula  occurrences  iI1 n
such t,hat’:

1) =I1  is a. top formula.  that, is not discharged  by V-Elimination  or 3-Elimination:

2) A,, is either  the endformula  of n or the minor  premise  of an I-Elinlina.tion; .-Li,  for i < I).
is not the nlinor  premise  of I-Elinlinat,ion:

3) for i < 11.  one of the following  cam applies:

(i) -4,  is a premise  of all Introduction.  of a ?;egatioll  rule,  of a A-Elinlina.tion.  V-elimination.
or the majqr prelniw  of x-Elilnination,  and -.li+l is the conclusion of that inference:

(ii) A, is a. nAnor  premise  of an V-Elirninatiou  or of an I-Elinlinakion  and =-li+l is the conclusion
of that inference:

(iii) -4(  is the major premises  of an V-FXniinatiou  of of im 3-Elimination  and =1;+1  is i111
assumption  discharged  by that inference.

.
Example  6. In the derivation  of Esample  1
- (.4. .4 v B) is a. path.  (i.e. the formula. occurrence  labeled ( 1) and the one immediately  l~clow

it):
- (7(.4V B).Ll .4,1.4 A 1Bj is a path (startin g with the leftmost  occurretlcc  of 7( ..I V U)

labeled (3) ).
_ 111 the derivation  of Esanlple  2

- the occurrence  of -4 labeled (2) is a path:
- (l( .-I v B). 7.4, I, B. A I B, -4 II B) is a path (st,ar’ting  with the formula.  occurrence  lalwlcd

( 4) and continuing  \vith the one labeled ( 1) ).
e
III a. path there  may be consecutive  occumwces of the same formula.  e.g. t.he minor prcllliw

a11tl  the conclusion  of an 3-Elirnina.tion. .A .w~17m~f  cr in a pa?.t  Ii of n is a sequence  ( ..\I , . . . . .-I a) of
0cc111~renccs of (the hame)  formula,  such that either  1 = k or. if Ii > 1, the following  conditions  are
sat islied:

i) for i = 2, . . . . 1;. --Ii is the\ co11sequeuc.e  of an V-Elimiua.t,ion  or of 3Elinlination. and .41  is uot
such a conseqiieucc:

ii) f’or i = 1. . . . . Xm  - I. -4,  is t,he nliuor  premise  of ai1  V-Eliininatioil  or of an 313liininat,ioll  an(l
.4k is uot sucli  a prcillise.



Example 7. Every for~nula occurrence  in Esample  1 is a segment. In Esanqh  2. t Ire sc\(]II(‘l1cc‘

(.-I 1 B. A 1 0) consisting of a lninor premise and the conclusion of’ the final V-Elilllillat  iorl is ;I
scgmeut:  the sequence  (A 1 Z3) containing  t.he endformula  of Esample  2 is not a segment.

As a corollary  of this aimlysis,  one proves

Subformula  Property.  Every formula occurring  in a nornml  derivation  of .-1 from lY in t hc
system  of Na,tural  Deductioii  for htuitionistic Logic  is a. subforiiiula  either of .-I or of a. forillula  in
r.

-The  a.bove result  is fuutlatuental in Proof  Theory.  For our purpose  it is essential  to riotice tllat
if r I-1 -4. thcrj. in the .smrrh for (I norn~~~l dericcctiorl we r2eed to corssidcr orrly subjY~rI,,rrlu.~  of’ ,.1
crnrl  of’ the forrnzrlas ir, I’: nloreowr  the nboue  Theorem gives dirwtiorls  to build  such (I prooj*.  ;\
normal  deduction  is in pract.ice  the best  choice for a. short  proof. tve may fintl it convcuicirt  t o
break  a long derivation  into lenmata.  pither  for the sake of reada.bility  or iu order  to highliglrl  soiue
import  ant step in the arguinent.

By contrast.  Example  4 (ii) sho\vs tlmt the Subfornlula  Property fails for full Classical  Logic.
Indeed  we do uot ha.ye a Nornmlizatiou  for full C’hssical  Logic. In order  to overcolue  the cliiliculty,
Gentzen  introduced  the Calculus  of Sequents  am1 Pmwitz  [ 1%?5,19ii]  proves  Normalization  Ii>r t 1~
formulation  of Classical  Logic \vithout  V ancl 3. However  we \vill use the full system  for C’lassical
Logic, and not t,he Calculus  of SequelIts,  so these  result)s,  despite  their  theoretical relevance.  a1.e
beyond our in\rnedia.te  concern.  For practical  purpose,  the reader  may lmve uot,iced that u*hc I) (II~.
trrgurnent by corltrwdiction is rleeded, there nmy be difiererlt ~W(IIJS to obtain one. .-I ~~ootl c’1~rjic.e  vf
the formuln to be corltruclicted  is nn essential step to obtnir, CI r~eatlable  proof trrjtl is not girt 1) b.11 II

Remark. Proofs by induction do not fit well in the pattern  Introd~ictioll-~li[llitlat  ic)u  of
Natural Deduction:  one nla.y define \vhat it means for the conclusion  of a.n 111duction Rule>  to Ix
masimal a.nd prove  a Normaliza,tion  Theorem  for for first, order  the Natural Detlllction  syht c111  o f

I’eano  .4ritliinetic.  (see  Troelstra  [1X3]).  Tlle significance  of the result,  however,  is retluccd  I,- t Ikt\
fact. t,hat in such system  the Subformula  Property does not hold.  For higher order  logic l’ra\vitz
proved  Sornlalization  Theorem  (Pmwitz  [ LWS]  ). Aga.in.  the Subformula.  Property  does Ilot 11old.
In practice, if ive apply  soiue asioiti  of indiictioil  (or of a corresponding  rule)  in the contest  of
higher order  logic  and recursive  functionals  of higher types. t lie simple  form of 1~oima1  tlctliict ions
given bv the Norii1a1.lizat  ioil Tlicorcwl  for first order  logic  is necessarily  lost.

;\s we shall  sec. \v(\ wo111d  like to let tlie computer  do tlte logical  steps  of olir prool’s. .I’0  a
wrt.a.in  extent.  \ve siicc~vleO  in rcplaciiig  logical steps  hy wwritiug. llo\vevei*, a wrtain l’nnlili:~i*it~~
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.
wFith Na,tural  Deduction  is importa,nt  for the user  of EKL. It suggests  a safe proc~~lurt~.  t Ilorlgll a
lengthy one, to espa.nd  proofs. It ma,y help us to understand  w1,a.t additional infornla?tiolr is ~l&lctl
for t,he re\vrit,ing  process  to succeed.

8.2. Organization  of the Files.

In practice,  proofs  are printed in electronically  created  files, that ~a.11  be reached either directl!
by the user or a.utoma,tically  by EKL through the command

(get-proofs  proofname).

Our proofs are distributed  in the files described  below.
NORMAL contains  rewriters  to normalize  formulas.
NATNUM gives basic  fa.cts of arithmetic,  i.e. addition: multiplica.tion  a,ntl  ordering.
MINUS introduces  more elementary axithmetic,  including  subtraction.
LISPAX contains  the axioms of LISP.
ALLP a.llows  to use the recursive  predicate  allp to replace bound  qua.nt.iliers.
SET contains  some  notions  of set theory.
LENGTH contains  the definition  of length and facts about,  it.
NTH contains  the definitions  of nth, nthcdr,  f stposition  and facts  a.bollt,  them.
APPL contains  the main definitions  of application  and permutation.  in tile t\vo different repre-

sentations:(  I) using associa.tion  lists. and (II) using  lists of numbers
‘SUMS contains  the notions  of finite union, finite sums  a.nd bound  qua.ntifiers  allnum  a11d

somenum.
MULT contains  t.he definition  of of the function  multiplicity.
PIGEON presents  the proof  of the pigeon-hole  principle.
ALPIG cont.a.ins the a.pplication  of the pigeon  hole to functions  represented  by associa.tion  lists..
ALPIG contains  an application  of the pigeon  hole to functions  represented  by list,s  of numbers.
ASSOC contains  the definition  of the operations of composition.  identity and inversion  of func-

tions,  represented  as association  lists  (representation  (I)) and proofs of all tllc facts a,bout  permu-
ta,tions.

PERMP contains  the definitions  of the operation of composit,ion?  identity and inversion  of func-
tions.  using l~~~lPctc.tes in representation  (II) and all the facts about permut,a.tions.

PERMF contains  t,he definitions  of composition,  identity and inversion  of functions, using f~rrr-
tior~  in representation  (II) and the corresponding  proofs.

The dependency  of the files is as follows
L



minus

pig
allp

$set

laPPlj
I

&Imult

+
pigeon1

The reason  for this  organiza.tiou  of the files is to sa.ve memory  wheu running  the proofs.  k’or
the same reason  we state our theorems  a.s a.sionis, we “save” them for *‘quick-reference”  to EKL ;111d
theu we prove  them.

One should  not consider  these  details  as merely ‘administrative ma.tter‘.  Quick xcess  to st orctl
information is very important  in pra,ctice and the a.mount  of memory  involved  even in easy proofs
is cousiderable.  Moreover,  just as humal.ns do not look art all the details  when rea.ding a proof  (but
are supposedly  a,ble  to reconstruct.  them, if asked),  so a. computer  program  checking  a. proof  shoultl
remember  the relevant  facts, not necessarily  their proofs.

In the test most  of the results  are given  with their  proofs.  Some fa.cts of prelinlinary  character
are only quoted;  their proofs can be found in this Appendix.

A

8.3. file NORMAL.

;propositional  schemata, used by the rewriter to normalize expressions
(wipe-out)
(proof normal)

1. (axiom IVp q r.((pvq)Ar)r((pAr)V(qhr))l)
(label normal)

2. (axiom IVp q r.(rA(pVq>>~((rAp>V(rAq))l)
(label normal)
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3. ( a x i o m  IVp q  r.(rA(pVq)>z((pAr)V(qAr))i)
(label normal)

4.

5.

(axiom Ivp q r.(pvq1r)=(p1r)A(qlr)i)
( label normal)

(axiom IVp q.(~(pVq>>~((lp>A(lq>)I)
( label demorgan)

6’. (axiom IVp q. .(pAq)=lpVlql>
( l a b e l  demorganl)

7.

;It would cause combinatorial explosion,to add these to simpinf 0, or to put
;say,in conjunctive normal form. So we  call them as rear ,iters when needed.

;a  fea  tr i cks

(axiom lVp q.p’(qIp)A(lqlp)I)
( label excluded-middle)

everything,

8. (der ive  IVp q  r.(qIr)A(if  p  then q  e lse  r>Drl>
( l a b e l  trans-cond)

(save-proofs normal)

8 . 4 . file NATNUM.

J\‘e coiiect here  t he iilost eleineutary facts of aritlinietic.  oniitting their  proofs.  Our purpose  is
to have  a collect ion 01’ facts useful in vaxious contests,  rather than to give a systcinatic  trcatmvnl
of eletllentary  axithmct  ic I’IVIII Pea.no Axioms.  Our basic  inductive  principles  include Sccontl Ortlcr
Indlict ion .Asiom  and deli ni t ion of primitive  recursive  functions  a.ntl functiollals  of higher t J*pcl.

;basic facts about arithmetic and proofs by Bellin

(proof natnum)

1. (decl  lessp  ( type : lgroundeground+truthvall)  (syntype: constant)
( inf ixname:  <> (b indingpower :  920))

2. (decl  add1 ( t y p e : Iground+groundl)  (syntype: constant) (postfixname: I’ I>
(bindingpower: 975))

3. (decl  p lus  ( inf ixname:  l+l> ( type : lground*groundeground*+groundl)
(syntype : constant) (associativity: both) (bindingpower: 930))

4. (decl  t imes  ( type :  Igroundegroundeground*‘groundl)  ( syntype :  constant )
(inflxname:  I*l> (assoc iat iv i ty :  both)  (b indingpower :  935))

5. (decl (i j k n m> (sort : natnum) (type: ground)>
6. (decl (a b c set) (type: lground*truthval  I > >

;needed  axioms on order

7. (axiom lVn.~n<nl)
( labe l  i rre f lex iv i ty -o f -order )

8.

9.

(axiom IVn m k . n<mhm< k1n<kl>
( label trans 1 tivlty-0 f -order )

(axiom IVn.ln<Ol)
( label zeroleastl)

;successor  and order



10. (axiom IVn.natn
( label simpinf 0

um(n’)  I >

11. (axiom IVn.n<n’ I >
( label successor11 (label succfacts)

12. (axiom IVn m.-n<mIm<n’I)
( label successor21 (labe 1 succf acts)

13. (axiom IVn m.n’<m’mn<ml)
( label successorlessI(labe1  succ facts )

14. (axiom IVn m. (n’=m’)m(n=m) I>
( label successoreq)  ( labe l succf ac ts>

15. (axiom lVn.~n=OIO<nl>
( label zeroleast2)  (label succf acts)

16. (axiom IVn.O<n’ I>
( label zeroleas t3)Clabel  succ facts )

1 7 .  ( a x i o m  IVn.7(n’=O)l)
( label  zero-not-successor)(label  succ facts )

;def  inition of predecessor

18. (decl  pred (type: Iground+groundl)  (syntype:  c o n s t a n t ) )
1 9 .  (defax  p r e d  IVn.pred(n’>=nl>

( label  pred-def)(label  simpinfo)

-20. (axiom IVn.natnum
(label simpinf 0)

pred nl>

;addition

2 1 .  (defax  p l u s  IVn k.O+n=nhk’+n=(k+n)‘I)
( l a b e l  plusdef)(label  simpinfo)(label  plusfacts)

22. (axiom IVn m.natnum(n+m>l>
( label simpinfo)

23. (axiom lVn.n+O=n I>
( label simpinf 0) (label plusf acts)

24. (axiom IVn.l+n=n’hn+l=n’I)
( label  s impinfo)  ( label  p lusfacts )  ( label  plusdefl)

25.  (axiom It/n k.n+k’=(n+k)‘I)
( label  s impinfo)  ( label  plusfacts)

26. (axiom lVn k m.(k+m=k+n)m(m=n)l)
( l a b e l  lpluscan)  ( l a b e l  p l u s f a c t s )

27 (axiom IVn k m.(m+k=n+k)m(m=nIl >
( label rpluscan)  ( l a b e l  p l u s f a c ts>

28. (axiom IVn k.n+k=Omn=Ohk=Ol >
( label addtozero)  ( l a b e l  pl.usfacts)

;the e f f e c t  o f  t h e  f o lloning  axi om is to force
; f orm : the “sampler” terms will come fir s t

sums in basically

29. (axiom IVk n . k+n=n+k I>
( label c0mnlut add)  ( label  plusfacts)

;multiplicatlon



.

30. (defax  times ltln k.O*n=OAn~*k=(n*k)+kO
(label  timesdef)(label  s impinfo)  ( label  t imesfacts)

31.  (axiom IVn m.natnum(m*n>l>
(label simpinf o>

32. (axiom IVn.n*O=OAl*n=nAn*l=nj)
( l a b e l s impinfo)  ( label  t imesfacts)

33.  (axiom IVn k.n*k’=n*k+nl)
( label  timsucc)  ( label  t imesfacts)

34.  (axiom IVn k  m.lk=O~((k*m=k*n>n(m=n))l)
( label  ltimescan)  ( label  t imesfacts)

35. (axiom IVn k m.lk=O D( (m*k=n*k>z(m=n>
( label r t  imescan)  (label timesf acts)

1 I>

36.  (axiom IVn m.n*m=m*nl)
( label  commutmult)  ( label  t imesfacts)

37. (axiom IVn k.ln=ODn*k=Onk=O >
( label ltimestozero)  ( l a b e l timesf acts)

38.  (axiom IVn k.ln=01k*n=O%k=Ol)
( label  rtimestozero)  ( label  t imesfacts)

;distr ibutivity

39.  (axiom IVn k  m.n*(k+m)=n*k+n*ml)
( label  ldistrib)  ( label  t imesfacts)  ( label  plusfacts)

40. (axiom IVn m k.(m+k)*n=m*n+k*nl)
( label rdistrib) ( l a b e l  t i m e s f a c t s )  ( l a b e l plusf acts>

;inductive  p r i n c i p l e s

(proof induction)

1. (axiom IVa.a(O>A(Vn.a(n>3a(n’))D(Vn.a(n>>l>
( label  proof -by- induct ion)

2. (decl  n p a r s  ( t y p e :  Iground*l>>
3. (decl  ndf  ( type : Igroundegrou.nd**ground*l))
4. (decl  zcase  ( type : Iground*+groundl))

(axiom
IVndf  zcase  ndef .

(3fun.(Vnpars  n.fun(O,npars)=zcase(npars)A
fun(n’,npars)=ndef(n,fun(n,ndf(n,npars)),npars)))l)

( label  induct ive-def init ion)

; the following is a form of double induction

5. (axiom lVa2.(Vn  m.a2(0,n>Aa2(n,O>A(a2(n,m)~a2(n’,n’)))~Vn  m.a2(n,m>l>
(label proof-by-doubleinduction)

;general  def in i t ional  pr inc ip le  for  induct ive  funct ions

6. (decl  (arb a r b l  arb2)  ( t y p e :  I?arbitraryl>)
7. (decl  indfn  ( type : IgroundWarb+@arbl))
8. (decl  (def-fun)  ( t y p e :  Iground+Barbl))

;this is the primitive recursive schema for definition on ALL
;higher t y p e  functionals:
;note  the use of the variable type in declarations;



;in this way we can specialize to ANY type.

9. (axiom
IVindfn  arb.gdef-fun.Vn.def-fun(Oj=arbA

def-fun(n')=indfn(n,def_fun(n))l)
(label high-order-natnum-definition)

;nell-foundedness

10. (axiom 113desc.Vn.desc(n'
( label inf in i te -descent )

><desc(n>  I>

(save-proofs natnum)

8.4.1. More Arithmetic.

;proofs  o f  facts  o f  ar i thmetic
(wipe-out)
(get-proofs normal)
(get-proofs natnum)
(label simpinfo zero-not-successor) ;add these to simpinfo for now
(label simpinfo zeroleastl)
(label simpinfo successorless)
(label simpinfo successoreq)
(label simpinfo zeroleast3)

(proof lesseq)

;an easy consequence of the axioms in natnum

1.

2.

Cue  (a IJJn.ln=n ‘I> p r oaf-by-induction)
( label simpinfo )(labe 1 successorfacts)

(decl
(bindi

lesseq
ngpoaer

(type:
: 920))

Igroundeground +truthval I)(infixname: ISI>

3. ( d e f i n e  l e s s e q  IVm  n.(m I n>=(m=nvm<n>I>
( l a b e l  lesseqdef)

;successorlesseq

4, (tru
(labe

Vn m.n'<m'%<ml (open lesse q) )
successorlesseq) ( l a b e l  sue cessorfacts)  ( l a b e l

;trans-lesseq

simpinfo) I

c
5. (tra IVn m k.n<mAmlk3nSkI  (open lesseq) (use normal mode: always)

trans i t iv i ty -o f -order )
;VN M U.N<MAMIU~NSK
( l a b e l  trans-lesseq)  I

;less-lesseq-fact1

6. (tra IVn m k.n<mAmlk1n<kI  (open lesseq) (use normal mode: always)
trans i t iv i ty -o f -order )

;VN M K.N<MAMIK3N<R
( l a b e l  less-lesseq-fact11  I

;zeroleast

7. Cue  (a IXn.O<nl>  p r o o f - b y - i n d u c
;VN.O<N

tion (part 1 (open lesseq)))
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( l a b e l  z e r o l e a s t )  I

;oneleastsucc

8. (tru  IO’<n’I  z e r o l e a s t )
;O’SN’

9. (ra * (nuse successorlesseq))
; 1IN’
( l a b e l  o n e l e a s t s u c c )  n

;zero non less successor

1 0 .  (tra  Im=OAn’<ml)
;l(M=OAN’<M)

1 1 .  ( d e r i v e  IVn m.n’<m~~m=Ol  * 1
( label  simpinfo)(label  zero -non- less -successor ) I

;a  couple  o f  very  tr iv ia l  facts
;succ-less-less

12.  (tra  IVm n.m’<nIm<nl  t rans i t iv i ty -o f -order  successor11
( l a b e l  s u c c - l e s s - l e s s )  I

;succ-lesseq-lesseq

13.

14.

( d e r i v e  IM’=NX<NI  successorl)

(tru  IVm n.m’ln1m<nl(open  l e s s e q )
succ-less-less * (use normal mode

;VM N.M’INDM<N
: always))

( l a b e l  succ-lesseq-lesseq)  n

;lesseq l e s s e q  succ

15. (tru IVn m.nlm3nlm’I  (open lesseq) (use normal mode: always)
(successor1  trans i t iv i ty -o f -order ) )

( l a b e l  lesseq-lesseq-succ)  W

;  “m less  succ  o f  n” impl ies  “m lesseq  n”

1 6 .  Cue  (a IXn.n<O’mn<Ol) p r o o f - b y - i n d u c t i o n
(part 1 (open lesseq)))

;VN.N<l=NIO

1 7 .  Cue  ( a 2  IXn m.m<n’=-mlnl>  proof-by-doubleinduction * zeroleast)
;VN  M.M<N’%MIN
( l a b e l  less-succ-lesseq)  I

;“n less  than m” impl ies  “succ  o f  n  lesseq  m”

* 1 8 .  Cue  (a IXn.O<nmO’lnl)  p r o o f - b y - i n d u c t i o n
zero least  (part  l#l (open  lesseq)>>

;VN.O<N=lIN

19.  Cue  (a2 IXn m.n<m=n’<ml)  proo f -by-double induct ion
*  (part  1#1#2 (open  lesseq)))

;VN M.N<MzN’<M
( l a b e l  l e s s - l e s s e q s u c c )  I

; “n lesseq m” and “m lesseq n” implies “n equal m”

20.  Cue  (a2 IXn m.n<mAm<nDn=ml>  proof -by-double induct ion
(part 1 (open lesseq) (use normal mode: always)) >

;VN  M .N<MAM<NIN=M



21.

( l a b e l  leq-leq-eq)  I

;trichotomy
(ru zeroleast (open lesseq))

22.  Cue  (a2 Ixn m.m<nVm=nVn<ml)  proo f -by-double induct ion
(use normal mode: always) * 1

;VN M.M<NvM=NvN<M
( l a b e l  trichotomy)  I

8.4.2. Subtraction.

;minus
(proof minus)

1. (decl  minus (type: Igroundeground*groundl)(infixname:  I-I>
(bindingpower:  940))

2. (define minus IVm
( l a b e l  minusdef)

n.m-O=mAm-(n'>=pred(m-n)l  inductive-definition)

;minus s o r t

;the following proof works because pred is a total function

3. Cue  (a IXn.Vk.natnum(k-n)l)  p r o o f - b y - i n d u c t i o n
(part 1 (open minus>>>

;VN K.NATNUM(K-N)
( label  simpinfo)  ( label  minus-sort) I

;minusfact3

4. Cue (a IXn.n<m'Ipred(m'-n)=m-nl)  p r o o f - b y - i n d u c t i o n
(part 1 (open minus pred))  succ-less-less)

;VN.N<M’3PRED(M’-N)=M-N

5. (ue (a2 IXn m.n<mDO<m-nl)  proof-by-doubleinduction (open minus)
(use * mode: always)  succ- less- less)

;VN M.N<MIO<M-N
( l a b e l  m i n u s f a c t  I

;minusfact5

6. Cue  (a IXn.O<n3pred(n)'=nl)  p r o o f - b y - i n d u c t i o n )
;VN.O<NIPRED(N)'=N
( l a b e l  minusfact5) I

;successor  minus

7. Cue  (a IXn.n<m'Im '-n=(m-n)'  I> proof-by-induction
(use  -2  -3  successor1  succ - less - less  mode :  exact )
(use * ue: ((n.Im-nl>>  > (part 1 (open minus pred)))

;VN.N<M'IM'-N=(M-N)'

8. (derl v e  IVn m.nImIm'-n=(m-n)'l  (* less-succ-lesseq))
(labe 1 successor-minus) n

;pred-cancellation

9. (tru IVn m.n<mIpred(m '-n)=m-nl  successor-minus)
;VN M.NIMIPRED(M'-N)=M-N
( l a b e l  pred-cancellation)  (label  minusfact7) I

1 (j!)



IT0 F\BOUT  PERWTXTIONS  I N  LISP A N D  EXT,

;minusfactlO
1 0 .  (tru IVn m.n<mI(m-n')'=m-nl  ( u s e  m i n u s f a c t  u e :  ((n.lm-nl>>  >

minusfact (open minus))
;VN H.NGU(M-N')'=H-N
( l a b e l  minusfactl0) I

;minusfactll

li. (ra successor-minus (open lesseq) (use normal mode: always))

1 2 .  ( d e r i v e  IVn m.n<mIm'-n=(m-n)'l  *  >

1 3 .  Cue (a lAn.O<nIpred(n)<nl)
;VN. O<NIPRED(N)<N

proof-by- induction successor11

14.  Cue (a2 IXn m.m<nh-(m'><nl>  proof ,by-double induct ion
(part 1 (use * -2 minusdef mode: always))
( t rans i t iv i ty -o f -order  successorl))

;VN M.W<NZ)N-H'<N
( l a b e l  minusfactll) I

;n less n

15. (ra successor-minus (open lesseq)(use  normal mode: always))

1 6 .  ( d e r i v e  IVn m.n=mIm'-n=(m-n)'l  * >

17.  Cue  (a Ih.n-n=Ol)  proo f -by- induct ion
(part 1 (use * mode: alaays)(open  minus)>>

;VS.N-N=O
( l a b e l  simpinfo)  ( l a b e l  n - l e s s - n ) I

;minusl

18. Cue  ((n.n>(m.Inl>>  successor-minus (open lesseq>>

1 9 .  Cue (a lh.O<nh-(pred  n>=ll>  p r o o f - b y - i n d u c t i o n (open pred)  *4 (use successor-minus n-less-n mode: exact))
( l a b e l  minus11 I

;total  subtraction

20. Cue (a Ih.m<n3m-n=Ol)  proof-by-induction (open minus lesseq)
(use less-succ-lesseq mode: exact) (use normal mode: always))

;VN.H<NX!-N=O

2 1 .  (tru  IVn m.mlnIm-n=Ol  ( o p e n  l e s s e q )
(use normal mode: always) * n-less-n)

;VN Fl.HlNCWN=O
(label  total -subtract ion) I

;inequality  law

2 2 .  ( d e r i v e  /Vk  n.k<n'h' -k=h-k)'l  ( successor -minus  less -succ - lesseq) )

23. Cue  (a2 I;\n m.n<mDO<m-nl)  proof-by-doubleinduction (open minus)
(use * mode: alaays)(use succ-less-less))

;VN H.N<W~O<N-N

24.  Cue (a2 I;\n m.k<nAm<n-kZm+k<n))  proo f -by-double induct ion
(use * -2 mode: always))

;(VN  M.K<NAH<N-K=M+K<NIK<N'~~<N-KG~+K<N)~(VN  M.K<NAH<N-K=M+K<N)

25.  (ru * (use  less -succ - lesseq  mode :  exact )
(open lesseq)(use  normal mode: always))



;VN M . K<NAM<N-K=M+K<N
( labeli n e q u a l i t y - l a w )

SECTION  8 I71

The following  two facts are needed  in the induction  step of the proof  oft he pigeon-hole  principle.

Len2  ma. ( .4dd .bs.wq)

VN K M.NIMAISK~N'(M+K

The lower bound  of a sum is the sum of the lower bounds.  L1’e use by double  intluct.ion.
Proof.

1

;add-lesseq

(trw  IVn.O'ln'I  ( u s e  zeroleast))

2. (rn * huse successorlesseq))
;VN.l_(N'

The following  line gives one base  case, by a, subordina.te  induction: the preceding  line. with an
aut,oma.tic  substitution  of n + k for n, proves  the inductSion  step  for it.

3. Cue (a IAn.OlnAllk~lln+kl)  p r o o f - b y - i n d u c t i o n  *  >
;VN.O(NAllKJlIN+K

The other base  case reduces to a tautology, using the nest line..
4. (tra lVn.n<Oh=Ol  ( o p e n  lesseq))

;VN.NSOIN=O

The induction step  follows automatically  from the line S’1~~r.c’sso7’lf.s;.~~~(/  (proof IH~/) US)  wl~ic.11  is
ii1 “simpinfo”.

, 5. Cue  (a2 IXn m.nSmAlSkDn'lm+kl)  proo f -by-double induct ion
-2 (use * mode: aluays))

;VN H.NIMAl(K1N'(M+K
( l a b e l  add-lesseq)  n

VK N M.~LKAN'=M+KANIM~I=KAN=M

. If the sum of two variables  equals  the sum of the lower bounds,  then  t,lke values of the variables
mlist  be their lower bounds.

Proof. Again we use double  induction. One ba.se  case (i.e. ‘11. = 0) is also proved  bv dorlt>le
induction.

;add-one

1. (ue (a2 IXm k.O'IkA0'=m+k~l=kA0=m~)  proof -by-double induct ion
(part 1 (open lesseq)(use  normal mode: always>)>

;VN M.~IMA~=N+M~~=MAO=N

f[ere the other base  case (k = 0) a.nd the induction  step are trivial,  s i n c e  the antecedcut
Outcomes  false. In the other ba.se case, when  712 = 0, we first. rewrite  1 5 k as 1 < k V I = I;: i.c. \vv



i. Cue ( a 2  IAn m.lSkhn’=m+khnlm~l=khn=ml)  proof-by-doubleinduction
(part  1#1#2  (open  lesseq))
( p a r t  l#l#l ( u s e  *>>I

;VN M.l(KAN’=M+KANIMDl=KAN=M
( l a b e l  a d d - o n e )  I

8.5. file LISPAX.

L/-e define  the basic functions  of LISP and give their  propehes  a.s axioms. We ha.ve basic
principles  of induct  ion on lists and S-expressions  and primitive  recursive  definition  of LISP fund ions
and higher  order  flinctionals.

(proo f  lispax)

1.

2.

. . .
, t ,

. . .
, 9  ,

declarations: not e that
since they are at t ached

(decl c a r  (unaryname : car> ( t y p e :  Iground+ground
(bind ingponer: 950))

(decl  c d r  (unaryname : cdr)  ( t y p e :  Iground-ground
(bindingpower: 950))

t and nil are not declared -
, we don’t need to say things

I> (s

EKL knows about them
like n u l l n i l  e t c .

Ynt YPe : constant)

I > (syntype: c onstant)

.
3. (decl  atom (unaryname: atom) (type: lground+truthvall)  (syntype: constant)

(bindingpower:  750))

4. (decl nul l (unaryname
(bind ingpoa‘er:  750))

:  nul l )  ( type : Iground+truthvall)  (syntype: constant)

5. (decl  listp (unaryname: listp) (type: Iground+truthvall)  (syntype: constant)
(bindlngponer:  750))

6. (decl  a l is tp  (unaryname:  a l is tp)  ( type :  Iground+truthvall)
(syntype: constant)(bindingpoaer:  750))

7.

-8

9

(decl  s e x p  (una.ryname
(bindingpower: 750))

:  sexp)  ( t y p e : Iground+truthvall)  (syntype: constant)

(decl  (u v  a >  ( t y p e :  Igroundl)  ( s o r t :  Ilistpl))

(decl  (x y  z> ( t y p e :  Igroundl)  ( s o r t :  Isexpl))

1 0 .  (decl  (xa y a  za>  ( t y p e :  Igroundl)  ( s o r t :  latoml>>

1 1 .  (decl  ( p h i )  ( t y p e :  lground+truthvall))

12.  (decl  cons (type: I (groundeground) -(groundI)  (syntype: constant)
(infixname: I. I>(pr ef ixname: cons> (bindingpower: 850))

;;;basic  axioms and sort  info

13. (axiom
(label

IVxa.
simpi

sexp(x
nfo)



14. (axiom lVu.sexp  ul>
( label simpinfo)

15. (axiom IVx u.listp x.ul>
( label simpinfo)

16.  (axiom IVu.lnull  u  2 l i s tp  cdr  ul>
(label simpinfo)

17. (axiom lVu.lnull
( label simpinfo)

u 3 sexp car ul>

18. (axiom JVx.7at om x 3 sexp car xl>
( label simpinf 0)

19. (axiom lVx.latom  x  1 sexp  cdr  x l )
( label simpinfo)

(axiom IVx y . sexp
( label simpinfo)

x.yl>

21.  (axiom It/x y.-iatom  x.yl)
(label simpinfo) 4

2 2 .  ( a x i o m  IVx u.wtull  x.ul>
(label simpinfo)

2 3 .  ( a x i o m  IVu.null u  1 u = nilI>
(label simpinfo)

2 4 .  ( a x i o m  lVx y . c a r  (x.y> = xl>
(label simpinfo)

25. (axiom IVx y . c d r
( label simpinfo)

(x.y> = yl)

26. (axiom lcar n i l  =
( label simpinfo)

nilI>

27.  (axiom lcdr  ni l  = nill)
(label simpinfo)

28 (axiom lVu.wrull  u 1 ( c a r  u.cdr  u=u>l>
( label s impinfo )  ( label  cons-car -cdr )

29. (axiom lVx.latom x 3 (car x.cdr x=x>  I>
( label simpinfo) ( labe l  cons-car -cdr )

;;;induction

30.  (ax iom IVphi.phi (nil)A(Vx u.phi(u>1phi(x.u>)I(Vu.phi(u))l)
( label l istinduc tion)

3 1 .  (decl  p a r s  ( t y p e :  Iground*l>>
3 2 .  (decl  (df d f l  df2)  ( t y p e :  Igroundeground*+ground*l))
3 3 .  (decl  nilcase  ( t y p e :  Iground*+ground*l))
34. (axiom

IVdf  nilcase  d e f .
(Ifun.(Vpars  x u.fun(nil,pars)=nilcase(pars)A

fun(x.u,pars)=def(x,u,fun(u,df(x,pars)),pars)))l)
( label  l ist induct iondef)

35. (axiom
IVphi.(Vx.atom  x 1 phi(x))A(Vx  y.phi(x)Aphi(y)2phi(x.y))D(Vx.phi(x))l)

(label sexpinduction)



36. (axiom
IVatomcase d e f s e x p  d f l  df2.3fun.

Vpars x y z.
(atom 2 3

fun(z,pars)=atomcase(z,pars))A
(fun(x  .y,pars)=

defsexp(x,y,fun(x,dfl(x,y,pars)),fun(y,df2(x,y,pars)),pars))l)
. (label sexpinductiondef >

;a high order definition schema when above is insufficient

3 7 .  (decl  (arb  a r b l  arb2)  ( t y p e :  I?arbitraryl>>
38. (decl  bigfun  (type : lgroundegroundeOarbeQarb+@arbl))
39.  (decl  (def ined- fun atom-fun)  ( type :  Iground+Qarbl))

;this is the primitive recursive schema for definition on ALL
;higher t y p e  functionals:
;note  the use of the variable type in declarations;

;in this way we can specialize to ANY type.

40. (axiom
IVbigfun atom-fun.jdefined-fun.

Vx y.(atom  x 1
defined-fun(x)=atom-fun(

(defined-fun(x.y)=
bigfun(x,y,defined-fun(x)  ,defined-fun(y)))  I>

( label  h igh-order -def in i t ion)

;;; l ists  o f  variable  numbers  of arguments don ’ t require
. . . .r,, since we have list types now

spec ia l treatment,

4 1 .  (decl  l i s t  ( t y p e : I ground* + ground11 (syntype :  constant ) )
4 2 .  (decl  1 s t  ( t y p e : ground* I >>

4 3 .  ( a x i o m  IlistO = nil11
(label simpinf o>

I . 44.  (axiom IVlst.listp(list(lst))I)
(label simpinf o>

4 5 .  ( a x i o m  IVx lst.list(x,lst)  =  x.list(lst)l)
( label  listdef)(label simpinfo)

. . .P, # this  is  l isp’s  append. while it can be proved associative, it

. . .,, 9 is convenient in proofs of other theorems to have it declared
; ;  ; associative.

46. (decl  append (type: Igroundegrounde(ground*)+groundl)  (syntype: constant)
(assoc iat iv i ty : b o t h )  ( i n f i x n a m e :  *> (bindingpower:  840))

47. u>*v=x.(u*v>l>(def ax
( label

append IVx u v.ni
appendef)  ( l a b e l

l*v=vA(x.
simpinf 0)

48.  (axiom IVu v.listp(u*v)l)
( label  s impinfo)  ( label  l istappend)

(axiom IVu.u*nil=ul)
( label simpinf 0)

50.  (axiom IVx v.(x.nil>*v=x.vl>
(label simpinfo)

;;;map  funct ions  on l i s ts

5 1 .  (decl  (allp somep)  ( s y n t y p e :  c o n s t a n t )  ( t y p e :  I(@phi)eground+truthvall)I



c

52.  (defax al lp
IVphi  x u.allp(phi,nil)h

allp(phi,x.u)=if  phi(x)  t h e n  allp(phi,u)  e l s e  false11
( l a b e l  allpdef)

53. (defax somep
IVphi  x u.lsomep(phi,nil)h

somep(phi,x.u)=if  phi(x) then  true  e lse  somep(phi,u)  I>
( l a b e l  somepdef)

54. (defax mapcar
IVfn x u.mapcar(fn,nil)=nilAmapcar(fn,x.u)=fn(x~.mapcar~fn,u~l~

( l a b e l  mapcardef)

5 5 .  (decl  (alist)  ( t y p e :  g r o u n d )  ( s o r t :  alistp))
5 6 .  ( a x i o m  IValist.  l i s t p  alistl)

(label simpinfo)

57. (axiom IVu.alistp u m (-null  u 3
latom car uhatom car (car u)Aalistp(cdr  u>> I >

( label  a l istdef  1)

58. (axiom IVxa y alist.alis tp  ni l  A a l i s t p  (xa.y).alistl)
( label al istdef  > ( label simpinf 0 >

59.  (decl  assoc  ( type : Igroundeground -) groundi)  ( syntype :  constant ) )

60. (defax assoc
IVx xa y alist.assoc(x,nil)=nilA

assoc(x,(xa.y).alist>=(if  x=xa
then xa.y
else assoc(x,alist>)  I>

(label assocdef >

61. (axiom lVx alist.
( label simpinf 0 >

s e x p assoc(x,alist)  I >

62. (decl  member (type: lgroundeground  * truthvall)  (syntype: constant))

63.

64

(def  ax member IVx
( label memberdef >

Y u.

(decl  uniqueness  ( type :  Iground-+truthvall))

65. (defax uniqueness IVu x.uniqueness nil A
(uniqueness(x.u>%member(x,u)Auniqueness(u))~)

(label uniquenessdef)
.

66. Cue (phi  IAu.sexp car(u>l>  l ist induction)
(label simpinfo)

67. ( u e  ( p h i  IAu.listp  cdr(u>l>  l i s t i n d u c t i o n )
label simpinfo)

(save-proo fs  lispax)

8.5.1. file ALLP.

;properties  o f  a l l p
(wipe-out)
(get -proo fs  lispax)



1.

2.

3.

4.

4.

;proofs  allp

(proo f  allpprop)

(tra  IVphi  x  u.allp(phi,x.u)Dphi(x)Aallp(phi,u)l  ( o p e n  allp))
;VPHI X U.ALLP(PHI,X.U>1PHI(X)AALLP(PHI,U)
( l a b e l  allpfact)  I

( u e  ( p h i  I~u.(Vy.member(y,u)~phil(y))~allp(phil,u~l~
listinduction (open allp member) (use normal mode: always))

;VU.(VY.MEMBER(Y,U>~PHIl~Y))~ALLP(PHIl,U~
( l a b e l  allp-introduction)  I

Cue  ( p h i  IXu.member(x,u)Aallp(phil,u)~phil~x)l)  l i s t i n d u c t i o n
(part 1 (open member allp) (use normal mode: always)))

;VU.ME!!BERtX,U>AALLP(PHIl,U)~PHIl(X)
( l a b e l  allp-elimination)  I

( u e  ( p h i  IXu.Va  al.allp(a,u)A(Vx.a(x)~al(x))~al~p(al,u)~~  l i s t i n d u c t i o n
(open allp))

;VU A Al.ALLP(A,U>A(VX.AtX)~Al(X))DALLP(Al,U)
( l a b e l  allp-implication)  8

(proo f  somepprop)

Cue  ( p h i  IXu.member(y,u)Aphil(y)komep(phil,u)l)
listinduction (open somep member) (use normal mode: aluays))

;VU.HEMBER(Y,U)APHIl~Y~~SOMEP(PHIl,U)

( d e r i v e  IVu.(3y.member(y,u)Aphil(y))Dsomep(phil,u)[  *>

Cue  ( p h i  IXu.somep(phil,u)~(3x.member(x,u)Aphil(x~~l~
l ist induct ion
(part 1 (open member somep)  (use normal mode: always) (der)))

;VU.SOMEP(PHIl,U>~(3X.MEMBER(X,U)APHIl(X)~

(deri v e  IVu.somep(phil,u)~(3x.member(x,u)Aphil(x))l  (* -2))
(labe 1 somepfact) I

8.6. file SET.

;useful set theory
(wipe-out)
(get -proo fs  allp)

(proof sets)
;a11 urelements will be S-expressions
;a11 S-expressions will be urelements

1. (decl  (xv y v  zv>  ( t y p e :  Igroundl>  ( s o r t :  urelement))
2. (decl  (av bv) ( t y p e :  Iground+truthvall))

3. (axiom IVx.urelement  xl>
(label simpinfo)

4. (axiom IVxv.sexp(xv>l>
(label simpinfo)

5. (decl  eps i lon  ( type : lgroundN!av+truthvall)  ( inf ixname:  E) (b indingpower :  925))
6. ( d e f i n e  e p s i l o n  IVav xv.xveavZav(xv>l>

( l a b e l  epsilondef)



1
- -
I I

7. (axiom IVav bv.(Vxv.xvEavfxvEbv)3av=bv
( label set -extens ional i ty )

I>

8. (decl  intersect ion (type : l QavMav+@av  I >
(infixname: 0) (bindingpower: 950)  (prefixname: intersection))

9. (define intersection lVav bv.avnbv=Axv.(av(xv>Abv(xv))l)
(label interdef >

10.  (decl  union  ( type :  /@ave@av+Oavl)
(infixname: U> (bindingpower: 950)  (prefixname: union))

11. (define union lVav bv.avUbv=Xxv.(av(xv>Vbv(xv))o
( l a b e l  uniondef)

1 2 .  (decl  i n c l u s i o n  ( t y p e :  IQavWav+truthvall)
(infixname: C> (bindingpower: 920)  (prefixname: inclusion))

13. (define inclusion lVav bv.avCbv=Vxv.av(xv)Dbv(xv)l)
( l a b e l  inclusiondef)

14. (def ax emptyset lemptyset=Xxv.falsel)
15. (def ax emPtYP I Vav.emptyp(av)=Vxv.lav(xv)l)

;the set of occurrences of an S-exp

16.  (decl  mkset  ( type :  Iground+@avl))
17. (define mkset lVx.mkset(x>=(Xyv.yv=x)l)

( l a b e l  mkset-def)

;the  set of members of a list

.  18.  (decl  mklset  ( type :  Iground+!avl))
19. (define mklset lVu.mklset(u)=~x.member(x,u)l)

( l a b e l  mklsetdef)

(proo f  set facts )

;fact about mkset and mklset

1. (tra IVu.member(y,u)%kset(y)Cmklset(u)l
(open mkset mklset inclusion) (der))

;VU.MEFfBER(Y,U>~MKSET(Y)c#KLSET0J)
( l a b e l  mkset-mklset)  I

;double  inc lusion

2. (ue ((av.av>(bv.bv>> set-extensionality (open epsilon))
;(VXV.AV(XV>zBV(XV>) IAV=BV

3. ( d e r i v e  lavCbvAbvCavZ)av=bvl  (*> ( o p e n  i n c l u s i o n ) )
( l a b e l  d o u b l e - i n c l u s i o n )  I
(save-proofs set)

8.7. file LENGTH.

;facts about  lengths  o f  l i s ts
(get -proo fs  set )
(get-proofs minus)

(proof length)

2.
(decl  length  ( type :  I ground+groundl) (unaryname: length) >
(define length IVu x. (length nil=O)Al ength(x.u>=( length u> ’ I
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(use listinductiondef))
s impinfo)  ( label  lengthdef)

3. Cue (phi  lkr.natnum  length  ul> l i s t induct ion  (open length) )
;VU.NATNUM(LENGTH  U>
( l a b e l  s i m p i n f o )  I

4. Cue ( p h i  lXu.(length  u=O)mnull ul> l i s t i n d u c t i o n
(open length> (use zero-not-successor>>

;VU.LENGTH  U=O=NULL  U
( l a b e l  s i m p i n f o )  I

5. Cue (phi  IAu.length(u*v)=length  u+length VI> l i s t induct ion
(open append length))

;W.LENGTB (U*V)=LENGTH  U+LENGTH  v
(label lengthadd) (label simpinfo) I

6. (tra Ilength(x.nil)l  ( o p e n  l e n g t h ) )
;LENGTH  (X.NIL)=l
(label simpinfo) n

7. (derive Ilength(u)SnVn<length(u)l  trichotomy (open lesseq))
( l a b e l  trichotomy2)  I

8. (ue (phi I~u.member(y,u)~O<length  ul> listinduction (open member))
;VU.MEMBER(Y  ,U)Z)O<LENGTH  U
(label simpinfo)(label  have-member) I

9. Cue (phi I~u.member(y,u)~lnull  ul> listinduction (open member))
;VU.MEIIBER(Y  ,U)DlNULL  U
( l a b e l  simpinfo)(label  have-member11 I

(save-proofs length)

file NTH:  Some Appropriate Inductive  Principles.

(wipe-out)
(get-proofs length)

;noa we need to tie up natural numbers and s-expressions

(axiom IVn.sexp  nl>
( label simpinf 0)

(axiom IVn.~null(n>l>
(label simpinf o>

(proof sets)
;a11 numbers will be urelements

(axiom IVn.urelement
( label simpinf 0)

nl>

;forms  of doubleinduction

(proof  l i s t induct ion)

;a useful principle which follows from listinduction
;corresponds  to a proof by cases a rgument s

(tru IVphi.(phi(nil)AVx  u.phi(x.u))1Vu.phi(u)l  l i s t i n d u c t i o n )
;VPHI.PHI(NIL)A(VX U.PHItX.Uj>1(VU.PHI(U>)
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(label  l istcases)

I T!)

;the  next principle gives a convenient form for double induction on lists

(assume IVu v x y.phi2(nil,u)Aphi2(u,nil)A(phi2(u,v)Jphi2(x.u,y.v))1)
(label dindass)

Cue  (phi IAu .Vv .phi2(u,v)l)  listinduction
(use  d indass)  (use  l i s tcases  ue :  ((phi.IAv.phi2(x.u,v)  I)> >>

;W V.PHI2(U,V)
; d e p s :  (DINDASS)

(ci ( d i n d a s s )  * >
;WJ V X Y.PHI2(NIL,U>APHI2(U,NIL)A(PHI2(U,V)JPHI2~X.U,Y.V~~~J~~  V.PHI20J,V))
( l a b e l  d o u b l e i n d u c t i o n )  I

;the  next principle gives a form of double induction for lists and numbers

(assume /Vu n x.phi3(nil,n)Aphi3(u,O)A(phi3(u,n)Jphi3(x.u,n'))l)
( label  dindassl)

Cue ( p h i  IAu.Vn.phi3(u,n)l)  l i s t i n d u c t i o n
(use  d indass l )  (use  proof -by- induct ion  ue :  ((a.lAn.phi3(x.u,n>l>)  >>

;W N.PHI3(U,N)
; d e p s :  (DINDASSl)

(ci ( d i n d a s s l )  *  >
;(VU N X.PHI3(NIL,N>APHI3(U,O)A(PHI3(U,N)JPHI3(X.U,N')))J(~  N.PHIS(U,N))
( l a b e l  d o u b l e i n d u c t i o n l )  I

8.9. Nth.

;basic facts about nth
(proof nth)

1. (decl  n t h  (syntype:  c o n s t a n t )  ( t y p e :  Igroundeground+groundl))

2. (defax  n t h  IVx u  n.nth(nil,n)=nilAnth(u,O)=car  uh
nth(x.u,n')=nth(u,n)  I>

( l a b e l  simpinfo)  ( l a b e l  nthdef)

;prove  by do uble induction the well-definedness
;for the obv ious range

of nth

3. Cue (phi3  [Au n .sexp  nth(u,n>l>  double induct ionl  (open nth))
;W N.SEXP NTH(U,N)
( l a b e l  simpinfo)(label  sexp-nth) W

;prove  by double induction the membership of nth in the original list

4. (ue ( p h i  IXu.O<length  uJmember(nth(u,O),u)I)  l i s t i n d u c t i o n
(open length nth member))

;W.O<LENGTH  UJMEMBER(NTH(U,O),U)

Cue (phi3  I;\u n.n<length  u J  member(nth(u,n),u>l>  double induct ionl
(open length nth)  (use memberdef mode: aluays)(use  *>>

;VU N.N<LENGTH  UJMEMBER(NTH(U,N>,U)
( l a b e l  nthmember) I
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8.9.1. Member  Nt h.

;member-nth
(proof member-nth)

1. (assume I(member(y,u)J(3n.n<length  uAnth(u,n>=y>>l>
( l a b e l  m-nl)

2. (assume ly=xl)
( l a b e l  m-n21

3. (tra  lO<length(x.u)Anth(x.u,O)=yl  ( o p e n  nth)  *  >
;oammH (X.U)hNTH(X.U,O)=Y

4. ( d e r i v e  13n.n<length(x.u)Anth(x.u,n)=yl  * >
( l a b e l  m-n31

5. (assume Imember(y,u)l)

6. ( d e f i n e  n v  Invclength  uAnth(u,nv)=yl  (m-n1  *>>

7. (tru Inv'<length(x.u>Anth(x.u,nv')=yl  ( o p e n  nth)  *  >
;NV'<LENGTH  (X.U)hNTH(X.U,NV')=Y

8. ( d e r i v e  13n.n<length(x.u>Anth(x.u,n)=yl  *  >
( l a b e l  m-n41

9. (assume Imember(y,x.u)l  >
( l a b e l  m-n51

- 10.  (x-a *  (open  member) )
;Y=XvMEMBER(Y,U)

1 1 .  ( c a s e s  * m-n3  m-n41
;3N.N<LENGTH  (X U,ANTH(X.U,N)=Y

. 1 2 .  (ci m-n51
;MEMBER(Y,X.U>J(3N.N<LENGTH  U'ANTH(X.U,N)=Y)

1 3 .  (ci m-n11

1 4 .  (ue ( p h i  lXu.member(y,u)J(3n.n<length  uAnth(u,n)=y)l)  l i s t i n d u c t i o n
(open member nth)  * 1

;W.MEMBER(Y,U>J(3N.N(LENGTH  UhNTH(U,N)=Y)
(label member-nth) n

8.10. Nthcdr.
L

(proof nthcdr)

1. (decl  nthcdr  (syntype:  constant )  ( type :  Igroundeground-ground111

2. (de fax  nthcdr  IVx u  n.nthcdr(nil,n)=nilAnthcdr(u,O)=uA
nthcdr(x.u,n'>=nthcdr(u,n)  I>

( label  s impinfo)  ( label  nthcdrdef)

3. (ue (phi3 IXu n.listp nthcdr(u,n)  I> doubleinductionl)
;VU N.LISTP NTHCDR(U,N)
(label simpinfo) n

4 . ( u e  ( p h i  IXu.O<length  uJnth(u,O).nthcdr(u,O')=ul)  l i s t i n d u c t i o n

I
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( p a r t  2  (nuse  nthdef)))
;W.O<LENGTH  UZ'NTHW,O).NTHCDR(U,l)=U
( l a b e l  nth-nthcdr-zero) l

;car nthcdr

5. (ue (phi3  1Xu n.car(nthcdr(u,n>>=nth(u,n)l)  double induct ionl )
;W N.CAR NTHCDR(U,N)=NTH(U,N)
(label car-nthcdr) n

;cdr nthcdr

6. (ue ( p h i  JXu.cdr(nthcdr(u,O))=nthcdr
;w. CDR U=NTHCDR(U,l)

(u,O')J)  l i s t i n d u c t i o n )

7. (ue (phi3  IXu n.cdr(nthcdr(u,n>>=nthcdr(u,n')l)  double induct ionl  *  >
;W N.CDR  NTHCDRW,N)=NTHCDR(U,N')
( l a b e l  cdr-nthcdr) n

;nthcdr car cdr

8. (ue ( p h i  IXu.O<length(u)1nthcdr (u,O)=nth(u,O).
l is t induct ion ( car-nthcdr cdr-nthcdr))

nthcdr(u,O')l)

9. (ue ( p h i 3  IAu n.n<length(u)~nthcdr(u,n)=nth(u,n).nthcdr(u,n')l)
doubleinductionl (use car-nthcdr cdr,nthcdr)  * >

;W N.N<LENGTH  U~NTHCDRW,N>=NTH(U,N).NTHCDR(U,N')
( l a b e l  n t h c d r - c a r - c d r )  I

;nth in nthcdr

1 0 .  (ue ( p h i 3  IXu n.Vm.n<mAm<length  u~member(nth(u,m),nthcdr(u,n))l)
doubleinductionl

(use nthmember mode: exact)
(use proof-by-induction

11.

12.

13.

u e :  ((a.IXm.(n'<mAm<length(u)'3
member(nth(x.u,m),nthcdr(u,n)))l))

mode: exact))
;W N H.N<MAM<LENGTH  UZMEMEER(NTH(U,M>,NTHCDR(U,N))

(tra  /Vu n m.n~mAm~length(u)3member(nth(u,m),nthcdr~u,n~~l
(open lesseq member)(use  normal mode: always)
(use * nthcdr-car-cdr mode: exact))

;w N M.N<MhM<LENGTH  U>MEMBER(NTH(U,M>,NTHCDR(U,N))
( l a b e l  nth-in-nthcdr)  I

;nth nthcdr

(ue ( p h i 3  IXu n.n<length  uAm<length(nthcdr(u,n))D
nth(nthcdr(u,n),m)=nth(u,m+n)l)

doubleinductionl >
;w N.N<LENGTH UAWLENGTH  (NTHCDR(U,N>>JNTH(NTHCDR(U,N),M)=NTH(U,M+NJ
( l a b e l  nth-nthcdr)  I

;length  nthcdr

(ue ( p h i 3  IXu n.nSlength  u1length(nthcdr(u,n))=length  u-xii>
doubleinductionl (use successor-minus mode: alaays)
(open minus) (part ltl#l (open lesseq)))

;W N.NLLENGTH  U3LENGTH  (NTHCDR(U,N))=LENGTH  U-N
( l a b e l  length-nthcdr)  n

;last nthcdr

14.(ue  ( p h i  IXu.nthcdr(u,length(u))=nili)  l i s t i n d u c t i o n )
;W.NTHCDR(U,LENGTH  U)=NIL



IS-2 ABOW~  PERwTATI~Ks  I N  LISP  AND IXL

.
( l a b e l  last,nthcdr) a

;trivial  nthcdr

15.  (ue (phi3  IXu n.length(u)ln1nthcdr(u,n)=nill)  double induct ionl
(part  lltl ( open  lesseq)))

( l a b e l  trivial,nthcdr)  I

; allp,nthcdr

16.  (ue (phi3  IXu n.allp(a,u)3allp(a,nthcdr(u,n))l)  double induct ionl
(open allp) >

;VU  N.ALLP(A,U)DALLP(A,NTHCDR(U,N))
( l a b e l  a l l p , n t h c d r )  I

8.10.1. Nthcdr Induction.

Using induction on n, we show:

Vn.phi(nthcdr(u,length(u)-n)).

For n=O, nthcdr(u,length(u>-n>  is NIL, a.nd we have phi(ni1).
A4ssume phi (nthcdr (u, length(u) -n> >. Since subtrxtion  is defined as a t0ta.l function on

nonnegative integers, we have for n>length(u),

length(u)-n  = 0 = length(u)-n’.

so in this case the induction step is trivial.
If n< length(u), then

length(u)-n  = (length(u)-n’)’

by elementary arithmetic and

Vk.k<length(u)3 (phi(nthcdr(u,k’))3  phi(nthcdr(u,k)))

is the inductive step of our principle. We can coiuplete t.he inclllrtion step by letting k to be
length(u) -n’:

phi(nthcdr(u,length(u)-n))3  phi(nthcdr(u,length(u)-n’)).

Finally it is convenient to write
nthcdr(u,k)

as
nth(u,k).nthcdr(u,k’)

( using lemma Nthcclr Car Cdr).
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(proo f  nthcdr-induction)

1. (assume IVn.n<length(u)Aphi(nthcdr(u,n'))3
phi(nth(u,n>.nthcdr(u,n'))l)

( l a b e l  n-i-1)
;deps:  (N-I-1)

2. ( d e r i v e  lVn.n<length(u)1
(phi(nthcdr(u,n'))3phi(nthcdr(u,n)))  1 *

(use nthcdr-car-cdr  mode: always))
( l a b e l  n - i - 2 )
;deps:  (N-I-1)

; two cases

3. ( d e r i v e  Ilength
(label  n- i -cases)

SnVnclength (u>l trichotomy2)

;one completely trivial

4. (assume Ilength(u>Snl)
( l a b e l  n - i - c l )
; d e p s :  (N-I-Cl)

5. (tru  lphi(nthcdr(u,length(u)-n))1
phi(nthcdr(u,length(u)-n'))l

(open minus pred>(use  total-subtraction n-i-cl mode: always))
( l a b e l  n-i-case11
;PHI(NTHCDR(U,LENGTH  U-N>>3PHI(NTHCDR(U,LENGTH  U-N' ) )
; d e p s :  (N-I-Cl)

; the  other  qui te  t r iv ia l  too . . .

6. (assume In<length(u)l)
( l a b e l  n-i-c21
; d e p s :  (6)

7. (ue (n llength(u>-(n')l>  n - i - 2
(use  n-i-c2)(use  minusfact l l  ue :  ((n.llength(u>l)>  >
(use minusfact  mode: exact direction: reverse>>

( l a b e l  n-i-case21
;PHI(NTHCDR(U,LENGTH  U-N>)3PHI(NTHCDR(U,LENGTH  U-N'))
;deps :  (N-I -1  N-I-C21

8. (cases  n- i - cases  n-i-case1  n-i-case21
;PHI(NTHCDR(U,LENGTH  U-N>>3PHI(NTHCDR(U,LENGTH  U-N' ) )
;deps:  (N-I-1)

9. (ue (a lAn.phi(nthcdr(u,length(u)-n))l)
proof-by-induction *
(part 1 (use last-nthcdr mode: exact) (open minus)) >

( l a b e l  n - i - 5 )
;PHI(NIL>3(VN.PHI(NTHCDR(U,LENGTH  U-N)))
;deps:  (N-I-1)

;cosmetics

10. (assume Iphi(nil)l)
( l a b e l  n - i - 6 )
; d e p s :  (10)

11 .  (der ive  IVn.phi(nthcdr(u,length  u-n>> I (n- i -5 n-i -6))
;deps :  (N-I-1 N-I-6)

1 2 .  (ue (n llength  ul> *  J
;PHI(U)
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;deps: (N-I-1 N-I-6)

13. (ci ( n - i - 6  n-i-l>>
;PHI(NIL)A(VN.N<LENGTH  UAPHI(NTHCDR(U,N~>>~PHI(NTH(U,N).NTHCDR(U,N~~
;PHI(U)
( l a b e l  nthcdr-induction)  I

8.11. Fstposition.

;facts about  fs tpos i t ion
(proof fstpositionprop)

1. (trw  lVk.lnull  k’l)
( l a b e l  simpinfo)

2. (ue ( p h i  IXu.(null  fstposition(u,y)3lmember(y,u))A
(member(y,u)Watnum  fStpOSitiOn(U,y))A
( n u l l  fstposition(u,y)Vnatnum  fstposition(u,y))l)  l i s t i n d u c t i o n

(part 1 (open member fstposition) (use normal mode: always)))
;VU.(NULL  FSTPOSITION(U,Y>~+U?.MBER(Y,U))A
; ~JIEMBER(Y,U>~NATNUM(FSTPOSITION(U,Y))~A

(NULL FSTPOSITION0J,Y>VNATNUM(FSTPOSITION(U,Y)~~
ilabel simpinfo)(label  posfacts) I

3 (ue ( p h i  IXu.Vy.sexp  fstposition(u,y)l)  l i s t i n d u c t i o n
(part 1 (open member fstposition) (use normal mode: always)))

;V-U  Y.SEXP FSTPOSITION(U,Y)
( l a b e l  simpinfo)(label  sortpos) I

;pos-length

4 Cue ( p h i  IAu.Vy.member(y,u)3fstposition(u,y)<length(u)l)  l i s t i n d u c t i o n
(part 1 (open member fstposition) (use normal mode: always)))

;VU Y.MEMBER(Y,U>~FSTPOSITION(U,Y)<LENGTH  U
( l a b e l  pas-length) I

8.11.1 Fstposition and Nth.

;lemmata nth- fstpos i t ion  and fstpos i t ion-nth

;lemma nth- fstpos i t ion

1
a.

1

(ue ( p h i  IXu.Vn.member(n,u)1nth(u,fstposition(u,n))=nl)  l i s t i n d u c t i o n
(use normal mode: always)
(open member fstposition nth))

;VU N.MEMBER(N,U>~NTH0J,FSTPOSITION0J,N))=N
( l a b e l  n t h - f s t p o s i t i o n )  I

(proof  f s tpos i t ion-nth)

a. (ue ( p h i  lXu.O<length u1fstposition(u,nth(u,O))=Ol)
listinduction (open fstposition nth member))

;VU.O<LENGTH  U~FSTPOSITION(U,CAR  U>=O

2. ( d e r i v e  In<length  u  A  x=nth(u,n)  3 member(x,u>l  (nthmember))

3. (derive luniqueness(x.u)An<length  u3Tx=nth(u,n)l  * (open uniqueness)>
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4. (ue (phi3 IAu n.uniqueness uAn<length u~fstposition(u,nth(u,n))=nl)
doubleinductionl *
(open fstposition nth member uniqueness) -3 nthmember)

;W N.UNIQUENESS(U)hN<LENGTH U1FSTPOSITION(U,NTH(U,N))=N
(label fstposition-nth) 8

8.12. Injectivity.

;injectivity
;another predicate for uniqueness

(proof inj)

1. (decl (inj> (type: Iground+truthvall))
2. (define inj IVu.inj(u)=Vn  m.n~length~u)Am<length~u~hnth~u,n~=nth(u,m~~n=ml~

(label injdef)

If7e want to show t1la.t t.he follo\~ing propert.ies  of a. list, u are equivalent:

(i) urziqueness: for every member x, x does not belong to the ta.il  of u after x;

(ii) ir,jectirity:  if nth(u,i) = nth(u,j) then i = j.

The property of uniqueness 1~01~1s  for all the tails of a list, if it holds for the list: t 11
(needed later, line l-4) is ea,sil,v  est a.blisllcd  1)~  double induction on lists a.nd numbers.

is fact

;equivalence of uniqueness and inj

(proof uniqueness-inj)

1. (ue (phi3 I;\u n.uniqueness u3uniqueness  nthcdr(u,n)l)  doubleinductionl
(open uniqueness nthcdr))

;VU N.UNIQUENESS(U>XJNIqUENESS(NTHCDR(U,N))
(label uniqueness-nthcdr)

-4ssume  uniqueness(u) (line 2). CVe avant to show inj (u). Therefore we assume nth(u,i)  =
r,t/l(  U, j ). with i a.nd j both less than length(u) (lines 2. 3 a,nd 4). We need to obtain i = j (line
13). \;t’e [vi11  derive a contra,diction  1’rom tile assunlption  tl1a.t either I: < j or j < i (lines 9 and 12)
and apply t.he trichotomy:

Vn m.m<nVm=nVn<m.

Assume i <  j . Then  n th(u ,  j) i s  a tllctnber  of  n thcdr
irl :Vthcclr).  But.  tIllis contradicts the fact that  nthcdr(u,?I)
711 < 111.

Similarly for 111 < n.

2. (assume luniqueness(u>l)
(label uil)

3. ( assume I i<length  u I)
label ui2)

u,i’> (l ine 8) .  (tllis is the fact .\-tit
enjoys the ~niquene.w  property. So

4. (assume Ijclength ul>
(label ~13)

5. (assume Inth(u,i)=nth(u,j)l)
(label ui4)

6. (derive luniqueness(nthcdr(u, i>> I(uniqueness-nthcdr  ui 1 >>
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I .
7. (ru * (use nthcdr-car-cdr ui2 mode: always) (open uniqueness))

;~MEMBER(NTH(U,I),NTHCDR(U,I’))A~IQUENESS(NTHCDR(U,I’))
;deps: WI1 UI2)

;labels: NTH-IN-NTHCDR
;VU N M.N<MAM<LENGTH UZV4EMBER(NTH(U,M),NTHCDR(U,N))

8, (ue ((u.u>(n.li'l)(m.j))  nth-in-nthcdr
(use ui4 mode: exact direction: reverse>
(use ui3 * mode: exact))

;-II'IJ
;deps: (III1 U12 U13 UI4)

;labels: LESS-LESSEQSUCC
;VM N.M<N=M’SN

9. (ue ((m.i)(n.j>>  less-lesseqsucc * 1
;-rI<J
(label ui-way11
;deps: WI1 U12 U13 UI4)

10. (ci (uil ui2 ui3 ui4))
;UNIqUENESS(U)AI-CLENGTH UAJ<LENGTH UANTH(U,I)=NTH(U,J)D1IcJ

11. (ue ((i.j)(j.i>>  * >
;UNIQUENESS(U)hJ<LENGTH  UhICLENGTH UANTH(U,J)=NTH(U,I)~-J<I

12. (derive Ilj<il (* uil ui2 ui3 ui4))
(label ui-way21
;deps: (UIl U12 U13 UI4)

13. (derive li=j 1 (trichotomy  ui-way1 ui,uay2))
;deps: @I1 U12 U13 UI4)

14. (ci (uil ui2 ui3 ui4))
;UNIQUENESS(U)AI<LENGTH  UhJCLENGTH UANTH(U,I)=NTH(U,J)3I=J

. 15. (tru luniqueness(u>3inj(u>I  * (open inj>>
;UNIQUENESS(U>3INJ(U)
(label uniqueness-inj)

W e  p r o v e  i n j  (u)~uniqueness(u)  b y  l i s t i n d u c t i o n . It is easy to see that inj (x . u) inI-
p l i e s  in j  (u )  ( l ine  4) a.nd hence  un iqueness (u) ,  by  induc t ion  hypothes i s .  We need  to  show
-member  (x , u> . in order to conclude uniqueness (x . u). If x was a. member  of u. it \voultl be
the (120  + I)-tb  rnenlber  of X:U,  for sotne no, and we would ha,ve  nth(x.u,(nU  + l))=nth(x.u,O)
(line 7): by the definition of inj this inlplies  no + 1 = 0.

1. (assume linj(u>%niqueness(u>I>
(label inj,unl)*

2. (assume linj(x.u> I>
(label inj-un2)

3. (ru * (open inj>>
;VN M.N<LENGTH U'AMXLENGTH U'hNTH(X.U,N)=NTH(X.U,M)IN=M
(label inj-un3)
;deps: (INJ-UN21

4. (trn linj ul (open inj> (use * ue: ((n.ln’l>(m.lm’l>>  > 1
;INJ(U)

5. (derive Iuniqueness ul (* inj-unl))
(label inj-un4)
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;deps: (INJ-UN21

6. (assume Imember(x,u>l>
(label inj-un5)

7. (define nv Inv'<length(x.u)hnth(x.u,nv')=nth(x.u,O)l
(* member-nth))

;NV is unknown.
;the symbol NV is given the same declaration as N
;deps: (INJ-UN51

8. (ra *>
;NV<LENGTH UANTH(U,NV)=X
;deps: (INJ-UN51

9. Cue ((n.lnv'l>(m.lOl>>  inj-un3 *>
;FALSE
;deps: (INJ-UN2 INJ-UN51

10. (ci inj-un5)
;+lEMBER(X,U)
;deps: (INJ-UN21

11. (tru luniqueness(x.u)l(open  uniqueness) (* inj-un4))
11. ;UNIQUENESS(X.U>
;deps: (INJ-UN~ INJ-UN21

12. (ci inj-un2)
;INJ(X.U>1UNIQUENESS(X.U)
;deps: (INJ-UN11

13. (ci INJ-UN11
;(INJ(U>~UNIQUENESS(U))~(INJ(X.U)WNIQUENESS~X.U~~

14. Cue (phi IXu.inj(u)Wniqueness(u)  I> listinduction
* (part 121 (open inj uniqueness)))

;W.INJtU>~UNIQUENESS(U)
(label inj-uniqueness)

15. (derive IVu.uniqueness(u sinj(u) I (uniqueness-inj inj-un
(label uniqueness-inject vity) I

8.13. Nth, Allp and Mklset.

;proof of facts about sets

(proof setfacts)
;nth-allp

1. (assume IVn.n<length(u)Dphil(nth(u,n))l)
(label allp-intrl)

2. (ue ((phi.lAu.allp(phil,u)  I>(u.u>> nthcdr-induction
(open allp) (use * mode: always))

;ALLP(PHIl,U)

3. (ci allp-intrl)
;(VN.N<LENGTH IDPHIl(NTH(U,N)>>DALLP(PHIl,U)
(label nth-allp) I

;mklset-fact

iqueness))



4. (derive IVx.(mklset(u))(x)z(3k.k<length  uAnth(u,k)=x)l
(nthmember member-nth)  (open mklset))

5. Cue ((av.Imklset(u>l>(bv.lAx.(Zlk.k<length  uAnth(u,k)=x)l))  set-extensionality
* (open epsilon) >

;MKLSET(U)=(AX.(3K.K<LENGTH  UANTH(U,K)=X))
(label mklset-f act > I

(save-proofs nth)

8 . 1 4 . file APPL: Functions Represented by Association Lists.

;function as alists: the notion of application for association lists

(proof appalist)

1. (decl dom (type: Iground+groundl))
2. (defax dom IVxa y alist.dom nil=nilA

dom((xa.y).alist)=xa.dom alistl
(label domdef)

3. (decl range (type: Iground*groundl))
4. (defax range IVxa y alist.range nil=nilA

range((xa.y).alist)=y.range a
(label rangedef >

list I >

5. (decl functp (type: Iground+truthvall))
_ 6. (define f unctp IValist.functp(ali

(label functdef >
st)muniqueness dom(alist>l>

7. (decl injectp (type: Iground+truthvall))
8. (define injectp IValist.injectp(alist)mfunctp(alist)Auniqueness range(alist>l>

(label injectdef >
.

9. (decl (appalist) (type: Igroundeground+groundl)I
10. (define appalist IValist y.appalist(y,alist)=cdr assoc(y,alist)l)

(label appalistdef)

11. (decl (samemap)  (type: Igroundeground+truthvall))
12. (define samemap

IValist alistl.samemap(alist,alistl)s
mklset dom(alist)=mklset dom(alistl)A
(Vy.yCmklset dom(alist)I)appalist(y,alist)=appalist(y,alistl))  I>

(label samemapdef >

13. (define permutp IValist.permutp(alist)m
functp(alist)Amklset(dom(alist))=mklset(r~ge~alist~~~~

* ( l a b e l  permutp-def)



8.14.1. Alist Induction.

(proof alistind)

I S!)

1. (assume Ichi(nil)A(Vxa  y alist.chi(alist)khi((xa.y).alist))l)-
(label alindl)

2. (assume lalistp ulchi ul>
(label alind2)

3. (assume I alistp (x.u> I>
(label alind3)

4. (ue (alist Ix.ul> alistdefl * >
;-iATOM  XhATOM CAR XAALISTP U

5.

6.

(derive I(Vxa y alist.chi(alist)1chi((xa.y).alist))J  alindl)

(ue ((xa.lcar xl>(y.lcdr(x>l)(alist.u))  * -2 alind3 alind2)
;CHI(X.U)
;deps: (ALINDl ALIND2 ALIND3)

7. (ci alind3)
;ALISTP X.U1CHI(X.U)
;deps: (ALIND~ ALIND2)

8. (ci alind2)
;(ALISTP  KKHI(U))1(ALISTP X.U3CHI(X.U))
;deps: (ALIND~)

9. (ue (phi IXu.alistp(u>>chi(u>I>  listinduction * alindl)
;W.ALISTP U3CHI(U)

10 (derive IValist.chi alistl * >
;deps: (ALINDl)

11 (ci alindl)
;CHI(NIL)A(VXA Y ALIST.CHI(ALIST~~CHI~~XA.Y~.ALIST~~~~VALIST.CHI~ALIST~~
(label alistinduction) I

8.14.2. Facts About Association Lists.

;facts about alists
(proof alistfacts)

;domsort
L

1.

2.

3.

(ue (chi IXalist.listp dom(alist) I> alistinduction (open dam))
;VALIST.LISTP DOMCALIST)
(label simpinfo)(label  domsort) I

(ue (chi IXalist.listp  range(alist>l>  alistinduction (open range))
;VALIST.LISTP RANGECALIST)
(label simpinfo)(label  rangesort) I

;domlength

(ue (chi IXalist.length  dom alist=length  alisti) alistinduction (open dam))
;VALIST.LENGTH (DOM(ALIST))=LENGTH  ALIST
(label domlength) I
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5.

6.

8.14.3.

1.

2.

. 3.

1.

2.

3.

4.

5.

6.

;domrangelength

(ue (chi lAalist.length(dom  alist)=length(ra.nge alist)l) alistinduction
(open dom range>)

;VALIST.LENGTH (DOM(ALIST))=LENGTH  (RANGE(ALIST))
(label domrangelength) I

;appalistsort

(ue (chi lAalist.sexp appalist(y,alist)l)  alistinduction
(part l(open appalist assoc>>)

;VALIST.SEXP APPALIST(Y,ALIST)
(label simpinfo)(label appalistsort) I

;trivial  appalist

(ue (chi IAalist.l(yEmklset  dom(alist))1appalist(y,alist)=nill) alistinduction
(part 1 (open epsilon mklset dom appalist assoc member>>>

;VALIST.tYEMKLSET(DO~(ALIST))~APPALIST(Y,ALIST)=NIL
(label trivial-appalist) I

Samemap  Definition.

(proof samemap)

(trw lsamemap(alist,alist)l(open  samemap))
;SAM.EMAP(ALIST,ALIST)
(label samemap-equivalence)

(tra lsamemap(alist,alistl)%amemap(alistl,alist~  I (open samemap  mklset dam))
;SAMEMAP(ALIST,ALISTl~~SAMEHAP(ALISTl,ALIST~
(label samemap-equivalence)

(tru ~samemap(alist,alistl)As~emap(alistl,alist2~~samemap(alist,alist2~~
(open samemap mklset dam))

;SA~EnAP(ALIST,ALISTl)ASAHEnAP(ALIST1,ALIST2~~SA~E~AP(ALIST,ALIST2~
(label samemap-equivalence) I

;apparently stronger definition of samemap
(proof samemapdef)

(assume Isamemap(alistl,alist2)O

(ra * (open samemap))
;HKLSET(DOM(ALISTl>>=MKLSET(DOM(ALIST2))A
;(VY.Y~~KLSET(DO~(ALIST1))~APPALIST(Y,ALISTl~=APPALIST(Y,ALIST2~~

(tra ~~y~mklset(dom(alistl)~~appalist(y,alistl~=appalist(y,alist2~~
(use trivial,appalist mode: always)
(use * mode: exact))

;~YEMKLSET(DO~(ALISTl))~APPALIST(Y,ALISTl)=APPALIST(Y,ALIST2)

(ue ((q.lyemklset  dom(alistl~~~(p.~appalist(y,alistl~=appalist(y,alist2~~~~
excluded-middle * -2)

;APPALIST(Y,ALISTl)=APPALIST(Y,ALIST2)

(derive Imklset(dom(alistl))=mklset(dom(alist2))A
Vy.appalist(y,alistl)=appalist(y,alist2)l (-3 *>>

(ci -5)
;SAHEMAP(ALISTl,ALIST2)~
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;MKLSET(DOW(ALISTl))=MKLSET(DOM(ALIST2))A
;(VY.APPALIST(Y,ALISTl)=APPALIST(Y,ALIST2))

7. (derive Isamemap(alistl,alist2)~
(mklset(dom(alistl))=mklset(dom(alist2))A
(Vx.appalist(x,alistl)=appalist(x,alist2~~~l  * >

(label samemap-defl)  I

8.15. Functions Represented by Lists of Numbers.

;functions as lists of numbers

(wipe-out)
(get-proofs pigeon)

(proof appl)

8.15.1.

(define appl IVu i.appl(u,i)=nth(u,i>l)
(label appldef)

(axiom IVu i.i<length  u I, sexp(appl(u,i))Amember
(label applfacts) (label simpinfo)

;predicates for functions

(appl(u,i),u)l)

(decl (into> (type: lground+truthvall))
(define into lVu.into(u)=(Vn.n<length  u1natnum  nth(u,n)Anth(u,n><length
(label intodef)

(decl (onto) (type: lground+truthvall))
(define onto IVu.onto(u>=(into(u>A(Vn.nclength  u3member(n,u>>>l>
(label ontodef)

(decl (perm> (type: lground+truthvalO)
(define perm lVu.perm(u>=onto(u)  I>

;injectivity is given by the Dredicate  inj

(save-proofs appl)

(wipe-out)
(get-proofs appl)

(proof extensionality)

1. (assume Ilength  wlength vA(Vi.i<length v1nth(u,i>=nth(v,i>>Xi=vl)
(label extl)

2. (assume llength u=length  VI>
(label ext2)

3. (assume lVi.i<length  v'Znth(x.u,i)=nth(y.v,i)l)
(label ext3)

4 Cue (i 0) * ext2)

u> I>



.

5 .

6 .

7 .

8 .

9 .

;X=Y
(label ext4)
;deps: (EXT2 EXT3)

Cue (i li’I>  ext3 ext2)
;I<LENGTH  '0NTH(U,I)=NTH(V,I)
(label ext5)
;deps: (EXT2 EXT3)

(derive lu=vI (extl  ext2 ext5))
(label ext6)
;deps: (EXTl EXT2 EXT3)

(tru Ix.u=y.vI (use ext4 ext6 mode: exact))
;X.U=Y .v
;deps: (EXTl EXT2 EXT3)

(ci (ext2 ext3))
;LENGTH UsLENGTH  VA(VI.I<LENGTH  U'>NTH(X.U,I)=NTH(Y.V,I))DX.U=Y.V
;deps: (EXTl)

(ci extl)
;(LENGTH  U=LENGTH Vh(VI.ICLENGTH  U~NTH(U,I>=NTH(V,I>>>U=V)1
;(LENGTH  U=LENGTH VA(VI.I<LENGTH  U'1NTH(X.U,I)=NTH(Y.V,I))DX.U=Y.V)

10. (ue (phi2 IXu v.length u=length  vA(Vi.i<length  ukrth(u,i>=nth(v,i))1u=vl)
doubleinduction (open nth) * >

;W V-LENGTH U=LENGTH  Vh(VI.I<LENGTH  VDNTH(U,I)=NTH(V,I))DU=V
(label extensionality) I

11. Ctra IVu i.i<length u 1 sexp(appl(u,i))Amember(appl(u,i),u)  I
(open appl) nthmember)

;W I.I<LENGTH K'SEXP APPL(U,I>AMEMBER(APPL(U,I),U)
(label applfact) (label simpinfo) I

. 8.16. file SUMS: Finite Union and Finite Sum.

;the notions of finite union and finite sum
(wipe-out)
(get-proofs appl)
(proof sums>

1. (decl allnum (type: Igrounde@set+truthvall)  (syntype: constant))
2 . (decl somenum (type: lgrounde@set+truthvall)  (syntype: constant))
3 . (decl (numseq f> (type:Iground*groundl))
4 . (decl sum (type: I(@numseq>~(en>~(0n>I>  (syntype: constant))
5 . (decl setseq (type: I@n*@setl>>

+ 6. (decl un (type: I(@setseq>e(Qn>~(~set>l>  (syntype: constant))

;axiom for allnum
7 . (defax allnum IVn a.allnum(0,a>A(allnumm(n~,a)~a(n)Aallnum(n,a~~~~

(label allnumdef)

;axiom for somenum
8 . (defax somenum IVn a.~somenum(O,a>A(somenum(n',a>ra(n>vsomenum~n,a~~~~

(label somenumdef)

;axiom for sum
9. (defax sum IVn numseq.sum~numseq,0)=OAsum(numseq,n'~=sum~numseq,n~+numseq~n~~~

(label sumdef)

;axlom  for un



10. (defax un IVn setseq.un(setseq,O)=emptysetA~(setseq,n')=~(setseq,n)Usetseq(n)l)
(label undef)

11. (decl disj-pair (syntype: constant) (type: I(@sete@set)+truthvaII))
12. (define disj-pair IVa b.disj-pair(a,b)=emptyp(anb)l)

(label disjpair-def)

13. (decl disjoint (syntype: constant) (type: 1 ((ground+bset)eground)-+truthvalj))
14. (defax disjoint IVn setseq.disjoint(setseq,O)A

disjoint(setseq,n')=(disjoint(setseq,n)hdisj-pair(un(setseq,n),setseq(n)))l  >
(label disjointdef)

8.16.1. Bound Quantifiers.

(proof allnumprop)

;ne can easily prove that 'allnum' does its job

1. Cue (a Ikr.allnum(n,a>~(m<n~a~m~~l~  proof-by-induction
(use transitivity-of-order) (use successor11 (open allnum)
(use less-succ-lesseq normal mode: exact) (open lesseq))

;VN.ALLNvM(N,A>~(M<N~A(M))

2. (ue (a IAn.(Vm.m<n~a(m>>~allnum(n,a>l>  proof-by-induction
(open allnum) (use normal mode: always)

. (use less-succ-lesseq mode: exact) (open lesseq))
;VN.(VM.M<NDA04))1ALLNUM(N,A)

3. (derive IVn.(Vm.m~n~a(m>>~allnum(n,a>  I (* -2))

;similarly for 'somenum':

4. Cue (a I~n.somenum(n,a>~(3m.mcnha(m>>l>  proof-by-induction
(use transitivity-of-order) (use successorl) (open somenum>
(part 1 (der))
(use less-succ-lesseq normal mode: exact) (open lesseq))

;VN.SOMENvM(N,A>~(3M.n<NhA(M))

5. (ue (a IXn.(3m.m<nAa(m>>~somenum(n,a)  I> proof-by-induction
(open somenum) (use normal mode: always) (part l(der))
(use less-succ-lesseq mode: exact) (open lesseq))

;VN.(~M.M<NAA(M))~SO#ENUM(N,A)

6. (derive lVn.(3m.m<nAa(m>>%omenum(n,a>l  (* -2))

- 8.16.2. Facts About Sums and Unions.

(proof unionprop)

;a property of union

;unionfactl

Cue (a I~n.m<n~(Vxv.(setseq(m))(xv)~(un(setseq,n))(xv))l)
proof-by-induction
(open un union) (use less-succ-lesseq mode: always)
(open lesseq) (use normal mode: always))

:VN.M<N~(VXV.(SETSEQ(M))(XV)I(UN(SETSEQ,N))(XV))
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;namely:

2. (tra IVsetseq n m.m<nDsetseq(m)Cun(setseq,n) I * (open inclusion))
(label unionfactl)  n

;a property of sum

;sumsort

3. (ue (a l~n.allnum(n,~m.natnum numseq(m>)3natnum sum(numseq,n>l>
proof-by-induction (open allnum sum>>

;VN.ALLNvM(N,~X.NATNUM(N~SEQ(M)))~NATNUSEQ,N))

4. (ra * (use allnumfact mode: exact direction: reverse>>
;VN.(VM.H<N3NATNUM(NUMSEQ(M)))3NATNUM~SUM~NUMSEQ,N~~
(label sumsort) I

;mksetfact

5. (ue (a lXn.nllength  u3
(un(~m.mkset(nth(u,m>),n))(x)Esomenum(n,ak.x=nth(u,k))l)

proof-by-induction
(part l(open un mkset nth somenum union emptyset) (der))
(use succ-lesseq-lesseq mode: always))

;VN.N(LENGTH  U~(~N(~M.MKSET(NTH(U,M)),N))(X)~SO~~(N,~K.X=NTH(U,K))

6. (ru * (use somenumfact
ue: ((a.lXk.x=nth(u,k>l>(n.n))  mode: exact direction: reverse>>

;-VN.NILENGTH U~(~N(XM.MKSET(NTH(U,M)),N))(X)~(~M.M<NAX=NTH(U,M))

_ 7. (assume lnllength ul>

8 . (ue ((av.lun(Am.mkset  nth(u,m>,n>l>
(bv.I,Ix.Hk.k<nAnth(u,k)=xl))  set-extensionality
(open epsilon)(use  * -2 mode: always))

;~(XM.MKSET(NTH(U,M)),N)=(AX.(3K.K<NANTH(U,K)=X))
.

9. (ci -2)
;N<LENGTH U~rJN(~M.MKSET(NTH(U,M)),N)=(XX.(3K.K<NANTH(U,K)=X))
(label mksetfact) I

;mklset-un

10. (ue (n llength ul> mksetfact
(use mklset-fact  mode: exact direction: reverse> (open lesseq))

;VU.lW(XIl.MKSET(NTH(U,M)),LENGTH  U)=MKLSET(U)
(label mklset-un)  I

I



8.17. file MULT: Multiplicity.

;the notion of multiplicity
(wipe-out)
(get-proofs sums>
(proof multiplicity)

1. (decl mult (type: l(grounde@set>+groundl))
2. (defax mult IVx u a.mult(nil,a)=OA

mult(x.u,a)=if  a(x) then mult(u,a)' else mult(u,a)  I>
(label mult-def)

;facts about multiplicity

3 . (ue (phi lXu.Va.natnum(mult(u,a>>l>  listinduction
(use mult-def mode: always))

(label simpinfo) (label multfact) i

;multiplicity is less or equal to length

4 . (ue (phi l~u.mult(u,a>llength(u)l)  listinduction
lesseq-lesseq-succ (open mult length) (part ltl(open  lesseq)))

;VU.MULT(U,A)ILENGTH  U
(label length-mult)  I

;if there is a member, multiplicity is not zero

5. (ue (phi lXu.Vy a.member(y,u>Aa(y>3O<mult(u,a)l) listinduction
(open mult member) (use normal mode: always))

;VU Y A.MEMBER(Y,U>AA(Y>3O(MITLT(U,A)

6, (ra * use less-lesseqsucc mode: always))
;VU Y A.MEMBER(Y,U>AA(Y>3l(WITLT(U,A)
(label member-mult)  I

;multiplicity  of the emptyset

7 . (ue (phi IXu.mult(u,emptyset)=Ol)  listinduction
(part l(open emptyset mult>)>

;VU.MULT(U,EMPTYSET)=O
(label simpinfo) (label emptyfacts) I

;mult-nthcdr

;ae prepare a rewriter

8. (ue ((q.lmult(nthcdr(u,n'),a)'lmult(u,a)  I>
(r.lmult(nthcdr(u,n'),a)<mult(u,a)l)
(p.la(nth(u,n))l))  trans.-cond
(use succ-lesseq-lesseq ue: ((m.lmult(nthcdr(u,n'),a)l)

(n.lmult(u,a>l>>  mode: exact >>
;(IF A(NTH(U,N))  THEN MULT(NTHCDR(U,N'),A)'IMULT(U,A)
; ELSE MvLT(NTHCDR(U,N'),A)(WULT(U,A))~MULT(NTHCDR(U,N'),A)SMULT(U,A)

;conclusion

9. (ue (a lAn.Va u.n<length(u)3mult(nthcdr(u,n),a)lmult(u,a)l) proof-by-induction
(part l#l (open lesseq)) succ-less-less
(part 1#2#1#1 (use nthcdr-car-cdr mode: always))
(open mult) * >

;VN A U.N<LENGTH UXlULT(NTHCDR(U,N>,A><MULT(U,A)
(label mult-nthcdr) n



8.17.1. Multiplicity Implies Injectivity.

(proof multinj-computation)

;a sublemma to compute multiplicity

1. (assume Ijclength VI>
(label mc0)

2. (assume li<j I>
(label mcl)

3. (assume Inth(v,i)=nth(v,j)l)
(label mc2)

4. (derive liclength VI (mc0 mcl transitivity-of-order))
(label mc3)
;deps: (mc0 mcl)

;labels: NTH-IN-NTHCDR
;vU N M.N<MhM<LENGTH  U3MEMBER(NTH(U,M>,NTHCDR(U,N))

5. (ue ((u.v>(n.li'l)(m.j>>  nth-in-nthcdr mc0 mcl
(use less-lesseqsucc mode: exact direction: reverse>>

;MEMBER(NTHtV,J),NTHCDR(V,I'))
(label mc4)
;deps: (MC0 MC11

.;labels: MEMBERMULT
;VU Y A.MEMBER(Y,U>AA(Y>~lWULT(U,A)

6 . (ue ((u.lnthcdr(v,i'>l>(y.lnth(v,j)l)(a.lmkset nth(v,j>l>>  member-mult
(part l(open lesseq mkset)) mc4
(use mc2 mode: exact direction: reverse>>

;l%ULT(NTHCDR(V,I'),MKSET(NTH(V,I)))
(label mc5)
;deps: (MC0 MC1 MC21

7 . (tra Inlmult(nthcdr(v,i'>,mkset  nth(v,i>>3n'lmult(nthcdr(v,i),mkset nth(v,i))l
(open mult mkset)(use  nthcdr-car-cdr mc3 mode: exact))

;NIMVLT(NTHCDR(V,I'>,MKSET(NTH(V,I)))~N'~~LT(NTHCDR(V,I),MKSET(NTH(V,I)))
;deps: (MC0 MC11

8 . (ue (n I1 I> * mc5)
;2lMULT(NTHCDR(V,I>,MRSET(NTH(V,I)))
(label mc6)
;deps: (MC0 MC1 MC21

;labels: MULT-NTHCDR
;VA U N.N<LENGTH  UXlULT(NTHCDR0J,N>,A><MULT(U,A)

9. (ue ((n.i>(u.v>(a.lmkset  nth(v,i) I>> mult-nthcdr  mc3)
;MVLT(NTHCDR(V,I),MKSET(NTH(V,I)))<MITLT(V,MKSET(NTH(V,I)))
;deps: (MC0 MCl)

;labels: TRANS-LESSEQ
;VN M K.N(MAM<K~N(K

10. (ue ((n.l2l)(m.Imult(nthcdr(v,i),mkset nth(v,i))l)(k.Imult(v,mkset nth(v,i>>l))
trans-lesseq mc6 * >

;2<MULT(V,MKSET(NTH(V,I)))
;deps: (MC0 MC1 MC21

11. (ci (mcl mc0 mc2))
;I<JAJ<LENGTH VANTH(V,I)=NTH(V,J)~~<MULT(V,MKSET(NTH(V,I)))



(label multinj-computation)

1.

;lemma
(proof

multiplicity
mult-inj)

implies injectivity

(assume I Vk.
(label mill

kclength v3mult(v,mkset(nth(v,k)))=ll)

2. (assume li<length vhjclength  vAnth(v,i>=nth(v,j>l>
(label mi2)

3. Cue ((v.v>(i.i)(j.j>>  multinj-computation mi2
(use mil ue: ((k.i)) mode: exact)(open  lesseq))

;lI<J
;deps: (MI1 MI21

4 . Cue ((v.v>(i.j>(j.i>>  multinj-computation mi2
(use mil ue: ((k.j)) mode: exact)(open  lesseq))

;lJCI
;deps: (MI1 MI21

5 . (derive li=j I (trichotomy  * -2))
;deps: (MI1  MI21

6. (ci mi2)
;I<LENGTH VAJ<LENGTH  VANTH(V,I)=NTH(V,J)3I=J
;deps: (MIl)

7 . (tru linj vl (open inj> * >
;INJ(V). ;deps: (MI11

8 . (ci mill
;(VK.K<LENGTH VZMULT(V,MKSET(NTH(V,K)))=l)3INJ(V)
(label mult-inj) I

8 . 1 7 . 2 . The Multiplicity of Union is the Sum of Multiplicities.

;Lemma:if the union is disjoint, then the multiplicity of the
;the sum of the multiplicities

union

(proof multsum)

1. Cue (phi IXu. disj-pair(a,b)~mult(u,aUb)=mult(u,a)+mult~u,b~l~
listinduction
(part 1 (open mult union disj-pair  emptyp intersection)

(use normal mode: always))
(part 1 (der)) >

;VU.DISJ-PAIR(A,B)3MULT(U,AUB)=MULT(U,A~+MULT~U,B~
(label multsum) I

2. Cue (a IXn.disjoint(setseq,n)3
mult(u,un(setseq,n~~=sum~Axl.mult~u,setseq~xl~~,n~l~

proof-by-induction (open disJoint un sum mult > multfact
(use multsum mode: exact) (use normal mode: always))

;VN.DISJOINT(SETSEQ,N)~MULT(U,UN(SETSEQ,N))=SUM(~Xl.M~T(U,SETSEQ(Xl)),N)
(label mult-of-un-is-sum-mult)  I
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8.18. file PIGEON: the Pigeon Hole Principle in II Order Arithmetic,

(wipe-out)
(get-proofs sums>
(proof pigeonfact)

1. (assume IVn.
(label sort1

natnum f(n>l>

2. Cue ((numseq.l~k.f(k>l>(n.n)I  sumsort * >
;NATNTJM(SUM(~K.F(K>,N))
(label sort21

3. (ue (a /~n.allnum(n,Xk.llf(k~~~n~sum~~k.i(k),n)l~
proof-by-induction
(open allnum sum> zeroleast (use sort1 sort2 mode: always)
(use add-lesseq ue: ((n.n>(k.lf(n>l)(m.Isum(~k.f(k),n)l))  >>

(label strictly-increasing)
;VN.ALLNUIl(N,~K.lIF(K))~NWJM~~K.F(K~,N~
;deps: (SORT11

4. Cue (a IXn.allnum~n,~k.l~f~k~~As~~~k.f~k~,n~=n~allnum~n,~k.l=f~k~~l~
proof-by-induction
(open allnum sum> strictly-increasing sort1 sort2
(use add-one

ue: ((k.lf(n>l>(n.n>(m.lsum(Ak.f(k>,n>l>>  mode: always))
;VN.ALLNvM(N,~K.lIF(K))AS~(~K.F(K),N)=N~ALL~(N,~K.l=F(K))

;in more conventional notation:

5. (ru * (use allnumfact ue: ((a.lAk.llf(k)(>(n.n>)

.
6

1

-2

3

mode: always direction: reverse>
(use allnumfact ue: ((a.lak.l=f(k>l>(n.n>)

mode: always direction: reverse)>
;VN.(e#.M<N~lcF(M>)AS~(aK.F(K),N)=N~(~.M<N~l=F(~))
;deps: (SORT11

(ci sort11
;(VN.NATNUM(F(N)))3
;(VN.(~.M<N~lSF(H)>hSUn(XK.F(K),N)=N3(.~<N~l=F(~)))

;application to lists

(proof pigeonlist)

(assume I disjoint(setseq,length u> I>
(label pll>

;multiplicity  less than length

Cue ((u.u>(a.lun(setseq,length  u>l)> length,mult)
;MULT(U,UN(SETSEQ,LENGTH  UIIILENGTH U
(label ~12)

(derive Isum(Xm.mult(u,setseq(m>>,length  ujllength ul
(mult-of-un-is-sum-mult  pll ~12))

(label ~13)

4. Cue ((f.l~m.mult(u,setseq(m>>l>(n.llength ul>> pigeonfact p13 multiact)
;(VM.M<LENGTH  U~lDULT(U,SETSEQ(M))~~0IM.M~LENGTH  UDl=MULTW,SETSEQ(M>))
;deps: (PLl)

;the pigeon hole principle on lists

5. (ci ~11)



;DISJOINT(SETSEQ,LENGTH  U>Z'
;((VM.M<LENGTH  U1l<MULT(U,SETSEQ(M>))1(W.¶.M<LENGTH  UD
(label pigeonlist)  I

l=MULT(U,SETSEQW)

8.19. file ALPIG:  Application to Alists 1: Disjointness.

;first application: to alists. Lemma:inj implies disjoint
(uipe-out)
(get-proofs appall
(proof inj-disj)

;a main lemma for the induction step

1. (assume linj ul>
(label injdsj0)

2. (ru * (open inj>>
(label injdsjl)
;VN M.N<LENGTH  UAMCLENGTH UhNTH(U,N)=NTH(U,M)Z)N=M

3. (assume lnclength ul>
(label injdsj2)

4. (assume I(un(Am.mkset(nth(u,m)),n))(xv)h(mkset(nth(u,n)))(xv)l)
(label injdsj3)

;need mksetfact

5. Cue ((u.u>(n.n>> mksetfact (open lesseq) injdsj2)
;UN(~M.nKSET(NTH(U,M>),N)=(AX.(3K.K<NANTH(U,K)=X))

6. (ru injdsj3 (use * mode: exact) (open mkset) injdsj2)
;(3K.K<NANTH(U,K)=XV)AXV=NTH(U,N)
(label injdsj4)

7. (define kv Ikv<nAnth(u,kv)=xvl  (use *>>
(label injdsj5)

8. (derive IkvClength uAnth(u,kv)=nth(u,n)I
(* injdsj2 transitivity-of-order)
(use injdsj4 mode: always direction: reverse>>

9. (derive Ikv=nl (injdsj2 * injdsjl))

10. (rw injdsj5 (use * mode: exact) irreflexivity-of-order)
;FALSE
;deps: (INJDSJO INJDSJ3 INJDSJ2)

11. (ci injdsj3)
;l((UN(XM.MKSET(NTH(U,M)),N))(XV)A(MKSET(NTH(U,N)))(XV))

12. (ci (injdsj0 injdsj2))
;INJ(U)AN<LENGTH  U~l((~N(XM.MKSET(NTH(U,M)),N))(XV)h(MKSET(NTH(U,N)~)(XV))
(label injdsj-lemma)

;the theorem follows

13. Cue (a IAn.inj(u)Anllength(u)Ddisjoint(Xm.mkset  nth(u,m),n) I>
proof-by-induction
(open disjoint disj-pair intersection emptyp)
(use less-lesseqsucc mode: always direction: reverse>
(use injdsj-lemma mode: alaays)(part  1#2%1#1  (open lesseq)))

>>



.
;VN.INJ(U)hNILENGTH  U~DISJOINT(AM.MK.SET(NTH(U,M)),N)

14. (ue (n llength ul) * (open lesseq))
;INJ(U>1DISJOINT(XM.MKSET(NTH(U,M)),LENGTH  U>

(label inj-disj) I

8.20; Application to Alists 2: the Multiplicity is Positive.

;the sets in the sequence have positive multiplicity
(proof permutp-injectp-lemma)

(assume lmklset u=mklset VI>
(label pill)

2.

3.

4.

(assume I n<length
(label pi 12)

:use nthmember

ul)

lon mklset)(tru inth(u,n>E mklset ul (open epsi
nthmember pi121

;NTH(U,N)EMKLSET(U)
;deps: (PIL2)

;nou use line pill

Tru * (use pill mode: exact))
;NTH(U,N)EMKLSET(V)
;deps: (PILl PIL2)

;Finally
;nth(v,k v>

using MKLSET-FACT, we prove the existence of a kv such that
=nth(u,n)

. ;labels: MKLSET-FACT
;VU.MKLSET(U>=(~X.(BK.K<LENGTH  UANTH(U,K)=X))

5. (ra + (use mklset-fact mode: exact> (open epsilon mkset))
;ZlK.K<LENGTH  VhNTH(V,K)=NTH(U,N)
;deps: (PILl PIL2)

6. (define kv Ikv<length(v)hnth(v,kv)=nth(u,n)l  * >
(label pi13)
;deps: (PILl PIL2)

;Therefore the set mkset(nth(u,n))  has positive multiplicity in v.

;labels : MEMBERMULT
;VU Y A .MEMBER(Y,U)AA(Y)Il IMULT(U,A)

8 . (ue ((u.v>(y.lnth(v,kv>l>(a.lmkset  nth(u,n)l>>  member-mult
(part l(open mkset)) pi12 pi14 (use pi13 mode: always))

;l#'ULT(V,MKSET(NTHW,N)))
;deps: (PILl PIL2)

9. (ci (pill pi1211
;MKLSETtU>=MKLSET(V>AN<LENGTH  UZ'l9ULT(V,MKSET(NTH(U,N~))

;cosmetics



SECTION 8 20 1

10. (derive lVu v.mklset u=mklset vl(Vm.m<length u1l<mult(v,mkset  nth(u,m>>>l * >
(label permutp-injectp-lemma) I

8.21. Application to Alists  3: Multiplicities in Dom and Range.

;lemma mult-mult
(proof mult-mult)

1. (assume lmklset u = mklset VI>
(label mml>

2.

3.

(assume lVm.m<length  u I) mult(v,mkset  nth(u,m>>=ll>
(label mm21

(assume Ii<1
(label mm31

ength VI>

4. (tru Inth(v,i>  E mklset VI (open epsilon mklset)
(use * nthmember mode: exact) >

;NTH(V,I)EMKLSET(V)

5. (ra * (use mm1 mode: exact direction: reverse>>
;NTH(V,I)EMKLSET(U)

6. (ra * (use mklset-fact mode: exact) (open epsilon))
;ZiK.K<LENGTH  UANTH(U,K)=NTH(V,I)

7. (define mv Imvclength u Anth(u,mv)=nth(v,i)l  * >
(label mm41
;MV is unknown.
;the symbol MV is given the same declaration as M
;deps: (MM1 MM31

8. (ue (m mv> mm2 (use * mode: always))
;MULT(V,MKSET(NTH(V,I)))=l
;deps: (MM1 MM2 MM31

9. (ci mm31
;I<LENGTH VDMULT(V,MKSET(NTH(V,I)))=l
;deps: (MM~ MM2)

10. (ci (mm1 mm2))
;MKLSET(U)=MKLSET(V>A(VM.&LENGTH  UX¶ULT(V,MKSET(NTH(U,M)))=l)J
;(I<LENGTH VXULT(V,MKSET(NTH(V,I)))=l)
(label mult-mult) I

8.22. Application to Alists: a Permutation is an Injection.

;the main result for permutp: theorem permutp-injectp

(proof permutp-injectp)

1. (assume lpermutp ali st I>
(label permutp-injec tp1)

2. (ra * (open permutp))
;~~NCTP(ALIST>AMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
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(label permutp,injectp2)

3. (ru * (open functp))
;UNIQvENESS(DOM(ALIST))hMKLSET(DOM(ALIST))=MKLSET(RANGE(ALIST))
(label permutp-injectp3)

;first step: disjointness of a suitable sequence of sets

;labels: UNIQUENESS-INJECTIVITY
;W.UNIQUENESS(U)=INJ(U)

;labels: INJ-DISJ
;W.INJ(U>~DISJOINT(AM.HKSET(NTH(U,M)),LENGTH  U>

4. (derive linj(dom(alist>>  I (* uniqueness,injectivity))
;deps: (PERI~UTP-INJECTP~)

5. (derive Idisjoint(~m.mkset(nth(dom(alist),m)),length (dom(alist))) I
(* inj,disj))

(label permutp,injectp4)

;second  step: multiplicity of the sets in the sequence is positive

;labels: PERM[TTP-INJECTP-LEMMA
;VU V.MKLSET(U>=MKLSET(V)~(VM.M(LENGTH  U~lWULT(V,MKSET(NTH(U,M))))

6. (ue ((u.ldom alistl>(v.lrange alistl>> permutp-injectp,lemma
(permutp-injectp3  permutp,injectp4))

;VM.M<LENGTH  (DO~(ALIST>>~lIMvLT(RANGE(ALIST),MKSET(NTH~DO~~ALIST~,M~~~
(label permutp-injectp5)

;third step: application of the pigeon hole principle

;labels: PIGEONLIST
;VSETSEq  U.DISJOINT(SETSEQ,LENGTH U)A(VK.K<LENGTH U~lCMULT(U,SETSEQ(K>))~

(VK.K<LENGTH  u~i=~T(u,sETsEq(K)))I)

;need also
;labels: DOMRANGELENGTH
;VALIST.LENGTH  (D~M(ALIST))=LENGTH  (RANGE(ALIST))

7. (ue ((setseq.lAm.mkset  nth(dom alist,m>l>(u.lrange alistl>> pigeonlist
(use domrangelength mode: exact direction: reverse>
permutp-injectp4 permutp,injectp5)

;VK.K<LENGTH (DOn(ALIST>)~l=~T(RANGE(ALIST),MKSET(NTH(DOM(ALIST),K)))

;fourth step: injectivity

;labels: MULTMULT
;VU V.MKLSET(U)=MKLSET(V)A(VK.K<LENGTH  UXlULT(V,MKSET(NTH(U,K)))=l~~
., (VI.I<LENGTH  VX4'ULT(V,MKSET(NTH(V,I)))=l)

8. (ue ((u.ldom(alist>l>(v.Irange(alist> I>> mult-mult
permutp-injectp3 * >

;VI.I<LENGTH (RANGE(ALIST>>~MvLT(RANGE(ALIST),MKSET(NTH(RANGE(ALIST),I)))=l
;deps: (PERMUTP,INJECTPl)

;apply mult-inj

;labels: MULT-INJ
;VV.(VK.K<LENGTH  VZMULT(V,MKSET(NTH(V,K)))=l)~INJ(V)

9 . (ue (v lrange alistl) mult-inj * >
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;INJ(RANGE(ALIST))
;deps: (PERMUTP-INJECTPl)

10. (derive luniqueness(range  aliSt)l (* uniqueness-injectivity))
;deps: (PERHUTP-INJECTPl)

11. (derive I injectp alist I
;deps: (PERMP-INJECTPI

(permutp-injectp2  *I(

12. (ci (permutp-injectpl))
;PERMUTP(ALIST>~INJECTP(ALIST)
(label theorem-permutp-injectp)

open injectp))

(save-proofs alpig)

8.23. file LPIG: Application to Lists 1: Disjointness.

;Disjointness
(proof disjoint-numbe r>

;lemma dnl

1. (ue (a Ixn.Vm.(un((~xv.mkset(xv>),n>>(m)~m<nl>
proof-by-induction
(part l(open mkset un emptyset union))
(use normal mode: always).
(use successor1 transitivity-of-order))

;VN M.(UN(XXV.MKSET(XV),N))(M)1M<N

;lemma disjoint number

2. (ue ((n.n>(m.n>> dnl irreflexivity-of-order)
;l(UN(XXV.MKSET(XV>,N))(N)

3. (tru I(un(~yv.mkset(yv),n>)(xv)A(mkseth))(xv)~  * (part 2(open mkset)))
;7((UN(AY',!.MKSET(YV>,N))(XV)h(MKSET(N))(XV))

4. (ue (a IXn.disjoint(Axv.mkset(xv),n)l)  proof-by-induction
(open disjoint disj-pair emptyp intersection)
(use * mode: exact))

;VN.DISJOINT(XXV.MKSET(XV),N)
(label disjoint-number) I

8.24. Application to Lists 3: Multiplicity in the Range.

;lemma into-mult

(proof into-mult)

1. (

2.

assume linto(u>l>
label i.ml>

(assume IVk.kclength
(label i.m2)

3. (assume liclength ul>
(label im3)

u1l=mult(u,mkset  k) I>

20:)



.
4 . (ra iml (open into>)

;VN.N<LENGTH U1NATNUM(NTH(U,N>>ANTH0J,N)(LENGTH  U
;deps: (IMl)

5. Cue (k Inth(u,i>l>  im2 (use im3 * mode: exact))
;l=MULT(U,MKSET(NTH(U,I)))
;deps: (IMl IM2 IM3)

6 . (ci im3)
;I<LENGTH UDl=MULT(U,MKSET(NTH(U,I)))
;deps: (IMl IM2)

7 . (ci (iml im2))
;INTO(U)A(VK.K<LENGTH  UZ)l=MULTW,MKSET(K>>)1
;(I<LENGTH U~l=MULT(U,MKSET(NTH(U,I))))
(label into-mult) I

8.25. Application to Lists: a Permutation is an Injection.

;the main result for perm
;a straightforward applicat

(proof perm-inj)
;VU.PERM(U)~INJ(U)

#ion of pigeon hole to onto lists

1. (assume lperm ul>
'(label perm-injl)

2 . (i-u * (open perm onto))
;INTO(U>A(VN.N<LENGTH  UDMEMBER(N,U))

/ (label perm-inj2)

.
;labels: MEMBERMULT
;VU Y A.MEMBER(Y,U>AA(Y)11WULT(U,A)

3 . (ue ((u.u)(y.n>(a.lmkset  nl>> member-mult
(part l(open mkset)))

;MEMBER(N,U>~lWULT(U,MKSET(N))

4 . (derive IVn.n<length  u3llmult(u,mkset  n> I (perm-inj2 *>>
(label onto-mult)Clabel  perm-inj3)
;deps: (PERM-INJl)

5 . Cue ((setseq.IXxv.mkset(xv)l)(u.u))  pigeonlist disjoint-number perm-inj3)
;VK.K<LENGTH UZ)l=MULT(U,MKSET(K))
(label perm-inj4)
;deps: (PERM-INJl)

;labels: INTO-MULT
;VU.INTO(U)A(VK.K<LENGTH  UZ'l=MULT(U,MKSET(K>))Z'
8 (VI.I<LENGTH  U~l=MULTW,MKSET(NTH(U,I))))

6. (derive lVi.i<length  u1l=mult(u,mkset(nth(u,i)))l  (into-mult perm-inj2  *>I
;deps: (PERM-INJi)

;labels: MULT-INJ
;VV.(VK.K<LENGTH  VXlULT(V,MKSET(NTH(V,K)))=l)~INJ(V)

7 . Cue (v u> mult-inj * >
;INJW
;deps: (PERM-INJi)
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s L~:(“l’lON  s

8. (ci perm-injl)
;PERM(U)1INJ(U)
(label perm-injectvity)  I

(save-proof lpig)

;the approach using association lists
(wipe-out)
(get-proofs appall

(proof assoc)
1. (decl (compalist) (infixname: lml> (type: Igroundeground+groundl)

(syntype: constant) (bindingpower: 930))
2. (defax compalist

IValistl  alist xa y.nil m alist2=nilA
((xa.y).alistl) 0 alist2=
(xa.appalist(y,alist2)).(alistl  0 alist

(label compalistdef)

3. (decl invalist (type: Iground+groundl))
4. (defax invalist

ltfalist xa y.invalist nil=nilA
invalist((xa.y).alist)=(y.xa).invalist alistl)

(label invalistdef)

5. (decl idalistp (type: Jground+truthvall))
6. (defax idalistp

IValist x a  y.idalistp(nil)A
(idalistp((xa.y).alist)Zxa=yAidalistp  alist)l)

(label idalistpdef)

8.26.1. file ASSOC: Functions Represented by Association Lists.

(proof alistprop)

;prove sorts

;compalist sort

1. Cue (chi lAalist.alistp(alist  m alistl)]) alistinduction
(part l(open compalist)(use  appalistsort mode: exact>>>

;VALIST.ALISTP ALIST m ALISTl

(label simpinfo) (label compalistsort) H

;invalistsort

2. Cue (chi IAalist.allp(Xx.atom  x,range alist)lalistp  invalist(alist)l)
alistinduction (open range member invalist)
(use allpfact ue: ((phi.IAx.atom  xl>(x.y>(u.lrange  alistl>> mode: always) >

;VALIST.ALLP(XX.ATOM  X,RANGE(ALIST>>1ALISTP  INVALISTCALIST)
(label invalistsort) I

;prove facts about composition of functions

;three (of five) lemmata

Z0.i
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;lemma 1

3. (ue (chi IXalist.member(x,dom(alist))~
appalist(x,alist  m alistl)=appalist(appalist(x,alist),alistl~l~

alistinduction
(part l(use appalistdef mode: always)

(open dom member compalist assoc>>
(use normal mode: always))

;VALIST.MEMBER(X,DOM(ALIST))~
. APPALIST(X,ALIST m ALISTl>=APPALIST(APPALIST(ALIST,X),ALISTl~
ilabel alist-lemma11  (label app-compalist) W

;lemma 2

4. (ue (chi IAalist.dom(alist  m alistl)=dom(alist)l)
alistinduction
(open compalist dam))

;VALIST.DOH(ALIST  m ALISTl)=DOM(ALIST)
(label alist,lemma2)  (label dam-compalist) n

;compalist lemma

5. (ue (chi I~alist.lmember(za,range  alist13alist  m ((za.z).alistl)=alist  m alistll)
alistinduction
(open member range compalist appalist assoc) (use demorgan mode: always))

;VALIST.+EMBER(ZA,RANGE(ALIST))1ALIST  m ((ZA.Z>.ALISTl>=ALIST  m ALISTl
(label compalist-lemma) I

;samemap right

-6. (ue (chi l~alist.samemap(alistl,alist2)~alist  m alistl=alist  m alist21)
alistinduction
(part l(use samemap-defl  mode: exact))
(part l(open compalist samemap)))

;VALIST.SAHEMAP(ALISTl,ALIST2)~ALIST  m ALISTl=ALIST m ALIST
(label samamap,right) I

.
;prove a fact about the identity function

;idalistp,main

7. (ue (chi I~alist.idalistp(alist)hmember(y,dom alist)1appalist(y,alist)=yl)
alistinduction
(open idalistp appalist assoc member dam) (use normal mode: always))

;VALIST.IDALISTP(ALIST)hWEnBER(Y,DOM(ALIST))~CDR ASSOC(Y,ALIST)=Y
(label idalistp-main) I

;prove facts about inversion of functions

;dom invalist
. .
8. (ue (chi IXalist.allp(ax.atom  x,range alist)3dom invalist(alist)=range alistl)

alistinduction (open dom range invalist) (use invalistsort)
(use allpfact ue: ((phi.IAx.atom  xl)(x.y>(u.lrange alistl>> mode: alaays) )

;VALIST.ALLP(aX.ATOM  X,RANGE(ALIST>>~DOM(INVALIST(ALIST))=RANGE(ALIST)
(label dam-invalist)  I

;range invalist

9 . (ue (chi lXalist.allp(ax.atom  x,range alist11range  invalist(alist)=dom alistl>
alistinduction (open dom range invalist) (use invalistsort)
(use allpfact ue: ((phi.lax.atom  xl>(x.y>(u.lrange alistl>> mode: always) >

;VALIST.ALLP(AX.ATOM  X,RANGE(ALIST>>~RANGE(INVALIST(ALIST))=DOM(ALIST)
(label range-invalist) I
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8 . 2 6 . 2 . Lemma Nonempty  Range.

(proof nonempty-range)
;lemma 3

5. Cue (chi IXalist.member(x,dom  alist)Dsomep(Ay.appalist(x,alist)=y,range alist>l)
alistinduction
(part 1 (open dom somep range member appalist assoc))
(use normal mode: always))

;VALIST.MEMBER(X,DOM(ALIST))~SOMEP(aY.APPALIST(X,ALIST)=Y,RANGE(ALIST))

6. (rn * (use somepfact mode: exact))
;VALIST.MEMBER(X,DOM(ALIST))>
. (~X1.~MBER~X1,RANGE~ALIST))hAPPALIST~X,ALIST)=Xl)
ilabel nonempty-range) I

8 . 2 6 . 3 . Lemma Nonempty  Domain.

This lemma sa.ys that if z belongs to rangecalist),  then there is an x in dom(ali.st)  such
that. appa l i s t  (x ,  alist > = z . As noticed above, this requires the fact. that, alist  represents a
function, i.e. tha,t dom(alist)  has the uniqueness property, for if some (x zl) occurs in alist
before (x z), with zl#z,  then appalist(x,alist)  will give z l  a,s value.

.
;lemma 4
(proof nonempty-domain)

1. (assume Iuniqueness dom(alist)Amember(z,range alist)
(3x.member(x,dom  alist)Aappalist(x,alist)=z)l)

(label lem41)
. 2. (assume Iuniqueness dom((xa.y).alist)  1)

(label lem42)

3. (ru * (open uniqueness dom))
;+EMBER(XA,DOM(ALIST))AUNICjUENESS(DOM~ALIST))
(label lem43)
;deps: (LEM42)

4. (assume Imember(z,range((xa.y).alist))l)
(label lem44)

.

5. (ru * (open range member))
;Z=YvMEWBER(Z,RANGE(ALIST))
(label lem45)
;deps: (LEM44)

We use t,he last  line for a proof by cases. The first case follows by espantling the definitions.

6. (assume Iz=yl)

7. (tru ~3xl.member(xl,dom~~xa.y).alist))happalist~xl,~xa.y).alist)=z~
(open dom member appalist assoc) (use * mode: exact))

;~Xf.MEMBER(Xl,DOM(tXA.Y).ALIST))nAPPALIST(Xl,(XA.Y).ALIST)=Z
(label lem46)



( line I 1 ).

appalis t  (r, , (xa.y> .alist) =  appalist(.r=,alist)  =  z

8. (assume lmember
(label lem47)

(z,range(alist>>l>

9. (define xxv Imember(xxv,dom  alist)happalist(xxv  alist)=zl
(lem41 lem43 lem47))

(label lem48)
;deps: (LEM41 LEM42 LEM47)

10. (derive Ixxv#xal (lem43 lem48))
, ;deps: (LEM41 LEM42 LEW47)

11. (tra lappalist(xxv,(xa.y).alist)=zl (open appalist assoc)
(use * mode: exact)(use  lem48 mode: always direction: reverse>>

;APPALIST(XXV,tXA.Y>.ALIST)=Z
;deps: (LEM41 LEN42 LEM47)

12. (derive
~3xl.member(xl,dom((xa.y~.alist~~Aappalist~xl,~xa.y~.alist~=z~
(lem48 *> (open dam) (use memberdef mode: aluays))

(label lem49)
;deps: (LEM41 LEH42 LEM47)

13. (cases lem45 lem46 lem49)
;~X~.MEMBER(X~,DOM((XA.Y).ALIST))AAPPALIST~X~,~XA.Y~.ALIST~=Z
;deps: (LEM41 LEM42 LEM44)

14. (ci (lem42 lem44))
;UNIQuENESS(DOM((XA.Y).ALIST))A~MBER(Z,RANGE((XA.Y).ALIST))~
;(~X~.MEMBER(X~,DOM((XA.Y).ALIST))AAPPALIST(X~,(XA.Y).ALIST)=Z)
;deps: (LEM41)

15. (ci lem41)

16. (ue (chi Iaalist.uniqueness  dom(alist)Amember(z,range  alist)
(Bx.member(x,dom  allst)Aappalist(x,alist)=z)~)

alistinduction
(part It1 (open range member)) (use * mode: exact))

;VALIST.UNIQvENESS(DOM(ALIST))hMEMBER(Z,RANGE(ALIST))~
(3X.MEMBER(X,DOM(ALIST))AAPPALIST(X,ALIST)=Z)

ilabel nonempty-domain) I

8.26.4. Lemma Range Compose, Part 1.

;theorem  1 (i>; lemma range compose, part 1
(proof range-compose)

1. (assume Ipermutp(alist)l)
(label rcl)

2. (rn * (open permutp functp))
;UNIQ~ENESS(DOM(ALIST))AMKLSET(DOM(ALIST))=~KLSET(RANGE(ALIST))
(label rc2)



3.

4.

6.

7.

9.

10

11.

12

e 13.

14.

15.

16.

(assume lmklset dom(alist)=mklset  dom(alistl)l>
(label rc3)

(assume Imember(z,range(alist  a alistl)) I>
(label rc4)

;apply lemma 4 and lemma 2

(ue ((alist.lalist  00 alistll>(z.z>>  nonempty-domain
(use dam-compalist  rc2 rc4 mode: exact) >

;deps: CRC1 RC4)
;3X.MEHBERtX,DOM(ALIsT))AAPPALIST(X,ALIST m ALISTl)=Z

(define xxvv Imember(xxvv,dom  alist)Aappalist(xxvv,alist  m alistl)=zl * >
(label rc5)
;deps: CRC1 RC4)

;apply lemma 1

(ra + (use app-compalist  mode: always))
;MEMBER~XXVV,DOM~ALIST~~AAPPALIST~APPALIST~XXVV,ALIST~,ALISTl~=Z
(label rc6)
;deps: CRC1 RC4)

;apply lemma 3

(define yyvv Imember(yyvv,range  alist)Aappalist(xxvv,alist)=yyvvl
(nonempty-range rc6))

(label rci')
;deps: CRC1 RC4)

(trn lyyvv E mklset range(alist>l  (open mklset epsilon) rc7)
;YYVVeMKLSET(RANGE(ALIST))
;deps: CRC1 RC4)

(ra * (use rc2 mode: exact direction: reverse>
(use rc3 mode: exact))

;YYVV~MKLSET(DOM(ALISTlJ)
;deps: CRC1 RC3 RC4)

(rn * (open epsilon mklset))
;MEMBER(YYVV,DOM(ALISTl))
;deps: CRC1 RC3 RC4)

;apply again lemma 3, this time to alistl

(define zzvv lmember(zzvv,range  alistl)Aappalist(yyvv,alistl)=zzvv~
(nonempty-range *>>

(label rc8)
;deps: CRC1 RC3 RC4)

(rn rc6 rc7)
;MEMBER(XXVV,DOM(ALISTJ)AAPPALIST(YYVV,ALISTl)=Z
;deps: CRC1 RC4)

(tra Izzvv=zl * (use rc8 mode: always direction: reverse>>
; zzvv=z
;deps: CRC1 RC3 RC4)

(trw Imember(z,range  alistl)l rc8 (use * mode: exact direction: reverse>>
;MEMBER(Z,RANGE(ALISTl))
;deps: CRC1 RC3 RC4)

(ci rc4)
;MEMBER(Z,RANGE(ALIST  m ALIST1>>1MEMBER(Z,RANGE(ALISTl))
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;deps: (RCl RC3)

17. (trw lmklset range(alist  m afistl)Cmklset  range(alistl>l  *
(open mklset inclusion))

;MKLSET(RANGE(ALIST  m ALISTl>>CMKLSET(RANGE(ALISTl))
;deps: CRC1 RC3)

18. (ci (rcl rc3))
;PERHvTP(ALIST>AMKLSET(DOM(ALIST))=MKLSET(DO~(ALISTl))~
;MKLSET(RANGE(ALIST  m ALISTl)>CMKLSET(RANGE(ALISTl))

8.26.5. Lemma Range Compose, Part 2.

;theorem 1 (i>; lemma range compose, part 2

1. (assume Ipermutp(alist>l)
(label rc21)

2. (r-w * (open permutp functp))
;~IQuENESS(DOM(ALIST))AMKLSET(DOM(ALIST))=MKLSET(RA~GE(ALIST))
(label rc22)

3. (assume lpermutp(alistl)l)
(label rc23)

_ 4. <rw * (open permutp functp))
;uUIQvENESS(DO~(ALISTl~~AMKLSET~DO~~ALISTl~~=MKLSET~RANGE~ALISTl~~
(label rc24)

5. (assume lmklset  dom(alist)=mklset dom(alistl)l)
(label rc25)

. 6. (assume lmember(z,range  alistl>l>
(label rc26)

;apply lemma 4

7. (define yvl Imember(yvl,dom  alistl)Aappalist(yvl,alistl)=z~
(nonempty-domain rc24 rc26))

(label rc27)
;deps: CRC23 RC26)

8. (trw lyvl E mklset dom(alistl)l  * (open epsilon mklset))
;YVl~HKLSET(DOM(ALISTl))
;deps: CRC23 RC26)

- 9.

10

(r-w * (use rc25 mode: exact direction: reverse)
(use rc22 mode: exact>>

;YVlCMKLSET(RANGE(ALIST))
;deps: CRC21 RC23 RC25 RC26)

(rw * (open epsilon mklset))
;MEMBER(XVl,RANGE(ALIST))
(label rc28)
;deps: CRC21 RC23 RC25 RC26)

(proof range-compose21

;apply again lemma 4, this time to alist

11. (define xv1 lmember(xvl,dom  alist)Aappalist(xv
(nonempty-domain rc22 rc28))

(label rc29)

l,alist)=yvll
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;deps: (RC21 RC23 RC25 RC26)

;apply lemma 2 and rewrite

12. (trw lmember(xvl,dom(alist  m alistl>>l * (use dam-compalist))
;MEMBER(XVl,DOM(ALIST  m ALISTl))
(label rc30)
;deps: (RC21 RC23 RC25 RC26)

13. (trw lappalist(xvl,alist  m alistl) I rc29 rc30
(use app-compalist  rc29 rc27 mode: always))

;APPALIST(XVl,ALIST  m ALISTl)=Z
(label rc31)
;deps: (RC21 RC23 RC25 RC26)

;apply lemma 3

14. (ue ((alist.lalist  m alistll>(x.xvl>>  nonempty-range
(use dam-compalist  rc22 rc30 mode: always))

;!lY.MEMBER(Y,RANGE(ALIST m ALISTl>>AAPPALIST(XVl,ALIST m ALISTl)=Y
;deps: (RC21 RC23 RC25 RC26)

15. (define zvl
Imember(zvl,range(alist  m alistl))Aappalist(xvl,alist m alistl)=zvll  * >

(label rc32)
;deps: (RC21 RC23 RC25 RC26)

16. (trw Jzvl=zl  rc31 (use * mode: always direction: reverse>>
; ZVl=Z
;deps: (RC21 RC23 RC25 RC26)

17. (trw Imember(z,range(alist  m alistl))l rc32
(use * mode: exact direction: reverse>>

;KEMBER(Z,RANGE(ALIST  m ALIST'
;deps: (RC21 RC23 RC25 RC26)

18. (ci rc26)
;MEMBER(Z,RANGE(ALISTlJ)~MEMBER(Z,RANGE(ALIS~ m ALIST
;deps: (RC21 RC23 RC25)

19. (trw lmklset range(alistl)Cmklset range(alist  m alistl) 1 *
(open inclusion mklset) >

;HKLSET(RANGE(ALISTl>)CHKLSET(RANGE(ALIST m ALISTl))
;deps: (RC21 RC23 RC25)

20. (ci (rc21 rc23 rc25))

- 8 . 2 6 . 6 . Conclusion of Theorem 1.

(proof permutp-compalist)

1. (assume Ipermutp(alist)l)
(label permut-compl)

2. (assume Ipermutp(alistl)l)
(label permut-comp2)

3. (assume Imklset(dom(alist))=mklset(dom(alistl))~~
(label permut-comp3)



4. (derive Imklset(range(alist  m alistl))Cmklset(range(alistl))A
mklset(range(alistl))Cmklset(range(alist  00 alist
(permut-compl permut-comp2  permut-comp3 range-compose))

;deps: (PERMUT-COMPl  PERMUT-COMP2  PERMUT-COMPS)

5. (derive Imklset(range(alist  m alistl>>=mklset(range(alistl))l
(* double-inclusion))

;deps: (PERMUT-COMPl  PERMUT-COMP2  PERMUT-COMP3)
(label permut-comp4)

6. (rw permut-compl (open permutp functp))
;~IQ~ENESS(DOM(ALIST))AMKLSET(DOM(ALIST~~=MKLSET~RANGE~ALIST~~
(label permut-comp5)

7. (x-w permut-comp2 (open permutp))
;~NCTP(ALISTl>AMKLSET(DOM(ALISTl))=MKLSET(RANGE(ALISTl))

8. (trw luniqueness(dom(alist  m alistl))A
mklset dom(alist m alistl)=mklset  rangecalist  m alistl)l
(use dam-compalist  permut-comp4 mode: exact) permut-comp5
(use * permut-comp3  mode: always direction: reverse>>

;UNIQUENESS(DOM(ALIST  m ALISTl))A
;MKLSET(DOM(ALIST  m ALISTl>>=MKLSET(RANGE(ALIST m ALISTl))
;deps: (PERMUT-COMPl  PERMUT-COMP2  PERKUT-COMP3)

9. (trw Ipermutp(alist m alist * (open permutp functp))
;PERMUTP(ALIST  m ALIST
;deps: (PERMUT-COMPl  PERMUT-COMP2  PERMUT-COMP3)

10. (ci (permut-compl permut-comp2  permut-comp3))

8.26.7.
.

1.

2.

+

3.

4.

-;PER~P~ALIST>~PE~~TP~ALIS~l~~MKLSET~DO~~ALIST~~=MKLSET~DOM~ALISTl~~~
;PERMUTP(ALIST  m ALISTL)
(label permutp-compalist)  I

Associativity of Composition.

;theorem 1 (ii>
(proof compalist-associativity)

(trw lmklset(range((xa.y).alist))Cmklset(dom alist
member(y,dom alistl)Amklset  range(alist)Cmklset  dom(alistl)l
(open mklset inclusion range member)(use  normal mode: always))

;MKLSET(RANGE((XA.Y>.ALIST))CMKLSET(DOM(ALISTl))~
;~MBER~Y,DOM(ALISTl>)hMKLSET~RANGE~ALIST~~CMKLSET~DOM~ALISTi~~

(trw Imember(y,dom  alistl)Amklset  range(alist)Cmklset  dom(alistl11
mklset(range((xa.y>.alist))cmklset(dom  alistl) 1 (der)
(open mklset inclusion range member)(use normal mode: always))

;~MBER(Y,DOM(ALIST1>)hMKLSET~RANGE~ALIST~~~MKLSET~DOM~ALISTl~~~
;MKLSET(RANGE((XA.Y>.ALIST))CMKLSET(DOM(ALISTl))

(derive lmklset(range((xa.y).alist))cmklset(dom alistl)=
member(y,dom alistl)Amklset  range(alist)Cmklset  dom(alistl)l (* -2))

(label helpinduction)

(ue (chi lXalist.mklset(range  alist)Cmklset(dom alist
alist m (alistl m alist2)=(alist  m alistl) m alist21)

alistinduction
(part l(open compalist)(use  app-compalist  * mode: always)))

;VALIST.MKLSET(RANGE(ALIST))CMKLSET(DOM(ALISTl))~
ALIST m (ALIST m ALIST2)=(ALIST m ALISTl) m ALIST

[label compalrst-associativity)  m
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8.26.8. Samemap  Left.

(proof samemap-left)

1. (assume lsamemap(alistl,alist2)1)
(label smll)

2. (rw * (open samemap))
;MKLSET(DOM(ALISTl>>=MKLSET(DOM(ALIST2))A
;~VY.Y~~~KLSE~~DOM~ALIST1~~~APPALIST(Y,ALIS~l~=APPALIS~~Y,ALIS~2~~
(label sm12)

3. (assume lycmklset  dom(alistl)l)
(label sm13)

4. (derive lappalist(y,alistl)=appalist(y,alist2)1  (sm12 sml3))
(label sm14)

5. (rw sm13 (use sm12 mode: exact))
;YeMKLSET(DOM(ALIST2>)
(label sm15)

6. (rw sm13 (open epsilon mklset))
;MEMBER(Y,DOM(ALISTl))

7. (rw sm15 (open epsilon mklset))
;MEMBER(Y,DOMtALIST2>)

. 8. (trw lappalist(y,alistl  m alist)=appalist(y,alist2 m alist) I
(use app-compalist -2 mode: exact)
(use app-compalist * mode: exact)
(use sm14 mode: exact))

;APPALIST(Y,ALISTl  m ALIST)=APPALIST(Y,ALIST2  m ALIST)
;deps: (SMLl SML3)

9. (ci sm13)
;Y~MKLSET(DOM(ALIST~~~~APPALIST(Y,ALIST~  m ALIST)=APPALIST(Y,ALIST2 m ALIST)

10. (trw lmklset(dom(alist1  m alist))=mklset(dom(alist2  m alist>>l
dam-compalist  (use sm12 mode: exact))

;MKLSET(DOM(ALISTl  m ALIST>>=MKLSET(DOM(ALIST2  m ALIST))

11. (trw Isamemap(alist1  m alist,alist2  00 alist (open samemap)
(dam-compalist  * -2))

;SAMEMAP(ALISTl m ALLST,ALIST2  m ALIST)
;deps: (SMLl)

12. (ci smll)
;SAMEMAP(ALISTl,ALIST2)XAMEMAP(ALISTl  m ALIST,ALIST2  m ALIST)
(label samemap-left) I

8.26.9. Theorem 2, on Identity Alist.

;theorem 2 (i> (permutp idalistp)
(proof idalistprop)

1. (ue (chi IXalist.idalistp(alist)3dom  alist=range  alistl) alistinduction
(open idalistp dom range>)

2. (trw ~Valist.functp(alist)Aidalistp(alist)~permutp(alist~~
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(open tunctp permutp>(use * mode: always))
;VALIST.F~CTP(ALIST)AIDALISTP(ALIST)~PER~TP(ALIST~
(label idalistp,permutp)  I

;theorem 2 (ii) (idalistp right)

#(alist

3. (assume lidalistp(alistl)l)

4. (ue (chi l~alist.mklset(range(alist))Cmklset(dom
(alist m alistl=alist)l)

alistinduction
(part l(open compalist))

(use helpinduction idalistp-main * mode: always))
;~ALI~T.~KLSET(RANGE(ALIST))~MKLSET(DON(ALIST~~~~AL~ST m ALISTl=ALIST
;deps: (4)

5. (ci -2)
;IDALISTP(ALIST1)3
;(VALIST.~KLSET(RANGE(ALIST~~C~KLSET(DOM(ALISTi~~~ALIST m ALISTl=ALIST)
(label idalistp,right) I

;theorem 2 (iii> (idalistp left)
(proof idalistp-left)

1. (assume lidalistp alistidl)
(label idal-
;ALISTID  is unknown.
;the symbol ALISTID is given the same declaration as ALIST

2. (assume lmklset dom(alistid)=mklset dom(alist>l)
(label idal-

3. (assume lyCmklset(dom(alistid  m alist>>l>
(label idal-13)

4. (rw * (use dam-compalist  mode: exact)(open  epsilon mklset))
(label idal-

. ;MEMBER(Y,DOM(ALISTID))
;deps: (idal-

5. (tru lappalist(y,alistid  m alist) (use app,compalist * mode: exact))
;APPALIST(Y,ALISTID  m ALIST)=APPALIST(APPALIST(Y,ALISTID),ALIST)
(label idal-

;labels: IDALISTPJAIN
;VALIST Y.IDALISTP(ALIST>AMEnBER(Y,DOM(ALIST))~APPALIST(Y,ALIST)=Y

6. (derive lappalist(y,alistid)=yl  (idalistp-main idal- idal-14))
;deps: (idal- idal-

7. (rw idal- * >
a ;APPALIST(Y,ALISTID  m ALIST)=APPALIST(Y,ALIST)

;deps: (idal- idal-

8. (ci idal-
;YCHKLSET(DOH(ALISTID  m ALIST)>~APPALIST(Y,ALISTID m ALIST)=APPALIST(Y,ALIST)
(label idal-
;deps: (idal-

9. (trw Imklset(dom(alistid  m alist))=mklset  dom(alist>l
(use dam-compalist  idal- mode: exact))

;MKLSET(DON(ALISTID  m ALIST>>=MKLSET(DOM(ALIST))
;deps: (idal-

;labels: SAMEMAPDEF
;VALIST ALISTl.SAMEMAP(ALIST,ALISTl):



SECTION  c',

10.

11.

8.26.10. Lemma Atomrange.

, MKLSET(DOM(ALIST))=MKLSET(DOM(ALISTl))A
., (VY.YEMKLSET(DOM(ALIST))1
9 APPALIST(Y,ALIST)=APPALIST(Y,ALISTl))

(tra Isamemap(alistid  m alist,alist)i  (open samemap) (idal- *))
;SAXEMAP(ALISTID  m ALIST,ALIST)
;deps: (idal- idal-12)

(ci (idal- idal-12))
;IDALISTP(ALISTID)AMKLSET(DOM(ALISTID))=MKLSET(DOM(ALIST))~
;SAMEMAP(ALISTID  m ALIST,ALIST)
(label idalistp-left) I

;a lemma: the range of a permutation contains only atoms
(proof atomrange)

1. (assume Imklset(dom(alist))=mklset(range(alist))l)
(label arl)

2. (ue (chi IAalist.allp(Xx.atom(x),dom alist) I)
alistinduction
(open allp dom))

;VALIST.ALLP(AX.ATOM  X,DOM(ALIST))
(label ar2)

3. (ue ((phil.lXx.atom(x)l)(x.x)(u.ldom a
;MEMBER(X,DOM(ALIST))1ATOM  X

4. (tra lmklset dom(alist)C(Xx.atom x>l *
;MKLSET(DOM(ALIST))C(~X.ATOM  X)

list I>> allp-elimination  * 1

(open i nclusion mklset) )

. 5. (ra * (use ax-1 mode: exact))
;MKLSET(RANGE(ALIST))C(XX.ATOM  X)

6. (rn * (open inclusion mklset))
;VXW.MEMBER(XV,RANGE(ALIST))1ATOM  XV

7. (ue ((phil.iXx.atom  xl)(u.lrange alistl))
allp-introduction  * )

;ALLP(AX.ATOM  X,RANGE(ALIST))

8. (ci arl)
;MKLSET(DOM(ALIST)>=MKLSET(RANGE(ALIST))~ALLP(~X.ATO~ X,RANGE(ALIST))
(label atomrange) w

8.26.11. Theorem 3, on Inversion of Alists.

;theorem 3 (i)
(proof permutp-invalist)

;ue borrow this result from the proof permutp-injectp

;labels: PERMUTP-INJECTP
;VALIST.PERMUTP ALISTIINJECTP  ALIST

(proof permutp-invalist)



1. (assume lpermutp alistl)
(label pivl)

2. (derive linjectp  alistl(permutp-injectp  pivl))
;deps: (PIVl)

3. (rn * (open injectp))
;FUNCTP(ALIST>AUNIQUENESS(RANGE(ALIST))
(label piv2)

4. (ru pivl (open permutp))
;nrNCTP(ALIST>AMKLSET(DOM(ALIST))=HKLSET(RANGE(ALIST))
(label piv3)

5. (derive lallp(Xx.atom x,range alist) (atomrange *>>
(label piv4)

6. (derive ldom invalist(alist)=range  alistl (dam-invalist  *>>
(label piv5)

7. (derive lrange invalist(alist)=dom  alistl (range-invalist piv4))
(label piv6)

8. (tra Iuniqueness dom(invalist(alist>>l  piv2 (use piv5))
;UNIQUENESS(DOM(INVALIST(ALIST)))
(label piv7)

9. (trn lmklset dom(invalist(alist))=mklset  range(invalist(alist))I
piv3 (use piv5 piv6))

;~KLSET~DO~~INWALIST~ALIST~~~=MKLSET~RANGE~INVALIST(ALIST~))
(label piv8)

10. (tra lpermutp invalist(alist)l  piv7 piv8
(open permutp functp) (use invalistsort piv4 mode: exact))

;PERMUTP(INVALIST(ALIST))
;deps: (PIVl)

. 11. (ci pivl)
;PERMUTP(ALIST>~PERMUTP(INVALIST(ALIST)~
(label permutp-invalist)  I

(proof invalistprop)

;theorem 3 (ii>

1. (ue (chi IXalist.allp(Ax.atom  x,range(alist))Ainjectp(alist)D
idalistpcalist  m invalist(alist))  I> alistinduction

(part l(use allpfact ue: ((phi.lAx.atom  xl)(x.y>(u.lrange  alistl>> >
(open range injectp functp uniqueness invalist

idalistp compalist appalist assoc)
(use invalistsort dam-invalist  compalist-lemma mode: exact>>>a ;VALIST.ALLP(AX.ATOM  X,RANGE(ALIST>>AINJECTP(ALIST)1

IDALISTP(ALIST  m INVALIST(ALIST))
ilabel invalist-right) n

;theorem 3 (iii>

2. (assume lallp(Xx.atom x,range(alist>)  I>

3. (ue ~~alist.linvalist~alist~l~~alistl.lalistl~~za.xa~~z.y~~  compalist-lemma
(use * invalistsort range-invalist mode: exact))

;lMEMBER(XA,DOM(ALIST))1INVALIST(ALIST)  m ((XA.Y>.ALIST>=INVALIST(ALIST)  m ALIST

4. (ci -2)
;ALLP(AX.ATOM X,RANGE(ALIST))3
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;(7M~~~~~(~~,~~~(~~~~~))11NVALIST(ALIST)  m ((XA.Y>.ALIST>=INVALIST(ALIST)  m ALIST)

(ue (chi IAalist.allp(Xx.atom  x,range(alist>>Ainjectp(alist)1
idalistp(invalist(alist)  m alist) I> alistinduction

(part 1 (open allp range injectp functp uniqueness
invalist compalist appalist assoc idalistp)

invalistsort (use range-invalist mode: exact) (use * mode: always)))
;VALIST.ALLP(AX.ATOM  X,RANGE(ALIST>)AINJECTP(ALIS-r)~

IDALISTP(INVALIST(ALIST)  m ALIST)
ilabel invalist-left) I

8 . 2 7 . file PERMP: Functions Represented by Lists, Using Predicates.

;definitions of composition,identity,
(proof camp-pred)

inverse as predicates

;composition of functions

(decl (camp) (type: lgroundegroundeground'truthvall)  (syntype: constant)
(bindingpower: 930))

(define camp IVu v u.comp(u,v,u)z
length u=length  nA(Vn.n<length uDnth(u,n>=nth(v,nth(a,n)))l)

(label compdef)

;the identity function

(decl (id) (type: Iground+truthvall))
(defax id lVu.id(u)%(Vn.n<length  uDnth(u,n>=n>l>
(label id-def)

;the inverse of a function

(decl (inv> (type: lgroundeground*truthvall))
(defax inv (Vu v.inv(u,v)=(Vn.n<length uJnth(u,n>=fstposition(v,n))l)
(label invdef)

8 . 2 7 . 1 . Composition of Permutations is a Permutation.

(proof camp-perm)

1. (assume I perm(v)
(label cp-pm11

I>

2. (assume Iperm(n>l>
(label cp-pm21

3. (assume llength v=length  WI>
(label cp-pm31

(assume Icomp(u,
(label cp-pm41

v,u) I>

5. (ru cp-pm1 (open perm into onto))
(label cp-pm5)
;(VN.N<LENGTH V3NATNUM(NTH(V,N>)ANTH(V,N)<LENGTH V)h
;(VN.N<LENGTH VIMEMBER(N,V))



218 ,-\BOITT  PER~~I~TATIONS  IN LISP AND EIiL

(r-a cp-pm2 (open perm into onto))
(label cp-pm61
;(vN.N<LENGTH  WDNATNUM(NTH(W;N>>ANTH(H,N)<LENGTH  W)A
;(VN.N<LENGTH  HXlEMBER(N,W))

(ra cp,pm4 (open camp >>
(label cp,pm7)
;LENGTH U=LENGTH WA(VN.N<LENGTH DNTH(U,N>=APPL(V,NTH(W,N)))

(assume Im<length(u>l>
(label cp-pm8)

(rn * (use cp-pm7 mode: always))
(label cp-pm91
;M<LENGTH W

(derive Inatnum(nth(a,m>>Anth(a,m><length
(use cp-pm3 mode: exact))

VI (cp-pm6 *>

(tru lnatnum(nth(v,nth(u,m)))Anth(v,nth(a,m))~length VI (* cp-pm511
(label cp_pmlO)

(derive Inth(u,m)=nth (v,nth(a,m>>l (cp-pm7
(open appl) (use -2))

q-pm81

(rw cp_pmlO (use * mode: exact direction: reverse>)
;NATNUM(NTHtU,M>>ANTH(U,H)oENGTH  V
(label cp-pmll)

(tru /length u=length VI (use cp-pm7 cp-pm3 mode: always))
;LENGTH  U=LENGTH V

(rw cp-pm11 (use * mode: exact direction: reverse>>
;NATNUM(NTH(U,M>>ANTH(U,M)<LENGTH U
;deps: (CP-PM1 CP-PM2 CP-PM3 CP-PW4 CP-PM81

(ci cp-pm81
;M<LENGTH U~NATNUM(NTH(U,M))ANTH(U,n)oENGTH  U

(trw lint0 ul (open into) * >
(label cp-into)
;INTO(U)
;deps: (CP-PM1  CP-PM2 CP-PM3 CP-PM41

(rw cp-pm9 (use cp-pm3 mode: exact direction: reverse>>
;M<LENGTH V

(trw lmember(m,v>l (* cp-pm5))
;MEMBER(M,V)
(label cp-pm201

(derive lBj.j<length(v>Anth(v,j)=ml  (* member,nth))
(label cp-pm21)
;deps: (CP-PM1  CP-PM3 CP-PM4 CP,PM8)

(define jv Ijv<length(v)Anth(v,jv)=ml  * >
(label cp-pm221

(rw * (use cp-pm3 mode: exact))
;JV<LENGTH WANTH(V,JV)=M

(trw Imember(jv,w>l (* cp-pm611
;MEMBER(JV,W)

24. (derive /Bk.k<length(w)Anth(w,k)=jvl  (* member-nth))



SECTION 8

;deps: (CP-PM1 CP-PM2 CP-PM3 CP-PM4 CP-PM8)

25. (define kv Ikv<length(w)Anth(w,kv)=jvl  * >
(label cp-pm231

26. (rw cp-pm22 (use * mode: always direction: reverse>>
;NTH(W,KV)<LENGTH  VANTH(V,NTH(W,KV))=M
(label cp-pm241

27. (trw Ikv<length(u) 1 cp-pm23 (use cp-pm7 mode: always)>
;KV<LENGTH U
(label cp-pm251

28. (trw lnatnum nth(w ,kv) I cp-pm231
;NATNUM(NTH(W,KV))

29. (derive Inth(u,kv>=nth(v,nth(w,kv))(  (cp-pm7
(open appl)(use  *>>

cp-pm251

30. (rw * (us e cp-pm24
;NTH(U,KV )=M

mode: always)>

31. (derive Imember(m,u>l nthmember
cp-pm25 (use * mode: exact direction: reverse>>

;deps: (CP-PM1 CP-PM2 CP-PM3 CP-PM4 CP-PM81

32. (ci cp-pm81
;M<LENGTH UDMEMBER(M,U)
(label cp-onto)

33. (trw lperm ul (open perm onto) cp-into cp-onto)
;PERM(U)
;deps: (CP-PM1 CP-PM2 CP-PM3 CP-PM41

34. (ci (cp-pm1 cp-pm2 cp-pm3 cp-pm411
;PERM:(V>APERM(W>ALENGTH V=LENGTH WACOMP(U,V,W>1PERM(v)
(label perm-composition)  n

Cornpositiou  of functions is unique:

35. (trw ~comp(u,v,w)Acomp(ul,v,w~~u=u~~  (open COmp) eXtenSiOnality)
;CONP(U,V,W)ACO~(Ul,v,~)~u=u~

(label camp-uniqueness) I

8.27.2. Composition is Associative.

(proof camp-associative)

1. (assume linto(w3>1>
(label call

2. (assume (length w2=length w3l>
(label ca2)

3. (assume Icomp(v,wl,w2> I>
(label ca3)

(assume lcomp
(label ca4)

(u,v,w3>1>

5 . (assume Icomp(vl,w2,w3)1)



(label ca5)
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6. (assume Icomp(ul,wl,vl)l)
(label ca6)

7. (assume Inclength ul>
(label ca7)

8 . (rw ca4 (open cornpI)
;LENGTH  U=LENGTH W3A(VN.N<LENGTH U~NTH(IJ,N)=NTH(V,NTH(W3,N)))
(label ca8)
;deps: (CA41

9. (derive lnclength(w3) I (ca7 ca8>>
(label ca9)
;deps: (CA4 CA71

10. (derive Inth(u,n>=nth(v,nth(w3,n~)l  (ca7 ca8>>
(label cal0)
;deps: (CA4 CA71

11. (rw cal (open into>>
;VN.N<LENGTH W33NATNUM(NTH(W3,N>>ANTH(W3,N)<LENGTH  W3
;deps: (CA11

12. (derive Inatnum(nth(w3,n))Anth(w3,n)<length(w2)~  (ca9 * ca2))
(label call)
;deps: (CA1 CA2 CA4 CA7)

13. (rw ca3 (open camp))
;LENGTH  V=LENGTH W2A (VN. NCLENGTH VINTH(V,N>=NTH(Wl,NTH(W2,N)))
(label ca12)
;deps: (CA31

14. (derive Inth(w3,n><length(v)I  (call ca12))
(label ca13)
;deps: (CA1 CA2 CA3 CA4 CA7)

. 15. (derive IVn.n<length(v)~nth(v,n)=nth(wl,nth(w2,n~~l  ca12)

16. (ue (n Inth(w3,n)I) * call ca13)
;NTH(V,NTH(W3,N>)=NTH(Wl,NTH(W2,NTH(W3,N)))
;deps: (CA1 CA2 CA3 CA4 CA71

17. (rw Cal0 (use * mode: exact))
;NTH(U,N)=NTH(Wl,NTH(W2,NTH(W3,N)))
(label cal4)
;deps: (CA1 CA2 CA3 CA4 CA7)

18. (rw ca5 (open camp>)
(label ca20)
;LENGTH  Vl=LENGTH  WSA(VN.N<LENGTH V13NTH(Vl,N>=NTH(W2,NTH(W3,N)))

19. (derive Inth(vl,n)=nth(w2,nth(w3,n))l  (ca9 ca20))
(label ca21)
;deps: (CA4 CA5 CA71

20. (rw ca6 (open camp))

2

;LENGTH  Ul=LENGTH-VlA(VN.N<LENGTH  UlZ'NTH0Jl,N>=NTH(Wl,NTH(Vl,N)))
(label ca22)
;deps: (CAM)

. (x-w ca9 (use ca20 ca22 mode: always direction: reverse>>
;N<LENGTH Ul
;deps: (CA4 CA5 CA6 CA71
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2 2 . (derive Inth(ul,n)=nth(al,nth(vl,n))  I (ca22 *>>
;deps: (CA4 CA5 CA6 CA7)

23. (x-u * (use ca21 mode: exact))
;NTH(Ul,N)=NTH(Hl,NTH(H2,NTH(W3,N)))
(label ca23)
;deps: (CA4 CA5 CA6 CA71

24. (ra ca14 (use ca23 mode: exact direction: reverse>>
;NTH(U,N)=NTH(Ul,N)
;deps: (CA1 CA2 CA3 CA4 CA5 CA6 CA71

2 5 .  (ci ca7)
;N<LENGTH U~NTH(U,N)=NTH(Ul,N)
(label ca24)
;deps: (CA1 CA2 CA3 CA4 CA5 CA61

26. (tru llength  u = length ull (use ca8 ca22 mode: always)
(use ca20 mode: aluays direction: reverse)>

;LENGTH U=LENGTH Ul
;deps: (CA4 CA5 CA61

27. (ue ((u.u>(v.ul>>  extensionality ca24 * >
;U=Ul
;deps: (CA1 CA2 CA3 CA4 CA5 CA6)

28. (ci (cal ca2 ca3 ca4 ca5 ca6>>
;INTO(W3)ALENGTH  W2=LENGTH W3h
;COMP(V,W~,W~)ACOMP(U,V,W~)A
;COMP(V1,W2,W3)ACOMP(U1,W1,Vl~~U=Ul
(label associativity-pred) a

8 . 2 7 . 3 . Using Predicates: Identity.

;id implies perm
(proof idperm)

1. (tru lid(u>Dinto(u>l (open id into>>
;ID(U)3INTO(U)
(label p-ill

2 . (assume lid(u) I>
(label p-i21

3 . (ra * (open id))
;VN.N<LENGTH UZ'NTH(U,N)=N
(label p-i3)

4 . (assume Inclength ul>
(label p-i4)

5 .

6 . (derive Imember(n,u>l (* p-i4 p-i3))

7 .

8 .

(derive Imember(nth(u,n),u)  1 (* nthmember))

(ci p-i41
;N<LENGTH UIMEMBER(N,U)

(derive lperm ul (p-i1 p-i2 *> (open perm onto))

9. (ci p-i21
;ID(U)1PERN(U)
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(label id,perm) I

;Theorem 2 (ii) (id right)

(proof identity-right)

1. (assume lid(u>l>
(label id-r11

2. (assume Icomp(v,v,u>l)
(label id-r21

3. (assume llength u=length ul>
(label id-r31

4. (ra id-r1 (open id))
;VN.N<LENGTH K'NTH(U,I)=N
(label id-r41

5. (ra id-r2 (open camp))
;LENGTH V=LENGTH UA(V'l.N<LEIGTH  U~NTH(V,N>=NTH(U,NTH(U,N)))
(label id-r51

6. (ru * (use id-r4 mode: always))
;LENGTH V=LENGTH  UA(VN.N<LENGTH U1NTH(V,N)=NTH(W,N))
(label id-r61

7. (tru llength v=length WI (use id-r3 id-r5 mode: always))
;LENGTH V=LENGTH W

8. (derive Iv=ul  (extensionality id-r6 *>>

9. (ci (id-r1 id-r2 id-r311
;ID(U>ACOKF'P(V,W,U>ALENGTH  W=LENGTH  UDV=W
(label id-right) I

;Theorem 2 (iii> (id left)
.

(proof identity-left)

1. (assume lid(u>l>
(label id-111

2. (assume lperm u I >
(label id-121

3. (assume llength a=length  ul>
(label id-131

4. (assume Icomp(v,u,a>l>
(label id-141

*5. (ru id-11 (open id))
;VN.N<LENGTH U1NTH(U,N)=N
(label id-151

6. (ru id-14 (open camp))
;LENGTH V=LENGTH WA(VN.N<LENGTH VDNTH(V,N)=NTH(U,NTH(W,N)))
(label id-161

7. (ra id-12 (open perm onto into>>
;(VN.N<LENGTH W~NATNU!I(NTH(W,N)>ANTH(W,N)(LENGTH  w>A
;(VN.N<LENGTH WSlEHBER(N,W))
(label id-171

8. (trv lVm.m<length u~natnum(nth(a,m))Anth(a,m)<length  ul id-17



(use id-13 mode: exact direction: reverse>>
;VM.M<LENGTH U~NATNUM(NTH(W,M>>ANTH(W,M)(LENGTH  U
(label id-181

9. (trn lVm.m<length u~nth(u,nth(u,m))=nth(n,m)l id-15 * >
;VM.M<LENGTH U1NTH(U,NTH(W,M>)=NTH(W,M)
(label id-19)

lo. (assume lmclength VI)
(label id-1101

11. (tru lmclength ul *
(use id-13 id-16 mode: exact direction: reverse>>

;M<LENGTH U
(label id-1111

12. (derive lnth(u,nth(a,m>>=nth(a,m)l  (id-19 id-111))

13. (derive Inth(v ,m)=nth(u,m) (id-16 id-1101
(use * mode: exact directi on: reverse>>

14. (ci id_liO)
;M<LENGTH V1NTH(V,W)=NTH(W,M)

15. (derive la=vl  (extensionality id-16 *>>

16. (ci (id-11 id-12 id-13 id-14))
;ID(U>APERM(W>ALENGTH  W=LENGTH  UACOMP(V,U,W)1W=V
(label id-left) I

8.27.4. Using Predicates: the Inverse Permutation Theorem.

Theorem 3 (i) (112~ Per-m)

VU V.PERM(U)AINV(V,U>ALENGTH  V=LENGTH UIPERM(V)

Part 1: inv implies into

(proof inv-into)

1. (assume Iperm(u>l>
(label iil>

2. (assume linv(v,u>l)
(label ii21

3. (assume Ilength  v=length  ul>
(label ii31

4. (ra ii1 (open perm into onto> )
(label ii41
;(VN.N<LENGTH U1NATNUM(NTH(U,N>>ANTH(U,N)(LENGTH  u)A
;(VN.N<LENGTH UXlEMBER(N,U))

5. (ra ii2 (open inv>>
(label ii51
;VN.N<LENGTH V~NTH(V,N)=FSTPOSITION(U,N)

6. (assume Imclength VI>
(label iiS>

7. (derive lnth(v,m>=fstposition(u,m>l  (ii5 ii6))



(label ii7)

8. (ra ii6 (use ii3 mode: exact))
;M<LENGTH  U

9. (derive Imember(m,u)I  (* ii411
;MEMBER(M,U)

10. (tru lnatnum fstposition(u,m)Afstposition(u,m)<length  ul
(use pos-length  * mode: always)
(use posfacts ue: ((u.u)(y.m)> >>

;NATNUM(FSTPOSITION(U,M))AFSTPOSITION(U,M)<LENGTH  U

11. (ra * (use ii3 ii7 mode: exact direction: reverse>>
;NATNUM(NTH(V,M>>hNTH(V,M)<LENGTH  V
;deps: (111 II2 II3 116)

12. (ci iiS>
;M<LENGTH  V~NATNUM(NTH(V,M>>ANTH(V,H)OENGTH  V

13. (tra lint0 vl (open into) * >
;INTO(V)
;deps: (111 112 113)

14. (ci (ii1 ii2 iiS>>
;PEREI(U)AINV(V,U)ALENGTH  V=LENGTH UZ)INTO(V)
(label inv-into) n

Part  2. inv inlplies  perm:

1.

2.

.
3.

4.

5.

6.
e

7.

8.

9.

(proof inv-onto)

(assume lperm ul>
(label iol)

(assume linv(v,u>l>
(label io2)

(assume llength v=length ul>
(label io3)

(ru iol (open perm into onto> >
;(VN.N<LENGTH U1NATNUM(NTH(U,N>>ANTH(U,N)<LENGTH U)h
;(VN.N<LENGTH UXlEMBER(N,U))
(label io4)

(ru io2 (open inv)>
;VN.N<LENGTH VZ'NTH(V,N)=FSTPOSITION(U,N)
(label io5)

(derive lVn.n<length uJfstposition(u,nth(u,n))=nl
(fstposition-nth  perm-injectivity  uniqueness-injectivity iol io4))

;deps: (101)
(label io6)

(assume lnclength VI>
(label io7)

(ra * (use io3 mode: exact))
;N<LENGTH  U
(label io8)

(derive Inatnum(nth(u,n)>Anth(u,n><length  VI (io3 io4 io8))
(label io9)
;deps: (101 103 107)
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CI:e cm use the fact that v is the inverse of u...

10. (tru Inth(v,nth(u,n))=fstposition(u,nth(u,n))l(ioS  *))
;NTH(V,NTH(U,N))=FSTPOSITION(U,NTH(U,N))
(label iol0)
;deps: (101 102 103 107)

11. (ra * (use io6 io8 mode: exact))
;NTH(V,NTH(U,N))=N
(label ioll)
;deps: (101 102 103 107)

12. (tru Imember(nth(v,nth(u,n)),v)  I (nthmember io9))
;MEMBER(NTH(V,NTH(U,N)),V)
;deps: (101 103 107)

13. (rv * (use ioll mode: exact))
;MEMBER(N,V)
;deps: (101 102 103 107)

. ..and  obtain the second condition for ontoness.

14. (ci io7)
;N<LENGTH VlMEMBER(N,V)
;deps: (101 102 103)

15. (derive linto VI (inv-into iol io2 io3))
;deps: (101 102 103)

16. (tra lperm VI (open perm onto) -2 * )
;PERM(V)
;deps: (101 102 103)

17. (ci (iol io2 io3))
;PERM(U)AINV(V,U)ALENGTH  V=LENGTH UIPERM(V)
(label inv-perm) n

8.27.5. Using Predicates: the Right Inverse Theorem.

;the theorem right inverse
(proof inverse-right)

(assume lperm
(label invrl)

al>

2. (assume linv(u,a)l)
(label invr2)

3. (assume Ilength u=length  ul>
(label invr3)

4. (assume Icomp(v,a,u)  I>
(label invr4)

5. (ra invrl (open perm onto into))
;(VN.N<LENGTH W~NATNUM(NTH(W,N))ANTH(W,N)<LENGTH W)A
;(VN.N<LENGTH W3MEMBER(N,W))



(label invr5)

6. (TV invr2 (open inv>> .
;VN.N<LENGTH UZ'NTH(U,N)=FSTPOSITION(W,N)
(label invrb)

7. (r-a invr4 (open camp))
;LENGTH  V=LENGTH Uh(VN.NCLENGTH U3NTH(V,N>=NTH(W,NTH(U,N)))

. (label invrf)

8. (assume Imclength VI>
(label invr8)

9. (ra * (use invr7 mode: exact))
;KLENGTH U
(label invr9)

10. (tra (nth(v,m)=nth(a,fstposition(a,m))l  (invr7 *>
(use invrd mode: always direction: reverse>>

;NTH(V,H)=NTH(W,FSTPOSITION(W,M))
(label invrl0)

11. (ru invr9 (use
;M<LENGTH w

invr3 mode: exact))

12. (derive Imember(m,a>l (invr5 *>>

;labels: NTH-FSTPOSITION
;VU N.klEHBER(N,U)~NTH(U,FSTPOSITION(U,N))=N

13. (rir invrl0 (use nth-fstposition * mode: always))
;NTH(V,M)=W

14. (ci invr8)
;M<LENGTH V1NTH(V,!4)=#

15. (tra lid(v)! (open id) * >
. ;ID(V)

16. (ci (invrl invr2 invr4 invr3))
;PERM(W)hINV(U,W)hCOMP(V,W,U)AI.ENGTH  U=LENGTH WDID(V)
(label inv-right) I

8.27.6. Using Predicates: the Left Inverse Theorem.

(proof compose-inverse-left)

-1. (assume Iperm(w>l>
(label invl-1)

2. (assume linv(u,a> I>
(label invl-2)

3. (assume I comp(v,u,a>l>
(label invl-3)

4. (assume Ilength(a>=length(u>I)
(label invl-4)

5. (ra invl-2 (open inv>)
;VN.N<LENGTH U~NTH0J,N)=FSTPOSITION(W,N)
(label invl-5)



6. (r-n invl-1 (open perm onto into))
;(VN.N<LENGTH WNATNUM(NTH(H',N))ANTH(W,N)<LENGTH W)h
;(VN.N<LENGTH  WMEMBER(N,W))
(label invl-6)
;deps: (INVL-1)

7. (ru invl-3 (open camp))
;LENGTH  V=LENGTH WA(VN.N<LENGTH  V1NTH(V,N>=NTH(U,NTH(W,N)))
(label invl-7)

8. (derive IVn.n<length  a~fstposition(a,nth(v,n)~=nl
(fstposition-nth perm-injectivity uniqueness-injectivity
invl-1 invl-6))

(label invl-8)
;deps: (INVL-1)

9. (rn invl-6 (use invl-4 mode: exact))
;(VN.N<LENGTH  U~NATNUM(NTH(W,N>>ANTH(U,N)(LENGTH  U)A

;(VN.N<LENGTH  WMEMBER(N,H))
(label invl-9)
;deps: (INVL-1 INVL-4)

10. (assume InCleng
(label invl-10)

th VI>

11. (rw * (use invl-7 mode: always))
;N<LENGTH W
(label invl-11)
;deps: (INVL-3 INVL-10)

12. (ra * invl-4)
;N<LENGTH U
(label invl-1%)
;deps: (INVL-3 INVL-4 INVL-10)

13. (derive Inatnum(nth(u,n>>Anth(a,n>clength ul (invl-9 *I>
(label invl-13)
;deps: (INVL-1 INVL-3 INVL-4 INVL-10)

14. (derive INTH(V,N>=NTH(U,NTH(H,N))I  (invl-7 invl-10))
(label invl-14)
;deps: (INVL-3 INVL-10)

15. (rn invl-14 (use invl-5 ue: ((n.Inth(a,n>l>>  invl-13 mode: exact))
;NTH(V,N)=FSTPOSITION(H,NTH(W,N))
(label invl-15)
;deps: (INVL-1 INVL-2 INVL-3 INVL-4 INVL-10)

;nant to apply the lemma fstposition-nth

16. (rn invl-15 (use invl-8 invl-11 mode: always))
;NTH(V,N)=N
;deps: (INVL-1 INVL-2 INVL-3 INVL-4 INVL-10)

;and so V is the identity function

17. (ci invl-10)
;N<LENGTH V3NTH(V,N)=N
;deps: (INVL-1  INVL-2 INVL-3 INVL-4)

18. (tra lid VI (open id) * >
;ID(V)
;deps: (INVL-1  INVL-2 INVL-3 INVL-4)

19. (ci (invl-1  invl-2 invl-3 invl-4))



;PERM(W>AINV(U,W>ACOMP(V,U,H)
(label inverse-left) I

ALENG TH W=LENGTH U2ID(V)

8.28. file PERMF: Functions Represented by Lists, Using Functions.

;definitions of co
(proof comp- fnct)

mposition, identity and inverse as functions.

1. (decl def-appl (type: lCu@u+truthvalO)
2. (define def-appl IVu v.def_appl(v,u)Eallp(Xx.natnum(x)Ax<length(v),u)l)

(label def-appl-fact)

;composition  of functions:

3. (decl (compose) (infixname: loI> (type: Iground*ground+groundl)
(syntype : constant>(bindingpoaer:  93b)) -

4. (define compose IVu v x.(uenil)=nilA
(ue(x.v)>=(nth(u,x>)  .(u*v

(label composedef)
> Ilistinductiondef)

;the identity function:

5. (decl (ident 1) (type: Iground@ground-+groundl))
6. (defax identl IVx u n i.identl(i,O)=nilA

(label identdef 1)
identl(i,n’)=i.identl(i’,n)l)

7. (decl (ident) (type: Iground+groundl))
8. (define ident IVn.ident(n)=identl(O,n)l)

(label identdef >

;the inverse of a function:
.

9 . (decl (inversl) (type: Igroundegroundeground*groundiJ)
10. (defax inversl

IVu i n.inversl(u,i,O)=nilAinversl~nil,i,n)=nilA
inversl(u,i,n’)=if  null(fstposition(u,i))

then nil
else fstposition(u,i).inversl(u,i’,n)l)

(label inversdefl)

11. (decl (inverse) (type: lground+groundl))
12. (define inverselVu.inverse(u)=inversl(u,O,length(u))l)

(label inversdef)

.
8.29. Condition for Definiteness and Sorts of the Functions.

(proof def-appl-condition)

1. (assume lint0 ul)

2. (assume llength uslength  VI>

3. (ru -2 (open into)>
;VN.N<LENGTH U~NATNUM(NTH(U,N>>ANTH(U,N)<LENGTH  U

4. (trn IVn.n<length ulnatnum nth(u,n)Anth(u,n)<length VI *



(less-lesseq-fact1  -2))
;VN.N<LENGTH U~NATNUM(NTH(U,N))ANTH(U,N)(LENGTH  V

Cue ( (phil.IAx.natnum  xhxclength
;ALLP (AX.NATNUM(X)AX<LENGTH  V,U>

vl>(u.u>> nth-allp * >

6. (tra Idef-appl(v,u)l (open def-appl) * >
;DEF-APPL(V,U)

7. (ci (-6 -5))
;INTO(U)ALENGTH  USLENGTH VJDEF-APPL(V,U)
(label def-appl-condition) n

;check  sorts

;compose:

8. Cue (phi lAu.def-appl(v,u)Dlistp  Wul> listinduction
(part 1 (open def-appl allp compose >>>

;VU.DEF-APPL(V,U)Z)LISTP VW
(label sortcomp) (label simpinfo) n

;ident:

9. Cue (a lXn.Vm.listp  identl(m,n>l>  proof-by-induction
(open identl))

;VN M.LISTP IDENTl04,N)
(label ident-sort11  (label simpinfo) n

10. (trn lVn.listp ident (open ident) * >
;VN.LISTP IDENT
(label ident-sort)  (label simpinfo) I

;inverse

11. Cue (a lXn.Vi.listp  inversl(u,i,n)O
proof-by-induction
(open inversl) posfacts)

;VN I.LISTP INVERSl(U,I,N)
(label invers-sort11  (label simpinfo) I

12. (trv llistp inverse(u)1 (open inverse) * >
;LISTP INVERSE(U)
(label inverse-sort) (label simpinfo) I

8 . 3 0 . Length Compose.

;length  compose

(proof length-compose)

(assume ldef-appl(u,u)l)
(label 1-c-l)

2. (r-u * (open def-appl))
(label l-c-2)
;ALLP(XX.NATNUM(X)AX(LENGTH  H,U)

3. (assume In<length(u>l))
(label l-c-3)
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allp-elimination
nthmember sexp-nth l-c-3 l-c-2)

;NATNUM(NTH(U,N>>hNTH(U,N)<LENGTH  W
(label l-c-4)

5. (tra Isexp(nth(a,nth(u,n>>)I  sexp-nth l-c-4)
;SEXP NTH(W,NTH(U,N))
(label l-c-sort11

6: (ci l-c-3)
;N<LENGTH UISEXP NTH(W,NTH(U,N))
(label l-c-7)

7. (derive lallp(~x.natnum(x)Axclength  w,nthcdr(u,n'))l
(allp,nthcdr  l-c-2))
;ALLP(aX.NATNUM(X)AX<LENGTH  W,NTHCDR(U,N'))

8. (derive I lis
(label 1.-c-s

Qi;;nthcdr(u,n'))l  (* sortcomp))

9. (ci l-c-3)
;NCLENGTH UILISTP WeNTHCDR(U,N')
(label l-c-8)

10. (ue ((phi.l~u.length(aeu>=length(u)l)(u.u))
nthcdr-induction
(part 1 (open compose length 1) l-c-7 l-c-8)

;LENGTH  (W.U)=LENGTH  U

11. (ci l-c-1)
;DEF-APPL(W,U)DLENGTH  (WeU)=LENGTH  U
(label length-compose) I

8.30.1. Length Ident.

1

2

(ue (a IXn.Vm.length  identl(m,n)=nl)
proof-by-induction
(open identl))

;VN M.LENGTH  (IDENTl(M,N))=N
(label length-identl)  (label simpinfo)

(tra IVN.LENGTH (IDENT(N))=NI * (open ident))
(labe 1 length-ident)  (label simpinfo) n

8.30.2.e Length Inverse.

(proof lengthinverse)

1. (assume lperm
(label lil>

m(u) I >

2. (ru lil (open perm onto into>>
;(VN.N<LENGTH  U~NATNUMH(NTH(U,N>>ANTH(U,N)<LENGTH  U)A
;(VN.N<LENGTH  U1MEMBER(N,U))
(label li2)

3. (ue ((u.lul> (y.lnl>>  posfacts)
;(NULL FSTPOSITION(U,N>1lMEMBER(N,U))A



4. (derive Inclength u1lnull
(label 1 i3)

fstposition(u,n)l  (3 li2))

5. (ue ((m.lnl>  (n.llength  ul>> minusfactll
(part 1 (use less-lesseqsucc mode: exact)))

;N'<LENGTH UILENGTH U-N'<LENGTH U

6. (derive In'slength u3lnull  fstposition(u,length u-n') I (5 li3))
(label li4)

7. (tra ln'llength uD(length u-n')'=length u-nl
(use minusfact
(use less-lesseqsucc mode: exact direction: reverse>>

;N'<LENGTH W(LENGTH U-N')'=LENGTH U-N

8. (ue (a IAn.n<length u3length (inversl(u,length u-n,n>>=nl>
proof-by-induction
(open inversl) (use succ-lesseq-lesseq)  (use 7) (use li4))

;VN.NILENGTH UDLENGTH (INvERsl(U,LENGTH U-N,W=N

9. (ue (n Ilength ul> * (open lesseq))
;LENGTH (INVERS~(U,O,LENGTH  U))=LENGTH u

10. (tru llength inverse(u)=length ul (open inverse) * >
;LENGTH (INVERSEW)=LENGTH U
;deps: CL111

11. (ci lil>
;PERN(U)3LENGTH  (INVERSE(U))=LENGTH  U
(label lengthinverse) I

8.30.3. Compose.

(proof nth-compose)

1. (ue (phi IXu.~null~u)Adef~appl~v,u~~nth~v~u,O~=nth~v,nth~u,O~~l~
listinduction
(part 1 (open compose nth def-appl allp)) >

;VU.+WLL UADEF-APPL(V,U)XAR (VeU)=NTH(V,CAR U>
(label a-c-base11

2. (ue (phi3 IXu n.def_appl(v,u)An<length(u)~nth(vgu,n)=nth(v,nth(u,n))  I>
doubleinductionl
(part 1 (open compose def-appl allp)) a-c-basel)

;VU N.DEF-APPL(V,U)AN<LENGTH U1NTHtV@J,N>=NTH(V,NTH(U,N))
(label nth-compose) n

8.30.4. Compose Permutation.

Theorem 1 ( i ) ( YE rm Compose)

VU V.PERM(U>APERM(V>ALENGTH  U=LENGTH VIPERM(U@V)



1. (assume lperm ul>
(label pcl>

2. (assume lperm VI>
(label pc2)

3. (assume Ilength  u = length VI>
(label pc3)

4. (ra pc2 (open perm onto))
(label pc4)
;INTO(V)h(VN.N<LENGTH  VXJEMBER(N,V))
;deps: (PC21

5. (ue ((u.v>(v.u>> def-appl-condition (open lesseq) pc3 pc4)
;DEF,APPL(U,V)
(label pc5)
;deps: (PC2 PC31

6. (ue ((u.v)(v.u>> length-compose pc5)
;LENGTH (WV)=LENGTH V
(label pcS>
;deps: (PC2 PC31

7. (assume In<length(uw>l)
(label pc7)

8. (ru * (use pc6 mode: exact))
;N<LENGTH  V
(label pc8)
;deps: (PC2 PC3 PC71

9.

.

10

(ra pc2 (open perm onto into>>
;(VN.N<LENGTH V1NATNUM(NTH(V,N>>ANTH(V,N)<LENGTH V)h
;(VN.N<LENGTH VXHZMBER(N,V))
(label pc9)
;deps: (PC21

(derive Inatnum(nth(v,n>>Anth(v,n>clength  ul (pc8 *>
(use pc3 mode: exact))

(label pcl0)
;deps: (PC2 PC3 PC71

11. (ra pcl (open perm onto into>>

(proof per-m-compose)

;(VN.N<LENGTH U1NATNUM(NTH(U,N>>ANTH(U,N)<LENGTH WA
;(VN.N<LENGTH UXEMBER(N,U))
(label pcll)
;deps: (PC11

12. (ue (n Inth(v,n>l>  * pcl0)
L ;NATNUM(NTH(U,NTH(V,N)))ANTH(U,NTH(V,N))<LENGTH  UAMEMBER(NTH(V,N),U)

(label pc12)
;deps: (PC1 PC2 PC3 PC71

13. (derive Inth(uev,n)=nth(u,nth(v,n))l  (nth-compose pc5 PCS))
(label pc13)
;deps: (PC2 PC3 PC71

14. (tra lnatnum nth(uev,n)Anth(uev,n)clength(uw)l  pcl2
(use pc13 pc6 mode: exact>
(use pc3 mode: exact direction: reverse>>

;NATNUM(NTH(UeV,N>>ANTH(UeV,N)<LENGTH  (UeV>
;deps: (PC1 PC2 PC3 PC71



15. (ci pc7)
;N<LENGTH  WV>~NATNUM(NTH(U~V,N))hNTH(UeV,N)(LENGTH  (WV>
;deps: (PC1 PC2 PC31

16. (trn Iinto I * (open into) pc5)
;INTOWV)
(label pc-into)
;deps: (PC1 PC2 PC31

;part 2

17. (ru pc8 (use pc3 mode: exact direction: reverse>>
;N<LENGTH  U
(label pc20)
;deps: (PC2 PC3 PC71

;labels: MEMBER-NTH
;VU Y.MEMBER(Y,U)D(BN.N<LENGTH  UANTHW,N)=Y)

18. (define jv Ijvclength u A nth(u,jv)=nl  (* pcll member-nth))
(label pc21)
;JV is unknown.
;the symbol JV is given the same declaration as J
;deps: (PC1 PC2 PC3 PC7)

19. (derive Ijvclength VI * (use pc3 mode: exact direction: reverse>>
;deps: (PC1 PC2 PC3 PC71

20. (define kv Ikvclength v A nth(v,kv)=jvl  (* pc9 member-nth))
(label pc22)
;RV is unknown.
;the symbol RV is given the same declaration as K
;deps: (PC1 PC2 PC3 PC71

;labels: NTH-COMPOSE
;vV U N.DEF-APPL(V,U)AN<LENGTH U3NTH(VW,N>=NTH(V,NTH(U,N))

21. (ue ((v.u>(u.v>(n.kv>)  nth-compose  pc5
(use * mode: aluays>(use  pc21 mode: always))

(label pc23)
;NTH(UeV,KV)=N
;deps: (PC1 PC2 PC3 PC71

22. (derive Ikv<length(uev)l (pc22 pc6))
;deps: (PC1 PC2 PC3 PC71

;labels: NTHMEMBER
;VU N.N<LENGTH  UDMEMBER(NTH(U,N),U)

23. (tru (member(nth(uev,kv),uW)l (nthmember pc5 *I>
;MEMBER(NTH(UeV,KV>,U~VI
;deps: (PC1 PC2 PC3 PC7)

24. (ra * pc23)
;M.EMBER(N,UeV)
;deps: (PC1 PC2 PC3 PC71

25. (ci pc7)
;N<LENGTH  (UeV)XIEMBER(N,UeV)
;deps: (PC1 PC2 PC31
(label pc-onto)

26. (tra Iperm(uw>I (pc5 pc-into pc-onto) (open perm onto))
;PERMWeV)
;deps: (PC1 PC2 PC3)
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27. (ci (pcl pc2 pc3))
;PERM(U)APERM(V)hLENGTH  U-LENGTH V~PERM(UeV)
(label perm-compose)  I

;Theorem 1 (ii> (associativity of composition)

(proof assoc-compose)

1 . . (tra ~def~appl(a,v)Adef,appl~v,u)~(u~v)~nil=u~~v~nil~~
(open compose) sortcomp)

(label ass-camp-base)

2. (ue (phi I~u.def_appl(a,v)Adei,appl(v,u)~(uev)eu=u~(veu)~)
listinduction
(part 1X2 (open compose def-appl  allp)) sortcomp ass-camp-base
(use nth-compose ue: ((v.n)(u.v>> > >

;VU.DEF-APPL(W,V>ADEFJPPL(V,U)~(WeV)eU=We(V~U)
(label assoc-camp)

3. (assume Iperm(v)Aperm(u)Alength(v)=length(u)hlength(u)=length(v)~)

4. (ra * (open perm onto))
;INTO(V)A(VN.N<LENGTH  UDMEMBER(N,V))A
;INTO(U)A(VN.N<LENGTH  USIEMBER(N,U))A
;LENGTH V=LENGTH UALENGTH W=LENGTH  U

5. (ue ((u.v>(v.a>>  def-appl-condition * (open lesseq))
;DEF-APPL(W,V)

6. (ue ((u.u>(v.v>>  def-appl,condition -2 (open lesseq))
;DEF-APPL(V,U)

7. (derive I(wev>*u=we(veu>  I (assoc-camp  * -2))

8. (ci -5)
;PERM(V)hPERM(U)hLENGTH  V=LENGTH UALENGTH W=LENGTH  UD(WeV)eU=We(VeU)
(label associativity-of-composition) I

8.30.5. Identity.

(proof id-main)
;id ma in

1. ( assume In<mDnthcdr
label id-main11

(ident(m),n)=identl (n,m-n) I>

2. (assume In’<ml)
+ (label id-main21

3. (derive Inthcdr(ident(m),n)=identl(n,m-n)l
(id-main1 id-main2 succ-less-less))

;deps: (ID-MAIN1 ID-MAIN21

4. (ra * (use minusfact mode: exact) (open identl)
(use id-main2 succ-less-less mode: exact))

;NTHCDR(IDENTtX>,N>=N.IDENTl(N',M-I')
;deps: (ID-MAINI ID-MAIN21

5. (tra Inthcdrcident m,n') I
(use cdr-nthcdr  mode: exact direction: reverse)
(use * mode: exact))

;NTHCDR(IDENT(M),N')=IDENTl(N',M-N')
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6. (ci id-main21
;N'<M1NTHCDR(IDENT(M),N')=IDENTl(N',M-N')

7. (ci id-main11
;(N<M~NTHCDR(IDENT(M>,N)=IDENTl(N,M-N))l
;(N'<MZ'NTHCDR(IDENTW,N')=IDENTl(N',M-I'))

8. (ue (a Iki.n<mZnthcdr(ident(m),n)=identl(n,m-n)l)
proof-by-induction
(part l#l (open minus ident)) * >

;VN.N<M1NTHCDR(IDENT(M),N)=IDENTl(N,M-N)
(label nthcdr-ident)

9. (ra * (use minusfact 10 mode: exact))
;VN.N<MINTHCDR(IDENT (M>,N>=IDENT~(N,(~-N,)‘)

10. (ue ((u.iident ml)(n.n>> car-nthcdr  (use * mode: always))
;N<M3N=NTH(IDENT(M>,N)

11. (trn iVn m.n<m>nth (ident
(label id-main) a

m,n>=nl * )

(proof perm-ident)

;only ontoness requires some help

1. (assume Inclength ident(m>l>
(label prm-idl)

2. (ru * (open ident))
;N<M
(label prm-id21

3.

4.

5.

(derive  lnth(ident(m),n)=nl  (* id-main))

(derive  Imember(nth(ident m,n),ident  m> I
(nthmember prm-id 1) >

(rn * (use -2 mode:
;MEMBER(N, IDENT(

exact))

6. (ci prm-id11
;N<WMEMBER(N,IDENT(M))

7. (tra IVn.perm(ident  n>l (open perm into onto)
(use id-main mode: always)  * >

;VN.PERM(IDENT(N))
(label perm-ident)  I

.

8.30.6. Right Identity.

(proof identity-right)

1. (rn perm-id (open perm onto))
;VN.INTO(IDENT(N)>A(VNl.Nl<NXfEMBER(Nl,IDENT<N)))

;labels: DEF-APPL-CONDITION
;W V.INTO(U)hLENGTH  USLENGTH VZ)DEF-APPL(V,U)

2. (ue ((u.lident(length  u> I>(v.u>>
def-appl-condition * (open lesseq))



3.

4.

;DEF-APPL(U,IDENT(LENGTH  U>>

;labels: NTH-COMPOSE
;VV U N.DEF-APPL(V,U)AN<LENGTH UDNTH(VeU,N>=NTH(V,NTH(U,N))

(ue ((u.lident(length  u> l>(v.u>!n.n>> nth,compose  *
(use id-main mode: exact))

;N<LENGTH UZINTHWIDENT(LENGTH U),N)=NTH(U,N)

;labels: EXTENSIONALITY
;VU V.LENGTH U=LENGTH Vh(VI.I<LENGTH  U1APPL(U,I)=APPL(V,I))W=V

(ue ((u.lueident.(length u)l>(v.u>>  extensionality  (open appl)
(use length-compose  -2 *>>

;UeIDENT(LENGTH  U>=U
(label identity-right) a

8.30.7. Left Identity.

(proof identity-left)

1.

2.

3.

4.

5.

6.

8.30.8. Inverse.

1.

2.

(assume lint0 ul>
(label il-1)

(ue ((u.u)(v.lident(length  u>I>>
def-appl-condition
* (open lesseq))

;DEF-APPL(IDENT(LENGTH  U>,U>
(label il-2)

(ru il-1 (open into>>
;VN.N<LENGTH U1NATNUM(NTH(U,N>>ANTH(U,N)<LENGTH  U

(ue ((v.lident(length  u>l>(u.u>> nth-compose il-2 *
(use id-main ue: ((n.Inth(u,n)l)(m.Ilength ul>> >>

;VN.N<LENGTH UlNTH(IDENT(LENGTH U)eU,N)=NTH(U,N)

(ue ((u.lident(length  u>eul>(v.u>>  extensionality
(sortcomp il-2 length-compose  *> (open appl))

;IDENT(LENGTH U)eU=U

(cl il-1)
;INTO(U>1IDENT(LENGTH  U)eU=U
(label identity-left)  I

(proof inverse-main)

(assume lperm ul>
(label inv-main11

;check that fstposition  has the proper value on the intended domain

(ra inv-main1 (open perm onto))
;INTO(U)A(VN.NcLENGTH  UJMEMBER(N,U))
(label inv-main21



e

3. (ue ((u.u>(y.n)) posfacts)
;(NULL FSTPOSITION0J,N>~~MEMBER(N,U))A
;(MEMBER(N,U>~NATNUM(FSTPOSITION(U,N)))

4. (derive Inclength
(label i nv-main31

u>-null fstposition(u,n)l  (inv-main2 *>>

;prove by induction a sublemma:

5. (assume Inclength u3
nthcdr(inverse(u),n)=inversl(u,n,length  u-n>l>

(label inv-main51

6. (assume In'clength
(label inv-main61

ul>

(derive lnclength
(label inv-main71

ul (* succ-less-less))

8. (derive I-null fstposition(u,n)  1 (inv-main3 inv-main7))
(label inv-main9)

9. (rn inv-main5
(use inv-main7 inv_main9)(open  inversl)
(use minusfact mode: always))

(label inv-mainlO)
;NTHCDR(INVERSE(U>,N>=FSTPOSITION(U,N).INVERSl~U,N',LENGTH U-N')
;deps: (INV-MAIN1 INV-MAIN5 INV-MAIN61

;labels: CDR-NTHCDR
;VU N.CDR NTHCDR(U,N)=NTHCDR(U,N')

10. (ue ((u.linverse  ul>(n.n>> cdr-nthcdr  (use * mode: exact))
;INVERSl(U,N',LENGTH  U-N')=NTHCDR(INVERSE(U),N')
;deps: (INV-MAIN1 INV-MAIN5 INV-MAIN61

11. (ci inv-main61
;N' <LENGTH UZ)IN VERSl(U,N', LENGTH U-N')=NTHCDR(INVERSE(U),N')

12. (ci inv-main51

13. (ue (a Ikt.n<length  u%thcdr(inverse(u),n)=inversl(u,n,length  u-n>l)
proof-by-induction (part l#l (open inverse minus)) * >

;VN.N<LENGTH U~NTHCDR(INVERSE(U>,N)=INVERSl~U,N,LENGTH  U-N)
;deps: (INV-MAIN11

;from this the main lemma follows:

14. (ru * (use minusfact mode: exact) (open inversl)
(use inv-main3 mode: always))

;VN.N<LENGTH lJ3
;NTHCDR(INVERSE(U>,N>=FSTPOSITION(U,N).INVERSl~U,N',LENGTH U-N')
;deps: (INv-MAIW

;labels: CAR-NTHCDR
;VU N.N<LENGTH  UXAR NTHCDR(U,N)=NTH(U,N)

15. (ue ((u.linverse(u)l>(n.n)>  car-nthcdr
(use * lengthinverse  inv-main1 mode: always))

;N<LENGTH U3FSTPOSITION(U,N)=NTH(INVERSE(U),N)
;deps: (INV-MAIN0

16. (ci inv-mainl)
;PERM(U)l(N<LENGTH

17. (derive IVU n.perm uAn<length  u3nthcinverse  u,n>=fstposition(u,n)I  * >



(label inv-main) I

8.30.9. Inverse Permutation.

. (proof inverse-perm)

1. (assume Iperm(u> I>
(label inv-pl)

2. (r-a * (open perm onto))
;INTO(U>A(VN.NCLENGTH  U1MEMBER(N,U))
(label inv-p2)

3. Cue ((u.u)(y.n>> posfacts)
;@ULL FSTPOSITION(U,N)~~MEMBER(N,U))A
;(MEMBER(N,U>~NATNUMn(FSTPOSITION(U,N)))

4. (derive IVn.n<length u1
natnum fstposition(u,n)Afstposition(u,n)clength  ul
(inv-p2 * pas-length))

(label inv-p3)

5.

-6.

7.

8.

9.

10.

1-l.

12.

13.

(derive IVn.n<length u1
nthcinverse  u,n>=fstposition(u,n>I
(inv-main inv-pl))

(label inv-p4)

(ra inv-p3 (use * mode: always direction: reverse>>
;VN.N<LENGTH U~NATNVW(NTH(INVERSE(U),N))ANTH(INVERSE(U),N)CLENGTH  U

(tra lint0 inverse(u)1 *
(open into) (use lengthinverse  inv-pl mode: exact))

;INTO(INVERSE(U))
(label into-inverse)

(ci inv-pl)
;PERM(U>1INTO(INVERSE(U))
(label inv-into)

(ru inv-pl (open perm into onto) >
;(VN.N<LENGTH  U1NATNUM(NTH(U,N>)ANTH(U,N)<LENGTH  U)h
;(VN.N<LENGTH  UWEMBER(N,U))
(label inv_plO)

(derive llength inverse(u)=length  ul (inv-pl lengthinverse))
(label inv-pll)

(assume In<length inverse(u)i>
(label inv,pl2)

(r-a * (use inv-pll mode: exact))
;N<LENGTH U
(label inv-pl3)

;apply the main property of the inverse function...

Cue (n Inth(u,n>l>  inv-p4 (use inv,plO * mode: alaays))
;NTH(INVERSE(U>,NTH(U,N))=FSTPOSITION(U,NTH(U,N))
(label inv-pl4)

; * ..the consequence  of the Pigeon Hole principle...
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14. (derive  linj ul (inv-pl  perm-injectivity))

*( . . . the basic fact fstposition  nth . . .

15. (derive lfstpos ition(u,nth(u,n>>=n I
(fstpos ition-nth  uniquenes s-injectivity *

16. (ra inv-p14 (use *>>
;NTH(INVERSE(U>,NTH(U,N))=N
(label inv-pl5)

; . . . and the lemma nthmember..

17. (derive lnatnum nth(u,n) Anth(u,n)<length
(inv-pl0 inv-pll inv-pl3))

inv_plO inv-pl3))

inverse(u)1

18. (tru lmember(nth(inverse  u,nth(u,n)),inverse u>l
(nthmember *>>

;MEMBER(NTH(INVERSE(U),NTH(U,N)),INVERSE(U))

- to conclude:, . . .

19. (ra * (use inv-pl5))
;MEMBER(N,INVERSE(U>>
;deps: (INV-Pl  INV-P12)

20. (ci inv-pl2)
;N<LENGTH (INVERSE(U>>DMEMBER(N,INVERSE(U))
(label onto-inverse)

21. (tru IpermCinverse u> I (open perm onto)
into-inverse  onto-inverse)

;PERM(INVERSE(U))

22. (ci inv-pl)
;PERM(U>3PERM(INVERSE(U))
(label perm-inverse)  n

8.30.10. Right Inverse.

Theorem  3. (ii) (Rz’ght  Irzw~~e)

VU.PERM(U)XJeINVERSE(U)=IDENT(LENGTH(U))

Proof.  We aim at, an a.pplication of estensiona.lity (line 12). From line S on. we hollow t IIC
proof given in Section 6.6.Z7  since all the facts assumed t,here as definitions ha.ve bccll 1)ro~‘ed hew

-as properties of our functions.
The additional fa.ct  to be proved here is that u is defined as a.n a.pplica.tion on inverse(u) as

domain. This follows from the fact that inverse(u) is into (line 5) and ha.s the sa~nc lc~lgt 11 as u
(line 3).



(proof compose-inverse-right)

1. (assume lperm ul)(label  cirl)

2. (ra cirl (open perm onto))
;INTO(U>A(VN.N<LENGTH  UXEMBER(N,U))
(label cir2)

;labels: LENGTHINVERSE
' ;PERMW1LENGTH (INVERSEW))=LENGTH  U

3. (derive  llength  inverse(u)=lengt.h  ul (ci
(label cir3)

;labels: PERM-INVERSE
;PERMWJPERM(INVERSEW))

rl lengthinverse))

4. (derive  lperm inverse(u)i(perm-inverse  cirl))

5. (ra * (open perm onto))
;INTO(INVERSE(U)>A(VN.N<LENGTH  (INVERSE0J>>XEMBER(N,INVERSE(U)))

;labels: DEF-APPL-CONDITION
;VU V.INTO(U)hLENGTH  UlLENGTH V3DEF_APPL(V,U)

6. (ue ((v.u>(u.linverse  ul>>
def-appl-condition
(cir3 *> (open lesseq))

;DEF-APPL(U,INVERSE(v))
(label cir4)

;iabels: LENGTH-COMPOSE
;VW U.DEF-APPL(W,U)JLENGTH WU)=LENGTH U

7. (tru Ilength(ueinverse(u))=length  identclength  u>l
(use length-compose  ue: ((u.u>(u.linverse  ul>> cir4 mode
(use cir3))

;LENGTH (UeINVERSE(U>>=LENGTH  (IDENTCLENGTH  II>)
. (label cir5)

b-e can a,pply :Vtl2 Compose...

: always)

;labels: NTH-COMPOSE
;VV U N.DEF-APPL(V,U)AN<LENGTH U~NTH(VeU,N>=NTH(V,NTH0J,N))

8. (ue ((v.u>(u.linverse  ul>>
nth-compose  cir4 cir3)

;VN.N<LENGTH U~NTH(UeINVERSE(U>,N>=NTH(U,NTH(INVERSE(U~,N~~

. ..iItu.iu Inc...

. . ;labels: INV-MAIN
;VU N.PERM(U)AN<LENGTH U~NTH(INVERSEW>,N>=FSTPOSITIONW,N)

9. (ra * (use inv-main cirl mode: always))
;VN.N<LENGTH U~NTH(U~INVERSEtU>,N>=NTH(U,FSTPOSITION(U,N~~

;labels: NTH-FSTPOSITION
;VU N.MEMBER(N,U)~NTH(U,FSTPOSITION(U,N))=N

10. (ra * (use nth-fstposition cir2 mode: always))
;VN.N<LENGTH U1NTH(UeINVERSE(U>,N>=N
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. ..to conclude, using ,\lain Id:

;labels: ID-MAIN
;VM N.N<M2NTH(IDENT(M),N>=N

11. (tra IVn.n<length uJnth(ueinverse(u>,n>=nth(ident(length u>,n> 1
(use * mode: always)
(use id-main ue: ((m.llength ul>h.n>> mode: always))

;VN.N<LENGTH U~NTH0JeINVERSE0J>,N>=NTH(IDENT(LENGTH U),N)
(label cir6)

;labels: EXTENSIONALITY
;VU V.LENGTH u=LENGTH Vh(VI.I<LENGTH  U~APPL(U,I)=APPL(V,I))XJ=V

12. (ue ((u.lueinverse(u>l>(v.lident(length  u)l>>
extensionality  cir6
(use cir5 mode: aluays)(use sortcomp cir4 mode: always))

;UeINVERSE(U>=IDENT(LENGTH  U>

13. (ci cirl)
;PERn(U>~UeINVERSE(U)=IDENT(LENGTH  U>
(label inverse-right) I

8.30.11. Left Inverse.

VU.PERM(U)3INVERSE  U@U=IDENT(LENGTH  U>

Proof.  Again we follow closely t,he pttern of Section 6.6.13.

(proof compose-inverse-left)

1. (assume lperm
(label till)

ul>

2. (derive llength inverse(u)=length  ul (lengthinverse  *I>
(label ci12)

3. (ru till (open perm onto))
;INTO(U)A(VN.N<LENGTH  U3MEMBER(N,U))
(label ci13)

;labels: DEF-APPL-CONDITION
;vu V.INTO(U)ALENGTH  WLENGTH V2DEF_APPL(V,U)

4. (ue ((v.linverse ul>(u.u>> def-appl-condition
ci12 ci13 (open lesseq)
(use perm-inverse  till))

;DEF-APPL(INVERSE(U>,U)
(label ci14)

5. (tru llistp inverse(u)Wl  (ci14 sortcomp))
;LISTP INVERSE(U)W
(label cilsort)

6. (derive llength(inverse(u)eu)=length  identclength  u>l
(ci14 length-compose>>

(label ci15)

7. (assume Inclength ul)(label ci16)
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Use the lemma Nth C’ompose...
;labels: NTH-COMPOSE
;VV U N.DEF-APPL(V,U)hN<LENGTH U1NTH(V*U,N)=NTH(V,NTH(U,N))

8. (ue ((v.linverse  ul>(u.u>(n.n>>  nth-compose  ci14 ci16)
;NTH(INVERSE(U>W,N>=NTH(INVERSE(U),NTH(U,N~~
(label ci17)

. ..the nlain property of inverse...
9. (ra ci13 (open into>>

;(VN.N<LENGTH  U~NATNUI'I(NTH(U,N>>ANTH(U,N)<LENGTH U)h
;(VN.NCLENGTH  UZ'I¶EHBER(N,U))
(label ci18)

;labels: INV-MAIN
;vU N.PERM(U)AN<LENGTH U~NTH(INVERSE(U>,N>=FSTPOSITION(U,N)

10. (ue ((u.u>(n.lnth(u,n>l>>  inv-main  (use till ci16 ci18 mode: always))
;NTH(INVERSE(U>,NTH(U,N))=FSTPOSITIOB(U,NTH(U,N))
(label ci19)

. . .a. consequence of the Pigeon Hole principle...
11. (derive linj ul (perm-injectivity  till))

(label cill0)

. . . t he lemma Fstyosition iVth.. .
;labels: FSTPOSITION-NTH
;vU N.UNIQUENESS(U)ANCLENGTH U~FSTPOSITION(U,NTH(U,N))=N

12. (derive Ifstposition(u,nth(u,n>>=nl
(fstposition,nth  uniqueness  iniectivity  cill0 ci16))

13. (rv ci19 (use *>>
;NTH(INVERSE(U),NTH(U,N))=N.

. ..and the main property of ident to conclude:
;labels: ID-MAIN
;V?! N.N<MDNTH(IDENT(M>,N>=N

14. (tra Inth(inverse(u>W,n>=nth(ident(length  u>,n>l
(use ci16 ci17 * mode: always)
(use id-main ue: ((m.llength  ul>(n.n>> ci16 mode: always))

;NTH(INVERSE(U)eU,N>=NTH(IDENT(LENGTH  U),N)

15. (ci ci16)
;N<LENGTH U~NTH(INVERSE0J>eU,N>=NTH(IDENT(LENGTH  U),N)

Therefore:
;labels: EXTENSIONALITY
;VU V.LENGTH U=LENGTH Vh(VI.I<LENGTH U~APPL(U,I)=APPL(V,I))~U=V

16. (ue ((u.linverse(u)eul)(v.lident(length u>l>>
extensionality
ci15 * (open appl))

;INVERSE0J>W=IDENT(LEIGTH  U>
;deps: (CILl)

17. (ci till)
;PERM(U>~INVERSE(U>eU=IDENT(LENGTH  U>
Cl ahel inverF:e left) I
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9.1. Index of Examples.

Example 1: Use of the reivriter NORMAL. Section2.1.
Proof: transitivity of 5.

VN M K.NIMAMIK~NIK

Example 2: Defa.ult declarat)
Declaration of the symbol xv.

ions and previous declarations, Section 2.4.

Example 3: Rewrit.ing using only simpinfo. Section 2.6.
Proof: Seq Nth.

VU N.SEXP NTH(U,N)

Example 4: How the rewriting process reflects a,n informal argument. Section 2.9.
Proof: Fatposition  Nth

VU N.UNIQUENESS(UhN<LENGTH  U3FSTPOSITION(U,NTH(U,N))=N

Example 5. Abbrevia.tion  of proofs by rewriting. How the rewriter Trans C‘orzd is deternlinecl
in a ‘tria.1  and error’ interaction. Sect.ion Y’.
Proof: Lemma 2.10  .\lult iVthcdr,

VN A U.N<LENGTH U3fULT(NTHCDR(U,N>,A>IMULT(U,A)

Example 6: Predicate all. Definit,ion by recursion and explicit definitions. Heurist.ics.
Section 4.1.
Proof: Pigeorzfucf

. VF.(VN.NATNUM(F(N>))3
(~.(VM.M<N~~~F(M>>ASUM(~K.F(K),N)=N~(~.M<N~~=F(M)))

Example 7: Predicate somep. Efficiency of rewriting. Definition by recursion and explicit
definitions. Section -5.2.
Proof: :Vorzenlyf!l  RCII~JC

VALIST X.MEMBER(X,DOM  ALIST)
W.MEMBER(Y,RANGE ALI~T>AAPPALI~T(~,ALI~T)=Y)

-Example 8: Heuristics of a. proof. Section 6.3.4.
Proof: Lemma 6.3. Lengthinwwe

VU.PERM(U)3LENGTH  (INVERSE(U))=LENGTH U

Example 9: [isc  of general lemma,ta. and efficiency. Section 6.5.4.
Proof: Theorem  2 (ii) ( Riy/li;  Identity)

VU.U@IDENT(LENGTH  U)=U

Example 10: Discu~~iou of the formalization of an informal argument.. Section 7.
I’~*oof:  EO ry .~urj~r~Cioll oJ’ji~,ilc  set.5 of the .wn~e mrdimlity is an il~.jec~ioll.
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10. Index of SIMPINFO.

The following: lines are labeled simpinfo in some proof. They we available to EKL in the
execution of ail proofs that use the proof in question by the command get-proofs (we t,hc graph
of file depentleucy  a?t the heginning of the Appendix).

Simpinfo from file LISPAX
proof LISPAX

13. VXA.SEXP XA

14. VU.SEXP U

15. vx U.LISTP x.u

16. VU..NULL  UDLISTP CDR U

17. VU..NULL  WSEXP CAR U

18. VX.TATOM  XISEXP CAR X

19. VX.lATOM  XISEXP CDR X

2 0 .  VX Y.SEXP X.Y

21. VX Y.-IATOM X.Y

22. VX U.lNULL X.U

23. VU.NULL U>U=NIL

2 4 .  VX Y.CAR (X.Y>=X

2 5 .  VX Y.CDR (X.Y>=Y

26. CAR NIL=NIL

27. CDR NIL=NIL

28. VlJ..NULL  UICAR U.CDR U=U

;labels: SIMPINFO CONS-CAR-CDR
29. VX.,ATOM  XICAR X.CDR X=X

43. LIST(O)=NIL

44. VLST.LISTP  LIST(LST)

;labels: SIMPINFO LISTDEF
45. VX LST.LIST(X,LST)=X.LIST(LST)

;labels: SIMPINFO APPENDEF
47. VX U V.NIL*V=VAX.U*V=X.(U*V)

;labels: SIMPINFO LISTAPPEND
48. VU V.LISTP U*V

49. VU.U*NIL=U

50. VX V.X.NIL*V=X.V

56. VALIST.LISTP ALIST
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;labels: SIMPINFO ALISTDEF
58. VXA Y ALIST.ALISTP  NILAALISTP  (XA.~).ALIST

61. VX ALIST.SEXP  ASSOC(X,ALIST)

66. VU.SEXP CAR U

. 67. VU.LISTP CDR U

Simpinfo  from file SET
proof SETS

3. VX.URELEHF,NT  X

4. VXV.SEXP(XV>

Simpinfo  from file NATNUM
proof  NATNUM

10. VN.NATHUII(N')

;labels: SIHPINFO PRED-DEF
19. VN.PRED(N')=N

20. VN.NATNUH(PRED(N))

;labels: SIMPINFO PLUSFACTS  PLUSDEF
21: VN K.O+N=NAK'+N=(K+N)'

22. VN M.NATNUH(N+H)

;labels: SIMPINFO PLUSFACTS
23. VN.N+O=N

;labels: SIMPINFO PLUSFACTS  PLUSDEFl
24. VN.l+N=N'hN+l=N

;labels: SIMPINFO PLUSFACTS
25. VN K.N+K'=(N+K)'

;labels: SIMPINFO SUCCFACTS ZERO-NOT-SUCCESSOR
17. VN.lN'=O

;labels: SIMPINFO ZEROLEAST
9. VN.lN<O

;labels: SIMPINFO SUCCFACTS SUCCESSORLESS
13. VN M.N'<I'!'zN<Xe

;labels: SIMPINFO SUCCFACTS SUCCESSOREQ
14. VN M.N’=H’=N=H

;labels: SIHPINFO SUCCFACTS ZEROLEAST
16. VN.O<N'



Simpinfo  from file MINUS
proof LESSEQ

1. VN.lN=N'

;labels: SIMPINFO SUCCESSORFACTS SUCCESSORLESSEQ
4. VN H.N’IM’=NIM

;labels: SIMPINFO ZERO-NON-LESS-SUCCESSOR
9. VN I’l.N’CM3lM=O

proof MINUS

;labels: SIMPINFO MINUS-SORT
3. VN K.NATNUM(K-N)

;labels: SIMPINFO N-LESS-N
9. VN.N-N=O

Simpinfo  from file LENGTH
proof  LENGTH

;labels: SIMPINFO LENGTHDEF
2. VU X.LENGTH NIL=OALENGTH (X.U)=LENGTH  U'

3. VU.NATNUM(LENGTH U>

4. VU.LENGTH U=OrNULL U

;labels: SIMPINFO LENGTHADD
5. VU V.LENGTH (U*V)=LENGTH  U+LENGTH V

6. VX.LENGTH (X.NIL)=l

;labels: SIMPINFO HAVE-MEMBER
8. VU Y.MEMBER(Y,U)DO<LENGTH U

;labels: SIMPINFO HAVE-MEMBER1
9. VU Y.MEMBER(Y,U)llNULL U

Simpinfo  from file NTH

proof LISPAX

69. VN.1NUT.L  N

70. VN.SEXP N
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.
proof NTH

;labels: SIMPINFO NTHDEF
2. VX U N.NTH(NIL,N)=NILANTH(U,O)=CAR UANTH(X.U,N')=NTH(U,N)

;labels: SIMPINFO SEXP-NTH
3. VU N.SEXP NTH(U,N)

pi-oof NTHCDR

;labels: SIMPINFO DEF
2. VX U N.NTHCDR(NIL,N)=NILANTHCDR(U,O)=UANTHCDR(X.U,N')=NTHCDR(U,N)

3. VU N.LISTP NTHCDR(U,N)

proof FSTPOSITION

;labels: SIMPINFO POSFACTS
3. VU Y.(NULL FSTPOSITION(U,Y)~+fF.HBER(Y,U))A

0!EMBER(Y,U)~NATNUM(FSTPOSITIONW,Y)))A
(NULL FSTPOSITION~J,Y>VNATNW(FSTPOSITION(U,Y)~~

;labels: SIMPINFO SORTPOS
4. VU Y.SEXP FSTPOSITION(U,Y)

Simpinfo  from file APPL
proof ALISTFACTS

;iabels: SIMPINFO DOMSORT
1. VALIST.LISTP  DOMCALIST)

;labels: SIMPINFO RANGESORT
2. VALIST.LISTP  RANGECALIST)

;labels: SIMPINFO APPALISTSORT
. 5. VALIST Y.SEXP APPALIST(Y,ALIST)

proof APPL

;labels: SIMPINFO APPLFACTS
3. VU I.I<LENGTH U3SEXP APPL(U,I>AMEMBER(APPL(U,I),U)

Simpinfo  from file MULT
proof MULTIPLICITY

;labels: SIMPINFO MULTFACT
+ 3. VU A.NATNUM(MULT(U,A))

;labels: SIMPINFO EKPTYFACTS
7. VU.HULTW,EHPTYSET)=O

Simpinfo  from file ASSOC

proof ALISTFACTS

;labels: SIMPINFO COMPALISTSORT
11. VALIST ALISTl.ALISTP  ALIST m ALISTl
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Simpinfo from file PERMF
proof PERMFACTS

;labels: SIMPINFO SORTCOMP
2. VV U.DEFvAPPL(V,U)3LISTP  VW

3. VV U.ALLP(XX.NATNUM(X)AX(LENGTH  V,U)1LISTP  VeU

4. VM N.LISTP IDENTl(M,N)

5. VN.LISTP IDENT

6. VU N I.LISTP INVERSl(U,I,N)

7. W.LISTP INVERSE(U)

;labels: SIMPINFO IDENT-LENGTH
9. VN M.LENGTH (IDENTi(M,N))=N

10. VN.LENGTH (IDENT(N))=N
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10.1. Index of Definitions.

Definitions from file LISPAX
proof LISPAX

;labels: LISTINDUCTIONDEF
34. VDF NJLCASE DEF.

(3FUN.WPARS X U.FUN(NIL,PARS>=NILCASE(PARS)A
FUN(X.U,PARS)=DEF(X,U,FUN(U,DF(X,PARS)),PARS)))

;labels: SEXPINDUCTIONDEF
36. VATOMCASE DEFSEXP DFl DF2.

(SUN.
(VPARS X Y Z.(ATOM Z1 FUN(Z,PARS)=ATOMCASE(Z,PARS))A

FUN(X.Y,PARS)=
DEFSEXP(X,Y,FUN(X,DFi(X,Y,PARS)),

FUN(Y,DF2(X,Y,PARS)),PARS)))
;labels: HIGH~ORDER~DEFINITION
40. VBIGFUN ATOM-FUN.

(3DEFINEDJUN.(VX  Y.(ATOM X~DEFINED,FUNN(X)=ATOMJJN(X))A
DEFINEDJJN(X.Y)=
BIGFUN(X,Y,DEFINED,FUNUN(X),

DEFINEDJUN(Y~)))
;labels: SIMPINFO LISTDEF
45. VX LST.LIST(X,LST>=X.LIST(LST)

;labels: SIMPINFO APPENDEF
47, VX U V.NIL*V=VAX.U*V=X.(U*V)

;labels: ALLPDEF
52. VPHI X U.ALLP(PHI,NIL)A

ALLP(PHI,X.U)=(IF PHI(X) THEN ALLP(PHI,U) ELSE FALSE)

;labels: SOMEPDEF

.
53. V-PHI X U.+.OMEP(PHI,NIL)A

SOMEP(PHI,X.U)=(IF PHI(X) THEN TRUE ELSE SOMEP(PHI,U))

;labels: HAPCARDEF
54. VFN X U.MAPCAR(FN,NIL)=NILAMAPCAR(FN,X.U)=FN(X).MAPCAR(FN,U)

;labels: ALISTDEF
57. VALIST.lNULL ALIST

-ATOH CAR ALISTAATOM  CAR (CAR ALISTJhALISTP  CDR ALIST

;labels: SIMPINFO ALISTDEF
58. VXA Y ALIST. ALISTP NIL A ALISTP (XA.Y).ALIST

;labels: ASSOCDEF
60. VX XA Y ALIST.ASSOC(X,NIL)=NILA

+ ASSOC(X,(XA.Y>.ALIST>=
(IF X=XA THEN XA.Y ELSE ASSOC(X,ALIST))

;labels: aI(BERDEF
63. VX Y U.+IEnBER(X,NIL>AMEMBER(X,Y.U)=(X=YVMEMBER(X,U))

;labels: UNIQUENESSDEF
65. VU X.~IQvENESS(NIL>h(UNIQ~NESS(X.U)~l~MBER(X,U)AUNIQ~NESS(U))



Definitions from file SET
proof  SETS

;labels: EPSILONDEF
6. VAV XV.XVEAV%AV(XV)

;labels: INTERDEF
9. VAV BV.AVnBV=(~XV.AVtXV>hsv(xv>>

;labels: UNIONDEF
11. VAV BV.AVUBV=(~XV.AV(XV>VBV(XV>>

;labels: INCLUSIONDEF
13. VAV BV.AVCBV=(VXV.AV(XV)~BV(XV)>

;labels: EMPTYSETDEF
14. EMPTYSET=(XXV.FALSE)

;EMPTYP:
15. VAV.EMPTYP(AV>=(VXV.lAV(XV))

;labels: WKSET-DEF
17. VXV.HKSET(XV>=(XYV.YV=XV)

;labels: HKLSETDEF
19. VU.MKLSET(U)=(~X.HEMBER(X,U))

Definitions from file NATNUM
‘proof NATNUM

;labels: SIMPINFO PRED-DEF
19. VN.PRED(B')=N

;labels: SIMPINFO PLUSFACTS  PLUSDEF
21. VN K.O+N=NAK'+N=(K+N)'

;labels: SIMPINFO PLUSFACTS
24. VN.l+N=N'hN+l=N

PLUSDEFl

;labels: TIMESFACTS
30. VN K.O*N=OAN'*K=N*K+K

Definitions from file MINUS
proof LESSEQ

;labels: LESSEQDEF
3. V-M N.!flN=(M=NVM<N)

proof  MINUS

;labels: MINUSDEF
2. VM N.H-O=MAM-N'=PRED(M-N)

Definitions from file LENGTH
proof LENGTH

;labels: SIMPINFO LENGTHDEF
2. Vu X.LENGTH NIL=OhLENGTH (x.u)=LENGTH u'



proof INDUCTION
;labels: INDUCTIVE-DEFINITION
5. VNDF ZCASE NDEF.

(%UN.(VNPARS N.FUN(O,NPARS>=ZCASE(NPARS)A
FUN(N',NPARS)=
NDEF(N,FUN(N,NDF(N,NPARS)),NPARS)))

;labels: HIGH-ORDER-NATNUM-DEFINITION
10. VINDFN ARB.

(3DEF-FUN.h'N.DEF-FUN(O)=ARBA
DEF-FUNN(N'>=INDFN(N,DEF-FUN(N))))

Definitions from file NTH
proof NTH

;labels: SIMPINFO NTHDEF
2. VX U N.NTH(NIL,N)=NILhNTH(U,O)=CAR UANTH(X.U,N')=NTHW,N)

proof NTHCDR
;labels: SIMPINFO NTHCDRDEF
2. VX U N.NTHCDR(NIL,N)=NILANTHCDR(U,O)=UANTHCDR(X.U,N')=NTHCDR(U,N)

proof FSTPOSITION
;labels: FSTPOSITIONDEF
2. VX U Y.FSTPOSITION(NIL,Y)=NILA

FSTPOSITION(X.U,Y)=
(IF -iMEMBER(Y,X.U)  THEN NIL

ELSE (IF X=Y THEN 0 ELSE FSTPOSITION(U,Y)'))

proof INJ
;labels: INJDEF
2. VU.INJ(U)=(VN  M.N<LENGTH UAMCLENGTH  UANTH(U,N)=NTH(U,M)~N=M)
NIL)

Definitions from file APPL
proof APPALIST

;labels: DOMDEF
2. VXA Y ALIST.DOM(NIL>=NILADOM~~XA.Y~.ALIST~=XA.DOM~ALIST~

;labels: RANGEDEF
4. VXA Y ALIST.RANGE(NIL>=NILhRANGE((XA.Y).ALIST)=Y.RANGE(ALIST)

;iabels: FUNCTDEF
6. vALIST.FUNCTP(ALIST>=UNIQUENESS(DOM(ALIST))

;labels: INJECTDEFe 8. VALIST.INJECTP(ALIST>rRJNCTP~ALIST~AUNIQ~NESS~RANGE~ALIST~~

;labels: APPALISTDEF
10. VALIST Y.APPALIST(Y,ALIST)=CDR ASSOC(Y,ALIST)

;labels: SAMEMAPDEF
12. VALIST ALISTl.SAMEMAP(ALIST,ALISTl~~

MKLSET(DOM(ALIST)>=MKLSET(DOM(ALISTl))A
(VY.YEMKLSET(DOM(ALIST))l
APPALIST(Y,ALIST)=APPALIST(Y,ALISTl~)

;labels: PERMUTP-DEF
13. VALIST.PERMUTP(AT  ;ST‘-

FITNCTP!AL iS:‘rr",, '.SET(DGM(ALIST))=MKLSET(RANGE(AL:ST))



SECTION 10

proof ALISTFACTS

;labels: SAMEMAP-DEFl
10. VALISTl ALIST2.SAMEMAP(ALISTl,ALIST2)=

MKLSET(DOM(ALISTl>>=nKLSET(DOn(ALIST2))A
(VX.APPALIST(X,ALISTl)=APPALIST(X,ALIST2))

proof APPL

;labels: APPLDEF
1. VU I.APPL(U,I)=NTH(U,I)

;labels: INTODEF
5. VU.INTO(U)=(VN.N<LENGTH  U3NATNU?!(NTHW,N)>ANTH(U,I)oENGTH  U>

;labels: ONTODEF
7. VU.ONTO(U)=(INTO(U)A(VN.N<LENGTH  UmEHBER(N,U)))

;PERJ4
9. VU.PERM(U)=ONTO(U)

Definitions from file SUMS
proof SUMS

;labels: ALLNUMDEF
7. VN A.ALLNUM(O,A>A(ALLNU?~~M(N',A)ZA(N)AALLNUH(N,A))

;labels: SOMENUMDEF
8. VN A.~SOMENUM(O,A)A(SOMENUM(N',A)~A~N)VSOlfE~~N,A~~

;labels: SUMDEF
9. VN NUMSEQ.SUM(NUMSEQ,O)=OA

SUM(NUt!SEQ,N'>=SUIWdUWEQ,N>+avnsEq(N)

;labels: UNDEF
10. VN SETSEQ.UN(SETSEQ,O>=EMPTYSETA

UN(SETSEQ,N'>=UN(SETSEQ,N)USETSEQ(N)

;labels: DIJPAIR-DEF
12. VA B.DISJ-PAIR(A,B>=EMPTYP(AnB)

;labels: DISJOINTDEF
14. VN SETSEQ.DISJOINT(SETSEQ,O)A

DISJOINT(SETSEQ,N')=
(DISJOINT(SETSEQ,N)ADISJ_PAIR(UN(SETSEQ,N),SETSEQ(~)))

Definitions from file MULT

proof MULTIPLICITY

;labels: MULT-DEF
2. VX U A.MULT(NIL,A)=OA

WULT(X.U,A)=(IF A(X) THEN MJLTOJ,A)' ELSE IdULT(U,A))
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Definitions from file ASSOC
. ;labels: COMPALISTDEF

2. VALISTl ALIST XA Y.NIL m ALIST2=NILA
((XA.Y).ALISTl)  m ALIST2=
(XA.APPALIST(Y,ALIST2)).ALISTl m ALIST

;labels: INVALISTDEF
4. VALIST XA Y.INVALIST(NIL)=NILA

INVALIST((XA.Y>.ALIST)=(Y.XA).INVALIST(ALIST)

;labels: IDALISTPDEF
6. VALIST XA Y.IDALISTP(NIL)A

(IDALISTP((XA.Y).ALIST)=XA=YAIDALISTP(ALIST))

Definitions from file PERMP

proof COMP  PRED

;labels: COMPDEF
2. VU V W.COMP(U,V,W)=LENGTH I&LENGTH WA

WN.N<LENGTH U3NTH(U,N)=NTH(V,NTH(W,N)))

;labels: ID-DEF
4. W.IDtU'z(VN.N<LENGTH U3NTH(U,N)=N)

;labels: INVDEF
6. VU V.INV(U,V>=(VN.N<LENGTH U3NTH(U,N)=FSTPOSITION(V,N))

Definitions  from file PERMF
proof  COMP  FNCT

;labels: DEF-APPL-FACT
2. VU V.DEF-APPL(V,U>zALLP(~X.NATNUM(X)AX<LENGTH  V,U>

;labels: COMPOSEDEF
4. VU v X.UONIL=NILAU*(X.V)=NTH(U,X).UW

.
;labels: IDENTDEFl
6. VX U N I.IDENT1(I,O)=NILAIDENTl(I,N')=I.IDENTl(I',N~

;labels: IDENTDEF
8. VN.IDENT(N>=IDENTl(O,N)

;labels: INVERSDEFl
10. VU I N.INVERS10J,I,O)=NILAINVERSl~NIL,I,N)=NILA

INVERSl(U,I,N')=
(IF NULL FSTPOSITION(U,I)  THEN NIL

ELSE FSTPOSITION(U,I).INVERS1(U,I',N))

;labels: INVERSDEF
L 12. VU.INVERSEW)=INVERSl(U,O,LENGTH  U>



INDEX OF FORMULAS





. k-ORML;L;\  Irl)I,;S

add-lesseq.
VH K M

add-one. 171
VK N M. =H+KAB(F!3l=KhB=M

addtozero, 165
VK K. B+K=OEU=OAK=O

alist~lemmal.91
VALIST ALISTI. (X,ALIST  a, ALISTl)=APPALIST (APPALIST(XHMBER ALIST) ,ALISTl)

alist-lemma2.91
VALIST ALISTI. ALISTl)=DOH(ALIST)DOH(ALIST m

alist-lemma3.
VALIST X

91
.MEHBER(X,DOH  ALIST))(BY .AEHBER(Y,RAAGE ALIST>AAPPALIST(X,ALIST)=Y)

alist-lemma4, 9:3
VALIST Z .IJRIQUEBESS DOH(ALIST)AHEJ'fBER(Z,RAEGE ALIST)J(JX. HEI'fBER(X,DOM ALIST>AAPPALIST(X,ALIST)=Z)

alistdef.175
VXA Y ALIST.ALISTP BIL A ALISTP (xA.Y).ALIST

alistdefl. 175
VU.ALISTP U 5 (-Wl.L U 3 -ATOM CAR UAATOM CAR (CAR U)AALISTP(CDR  U1)

alistinduction.61
VCHI.CHI(BIL)Ab'XA  Y ~IST.CHI~ALIST~~CHI~~XA.Y~.bLIST~~~~VALIST.CHI(ALIST))

allnumdef.
V’B A.

.53
ALLRUH(O,A>A(ALLEUHvn(l ’ ,A)fA ,A))

allp_elimination,37
VU.WEWBER(X,U>AALLP(PHIl,U)~PHIl(X)

allp-imp1 ication.
VIJA Al.ALLP

35
(~,u>h(~x.A(x>~Aitx)))A~P(Ai,U)

allplintroduction,37
VU.(VY.HEHBER(Y,U>,PBI1(Y))~ALLP(PHIl,U)

allp-nthcdr.47
VA U B.ALLP(A,U) U,i)),UTHCDR(

VPHI X U.ALLP(PHI,BIL)AALLP(PHI,X.U)=IF  PHI(X) THEU ALLP(PHI,U) ELSE FALSE

. allpfact.37
VPHI X U.ALLP(PHI,X.U)~PHI(X)AALLP(PHI,U)

app,compalist,91
VALIST ALIST X.HEXBER(X,DOH(ALIST))1APPALIST(X,ALIST  m ALIST1)=APPALIST(APPALIST(X,ALIST),ALISTl~

appalistdef. 60
VALIST Y.APPALIST(Y, ALIST)=CDR ASSOC(Y,ALIST)

appalistsort.62
VALIST.SEXP APPALIST(Y,ALIST)

appendef,
vx u

17-l
V.HIL*V=Vh(X.U)*V=X.(U*V)

appldef, 63
VU I.APPL(U,I)=BTH(U,I)

applfacts.61
VU I.I<LEEGTH

assoc-camp.
vu v u.

148
DEF-APPL (W, V)ADEF-APPL(V,

- -assocdef, 1,:)
VX XA Y ALIST. ASSOC(X,UIL>=RILAASSOC(X,(XA.Y).ALIST)=(IF  X=XA THEB XA.Y ELSE ASSOC tX ,

associativi ty-of-composition,  12s
VUVY .PERH(V)APER!!(U>ALERGTH V=LEBGTH UALEAGTH U=LEBGTH

associativity-pred.121
VU Ul V Vl WI Y2 U3.IITO(W3)ALEHGTH  U2=LEAGTH W3A

COl’lI’(V,Ul  ,K!)ACO~P(U,V,~3)A
COHP(Vl,W2,W3>ACOHPtUl,Ul,Vl~N=U1



atomrange,
VALIST.MlrLSET(DOH(ILLIST))=~LSET(RA~GE(ALIST))~ALLP(~X.ATOM  X,RAIGE(ALIST))

car,nthcdr,45
VU I.B<LEEGTB UICAR BTECDR(U,U)=BTB(U,I)

cdr_nthcdr,45
VU I.CDR ETHCDR(U,U)=BTBCDR(U ,B’)

commutadd,l65
VK I.K+H=B+K

commutmult, 166
VE n.r*n=n*n

comp,uniqueness,l21

VALIST ALISTl ALIST2.HKLSET(RARGEtALIST))CMRLSET(DOH(ALISTl~~~
ALIST m (ALIST m ALIST2)=(ALIST  m ALISTl) m ALISTZ

compalist_lemna,93
VALIST.+WlBER(ZA, m ((ZA.Z). ALISTl)=ALIST m ALISTl

compalist,sort,90
VALIST.ALISTP ALIST m ALISTl

compalistdef,89
VALISTl ALIST XA Y.BIL m ALIST2=NILA((XA.Y).ALISTl) m ALIST2=(XA.APPALIST(Y,ALIST2)).(ALISTl  m ALIST2)

composedef,113
VU V X.(U~BIL)=~ILA(U~(X.V))=(ITH(U,X)).(U~V)

cons-car,cdr,
VU.lBULL

173
U 3 (CAR U.CDR U=U>

cons-car,cdr,
VX.1ATOH

173
x 3 (CAR x.cD~ x=x>

def,appl,condition,115
VU V.IITO(U)ALEBGTH  USLEBGTH VDDEF-APPL(V,U)

def_appl,conditionl,115
VU V.PERft(U)iiLEUGTH  U=LEAGTH WDEF-APPL(V,U)

def_appl,fact,113
VU V.DEF-APPL(V,U>=ALLP(~X.BdTBUn(X)AX<LERGTB(V),U)

demorgan,33
VP Q.(l(PvQ))~((lP>A(lQ))

demorganl.33
VP Q.l(PAQ)=(lP)V(-Q)

disj,pairdef,54
VA B.DISJ,PAIR(A,B>=EHPTYP(AnB)

-disjoint-def,54
V’B SETSEQ.DISJOIBT(SETSEQ,O)A

DISJOIPT~SETSEQ,K')=~DISJOIIT(SETSEQ,I~ADISJ~PAIR~UK~SETSEQ,K~,SETSEQ~K~~~

disj oint number, 85
VB.DISJOIPT (AXV .!¶KSET(XV),K)

dam--zompalist,91
VALIST ALISTl.DOH(ALIST m ALISTl)=DOH(ALIST)

dom_invalist,94
VALIST.ALLP(AX.ATOH  X,RAEGE(ALIST))~DOH(IWALIST(ALIST))=RARGE~ALIST~

domdef,60
VXA Y BIL=BILADOH((XA.Y). ALIST)=XA. DOU ALISTALIST.

domlength.62
VALIST.LEEGTH (DOH(ALIST))=LEBGTH ALIST

domrangelength.62
VALIST.LEIGTB  (DoH(ALIsT))=LERGTB  (RABGE(ALIST))

domsort,61
VALIST.LISTP  DOH(ALIST)

I z.;>(j
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doubleinduction.
VPHI2.(VU  v

1 79
x Y.PHI2(NIL, U>APHI2(U,NIL>A(PHI2(U,V)~PHI2(X.U,Y.V)))~(~  V. PHIZ(U,V))

doubleinductionl.179
VPHI3.(VU  N X.PHI3~EIL,N>APHI3~U,O~A~PHI3~U,N~~PHI3~X.U,N'~~~~~~  N.PH13(U,N))

duniondef.lO
VA B.AuB=AXV.(AtXV>VB(XV))

emptyfacts.
VU.WULT(U,EHPTYSET)=O

empt yp, 40
VA .EMPTYP

emptysetdef.40
EMPTYSET=XXV.FALSE

epsilondef.39
VA XV.XVEAsA(XV)

epsilondef.40
VA XV.XVEAZA(XV)

example,
VE

35
H K.

excluded-middle. 33
VP Q.Ps(Q3P)A(-QlP)

extensionality.61
VU V.LENGTH U=LENGTH VA  (V’I . ICLEUGTH U1APPL(U,I)=APPL(V,I)))u=V

fstposition_nth,4S
VU N.UNIQUEBESS U3FSTPOSITION(U ,NTH(U,N))=N

fstpositiondef,47
VX U Y.FSTPOSITION(NIL,Y)=NILA

FSTPOSITION(X.U,Y)=IF  -MEHBER(Y,X.U) THEN BIL ELSE IF X=Y THEE 0 ELSE ADDl(FSTPOSITION(U,Y>)

functdef,tiO
VALIST. FUNCTP (ALIST) IQUENESS DOM(ALIST)

have-member.17S
VU Y.MEMBER (Y,U)>O<LENGTH u

have~memberl.178
VU Y.MEMBER(Y,U)~TNULL  U

high-order-definition,174
VBIGFUH ATOM~FUU.3DEFINEDJUU.VX Y.(ATOM X 1 DEFINED-FUN(X>=ATOHJUN(X))h

(DEFINED_FUN(X.Y)=BIGFUB(X,Y,DEFINED-~N(X),DEFINED-FUU(Y)))

high -order_natnum_definition,167
VINDFU ARB.3DEF-FUN.VN.DEF_FUB(O)=ARBADEF_FUB(N')=INDFN( (B))B,DEF,FUN

id-left.130
VU V W.ID~J>APERM(W>ALENGTH  WLENGTH UACOHP(V,U,W1U=V

id -main,132
'i'N.N<M1BTH (IDEBT ,E>=N

id -perm,129
VU.ID(U )lPERM(U)

id-right. 129
VU V U.IDtU) ACOMP ( V,Y,U)ALENGTH U=LENGTH

idal istp-left.103
VALIST.IDALISTP( ALISTID>AMKLSET(DOMtALISTID) ALIST)

idalistp-main.94
VALIST.IDALISTPtALIST)AMEMBER(Y,DOM~ALIST~~~CDR  ASSOC(Y,ALIST)=Y

ldalistp-permutp.102
VALIST.FUNCTP(ALIST>hIDALISTP(ALIST

.istp_right,103
VALISTl.IDALISTP (ALIST~ MKLSET( RANGE(ALIST))CMKLSET

istpdef,C,U
VALIST XA Y.IDALISTP(NIL)A(IDALISTP((XA.Y).ALIST)~XA=YAIDALISTP  ALIST)



ident-sort. 11;
VK.LISTP IDEBT

ident-sortl,  11.7
;VN H.LISTP IDENTl(M,N)

identdef.113
VN.IDENT( l(O,H)N)=IDENT

identdefl.
vx u

1113
N I.IDENT1(I,O)=UILhIDENTl (I,B')=I. IDENTl(I',B)

identity-left, 1%
VU.INTO(U))IDENT (LENGTH U) l ☺=U

identity-right, l:JL
VU.UeIDENT(LENGTH

inclusiondef.40
VA B.ACB=VXV .A(XV)IB(XV)

inductive-definition,166
VNDF ZCASE NDEF.(3FUE.(VNPARS  N.FUN(O,NPARS>=ZCASE(BPARS)A

FUN(N',NPARS)=NDEF(E,FUK~N,NDF(B,BPBRS)),NPARS~~~

inequality-law.171
VB H.R<BAFKN-R3f+K<N

infinite-descent.167
+DESC.VE.DESC(N

injdef,.5'2
VU.INJ(U)=VN  M.N<LENCTB(U)hn~LENGTE(U)hBTH(U,B)=BTH(U,H~~N=~

injdsj,lenma,SO
INJ(U)AN<LENGTH

injectdef.60
VALIST.INJECTP(ALIST)~FUKCTP(ALIST)AUKIQUEEESS  RAHGE(ALIST)

interdef. -lo
_ VA B .AnB=XXV.(A W)hBCW >

into-mult.86
INTO(U)A(VK. KCLENGTH

intodef,
vu.

(3:3
IUTO(U)=(VN. NCLENGTH U>BATEUM NTEW,B)ANTH(U,B)<LEIGTH U)

inv-into. 144
VU.PERH(U>1INTO(IBVERSE(U))

inv-left. 139
VUV Y.PERH(Y)AINV(U,U) ACO?U’(V.U .U)hLEHGTH WID(V)U=LEIOGTH

inv-perm. 137
vu v .PERH(U )hINV(V,U) ALENGTH V=LEBGTH U>PERM(V)

inv-right. 1:37
VU v W.PER~(W)AIEV(U,U)ACO~(V,U,U)~LEIGTE WLENGTE WID(V)

invalist-left. 105
VALIST.ALLP(AX.ATOM  X,RA~GE~ALIST)>AI~JECTP~ALIST~)IDBLISTP~INVALIST~ALIST~  m ALIST)

invalist-right, 10.5
*VALIST.ALLP(AX. ATOB X,RANGE(ALIST))AIKJECTP(ALIST)~IDALISTP(ALIST INVALIST(ALIST))m

invalist-sort.90
VALIST.ALLP( ALIST))>ALISTP  IIVALIST(ALIST)XX.ATOH X, RABGE(

invalistdef.
VALIST

$9
XA Y.INVALIST EIL=KILAIUVALIST(tXA.Y). ALIST)=(Y.XA). IKVALIST

invers,sortl.11;
VN I.LISTP IIVERSl(U,I,N)

inversdef. 113
VU.IN VERSE(U)=INVERSl w>>

inversdefl.11:3
VU I U.INVERSl(U,I,O)=JfILAIEVERSl~IiIL,I,N~=NILA

INVERSl(U,I,N')=IF  NUI.L(FSTPOSITIOK(U,I))  TEEN BIL ELSE FSTPOSITION(U,I).INVERSl~U,I',U)



inverse-left.143
VU.PERM(U)3IHVERSE UW=IDENT(LENGTH U)

inverse-right. 143
VU.PER?l(U>~U*IBVERSE(U)=IDENT(LENGTH(U))

inverse-sort.115
LISTP INVERSE(U)

irreflexivit
VN .lN<N

y-of-order, 164

last-nthcdr,47
VU.NTHCDR(U ,LEEGTH U)=BIL

ldistrib. 166
VU K H.E*(K+H)=B*K+B*Zl

length-,compose,116
vu U .DEF-APPL(U .U)3LENGTH

length-compose,117
Vu N.LEBGTH(IDEBT (B) 1 =l!J

length-ident,
VB.LEBGTH  (IDEBT(B))=B

length-
VB

identl, 11
H.LEBGTH (IDEBTl(l¶,B))=B

length-mult. 54
VA U.MJLT(U, A)_<LEBGTH  U

length-nthcdr,-IT
Vu B.B<LEBGTH UDLEBGTH

lengthadd, 1X
VU.LEBGTH (U+V)=LEBGTH U+LEBGTH V

lengthdef. 1';s
-vu x. (LEBGTH NIL=O)ALEEGTH(X. u)= (LEBGTH

lengthinverse, 11s
VU.PERn(U)1LENGTH

leq-leq-eq.169
VB H.N~FhM<NX=M

less_lesseq_factl,167
V’B M K.lWlAH(K~N~K

less_lesseqsucc,l68
V'B n. BcnnE'<n

less-succ-lesseq.168
VE H.H<E'3lIIB

lesseq-
VB

lesseq-succ.
n.Hg4)rg¶'

168

lesseqdef. 167
vn 8. (H 5 B 1 =(H=lwHCB)

listappend,
VU V.LISTP(U*V)

listdef,171
VX LST.LIST(X ,LST) = X.LIST(LST)

listinduction. 173
VPHI.PHI( !iIL)A (VX U.PHI(U)~PHI(X.U))~WJ.PHI(U))

listinductiondef, 173
VDF NILCASE DEF.(3FUU.(VPARS  X U.FUN(NIL,PARS)=BILCASE(PARS)A

FUN(X.U,PARS)=DEF(X,U,FUN(U,DF(X,PARS)),PARS)))

lpluscan. 16.5
‘Ifi K H.(K+H=K+N)E (H=I!I)

ltimescan.
VB K

66
.-1K=03n ((K*Ft=K*N)=(M=N))

ltimestozero.166
VN K.+=O2N* K=OEK=O



main-inv.
VUN

141
.PERM UhBCLEBGTH

mapcardef, 17.5
VFN X U.HAPCAR

member-mult, 55
VU Y A. HEHBER(Y

U)BTH(IBVERSE  U,B)=FSTPOSITIOB(U,E)

(FB,BIL) =BILhnAPCAR(FB,X.U)=FB(X) .HAPCAR(FB,U)

,U)AA(Y) IHULTW,A)

member_nth,43
VU Y.HEHBER(Y,U)1(3N.BCLEBGTH  UANTH(U,N)=Y)

memberdef,l75
VX Y U.-IHEHBER(X,NIL)AHEHBER(X,Y.U)=(X=Y~HEHDER~X,U~~

minus-sort,169
VE K.NATBUH(K-B)

minnsl, 170
Vl .O<BlB-(PRED B>=l

minusdef, 169
VHB .n-o=F!An-(a ,)=PRED(H-B)

minusfactl0,170
VB H.BQKM-B=(I¶-I’)’

minusfactll,170
VB I¶ .HGI3I-H’<B

minusfact3.169
VN I!. B<Fl)O<H-B

minusfact5,169
VB.O<lVlPRED(B)'=B

minusfact7,170
V11 H.N<HlPRED

mklset_fact,l88
VU.HKLSET(U>=(AX.(BK. K<LEBGTH

mklset-un19-1
W.UB(XH.HKSET (BTHW,H))

mklsetdef.40
VU.HKLSET(U)=XX.

mkset_def,10
VXV.HKSET

UhBTHW,K)=X))

,LEHGTB

HEHBER(X,U)

(XV>=(AYV  .YV=XV)

mksetxtklset,li7
VU.MEHBER(Y,U)MKSET(Y)CHKLSET U

U)=HKLSET&J)

mksetfact, 19-l
VU N.B(LEBGTH U~(UB(~H.~SET(srH(U,H)),l))=(~X.(3K.K<EABTH(U,K)=X))

mult-inj.  57
VV.(VK.K<LENGTH  VMJLT(V,HKSET(BTH(V,K)))=l)>IBJ(V)

mult_mult,81
VU V.HKLSETW)=HKLSET(V~A&I¶.H~LEBGTH U~WmT(V,HKSET(NTH(U,H)))=l)~

NI.I<LEIGTH V)~T(V,nKSET(UTH(V,I)>>=1)

-nthcdr, .55
Vll A U.N<LEBGTH WHULT(BTHCDRtU ,I0 ,A) SHULT(U,A)

multaef.54
VX U A. HULT(JiIL,A)=OAHULT(X.U,A)=IF  A(X) THEB HULT(U,A)' ELSE HULT(U,A)

multfact,%
VU.VA.BATBUH(HULT(U,A 1)

multinj_computation,57
VV I J.I<JAJ<LEBGTH

n-less-n,170
VII .E-N=O

nonempty,domain.93
VALIST Z.UBIQUEBESS DOH(ALIST>AHEHBER(Z,RABGE  ALIST>1(3X.HEnBER(X,DOH  ALIST>hAPPALIST(X,ALIST)=Z)

nonempty-range.91
VALIST X.HEHBER(X,DOH  ALIST>1(3Y.?IEMBER(Y,RANGE  ALIST>AAPPALISTtX,ALIST)=Y)



normal, 3:3
VP Q R.((PVQ)AR>s((PAR)V(QAR))

normal. 3.3
Vp q r.(pVqlr)E(p>r)A(q3r)

normal.33
VP Q R.(RA(PVQ))Z((RAP>V(RAQ))

nth-allp.  lS7
VPHI U.(VB.B<LEBGTH  U~PHIl(BTEtU,B)))~ALLP(PEIl,U)

nth_compose,l27
VU N.DEF-APPL(V,U>AB<LEBGTH  U~NTH(V.U,B)=BTH(V,BTH(U,N))

nth_fstposition,48
VU N.HEHBER(B,U)1BTH(U ,FSTPOSITIOB(U,B))=B

nth-in-nthcdr.1.5
VU N H.B<HAM<LEBGTH U3HEHBER(BTH(U,H),liTHCDR(U,B))

nth-nthcdr-zero. 45
VU.O<LEBGTH WBTH W,O). BTHCDR(U,l)=U

nth-nthcdr,-l7
VU E n.E<LEBGTH UAHCLEEGTH (BTHCDR(U,B>)~BTH(BTHCDRW,E),H)=BTH~J,H+B)

nthcdr_car_cdr,45
VU N.N<LEBGTH U~NTHCDR0J,U)=ITH(U,E).BTHCDR(U,B')

nthcdr-ident.
VH N.N<H1NTHCDR(IDEBTtH),B)=IDEBTl  (E,H-II>

nthcdrdef,-45
VX U N.BTHCDR(BIL,B)=BILANTECDR~U,O)=UABTECDR~X.U,NJ~=BTECDR~U,B)

nthdef.-l2
VX u N.BTH(BIL,B)=EILABTH(U,O)=CAR  UABTH(X.U,E')=NTH(U,N)

nthmember. -13
vu E. NCLEBGTH

oneleastsucc.165
l<B'

UxEBRER(BTH(U,E>,U)

ontodef,
vu.

63
OETO(U)=(IETO(U) A(VB.E<LEBGTH

perm-compose,1
VU V.PERH

28
U A PERM V A

perm~composition,l21
PERM(V>APERH(U)ALEEGTH

LEBGTH

V=LEBGTH

pe rm-ident.
VN.PERM(IDEBT(B))

perm-injectivity,gT
VU.PERH(U)1IBJ(U)

perm_inverse,l43
VU.PERH(U)~PERH:IEVERSE(U))

- permdef. 63
VU.PERM(U)=OBTOtU>

permutp_def,61
VALIST.PERHUTP( )+FUBCTP

permutp-injectp, so
VU V.HKLSET U=HKLSET Vl(VH.

UMEEnBER(E,U)))

LEEGTH V 1 PERH(UeV)

UhCOHP(U,V,U) DPERH(U)

AHKLSET

M<LENGTH U1l<HULT(V,MKSET

permutp_injectp,83
VALIST.PERMUTPtALIST)1IBJECTP(ALIST)

=tlKLSET(RANGE(ALIST>)

NTH(U,H)))

pigeonfact. 71
VF.(VN.BATNUM(F(N>>)~(VE.(~.M<E)l~F(H))ASU~(~K.F(K),E)=N~(~.H<N)l=F(H)))

pigeonlist, 76
VU.DISJOIBT(SETSEQ,LENGTH  U)3((VH.M<LENGTH  UZ'l<MULTtU,SETSEQ(?!>))>(VH.H<LENGTH  UZ'l=HULTtU,SETSEQ(H))))



plusdef.
V’B

16.5
K.O+N=NhK'+N=(K+N)'

plusdefl.
VN .1

plusfacts
VK N

16.5
+B=N’AN+~=N’

( l(i.=l
.K+N=I+K

plusfacts.
VN K M.(K+M=K+B)=(M=R)

plusfacts,l6.5
V1p K M.(M+K=B+K)=(M=H)

plusfacts,
VB K.O+B=IPhK

plusfacts
VII K

'+lV=(K+U)'

,165
.B+K'=(N+K)'

plusfacts,
VB K.l!J+K=OHN =OhK=O

plusfacts.
v'B.l+E=B' AB+l=B'

plusfacts,
vB.B+O=B

plusfacts,
VE K M.N*(K+M)=N*K+B*M

plusfacts.
vri n K.(M+K)*R=M*I+K*H

pas-length.48
VU Y.MEHBER.(Y,U)3FSTPOSITION(U ,Y) CLEEGTH U

posfacts. 48
_ VU.(BULL  FSTPOSITIOU~U,Y>~~ME~ER~Y,U~~~(~EMBER~Y,U~~~ATI~~FSTPOSITIO~~U,Y)~)A

(HULL FSTPOSITIOR(U,Y>vNATNUM(FSTPOSITIOI(U,Y)~~

pred-cancellation.170
WV M.B<MlPRED(M'-K)=M-N

pred-def.165
VB.PRED(N')=N

proof_by_doubleinduction,166
VA2.(VK  M.A2(O,B)AA2(E,O)A(A2(N,M)~A2(N',~')))~VE  H.A2(B,M)

proof-by-induction. 166
VA.A(O)A(VN.A(6)3A

range-compose.95
VALIST ALIST1.PE~P~ALIST~A~LSET~DOM~ALIST~~=MKLSET~DO~~ALISTl~)~

MKLSET(RANGE(ALIST  m ALISTl>>CMKLSET(RAEGE(ALISTl))

range-compose.95
VALIST ALIST1.PERMvTP~ALIST~APE~TP~ALISTl~AMKLSET~DOM~ALIST~~=MKLS~~DOM~ALISTl~~~

MKLSET(RANGE(ALISTl))CMKLSET(RABGE(ALIST  ID ALISTl))

range-invalist. 9-l
) VALIST.ALLP(AX. ATOM X,RANGE~ALIST>>~RA~GE~I~VALIST))=DOM~ALIST~

rangedef
VXA

. 60
Y ALIST. RABGE l!JIL=RILARAliGE((XA.Y).

rangesort.
VALIST.LISTP RABGE

rdistrib.
VE n

rpluscan.
VB K

(ALIST)

166
K.(M+K) *N=M*II+lt*N

1c;r,
M.(M+K=N+K)Z(M=H)

ALIST)=Y. RANGE ALIST

rtimescan. 166
VB K M.lK=OJ( (M*K=N*K) ftM=N))

rtimestozero. lo(;
V N  K.-IN=O~K+N=OIK=O



' I~‘or~.1rr.:L.\ ISI)ES

samemap-defl.t;L
VALISTl ALIST2.SAMEMAP(ALISTl,ALIST2)=

(MKLSET~DOM~~ISTl~)=MKLSET~DOM~ALIST2~~A~VX.APPALIST~X,ALISTl~=APPALIST~X,ALIST2~~~.
samemap-equivalence.62

SAMEMAP(ALIST,ALIST)

samemap-equivalence.ti2
SAMEMAP(ALIST,ALISTl>hSAMEMAP~ALISTl,ALIST2~~S~E~P~ALIST,ALIST2~

samemap-equivalence.62
SAMEMAP(ALIST,ALISTl~3SAMEMAP(ALISTl,ALIST~

samemap-left.94
VALIST ALISTl ALIST2.SAMEMAP(ALISTl,ALIST2)3SAMEMAP(ALISTl  m ALIST,ALIST2 (I) ALIST)

t samemap-right.  94
VALIST ALISTl ALIST2.SAMEMAP(ALISTl,ALIST2)3ALIST  m ALISTl=ALIST m ALIST

samemapdef.61
VALIST ALIST1.SAMEMAP(ALIST,ALISTl~~

MKLSET DOM(ALIST)=MKLSET DOM(ALISTl)A0?Y.YEMKLSET  DOM(ALIST>3APPALIST(Y,ALIST)=APPALIST(Y,ALISTl~~

set-extensionality.40
VA B.(VX'/.XVEAzXVEB)3A=B

sexp_nth,42
VU N.SEXP NTH(U,N)

sexpinduction.174
VPHI.(VX.ATOM  X 3 PHI(X))A(VX Y.PHI(X)APHI(Y)3PHI(X.Y))>bX.PHI(X))

sexpinductiondef,l74
VATOMCASE DEFSEXP DFl DF2.3FUN.VPARS X Y Z.(ATOM Z 3 FUNtZ,PARS>=ATOMCASEtz,PARs)>h

(FUN(X,Y,PARS)=DEFSEXP(X,Y,FUB(X,DFl(X,Y,PARS)),F~(Y,DF2(X,Y,PARS)),PARS))

somenumdef. 53
VN A.+3OMENUM(O,A)A(SOMENUM~l!I',A)~A~N)VSOMENUM~N,A~~

somepdef. 477
‘vPH1 x U.7SOMEP(PHI,NIL)ASOMEP(PHI,X.U)=IF  PHI(X) THEN TRUE ELSE SOMEP(PHI,U)

somepfact. 176
VU.SOMEP(PHIl,U)=(3X.MEMBER(X,U)APHIl(X~~

somepfact.;%S
VU.SOMEP(PHIl,U)=(3X.MEMBER(X,U)APHIl(X~~

sortcomp.115
* VU.DEF-APPL(V,U))LISTP  VW

sortpos.48
VU Y.SEXP FSTPOSITION(U,Y)

strictly-increasing.72
VF N.~VM.M<N~NATNUM(F(M~~A~~F(M~)~NWJM~~K.F~K~,N~

succ-less-less.  lliS
VM N .M’cN3M<B

succ-lesseq-lesseq.lG
VM N.M’~N~M~N

successor-minus.169
V N  M.N<MI’M’-E=(M-8)’

L successorl.  lti.5
VE.N<N'

successor2. 16.5
VU M.-IN<M~M<B'

successoreq. 16.5
VE M.(N'=M'>=(E=M,

successorfacts. 167
V N  M.N'<M':E<M

successorfacts.
VN.TN=N’

successorless. 10~
V'B M.N'<Fl'=N<U



essorlesseq.167
V’I M. B’<M’=E<M

succfacts,l65
VE M . ~H<M~M<B’

succfacts,
VE M.

165
(B'=H ~tr=n)

succfacts,l65
WV H.ll'<M ‘EH<H

succfacts,165
V'B.1(E'=O)

succfacts,l65
vE.llv=0~0<B

succfacts,l65
V'B.O<Y'

succfacts,l65
VE.BCU’

sumdef. 53
VU IJUHSECj

sumsort,
VMJFtSEQ

timesdef, 166
VI K . O*n=oAH

timesfact S. 166
VII K n .lK=O)

.SVn0WMSEq ,O>=OASUM(EUMSEq ,B')=SUHWJ?¶SEQ ,I) +rUMSEq(?J>

B.(VH.

timesfacts, 166
V’I K I¶ . -rK=OI

'*K=(l*K)+K

timesfacts,
V’II K H.-P*(K+H)  =l*K+B*H

timesfacts,
VH K. dl=O~K*ll=O~K=O

timesfacts,
V’B K.-rB=OX4*K=OEK=O

timesfacts.
Vll K.O*l=OhE '*K=(B*K)+K

timesfacts,
V’B K.E*K'=B*K+ll

timesfacts,
V,B M K

166
.(M+K) l II=H*I+K*P

timesfacts,
VB H.ll*H=H*l!d

timesfacts,
V'1.8*O=OAl*R=lAIi*l=B

timsucc,166
VII K .ll*K'=U*K+l

total-subtraction, Xi0
V’B H.H<liDH-Ii=0

trans.-cond,
VP Q R

33
.(qDR)A(IF  P THER q ELSE R>)R

trans_lesseq,l67
V’B H K.I<HAM<K~K<K

tr,ansit iv ity,of-order, 1
VB M K.ECH/iHCK~KcK

trichotomy,169
Vll H.H<lvH=BvB<H

64

trichotomy2,lTS
VU B.LEBGTH(U) SBvB<LEIGTH(U)



ial-appalist.62
VALIST.7YEHKLSET(DOH(ALIST)))APPALIST(Y,

trivial,nthcdr.47
VU E.LEliGTH(U>~~~ETHCDR(U,B)olIL

undef. X3
Vll SETSEQ. UE (SETSEQ,O)=EHPTYSETAU SETSEQ ,U’>=uu (SETSEQ II)uSETSEq (II)

unionfactl.194
VSETSEQ H H.HcJ!J3SETSEq(H)CUlltSETSEq,li)

ALIST) =BIL

uniqueness,injectivity.fjZ
. ~.UIIqUEIESS(U)~IIJ(U)

uniquenessdef.175
VU X.UIICjUEJlESS IIL A (UEIQUEIESS(X.U>=~HEMBER(X,U~~UliIqUEIESS~U~~

zero-non-,less,successor.168
V’B H . B ’ <MhH=O

zero,not,successor,165
vs.l(n'=o>

z e r o l e a s t .  1 6 8
vr.og

zeroleastl.164
vu .lI<O

zeroleast2.165
v1.11=030<1

zeroleast3. 165
vu .O<U




