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Abstract

As industrial circuit designs become larger and more complex, the use of simulation as the sole means
for verification of their correctness no longer suffices. One of the potential methods to complement
simulation is formal verification, in which mathematical methods are applied to prove that desired
properties hold of circuit models.

In this thesis, we develop a mathematical model of synchronous sequential circuits that supports
both automated formal hierarchical verification and substitution. In order to facilitate hierarchical
verification, we model synchronous circuit specifications and implementations uniformly. Each of
these descriptions provides both a behavioral and a structural view of the circuit or specification
being modeled. For formal verification, our framework provides a means for comparison of the be-
havior of a circuit model to a requirements specification in order to determine whether the circuit
is an acceptable implementation of the specification. For substitution, and to support a modular
verification process, it provides a structural view of a circuit and the capability to plug in one compo-
nent in place of another in a circuit model. This allows us to determine whether the new component
constitutes an acceptable substitution in terms of the desired behavior of the full circuit. In addition,
our model supports nondeterministic specifications, which capture the minimum requirements of a
circuit without forcing us to overspecify by including irrelevant details.

Hierarchical descriptions of combinational circuits may often contain apparent loops. Previ-
ous existing formalisms have relied on syntactic methods for distinguishing apparent from actual
unlatched feedback loops in hardware designs. However, these methods do not work correctly for
nondeterministic models. Our model of the behavior of a synchronous circuit within a single clock cy-
cle correctly handles such cyclic dependencies even in the presence of nondeterminism, by providing
a semantic method to describe them.

In addition to developing a theoretical framework to support behavioral and structural com-
parison of synchronous circuit models at various levels of detail, we have implemented and proved
the correctness of automatic decision procedures for both formal verification and substitution using
these models. Our main substitution result is the derivation of a closed-form expression for the most
general specification of the allowed substitutions for a component in a circuit, against which can-
didate components may be compared via the behavior comparison algorithms developed for formal

verification. We describe our software implementation of these procedures.
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Chapter 1

Introduction

1.1 Introduction

Formal hardware verification is the use of mathematical methods to prove that desired properties
hold of circuit models. It has not yet been fully incorporated into the industrial design process, but
it 1s beginning to be explored in industry as a complementary validation method to simulation.

In current standard industrial practice, hardware designs are verified by means of extensive
simulation. This method may provide extensive coverage but it is not exhaustive: modern circuit
designs are simply too complex to be exhaustively simulated. Instead, an attempt is made to
determine the critical input sequences for testing, and the circuit design is simulated on these test
vectors. In contrast, formal verification provides assurance that the properties verified hold of the
circuit model no matter what the input combination sequence it is given, and no matter how long
that sequence is.

The goal of this thesis is to provide a mathematical model of synchronous sequential circuits
that supports formal hierarchical verification. Our model must support formal substitution analysis,
and must allow a specification to admit multiple correct implementations. In order to support all
these objectives simultaneously, our framework supports the expression of non-cascade composition,
and both structural and behavioral views of a synchronous circuit. We have also developed a self-
contained model for combinational circuits that meets all these objectives.

In hierarchical verification, we do not distinguish between implementation models and require-
ments specifications, but instead allow a model to express a range of behavioral and structural
constraints. At one end of this spectrum lie the models which allow arbitrary behavior and have
no internal structural constraints at all, and at the other are those models so behaviorally and
structurally constrained that they each model a unique gate-level circuit. We define a particular
mathematical relation to hold between two models if the first is a correct implementation of the

other (considered as a specification). We may verify that one such specification model meets the
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requirements imposed by another specification, and from this conclude that any circuit model which
correctly implements the first specification also correctly implements the second. The process of de-
signing such a sequence of models, each of which i1s more structurally and behaviorally constrained
than the one before, is called refinement. In addition, a hierarchical verification framework must
have the following compositionality property: a structurally composite specification is automatically
satisfied by the composition of any correct implementations of its component specifications. Hence
we may determine implementations that satisfy the component specifications independently of each
other, a verification process that we call piecewise verification. In this way, hierarchical verification
supports a modular design process.

For both substitution and hierarchical verification, we require the ability to express structural
constraints on a circuit model. In other words, we want to be able to define a piece of a circuit
and to talk about i1ts connections to the rest of the circuit of which it 1s a part. Therefore our
formal semantics of circuits must allow us to define primitive circuits and operations on them that
correspond to wiring them together (circuit composition) and hiding wires (ignoring wires that
are not primary outputs). This will allow us to construct behavioral models from the behavior of
primitive or previously constructed components according to the structure of a composite circuit.
We utilize the circuit algebra framework of [61] in order to provide this capability.

A central problem in modeling the synchronous behavior of clocked hardware is the question of
how to model the inherently asynchronous behavior exhibited by such hardware during each clock
cycle. In a Moore machine representation of a synchronous circuit or specification, all parts of the
circuitry are assumed to be latched, so that output value combinations are completely determined
by the current state [110]. In a Mealy machine model, the current output value combination is
determined by both the current state and the current input value combination, so that this determi-
nation is assumed to be instantaneous [101]. We choose to use the Mealy machine model, in order
to allow the composition of arbitrary forms of synchronous hardware, including the special case of
pure combinational logic, to form more complex synchronous circuits.

However, manifest in this approach is the question of recognizing combinational feedback loops.
If a model may be nondeterministic, and composition is an algebraic operator, then arbitrary models
meeting given syntactic constraints must be composable. This allows the inadvertent creation of un-
latched (combinational) feedback loops. The traditional approach to this problem has been to detect
such loops by syntactic means. However, these syntactic detection methods are not satisfactory for
models that admit multiple correct responses to the same input values, like our specification models.
Therefore we take a different approach, and require our mathematical framework to incorporate the
ability to express such potentially oscillating loops, and detect them semantically. The means by

which we handle such ostensibly zero-delay cycles is one of the contributions of this thesis.
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1.2 Formal Hardware Verification and Logic Synthesis

1.2.1 Introduction

The work presented in this thesis falls into two main areas in the domains of hardware design and
validation. The first of these areas is formal verification. As mentioned earlier, this 1s a validation
approach distinct from the traditional method of hardware design validation by simulation. The
second area that provides context for our results falls within the domain of logic synthesis: the
substitution results presented in this thesis are most closely related to the area of logic optimization.

In this section, we present a brief description of how our work fits into the general picture in

these two areas. We refer the reader to the surveys of others for summaries of the full field.

1.2.2 Formal hardware verification

Formal verification is the use of mathematical methods to prove that desired properties hold of
system models. Most approaches to formal hardware verification fall into one of three general
categories: model checking, model comparison methods, and theorem proving.

Our framework supports a model comparison approach to formal verification. In particular, we
concentrate on a form of formal verification in which the requirements specification and the imple-
mentation behavior are modeled uniformly. As described in Section 1.1, this is a necessary condition
for the support of hierarchical verification. Hierarchical verification supports piecewise verification
and refinement, which requires that specifications can be used as implementation descriptions in
larger descriptions. Therefore specifications and implementations must be the same kind of models.
Our use of a uniform model comparison method contrasts in particular with model-checking and
non-uniform model comparison methods, which we define below.

A general-purpose theorem prover can be used to prove that particular mathematical properties
are implied by a logical theory. A logical theory is a set of axioms whose intended semantics is a
particular system model or class of models. Alternatively, theorem proving may be used to prove
that one object or class of objects in such a logical theory is in a particular mathematical relation
to another. For example, Bronstein has used the Boyer-Moore theorem prover to show that certain
properties hold of some benchmark circuits [26, 24] and has also used the same theorem prover and
logical theory of synchronous circuit behavior to verify that pipelined and non-pipelined versions
of the same circuit exhibit effectively equivalent behavior [25, 24]. Both these approaches have
also been used with the HOL system and with other theorem provers to verify hardware designs
[65, 128, 129].

The use of a general-purpose theorem prover makes this methodology highly expressive. The ex-
act expressiveness depends on the underlying logic of the particular theorem prover, and determines
the range of expressiveness of both specifications and system descriptions. However, the verification

process itself requires a great deal of human intervention [65, 128]. For this reason it is often referred
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to as a mechanized method, rather than an eutomated one.

Model checking, in contrast, is the use of special-purpose programs to verify that certain prop-
erties hold of a particular model [48, 29]. The system model is manipulated explicitly rather than
being described axiomatically. The requirements specification is given as a list of conditions which
the circuit model is verified to meet.

Once these conditions and the circuit model have been formulated, the model-checking verifica-
tion process 1s fully automatic. A model checker builds or accepts a finite-automaton model of the
system and checks whether or not the specified property holds of the model. If it does, the model
checker informs the user that the property has been verified to hold of the model. If it does not,
the model checker returns a failure trace. This is a sequence of steps allowed by the model that will
lead to a situation illustrating a violation of the desired property.

Practical model checking was first introduced with specifications given in a propositional branch-
ing time temporal logic and models given as Kripke structures [48, 29] or a particular form of Petri
net [118]. Highly efficient automatic methods, that take time asymptotically linear in the size of this
automaton and in the size of the temporal logic formula being verified, have been developed to check
of such a model that a particular property holds. Later developments in symbolic representation
of state sets and the transition relation of the automata models have kept model checking in the
running as a potentially viable approach to formal verification of real systems. Binary Decision
Diagrams (BDDs) are a (potentially) compact and efficiently manipulable representation of Boolean
functions [33]. An equivalent canonical representation called Typed Decision Graphs (TDGs) was
independently developed [16]. In 1990, several groups independently proposed their use to represent
states and transition relations of sequential systems in model checking [99, 17, 53]. The incorpo-
ration of this technology into model checkers expanded their capability to the modeling of systems
several orders of magnitude larger than had previously been feasible [40, 100].

In the model comparison approach to formal verification, both implementation and specification
are system models. A mathematical “correct implementation” relation is defined over pairs of
models. This relation holds between two models if and only if the former is considered an adequate
implementation of the latter. Usually, the implementation and specification models are described in
the same language or formalism, but this need not be the case. An example of a model comparison
method in which specifications and implementations are not modeled uniformly is AT&T Bell Lab’s
COSPAN [87, 88]. The most common use of the model comparison method is equivalence checking,
in which the “correct implementation” relation is input-output-behavior equivalence [59, 51, 52, 60].
Equivalence checking 1s particularly useful during the hardware design process, because it can be
used to check equivalence between the input- and output-models of each stage of the hardware
synthesis process (see next section).

In our framework the implementation and specification to be compared are models of the same

kind: ours is a uniform model comparison method. Our “correct implementation” relation, however,
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1s more complex than simple equivalence, in order to provide for specifications that allow multiple
correct implementations.

An in-depth discussion of the various approaches to hardware verification is beyond the scope
of this section. The interested reader may consult [65] for an excellent and comprehensive survey
of current approaches to formal hardware verification; a less comprehensive tutorial that contains
many explanatory examples of the basic techniques can be found in [98]. Information on theorem

proving for formal hardware verification appears in [65, 128, 129, 86].

1.2.3 Logic synthesis

In this section, we provide a short overview of hardware synthesis and describe how our substitution
results fit into this area.

Hardware synthesis is the process of refining an abstract model of a circuit until it becomes
sufficiently detailed that all the information necessary for its fabrication is present [103]. This
process is in practice broken up into several stages: architectural synthesis (also called high-level
synthesis or structural synthesis), logic synthesis, and geometrical-level synthesis (also called physical
design). Our substitution results are relevant to the logic synthesis stage.

In architectural synthesis, a behavioral description of the circuit is refined into a register-transfer
level (RTL) model. In an RTL model, the macroscopic structure of the circuit (functional units,
data paths) is clarified and the control unit functionality is described. Architectural synthesis
consists of 1dentifying the hardware resources that can implement the circuit’s operations, scheduling
the execution of these operations, and binding the scheduled operations to the resources, while
attempting to minimize the estimated area of the circuit and the time required for the execution of
each operation. Further discussion of architectural synthesis can be found in [103, ch. 4-6].

In logic synthesis, an RTL model is transformed into a fully structural representation of the
circuit, usually a gate-level netlist (a list of logic gates that includes information on the connections
between these gates). Optimization is a significant part of this process: attempts are made to
minimize the area of the circuit, as well as propagation delay (in the case of combinational logic),
and clock-cycle length and latency (the number of clock cycles required for a circuit operation) in
the case of synchronous logic. Our substitution results are relevant to the optimization problem in
logic synthesis.

The physical design stage of hardware synthesis generates the layout of a circuit from the netlist
created during logic synthesis, by determining the placement of the gates and the wiring between
them for the full circuit. The output of this stage provides all the information necessary for fabri-
cation of the physical circuit.

For the interested reader, the book [103] provides an overview of the synthesis process and further
detail on architectural-level synthesis and logic synthesis for both combinational and synchronous

circuits. This book provides additional references for those interested in the physical design stage
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of hardware synthesis. The book [58] concentrates on combinational logic synthesis alone. This
book emphasizes the interrelation between delay, area, and testability of synthesized combinational
circuits. The reference [5] concentrates on synchronous logic synthesis.

Our substitution results provide a unifying framework for the optimization problem in the logic
synthesis stage of hardware synthesis. They apply equally to combinational and to synchronous

logic synthesis.

1.3 Asynchronous Trace Theory

The work presented in this thesis is based on an approach to formal verification of hierarchical
asynchronous circuits that was presented by Dill [61], called asynchronous trace theory. While Dill
attacked the problem for asynchronous circuits only, his work incorporated some critical insights
that we utilize in a synchronous framework.

Standard gate-level models of hardware make an assumption of “unidirectionality”. That is, they
assume a unidirectional flow of information through the circuit, or at the very least, a unidirectional
electron flow. The use of Boolean functions to model gates, which constitutes a fundamental use of
this abstraction, appears as a standard model in elementary electrical engineering texts.

The first of the insights of asynchronous trace theory is that in order to talk about whether or not
a given specification i1s implementable, it is necessary to distinguish between the input and output
wires of a circuit. This distinction is about more than just the standard unidirectionality abstraction
employed in gate-level modeling. A circuit enforces constraints on the relation between the values
on its input wires and the values on its output wires; however, it cannot control the values that
appear on its input wires. This point has been ignored in the simple “language inclusion” approach
to verification, in which as long as the possible behaviors of a model are a subset of those of another
model, the first is considered to be a correct implementation of the second [1, 126, 127, 46, 47, 73].

Asynchronous trace theory thus requires that a model account for all possible input values at all
times; a model’s set of “possible behaviors” must always allow yet another input wire value change to
occur. In our synchronous trace theory, this corresponds to admitting all input value combinations
on each clock cycle. Thus a model may not disallow any input values.

We may wish a specification to guarantee certain behavior of every correct implementation —
but only under certain input conditions. If these input constraints are not met, the specification
makes no guarantees at all. Asynchronous trace theory allows specifications this expressiveness by
distinguishing those behaviors of a circuit which are possible but undesirable.

Thus a circuit model incorporates two distinct sets of behaviors: those that are possible behaviors
of the circuit being modeled, and a distinguished subset of these possible behaviors, those that
follow an undesirable input event. Once an undesirable input event has occurred, anything goes: by

definition of the input event’s having been undesirable, the model makes no guarantees about what
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may or may not subsequently happen. Under these circumstances we say that the model has gone
into failure mode. The extent of a specification’s failure mode is a statement about the environments
in which 1ts implementation circuits will function correctly.

Asynchronous trace theory recognizes this aspect of specification in its definition of the mathe-
matical relation between a specification and its correct implementations. First, it assumes that the
set of potential environments of a circuit C is simply a set of circuits with complementary inputs
and outputs to C' (i.e., the input wires of each of these environment circuits are precisely the output
wires of C, and the output wires of each environment are precisely the input wires of C'). Therefore
an environment is just a circuit, and may also have a failure mode: the relation between a circuit and
its environment is symmetric. Then trace theory defines a model A to be a correct implementation
of another model B if and only if A may be safely substituted for B in any environment. A can
correctly implement B only if A and B have the same input wires and output wires (and hence the
same environments). We say that A correctly implements B if and only if for every environment ¥
of A and B, if we may place B in £ without the composition of £ and B going into failure-mode,
then we may place A in £ without that composition going into failure-mode. Of course, it may be
the case that A can be placed in more environments without activitating its failure-mode than can
B; in this case B is not a correct implementation of A, even though A is a correct implementation
of B.

We incorporate these insights of asynchronous trace theory into our own model of synchronous
sequential circuits and their specifications. For its structural view of a circuit model, we also utilize

the circuit algebra framework of [61], which is explained in the following chapter.

1.4 Zero-Delay Cycles

1.4.1 Introduction

In order to model synchronous circuits it 1s necessary to model their behavior during each clock
cycle. Thus the modeling of combinational circuitry is a necessary step in modeling synchronous
circuits.

The standard assumption in electronic circuit design is that one does not want to create unlatched
combinational feedback loops (except for very specific purposes, such as the creation of a precisely
timed oscillator). An exception to this rule was noted by Kautz, who pointed out that use of
such loops may be necessary in order to minimize the number of gates in a circuit designed to
meet a combinational specification [81]. However, standard logic synthesis systems and timing
analyzers are not able to handle combinational loops [130, 92, 131]. For example, a common source
of combinational feedback loops in modern designs is resource sharing algorithms run during the
high-level synthesis of data and control paths. Even combinational loops that are created through

resource sharing that are in fact never exercised (false paths) are considered undesirable, and models
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have been developed to detect them during high-level synthesis and so avoid their construction [130].

Unfortunately, the property of containing no feedback loops is not automatically preserved when
two combinational circuits are wired together. Any formalism which allows the composition of circuit
models into more complex ones must either apply some mechanism in order to ensure that such loops

are not inadvertently created via composition, or must knowingly allow their creation.

-
pd
~

Figure 1.1: The composition of C; and C,

Consider the following simple example. Let C; be a nand-gate with input wires labeled a and
b and output wire labeled c. Let C5 be a non-inverting buffer whose input wire is labeled d and
whose output wire is labeled e. If Cy and C% are wired together so that ¢ and d are tied together,
and similarly e and b, the result is a combinational feedback loop (see Figure 1.1). If M; models C;
and Ms models C; in some formalism that allows the composition of models, then that formalism
must either define or disallow the composition of M; and M5 into a model of the composite circuit
just described.

We 1dentify four classes of solution employed by existing formal models of combinational and

synchronous circuits that include a composition operator.
e Models which ignore the problem, leading to anomalies.
e Moore machine models, in which zero-delay cycles cannot occur.

e Use of functional dependency tracking to disallow the composition of models into combinational

feedback loops.
e Ternary simulation methods.

The first approach is not a solution at all, and in fact very few existing formalisms make this
mistake. In Section 1.4.2 we illustrate how indiscriminate use of the standard Mealy machine model
of synchronous circuit behavior may lead to anomalies. Most formalisms that incorporate a Mealy
machine model of synchronous circuit behavior avoid machine compositions that create zero-delay
cycles. We present a Mealy-machine based formalism that has neglected to address the issue of
zero-delay cycles and which consequently exhibits anomalies.

The second approach constrains circuit models to be Moore machines, which are automata in
which the current output is determined solely by the current state (irrespective of the current input

value combination). Moore machines can be used to model purely combinational logic. They can
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also be used to model synchronous circuits in which every component is latched. However, it is not
clear how a Moore machine could be used to model both latched and unlatched circuitry simulta-
neously. When used to model purely combinational logic, Moore machines do allow combinational
feedback loops to be modeled without the disappearing behavior phenomenon observed in the case
of indiscriminate use of Mealy machines. When used to model synchronous circuits, they do not
allow the creation of combinational feedback loops, because every component must be latched. In
Section 1.4.3, we expand on the brief discussion of Moore machines that appears in Section 1.1. In
particular, we explain why this model is inadequate for our modeling needs. We describe the Moore
machine model of combinational circuitry and explain how it neatly avoids the zero-delay cycle
problem. We also briefly describe some well-known formalisms that have not addressed the issue
of zero-delay cycles because they utilize an underlying Moore-machine model of causality between
events.

In the third approach, functional dependency tracking methods are employed in an attempt to
identify problematic applications of the composition operator. The intent is that such applications
be identified and subsequently disallowed. The dependencies in question are situations in which
the value on a particular output wire depends on the value on a particular input wire. When this
information is maintained accurately, 1t 1s called dynamic dependency information. A useful approxi-
mation to maintaining and computing complete dynamic dependency information is the maintenance
of static dependency information, usually in the form of a graph. This set of dependencies reflects
the topology of the circuit, and maintains that every output of a primitive circuit component is de-
pendent on every input of that component. In the presence of nondeterministic or black box models,
only static dependency information may be available. However, it may be overly conservative. In
Section 1.4.4, we describe these methods in more detail, and illustrate the problems that arise when
they are used in the presence of nondeterministic models.

Our solution falls into the fourth class, that of ternary simulation methods. This method consists
of positing a third wire value, in addition to the digital 0 and 1. Such a third value may be used
for various purposes; we focus on its relevance for the detection of combinational feedback loops,
or zero-delay cycles. Our solution utilizes it merely to detect the presence of such a loop; related
research currently in progress attempts to utilize these methods to distinguish problematic (oscilla-
tory) combinational loops from ‘harmless’ ones. In Section 1.4.5, we describe this and other work
using ternary methods, and compare it with our own.

In the following subsections, we describe all four of these approaches in more detail, and categorize

many existing formalisms according to them.

1.4.2 Zero-delay models that ignore the problem

A fairly standard approach to the logical, or functional, modeling of combinational logic is to abstract

away from propagation delays, effectively assuming all combinational components to be zero-delay.
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Mealy-machine models of synchronous hardware behavior fall into this category, as do standard

relational and functional models of combinational logic behavior.

I O
e 1/0
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D

Figure 1.2: Finite-state machine representation of synchronous circuit

Figure 1.2 presents a typical block diagram depiction of a synchronous circuit, and a piece of the
corresponding finite-state automaton representation of its behavior. The current output value com-
bination and next state of the circuit are determined by the current state and the current input value
combination. Therefore the digital behavior of this circuit can be described by a Mealy machine:
an automaton whose transitions are labeled with input-output value combinations. This abstracts
away from any propagation delay in the combinational logic that determines the current output
values, effectively modeling zero delay between [the presentation of] input and output. Note that we
do not assume that Mealy machines must be deterministic in their input value combinations: there
may be two outedges from a single state which are labeled with the same input value combination,
but distinct output value combinations. This is in contrast to the original Mealy machine definition,
which allowed for input don’t cares, but did not allow nondeterminism of this sort [101].

In synchronous circuit design, it is assumed that no matter what the cumulative delay in the
combinational logic, the clock cycle is made long enough to allow for it. Thus it appears that we
can separate the logical (functionality) analysis and the timing analysis of such circuits. A zero-
delay view of combinational logic is consistent with this separation: these models are intended for

performing logical analysis only.

CL 1/0

Figure 1.3: Finite-state machine representation of combinational circuit

Of course, a combinational circuit is a special case of a synchronous one: 1t just happens to exhibit
the same behavior during each clock cycle. Tts behavior can be described by a Mealy machine of the

form shown in Figure 1.3. Equivalently, such a Mealy machine can be represented by the set of its
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edge-labels: this is a functional or Boolean relation model of purely combinational circuits [44, 22].

abe
abe
abe
abe

M1

Figure 1.4: Mealy machine representation of C

de T

D de ch

M2 M2

Figure 1.5: Mealy machine representation of C5

Consider the example described in Section 1.4.1. A simple Mealy machine model of the nand-gate
Cy is My of Figure 1.4. M; is a single-state automaton (all of whose transitions are from this single
state to itself, and) whose edge-label set is precisely the Boolean function ¢ = m. Similarly,
the non-inverting buffer Cy is most simply modeled by the Mealy machine M} shown in Figure 1.5.
We rename the wires in the model of C'5 in order that composition of the models correctly reflect
how we have wired together C} and C3 to produce the circuit depicted in Figure 1.1 (page 8). The

model M5 of the relabeled circuit also appears in Figure 1.5.

abe

Figure 1.6: Composition of the Mealy machines M; and M»

Standard finite-state-automaton composition of M; and M» produces the Mealy machine shown
in Figure 1.6. Note that it disallows any situation in which the input wire a is held high, effectively
placing demands on the environment of the composite circuit. (Any subsequent composition of this

model with any environment model will preclude that environment’s holding a high). Thus it is an
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imadequate model of the composite circuit, because it precludes some of that circuit’s actual behavior.
In Chapter 3 we will discuss how and why this phenomenon occurs; basically, this disappearing
behavior is a result of oscillation that cannot be described as a single digital value.

Mealy machines appear regularly in the CAD literature as specifications or descriptions of syn-
chronous circuits. Here we are interested in formalisms that allow the composition of two Mealy
machines to form a model of the composition of the circuits (or requirements specifications) repre-
sented by the operand Mealy machines, because this is where the anomalies occur. The problem is
exemplified by Lin et al.’s model of synchronous circuits as presented in [91]. This model allows the
composition of arbitrary models of appropriate input/output type, despite the modeling degradation
caused whenever oscillating combinational feedback loops are created.

Lin et al.’s model [91] is based on the principles and algebraic structure of asynchronous trace
theory [61], and is intended to solve the substitution specification problem which our model correctly
handles. However, the authors do not deal with the zero-delay cycle problem.

In order to demonstrate that their model leads to anomalies, we illustrate how 1t handles the
example of Section 1.4.1. Following their definitions, we extend the Mealy machine M; of Figure 1.4
by a transition labeled by (¢ = (a A b)) from its already-existing state to an “X”-state whose only
out-edge is a self-loop labeled --/- to indicate that this state is a sink state (that is, once control
is in this state, 1t will stay there no matter what input-output combinations may occur — and all
input/output combinations are allowed). Similarly, we add an “X” sink state to My (of Figure 1.5)
and label a transition from the previously existing state to this “X”-state with (b = €). Despite these
cosmetic additions, the composition operation of Lin et al. specifies that only the traces (abc)* (the
set of all sequences of arbitrary finite length which repeat the combinational behavior abe in every
clock cycle) are successful behaviors of the composite circuit — which is erroneous. Despite their

claim that it does so, Lin et al.’s model does not correctly handle combinational feedback loops.

1.4.3 Moore machine models of clocked behavior

When modeled as a Moore machine, a system’s output values are completely determined by its
current state, irrespective of its current input values [110]. As a model of synchronous circuits,
therefore, Moore machines allow only latched components, for which the response to the current
input values does not occur until the next clock cycle. Moore machines may also model combinational
circuits, but in that case they model propagation delays for every component, and therefore do not
allow latched components at all. It is not clear how one could use Moore machines to model both
latched and unlatched components in the same system. Because we would like to use a single
formalism to model both pure combinational logic and components that contain latches, we choose
to use a Mealy machine model of synchronous circuit behavior.

However, it 1s the case that Moore machine models of combinational circuits avoid the zero-delay

cycle problem and can successfully model combinational feedback loops. This is because they allow
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Figure 1.8: Moore machine representation of C's (non-inverting buffer)

no zero-delay paths: some propagation delay is incorporated into this model for every component
of a combinational circuit. We illustrate how the problem is avoided by examining how Moore
machines would be used to model the combinational example of Section 1.4.1. Figure 1.7 contains
a Moore machine model of the nand-gate C7 and Figure 1.8 contains a Moore machine model of
the non-inverting buffer C;. Their composition appears in Figure 1.9. It correctly reflects the fact
that the only stable state of the composite circuit of Figure 1.1 is one in which the input wire a is
held low, in which case the wires b and ¢ stabilize to the value 1. In addition, however, 1t correctly
reflects the oscillatory behavior of this circuit in the case that a is held high. No zero-delay cycle is

exhibited here, because the model does not admit any component having a zero propagation delay.

Figure 1.9: Composition of the Moore machine representations of C; and C

In the remainder of this section, we discuss some well-known synchronous models of communica-
tion and verification which use a Moore machine model. Although billed as synchronous formalisms,

some of these models are used indiscriminately to model combinational circuits as well, and in that
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case they model propagation delays. When they model synchronous circuits, they cannot create
combinational feedback loops because all components are assumed to be latched. Hence in both
cases, they avoid the need to concern themselves with the modeling of zero-delay cycles.

Note that by synchronous models we mean clocked models: this is in contrast to an approach to
the modeling of communicating processes in which the word ‘synchronous’ 1s sometimes used to refer
to synchronization of communication, usually via common variables (wire or action names). In fact
all the formalisms we discuss utilize common or matched-pair names to indicate synchronization or
coordination of communication between subprocesses. This is immediate if we consider such a name
to denote a specific wire, as we do in our hardware model.

Two classic approaches to the modeling of synchronization in the context of asynchronous pro-
cesses are Milner’s CCS [106, 108] and Hoare’s CSP [72]. Both of these process algebras have been
extended to synchronous versions: CCS was defined in terms of Synchronous CCS (SCCS) by Milner
in [107]; CSP is extended to Synchronous CSP (SCSP) by Barnes in [8]. The operational semantics
defined for CCS and SCCS posit a branching structure of time, in which the decision to choose
one particular course of future action over another is as critical as the possible action sequences
themselves. The denotational semantics defined for CSP and SCSP do not take this into account.
Nevertheless, the two synchronous formalisms SCCS and SCSP agree on their choice of a fundamen-
tal underlying Moore discipline. That is, in both cases the action model chosen was Moore machines.
Fundamentally, this is because both SCCS and SCSP assume all synchronous input and output val-
ues of a process (values on distinct wires occuring during the same clock cycle) to be independent of
each other, except for those action names (or action-coaction pairs) common to multiple processes,
which may coordinate communication between them. Thus they cannot support dependency chains
of combinational logic that manifest within a single clock cycle.

In SCCS, a process (essentially, its behavior) is represented by an agent. Agents are created from
actions and agents using five basic operators. This model certainly allows the expression of processes
which do not correspond directly to hardware. However, it may be used to describe hardware, if the
actions are appropriately interpreted and their use constrained.

Verification consists of checking that a particular mathematical relation holds between two agents
(where one is presumably considered an implementation and the other a specification). In order
that this relation be appropriately defined, it is necessary that the recursion operator not introduce
any ambiguous agents, in the following sense. An algebraic expression created using only the five
operators must (modulo choice in determining which digjunct to activate) indicate unique behavior:
recursion may be used only if a unique least fixpoint exists for the resulting expression. For example,
this says we may not define an agent to be equal to itself, with no further qualification, because then
the agent could be anything, and the equation would still hold. The conditions Milner chooses as
sufficient to guarantee the existence of such a unique least fixpoint effectively constrain the allowed

agents to behave as Moore machines [107, pp. 285-286].
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The underlying philosophy of CCS and SCCS dictates that the set of actions occuring during
a single clock cycle, except for those action-coaction pairs that are explicitly listed as restricted,
must be independent. In SCCS, we may restrict an agent so as to allow only a certain set of
actions — but then any subset of this set may occur within each clock cycle [over which the agent
is defined]. Similarly, SCSP is based on the assumption that “cvents observed simultaneously occur
independently; the performance of one event at a particular time cannot preempt another event at
the same time” (emphasis mine) [8, p. 9]. That is, “a process cannot offer its environment the choice
between two events without being able to offer both together” [8, p. 9]. This automatically enforces
a Moore discipline, in which the performance of events depends only on the current state rather
than on any additional events occuring during the same clock cycle.

In SCSP, a process is again represented by an algebraic expression created from other processes
and events using five basic operators. As in SCCS, in order to use this system for verification it is
necessary to prove that use of the recursion operator does not lead to ill-defined processes that do
not correspond to specific behavior options. The proof given (actually, cited) depends on the fact
that a process name P only appears in its own definition in a ‘guarded’ position, that is, following
the first clock cycle in which the process i1s active. This restricts every process P to behave as a
Moore machine.

Thus both SCCS and SCSP have avoided the need to handle the potential creation of zero-delay
cycles via composition, by enforcing a Moore discipline in which such cycles cannot be created. In
general, one of the concerns of this family of algebraic frameworks is that delays of all kinds be
modeled. Positing that only independent events may be simultaneous, and that the model most
explicitly distinguish the occurence times of non-simultaneous events, these synchronous models
constrain the set of events that occur during a single clock cycle to contain only pairwise-independent
events.

CIRCAL is a formalism based on many of the concepts of Milner’s CCS, and applicable to
the modeling of hardware [104, 105]. In contrast to SCCS and SCSP, it has been implemented in
software, as a verification tool called the Circal System [7]. In CTRCAL a hardware component
is represented by an agent, which is described by the actions it is expected to perform. Agent
comparison via an operational semantics is the basis for verification using this model [104, 109].
CIRCAL differs from CCS primarily in how it handles nondeterminism. It is also sufficiently flexible
that a particular model may be synchronous, asynchronous, or both. As in SCCS, only independent
events may occur during the same clock cycle, and so CIRCAL also utilizes a Moore machine model
for synchronous behavior [104].

Compositional SML (CSML) is an extension to the language SML that allows the modular
description of finite-state machines and their composition [50]. SML was developed to support the
description of circuit models for model checking. A model written in SML can be automatically

translated into a finite-state machine which can then be verified using the EMC model checker
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[27, 29, 28]. CSML is an extension to SML that was developed to support compositional model
checking. In compositional model checking, the user separately specifies individual components
(modules) of the full model. During subsequent verification, a smaller “interface process” may
be substituted for a module by hiding all wires irrelevant to the property being checked of the
full composite model, in order to avoid the state-explosion problem [49]. Thus CSML allows the
description of component finite-state machines of the full model and their composition to form
this full model. The semantics of CSML support both asynchronous and synchronous hardware
descriptions — the latter as Moore machines only.

AT&T’s COSPAN verification system utilizes a selection/resolution model of communication be-
tween subprocesses [87]. Composition of processes is defined via a selection/resolution paradigm for
communication between them. Constraints are placed on the form of the processes to be composed,
that suffice to avoid the creation of any zero-delay cycles via composition. Two alternate sets of
constraints are available for this purpose. One set effectively constrains the component processes to
be Moore machines. The other utilizes the dependency tracking methods that will be described in
the following section (Section 1.4.4).

The selection/resolution framework describes the activity that occurs during a single clock cycle.
First, each component process selects a partial transition label (i.e., values for each of its output
wires) from among those full transition labels appearing on the outedges of its current state. This
restricts its set of candidate next states, but not necessarily to a unique next state. After each
component process has selected its transition label, their conjunction (the current global selection)
is visible to each of the processes, and based on this conjunction each process resolves the global
selection to determine its own next state (from among those remaining available to it since its own
selection) by choosing the target state of one of its outedges whose label is compatible with the
current global selection. The global next state (that is, the next state of the composite process) is
the combination of all the local states so chosen.

Effectively, the selection/resolution procedure describes the composition of Mealy machines.
However, the zero-delay cycle problem is avoided in COSPAN by placing constraints on the form of
allowed processes.

Kurshan defines two sets of conditions sufficient to guarantee that at least one global next state
always be defined using the selection/resolution definition of composition [87, Chapter 7]. Each of
these sets of constraints suffices to disallow the creation of zero-delay cycles in the resulting composite
process. The first option is to require that all subprocesses be independent (no joint output wires),
lockup-free (all states have at least one outedge) Moore processes (the full outedge label set of every
state allows all input combinations to occur together with any allowed output combination). An
alternative sufficient set of requirements is that all subprocesses be independent and lockup-free and
that the static dependency graph which encodes all potential functional dependencies between the

subprocesses be acyclic. Thus the COSPAN system utilizes both a Moore discipline and a static
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dependency graph method to ensure that zero-delay cycles will not be created by composition of

processes.

1.4.4 Functional-dependency tracking methods
1.4.4.1 Introduction

Another approach to the modeling of zero-delay cycles is to anticipate potentially problematic ap-
plications of the composition operator and to subsequently disallow those compositions. In this
way, the creation of zero-delay cycles can be avoided altogether. In this section we describe various
methods that have been employed in order to detect these problematic compositions prior to their
actual application. We explore the standard methods used for hardware design, as well as some
related applications in the software domain. We may classify all of these approaches as syntactic
methods for the detection of zero-delay feedback. The method we have in fact employed in the
framework described in this thesis allows the semantic detection of such loops after they have been
created, because we have concluded that none of the methods described in this section are applicable
in the presence of the wide variety of properties we wish our models to incorporate. In addition
to discussing these syntactic detection mechanisms, we discuss why they are inapplicable in our
framework.

CAD tools employ dependency tracking methods to detect combinational feedback paths. Two
basic dependency-tracking methods are known for combinational circuits: static dependency graphs
and Boolean differences. Boolean differences reflect dynamic dependency information: they specify
the situations (value combinations on the other input wires) in which the Boolean value on a partic-
ular output wire depends only on the Boolean value on a particular input wire. Static dependencies
reflect the topology of the circuit. Both of these syntactic tracking methods are overly conserva-
tive in the presence of nondeterministic models [41]. In practice, the use of these methods in our
framework would lead to unacceptable constraints on the allowed compositions.

In this section we also discuss some related work in the software domain. The synchrony hy-
pothesis that forms the basis of the semantics of many synchronous reactive specification languages
corresponds precisely to positing a zero-delay reaction in response to an input event. Hence the
zero-delay cycle problem arises in this context as well. In Section 1.4.4.3, we describe the algorithms
their compilers use to detect — and reject — programs that contain actual “instantaneous” feedback
loops. In their own terminology, such programs are non-causal.

In practice, many formalisms do not incorporate an explicit mechanism for the detection and
hence prevention of combinational feedback loops. Instead, the relevant publications simply state
that the definition of a combinational circuit requires it to be acyclic. The mechanism by which this
is to be guaranteed is left implicit. In the case of gate-level formalisms, static dependency tracking
is easily implemented. In other cases, it 1s not as clear what mechanism is intended to enforce this

constraint, but the formalism in any case is not intended for direct implementation. Much of the
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logic synthesis work that addresses optimization in multi-level logic networks falls into the first class;

the Ruby formalism, for example, falls into the second [79, 123, 80, 78].

1.4.4.2 Dependency tracking for combinational circuits

As stated in the previous subsection, two basic dependency-tracking methods are known for com-
binational circuits. They are static dependency graphs and Boolean differences. The former is
sufficient to ensure that composition of circuits not create combinational feedback loops, but it 1s
overly conservative in the presence of black-box descriptions for which a unique gate-level representa-
tion is not available [41]. The latter is generally assumed to be sufficient to ensure that composition
of circuits not create combinational loops that exhibit anomalous behavior. In fact, 1t has recently
been pointed out that this is not a reliable assumption [92]. In any case the Boolean differences
method is inapplicable in the case of nondeterministic models [41].

In the first of these methods, a static dependency graph is maintained for every circuit model.
This graph incorporates the maximal possible set of dependencies between input- and output-wires
of every component. The dependency graph of the result of composing two circuits is the union of
the dependency graphs of the component circuits. We define the dependency graph of a primitive
(black box) component with input wires I and primary output wires O to be the directed graph
(V, E') whose vertex-set V is the externally-visible wire set of the component (V' = TUO) and whose
edge-set E indicates that the value on each output wire is dependent on the values on all the input
wires of the component (E = {{z,y) | # € I,y € O}). The union of two graphs (Vo, Fp) and (V1, E1)
is (Va, Fq) = (Vo UW), (B U E1)). Note that V5 and V4 need not be disjoint.

This dependency graph provides a sufficient condition to determine that composing together
two combinational circuits will not lead to a combinational feedback loop: if the union of their
dependency graphs contains no cycle, then their composition does not contain a loop. Assuming the
primitive circuits for which the dependency graphs were created are gates, this union dependency
graph contains a cycle only if the resulting circuit contains a topological loop. However, as shown
n [41], if all or some of the ‘primitives’ for which dependency graphs are created are high-level
descriptions of complex circuits, a cycle may occur in the union dependency graph without an
actual combinational feedback loop appearing in the corresponding composite circuit. That is, a
cycle in this graph may be an artifact of the high-level description of one or both of the components.

This situation is illustrated by the block diagram in Figure 1.10. The bidirectional communication
between the high-order 4-bit adder and the carry look-ahead generator (CLG) in this carry look-
ahead adder is an example of an “apparent loop” [10] (also called a “pseudo-cycle” [4]). There are
no loops or cycles in the circuit when it is described at the gate level, but this information is lost in
the block diagram of the circuit. In this case, an acyclic block diagram could be formed by splitting
the CLG into two smaller blocks [10]. Thus the cycle in the corresponding static dependency graph
is an artifact of the high-level description of the CLG.
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Figure 1.10: Eight-bit carry look-ahead adder

Static dependency tracking is sufficient but not necessary for feedback detection. It detects
topological loops, but it cannot distinguish those topological loops that actually constitute feedback
situations from those that do not. Dynamic dependencies identify input-value combinations for
which a gate ignores one of its (other) inputs in computing its output value. For example, if one
input to an and-gate is held low, then the output of the gate holds value 0 no matter what the value
on 1ts other input wire. Similarly, if one input to an or-gate 1s held high, then the output of the gate
holds value 1 no matter what the value on its other input wire. Dynamic dependency information
of this sort can be propagated from gates to full circuits.

It has generally been assumed that this information can be used to distinguish between combi-
national feedback loops and false path loops. A false path is a path through a circuit that is never
exercised. An example of such a path is the loop through the logic blocks F' and G in the circuit
illustrated in Figure 1.11. The circuit contains a topological loop, but 1t computes the feedback-free
function z = if ¢ then G(F(x)) else if not(c) then F(G(z)). If ¢ always holds one of the Boolean
values 0 or 1, then the topological loop is never exercised.

Boolean differences formalize dynamic dependencies [121, 96, 45]. They were originally used
in the hardware design community to derive information for fault testing. They are also used in
the computation of observability don’t cares (see Section 1.5.2). In acyclic combinational circuits,
the Boolean difference provides insight into the conditional functional dependency of a component’s
output value on any particular input z.

The Boolean difference is defined as F /Jx = Fp @ 5, where the component in question computes
the function F' (z = F(Yo,Y1,-- s Ym, &, Ym+1s---,Yn)) and @& denotes exclusive-or. Fy and Fy
are parts of the Shannon decomposition F' = x - F,, + T - Fz, and are defined as follows. If z =

F(yanla"'ayma$aym+1a~"ayn) then
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Figure 1.11: False path combinational loop (Figure 2 of [92])

L4 Fx:F(yanla"'aymalaym-l—la'"ayn) and

° Ff:F(yoayla"'aymaoaym-l-la"'ayn)

The Boolean difference 9z/0x for a circuit with input wire # and output wire z is a Boolean
expression describing the Boolean value combinations on the other inputs of the circuit such that
in their presence, the Boolean value on z varies with the Boolean value on x. That is, for a circuit
all of whose wires under all circumstances stabilize to steady 0 or steady 1, the Boolean difference
0z/0x describes the conditions under which z is functionally dependent on x. For such a circuit,
0z/0x = 0 if and only if there are no circumstances in which the value on z depends on the Boolean
value on x. If 9z/02 = 0 for an acyclic combinational circuit, then the zero-delay path between x
and z 1s a false path.

Unfortunately, Malik has noted that the Boolean difference may incorrectly indicate a lack of
dependence between the values on two wires when in fact subsequent composition forms a loop that
may oscillate [92]. In the case he identifies, the Boolean difference incorrectly indicates a lack of
dependence between the values on two wires (0z/Jdx = 0), when in fact the value on one (z) is
dependent on whether or not the other (z) is oscillating. Because the possibility of oscillation is
not taken into account by the Boolean difference, which represents only Boolean behaviors (i.e.,
stabilization to steady 0 or steady 1), this kind of dependency cannot be represented nor detected
by use of Boolean differences. Thus Boolean differences cannot be used to detect combinational
feedback, because such detection requires that transient non-Boolean states be taken into account.

In addition, the use of Boolean differences is inappropriate in the presence of nondeterministic



CHAPTER 1. INTRODUCTION 21

specifications. A nondeterministic component may well lead to an overly conservative dependency
set, relative to the dynamic dependency sets corresponding to each of its potential implementations

[41]. Consider the specification of a circuit with two output wires and one input wire, as shown

b
—
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— |
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-

Figure 1.12: Specification: (b=aAc=0)V(c=aAb=0)

in Figure 1.12. This specification may be correctly implemented by the two distinct functions
(b=a and ¢ = 0) and (¢ = a and b = 0). In the former, 9b/0a = 1 and d¢/8a = 0, and in the latter,
0b/0a = 0 and O¢/0a = 1. To prevent zero-delay cycles, we would be forced to assume that both b
and ¢ depend on a, even though this can never occur. That is, we must conclude for this specification
that 9b/0a = 1 and 9c¢/Oa = 1. Maximizing the dependency set associated with a specification in
this manner will rapidly lead to a situation in which all compositions involving the specification are
disallowed. Hence we consider the method of Boolean differences to be inapplicable in the case of
such nondeterministic specifications.

In much of the logic optimization work for multi-level logic networks and for synchronous logic
networks (see Section 1.5), the mechanism by which acyclicity is to be preserved is not made explicit.
In the case of gate-level formalisms, static dependency tracking is easily implemented. In his work
on deriving all the degrees of freedom available for the correct implementation of one finite-state
machine (FSM) in a set of interacting FSMs (see Section 1.5.3), Watanabe utilizes Boolean differences
to determine whether or not a particular deterministic FSM M/ can be implemented so that it does
not form a combinational feedback loop when composed with the other FSMs [136]. Malik’s results
imply this is not reliable [92].

Because we require our framework to allow the expression of nondeterministic models (so that we
may describe specifications that allow for multiple correct implementations) and of high-level black-
box circuit models and specifications (in order to support hierarchical verification), we cannot use
either of these two syntactic methods for tracking “dependencies” to detect and disallow zero-delay

cycles.
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1.4.4.3 Detection of zero-delay feedback loops in software

Synchronous languages [11, 66] are a class of executable specification languages designed to support
the rigorous specification of synchronous reactive systems [114, 70]. Their semantics are all based on
the synchrony hypothesis, which states that all subprocesses of a system produce their outputs and
internal signals simultaneously with the arrival of the input signals to which they are responding
[11, 66]. Hence the execution of a program divides time up into “instants.” During an instant, every
parallel subprocess proceeds as far as possible in its program in response to the signals broadcast by
all the others and by the environment (7.e., in response to its input signals). An instant terminates
when all processes can only await further environmental interaction. Each such instant is assumed to
take no time with respect to the external environment [15]. Thus the synchrony hypothesis is similar
to the zero-delay assumption underlying the Mealy machine approach to modeling synchronous
circuits.

Under the synchrony hypothesis, the communication mechanism between subprocesses is the in-
stantaneous broadcasting of signals, so that “all processes share the same vision of their environment
and of each other”[15, p. 91]. The assumption of instantaneity of response applies to each subprocess.
In all of these synchronous languages, the presence or absence of a signal in an “instant” may be
detected. Therefore an instantaneous reaction chain between subprocesses may lead to inconsistent
information about the presence or absence of various signals. (That is, the same signal may be
required to be both present and absent at the same time). It can also happen that multiple sets
of output signals are consistent with the reactions of the individual subprocesses. If for every set
of input signals from the environment the resulting reaction chains between subprocesses can only
lead to a unique and consistent set of signals being broadcast during that instant, and this holds
for every possible sequence of instants allowed by a program, then the program is called causal. (Of
course, a non-causal program contains a zero-delay cycle). Restrictions on the allowed constructs
of this form are enforced by the compilers for the respective languages; these restrictions suffice to
disallow all non-causal programs. Because the problem is undecidable in general, they may disal-
low some causal programs as well. In the remainder of this section we describe these synchronous
programming languages and discuss the mechanisms their compilers employ to detect — and reject
— those programs that are non-causal.

ESTEREL [15, 18, 14] is an imperative synchronous programming language. It features various
control structures, one of which is a parallel operator for creating subprocesses, and three ways to
stop a subprocess: traps, interrupts, and natural termination. As in all synchronous languages, com-
munication between subprocesses is achieved via the broadcasting of signals: a signal is broadcast
by the subprocess which “emits” it, and is instantaneously perceived to be “present” by all subpro-
cesses. In ESTEREL, however, a signal may have a value in addition to simply being “present” or
absent. In fact, the same signal may be emitted multiple times in the same “instant” and need not

have the same value every time. In this case, an operator for combining the various values the signal
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is given (emitted with) is determined at declaration of the signal, and subsequent reads of the signal
will read this combined value. The execution semantics enforced by the v3 compiler guarantee that
no intermediate value of a signal can be read.

ESTEREL has a behavioral semantics, and requires that its progams all be deterministic (that
is, that a program respond to each sequence of sets of input signals with a unique sequence of sets
of output signals). The behavioral semantics do not provide a full operational definition of how
to find this unique fixpoint response. In addition, they do not enforce the determinism constraint:
there exist ESTEREL programs for which the behavioral semantics allow multiple sequences of sets
of output signals in response to the same sequence of sets of input signals. In order to enforce
the determinism constraint, and to provide an operational semantics, an erecution semantics has
been defined for the language [15]. These semantics enforce determinism by treating each signal as
a shared-memory address, with initial value “undefined”, and by imposing a discipline in which a
signal cannot be read if it can still be written in the current “instant”. Thus, no intermediate values
of a signal can be read, and “one may not conclude that a signal 1s absent as long as its emission by
some process remains possible” [66, Chapter 5]. If all subprocesses block because each one is waiting
to read or test for the presence of a signal that may yet be written (emitted) in the current instant by
another subprocess, the program is declared non-causal and consequently disallowed. Unfortunately,
the execution semantics are overly conservative, and there are cases in which they disallow programs
that are in fact causal.

LusTRE[43, 112, 67, 42] and SiaNAL[12, 64, 13] are declarative synchronous programming lan-
guages based on a data-flow model [66]. In these languages, a program is a set of recurrence equations
that describes a set of flows. A flow is a sequence that denotes the behavior of a particular signal at
each tick of a clock (i.e., its value when it is present). Multiple clocks may be in effect, some of them
defined in terms of each other. Each flow X defines a clock C'x that denotes those instants at which
the signal is present. The variables in a set of recurrence equations represent flows; the operators
include arithmetic operators and comparison relations that are applied pointwise (per relevant clock
tick) to the flows, and language-specific operators that allow one flow to be defined in terms of an-
other by defining a new clock or applying a time shift, etc. LUSTRE and SIGNAL vary in the specifics
of their operators and the definitions they allow. In LUSTRE, each variable may only appear on the
left-hand side of a single equation, and it is completely defined by its declaration and this equation.
(This is referred to as the definition principle). Thus LUSTRE is a functional language, in which ev-
ery operator defines a function from input sequences to output sequences. In SIGNAL, the equations
impose a set of constraints on the relative speeds of the various clocks. In particular, “the way an
output flow is used may constrain the input flows of the operator that produces it” [66, Section 4.3].
In both cases, the compiler enforces the constraint that a unique output sequence be defined as the
response to each input sequence. (Every program must be deterministic). In addition, the compilers

must check that the clock definitions and constraints contained in a program are not inconsistent.
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They must ensure, for example, that there exists at least one clock that is an infinite sequence of
instants at which arbitrary input signals may be received. The clock constraints for each signal that
are specified by a program are encoded in the clock calculus of the relevant language. LUSTRE allows
the programmer less freedom in manipulating clocks than does SIGNAL. In particular, in LUSTRE
no information may be inferred from the way a variable (a signal and its associated clock) is used.
Thus a simpler clock calculus suffices for these checks in LUSTRE than in SIGNAL.

In order to enforce determinism within an instant, the LUSTRE compiler employs a single-pass
static dependency check [43, 67]. Thus it is very conservative, and disallows as non-causal even those
feedback loops which are false paths. Data dependency checking and clock consistency checking are
pursued independently. Clock consistency is a simple syntactic check that strictly enforces LUSTRE’s
definition principle via rewriting.

The SIGNAL compiler employs a conditional-dependency check for data dependencies. Because
it allows the clock of a variable to be inferred from the use of that variable, checking for data
dependencies and checking for clock consistency are interrelated [12, 64]. Analysis of each program
builds both a conditional dependency graph and an encoding in clock calculus equations of the
constraints the program places on the relation between the clocks of the signals in the program.
This procedure is overly conservative, and may cause rejection of programs that are in fact causal.
For example, SIGNAL cannot reason about non-Boolean data types, and so it may reject a program
as placing constraints on its inputs when in fact the constraints partition the space of possible values.
On the other hand, it may allow programs that are intuitively non-reactive, or non-causal, in that
their outputs may drive the frequency of their inputs [66, Section 4.3][12].

We briefly mention a formalism called STATECHARTS that belongs to the class of languages
inspired by the ideas of [70] and the synchrony hypothesis, but which does not utilize syntactic
methods to disallow problematic applications of the composition operator. A simpler language
based on the ideas of STATECHARTS, called ARGOS, does successfully utilize an exact syntactic
check in order to disallow compositions that lead to problematic zero-delay cycles.

STATECHARTS [69] is a graphical specification language whose intended semantics obey the syn-
chrony hypothesis. However, instead of syntactically disallowing those compositions that may create
problematic “instantaneous” reaction chains, the intent is that compilers for this visual language im-
plement some operational semantics for such cases [71, 76, 116], and force a run-time error whenever
such a chain is determined to lead to a contradiction [116]. Earlier versions of the semantics allowed
inconsistencies in the set of signals produced during the instant [7T1, 75, 76] rather than causing a
run-time error in the case of the operational semantics leading to an inconsistency. (Recall that an
inconsistency is a situation in which some signal s must be both present and absent in the same
instant). Thus those semantics are clearly unacceptable for our framework. The later semantics do
not allow nondeterminism, and we therefore find them unacceptable as well.

ARGOS [94, 95] is a graphical formalism based on STATECHARTS that has simpler graphical syntax



CHAPTER 1. INTRODUCTION 25

and hence simpler semantics. As in STATECHARTS, extensions to the standard graphical notation
for Mealy machines allow the expression of implicit composition (without the attendant explosion
in size of the graphical representation) and of hierarchy. In order to determine whether or not a
particular composition is allowed, the compiler for this language executes an exhaustive search for
feedback loops in “instantaneous” chains of reaction [66, Section 5.2]. This syntactic check is exact,
and allows all and only the applications of the composition operator that do not lead to potentially
nondeterministic or inconsistent behavior. However, it is not applicable to our framework because
it disallows nondeterminism.

The syntactic methods that the compilers for these synchronous specification languages employ
in order to detect and hence reject non-causal programs are overly conservative for our framework.
We require that nondeterministic models be supported even as zero-delay cycles are detected, and
none of the syntactic techniques we have just described allow that. Therefore we cannot utilize
any of these syntactic methods. In the following section, we describe a semantic approach to the

zero-delay cycle problem.

1.4.5 Ternary simulation methods
1.4.5.1 Introduction

In this section we investigate the application of ternary simulation techniques to model circuit behav-
ior in the presence of zero-delay cycles. Ternary simulation is a hardware simulation methodology
in which the circuit model is assumed to recognize three distinct wire values: the usual digital 0 and
1, and a third value commonly called X. This third value has historically been used in various ways.
Depending on the particular context, X may denote confusion on input wires and multiple possible
correct responses on output wires [23]. Recently, its use on input wires to denote multiple potential
input values has been advocated as well [37, 36]. In order that the appearance of X on an output
wire provide meaningful feedback from a simulation run, certain mathematical conditions must hold,
which constrain how the X value may be used by the circuit model that is being simulated. These
constraints require the components of the model to be functions that are monotonic in a particular
partial order over the three-value domain of wire values.

It turns out that use of such a third value in a manner consistent with its use in ternary simulation
(restriction to monotonic functions) suffices to model the behavior and presence of combinational
feedback loops. If a fully-specified combinational circuit produces X on an output wire in response
to a Boolean input value combination (that is, one that does not contain any X’s) then there must
be a loop in the circuit. Thus ternary simulation may be applied to test for the presence of a loop.
If we define the behavioral model of a logic gate to be a monotonic extension of the corresponding
Boolean function, then the composition of models reflects the wiring together of the logic gates,
and the resulting composite behavioral model correctly reflects the information we could derive via

ternary simulation. In other words, it provides a semantics for such loops.
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Our own work uses a third wire value in addition to digital 0 and 1, to denote oscillation and
stabilization to an intermediate voltage. This idea follows the tradition of ternary simulation to some
extent. However, we are the first to use a third value to model zero-delay cycles in nondeterministic
models. In addition, we have identified a condition that is weaker than functional monotonicity and
vet suffices to guarantee the soundness of our formal verification results using these models.

Recently some researchers have addressed the problem of analyzing circuits that contain combina-
tional feedback loops which are “harmless” while still detecting and disallowing those that may cause
anomalies [68, 92, 124]. Some of them are using ternary simulation strategies in their classification
procedures [92, 124].

Their work seeks to clarify distinctions that we have not found to be relevant for our purposes.
Our use of a third wire value guarantees the marking of every combinational feedback loop, so that
the presence of such a loop may be detected from its behavior. Subsequently the user or designer
may choose whether to keep the flagged loop or to remove it from the design. We do not seek to
make judgements as to which loops are harmful and which not, but rather to provide the user with
the tools to make these decisions for him or herself. In particular we are concerned that the behavior
and presence of loops be made explicit in order to ensure the accuracy of our formal verification
methods. Our use of a third wire value suffices to eliminate the disappearing behavior observed for
example in the formalism of [91], which may lead to invalid results in formal verification.

In this section we describe the traditional uses of a third wire value, and contrast them with our
own. We also examine the recent work classifying combinational feedback loops into those that are
considered harmful and those that are not, and informally describe those situations in which our

formalism does implicitly conclude that a combinational feedback loop is “not harmful.”

1.4.5.2 Traditional ternary simulation

In order to contrast our use of a third wire value to denote oscillation or intermediate voltage with
the ways in which this value has been used in the past, we first provide a short history and description
of ternary simulation.

Gate-level ternary simulation was introduced in the 60’s as a technique for detecting hazards in
combinational logic, and races and oscillations in asynchronous circuits [62, 77]. In [62], Eichelberger
defined the following ternary simulation algorithm, that was used to approximate the circuit’s re-
sponse to a new input value combination, starting at a stable state for a known previous input value
combination. First, every input wire whose value changes from 0 to 1 or from 1 to 0 in the transition
from the previous input value combination to the new one, is set to the third value X (which he
called %) The circuit 1s then simulated using the standard ternary extension to each gate’s Boolean
function representation. As many passes as necessary are made until no internal wires change value;

the input wires are held constant through all these passes. (Jephson, McQuarrie and Vogelsberg
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extend this algorithm to correctly handle explicit delay elements [77]). At stabilization, some in-
ternal wires may hold the value X, and others digital value 0 or 1. Then the new Boolean input
value combination is applied to this intermediate stable state, and again the circuit is simulated
repeatedly until quiescence.

Any remaining X values indicate the possible presence of a critical race, hazard, or oscillation;
modulo the accuracy of the Boolean function model of the gates, any resulting 0 and 1 values are
guaranteed to be the response of the corresponding circuit of gates for any combination of logic gate
propagation delays [62]. Tt was soon noticed in the hardware community that this technique may
return an overly pessimistic response in some cases, as certain combinations of propagation delays
are highly unlikely. Subsequently this technique was extended to allow the initial steady state to
contain X values on wires as an indication of digital but unknown voltage [23].

Current ternary simulation algorithms initialize all internal nodes of the circuit to value X. They
then compute the steady-state response function of the circuit. The steady-state response on a
wire is the value (0, 1 or X) that wire would attain if the input value combination to the circuit
were held fixed long enough for the wires to stabilize. For this computation, the behavior of each
logic gate is represented by the standard ternary extension of the corresponding Boolean function.
For the purposes of this computation, the behavior of a circuit composed of Boolean logic gates
is adequately represented by the composition of the standard ternary extensions of the Boolean
function representations of those gates.

In [30, 31], Bryant suggested extending these methods to the analysis of MOS circuits. He
developed a mathematical switch-level model which i1s most recently implemented in the COSMOS
tool [31, 35, 34, 38]. Other work on related switch-level models is referenced in [39, Section 4]. The
basic idea implemented in COSMOS is that various attributes of MOS transistors (such as relative
conductance and capacitance of the transistors in the circuit) can be encoded into Boolean equations
to be evaluated during simulation, just as the standard ternary extensions to the Boolean function
representations of the component gates of a circuit are evaluated in gate-level ternary simulation.
During simulation of MOS circuits using this Boolean equation representation, the value X on a
node denotes “an indeterminate voltage between low and high indicating an uninitialized network
state or an error condition caused by a short circuit or charge sharing” [35, p. 637].

Later Bryant extended these ideas to the formal verification of circuits [32, 36, 37]. He proposed
that such circuits can be formally verified via ternary simulation. More precisely, he noted that if one
can find a sufficient set of assertions on a finite number of bounded-length input-output behaviors
of a circuit, or on a finite number of bounded-length sequences that incorporate its input-output
behaviors and the values on its latches, such that a circuit that satisfies these assertions must
correctly implement a specification, then one can formally verify the circuit by applying ternary
simulation methods (7.e., running it through a ternary simulator) to verify that the circuit does

indeed satisfy these assertions. In this work, he allows the behavior of circuit components to be
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represented by arbitrary monotonic extensions of Boolean functions, rather than requiring that
the standard ternary extension be used. The property of monotonicity of these functions (z <
y = f(x) < f(y)) over the information ordering X < 0 and X < 1 on {0,1, X} is necessary for the
soundness of the verification results. He introduces the use of the third value X to represent multiple
input sequences at once, a technique which he calls input weakening [32, 37, 36]. Because the value
X on a wire constitutes less information than if it were to hold the value 0 or 1, an input vector
containing X as the value of a particular wire allows the simulation of both possibilities at once. If
an input vector v containing X’s leads to an output vector containing 0’s and 1’s on those wires
we are interested in, then we have effectively performed the simulation of multiple input vectors at
once to derive the same result. This trick may significantly enhance the efficiency of the method.
Thus, the use of a third wire value to represent non-digital behavior is not new. It has been used
in various ways to represent value confusion, ill-defined behavior and oscillation in (deterministic)
circuit models. Our particular use of this mechanism to represent stabilization to an intermediate
value (a particular form of ill-defined behavior) or oscillation is only unique in that we are using it
for a new purpose, the modeling of zero-delay cycles in the presence of nondeterminism. In addition,
we have adapted the functional monotonicity constraint (used to guarantee the soundness of ternary
simulation) to a partial-monotonicity condition that is more suitable for nondeterministic models.

Our new condition suffices to guarantee the soundness of our verification results.

1.4.5.3 Detection and classification of combinational feedback loops

As stated earlier, use of a third wire value in a particular consistent manner leads to the flagging
of all combinational feedback loops in a behavioral circuit model. It turns out that identifying
the presence of such loops suffices for our purpose, which is the development of sound, composable
models for formal verification.

In [24], Bronstein has proposed a third value, which he calls “?” to denote the unknown (unde-
fined) value. Within his logical theory of synchronous circuit behavior, he proves that if a circuit
contains no unlatched loops, then the circuit responds to all Boolean input vector sequences with
Boolean values on all its wires, including those that are not designated as visible primary output
wires. This 1s precisely the same claim we make for our own framework, stated contrapositively.
Namely, we claim that if some Boolean input vector sequence (to a deterministic circuit model) leads
to an output sequence that contains the third wire value, we may conclude that the circuit contains
a combinational feedback loop.

Some other researchers have gone in a slightly different direction: their work addresses the
problem of analyzing circuits that contain combinational feedback loops which are “harmless” while
still detecting and disallowing those that may cause anomalies [68, 92, 124]. Some of them use

ternary simulation strategies in their classification procedures [92, 124].
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Kautz [81], Cerny and Marin [44], and Malik [92] have all identified the same criterion for cir-
cuits that despite containing unlatched feedback loops, nevertheless exhibit acceptable combinational
behavior. Their criterion for this category of harmless loops is the following: a circuit is “combi-
national” if and only if it produces a unique output value combination in response to each input
value combination, and the output value combination produced does not depend on the circuit’s
history. Acyclic circuits containing only combinational components are clearly “combinational”.
The question that Malik [92] addresses is: which circuits that do contain unlatched feedback loops
are nevertheless “combinational”? He proposes a general solution to this problem that uses ternary
simulation techniques. Halbwachs and Maraninchi address the same question, but without taking
propagation delays into account, and with history encoded as local variables [68]. They do not
employ ternary value techniques for their solution. Shiple et al. [124] have extended the question to
circuits that contain latches, in an attempt to develop a less conservative algorithm for zero-delay
cycle detection in ESTEREL. They extend Malik’s techniques to this case.

We do not intend our models to address this question. However, it is the case that combinational
feedback loops among non-primary output wires of a circuit that do not adversely affect the behavior
on the primary output wires of that circuit do become invisible in our framework. Thus although
we do not seek to make explicit the distinction between anomalous and irrelevant combinational
feedback loops, some such distinctions do result automatically from our use of the circuit algebra
framework (which enables us to “hide” non-primary outputs in order to indicate that they do not

participate in the observable input-output behavior of the circuit).

1.4.6 Summary

In order to support a hierarchical approach to formal hardware verification, we require the ability
to model combinational feedback loops that may inadvertently be created via model composition.
The work described in this thesis successfully applies ternary simulation modeling techniques to
correctly model the functional behavior of combinational feedback loops. A feature of our model is
its ability to express the presence of such cycles, without determining any specific course of action
for eliminating them from a hardware design. In addition, our framework supports the expression
of nondeterministic models, which the available syntactic methods for combinational feedback loop
detection, for example, do not.

In this section, we contrasted our approach with others based primarily on how they handle
— or do not handle — the modeling of combinational feedback loops. Various approaches have
been proposed to model the creation of unlatched feedback loops via circuit composition. We have
examined formalisms that handle the problem gracefully as well as some that do not, and have
compared our own approach to all of them.

We have explained why we advocate an approach that models the behavior of these loops as zero-

delay cycles, despite the attendant modeling problems. Moore machine models of circuit behavior



CHAPTER 1. INTRODUCTION 30

can easily express combinational feedback loops. However, they do not easily allow the modeling of
clocked hardware and purely combinational circuitry within the same formalism.

We have discussed syntactic approaches to avoiding the zero-delay cycle problem as well as
approaches closely related to our own semantic approach. Static dependency tracking is a well-known
syntactic method for avoiding the creation of unlatched feedback loops that is sound but overly
conservative. In compilation for programming languages that support zero-delay communication
between subprocesses, control flow information may be utilized in a sound fashion to determine a
topologically sorted order for signal emissions or value determination. However, this too is overly
conservative in the programs it allows.

Attempts are currently being made to utilize methods from ternary simulation to detect feedback
less conservatively. Our method is a conservative use of ternary simulation that allows the semantic
detection of topological (structural) loops; it does not address the question of distinguishing harmless
(“combinational”, or “causal”) loops from those exhibiting anomalous behavior. Of course, in many

cases we can in fact identify loops that are quite clearly harmless.

1.5 Related Substitution Work

1.5.1 Introduction

The substitution results presented in this thesis are most closely related to the area of logic optimiza-
tion, which falls in the general area of logic synthesis. Our main substitution result is the derivation
of a closed-form expression that precisely specifies all and only the allowed substitute circuitry in a
given location in a given circuit or partially structurally-specified model. Logic optimization is the
study of how a partially-structured representation of a circuit may be rearranged so as to optimize
it in terms of some metric such as area or delay. It traditionally focuses on local transformations
of the current representation of the hardware design, a problem to which our results provide the
complete solution space.

In this section, we discuss past and current work in logic optimization, from the perspective of
our own substitution results. We focus primarily on the extent to which the various formalisms
identify degrees of freedom available for optimization.

Our work is particularly relevant to the area of logic optimization in multi-level logic networks,
and to global optimization approaches for sequential logic optimization. The area of redesign, or
resynthesis, is also a relevant application: many of the same techniques used for multi-level logic
optimization have been applied to logic redesign. We describe related work in these areas, and

compare it to our own.
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1.5.2 Combinational logic synthesis and optimization

In combinational logic optimization, a distinction is made between two-level logic minimization and
multi-level minimization. In two-level minimization, the objective is to minimize the area required
for a two-level (AND-OR, NOR-NOR, or other two-level form) representation of a given set of logic
functions. The correspondence of various easily-measured metrics to the area of the final circuit is
well known, and the methods for two-level minimization are well understood. However, better results
may often be obtained via a multi-level approach, which can exploit further degrees of freedom in
implementing multiple logic functions. In multi-level optimization, a single- or multiple-output logic
function may be implemented by a circuit of arbitrary finite depth. In practice the depth is bounded
by the objective of optimizing with respect to propagation delay as well as area. Our substitution
approach identifies all the degrees of freedom available for implementation, and hence applies to the
more general multi-level approach to the optimization of combinational logic.

The standard strategy for multi-level logic synthesis and optimization divides the process into
two stages. The first stage is independent of the precise circuit components and technology to be
used in the final implementation. It transforms an abstract model of the logic block, called a logic
network, into a final form that more closely reflects the structure of the desired implementation. The
second stage is called technology mapping or lLibrary binding. It binds each subsection of the final
logic network to an actual circuit component available in a given technology-dependent database,
according to the intended functionality of that section of the network. We concentrate on the
technology-independent first stage of this process.

Techniques proposed for the technology-independent stage of multi-level logic optimization in-
clude logic transformations, algebraic approaches, and Boolean don’t-care (DC) methods [20, 58,
103]. Our substitution results generalize don’t-care methods.

The fundamental idea behind don’t-care (DC) techniques for combinational logic optimization
is to exploit the degrees of freedom available in the implementation of a logic function f. For 5 the
domain of Boolean values {0,1}, an incompletely specified Boolean function f : B — B may be
described by three sets: its on-set f°" (these are the input value combinations that f maps to 1),
its off-set f°7 (the input value combinations that f maps to 0), and its don’t-care (DC) set f4¢ (the
input value combinations for which the value of f is not specified). If a function g is completely
specified then g% = . An incompletely specified logic function f may be correctly implemented by
any completely specified function g such that f°" C g°® C f°" U f%° (where C denotes the usual
set inclusion). Different choices among the allowed Boolean functions g lead to different costs (area
and delay) in actual circuit implementation. Combinational synthesis and optimization seek to take
advantage of this by choosing optimal or near-optimal ¢ according to the relevant cost metrics.

Don’t-care (DC) information may be provided with the specification for a logic block or it may
be derived from the multi-level representation of a partially optimized version of that logic block.

The former class of DCs are called ezternal DCs; the latter fall into two distinct subclasses, called
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satisfiability don’t cares and observability don’t cares. In order to explain these distinctions, it is

necessary to define a logic network.

Figure 1.13: A combinational logic network (Figure 2.1 of [55])

A logic network [19, 9, 20] is a directed, acyclic graph (DAG) whose vertices (also called nodes)
are annotated with single-output Boolean functions and whose edges represent the wires that must
be present to correctly connect the components that implement these functions. The source nodes
of the network represent the primary input wires of the circuit being synthesized and the sink nodes
represent the circuit’s primary output wires. Each internal node represents an intermediate function
in the computation of one or more of the Boolean functions computed by the circuit and appearing
on 1ts output wires. An edge appears between two internal nodes if the function computed by one is
required input for the other. Thus a logic network is a hybrid structural/behavioral representation
of a circuit. In the process of logic optimization the structure is expected to change and the function
for each new node to become less complex or closer to those component functionalities available in
the library.

An internal node represents a single-output Boolean function, which is ostensibly completely
specified. However, its location in the logic network determines some don’t-cares in its actual
implementation [9, 20, 55]. The don’t cares which may be identified for a single node fall into two
classes. The first is the class of satisfiability don’t cares (SDCs). SDCs reflect the correlations we may
assume between distinct inputs to this node based on the functions (associated with other nodes)
that compute the values on these input wires. The second class are the observability don’t cares
(ODCs) of the node. They are the result of propagating external don’t care information backwards
through the network from its primary outputs. Even if there are no external don’t cares specified
for the network, the backward propagation computation itself accumulates information about the

circumstances (on the other wires) under which the output of a particular node has no effect and
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hence is a don’t care.

The full don’t-care set of a node captures all the degrees of freedom available for its implemen-
tation assuming the other nodes remain stable. Techniques have also been developed for computing
compatible don’t-care sets for a set of nodes, that identify some degrees of freedom in the imple-
mentation of each that do not affect the identified degrees of freedom available for implementation
of any of the other nodes in the set [111, 57, 120]. However, even such sets of compatible don’t
cares cannot express correlation of outputs. It may be the case that in the presence of a particular
input-value combination to the logic network, a pair of nodes in a network can both output 0 or
both output 1, and in either case the network will produce the correct output values. Don’t cares
cannot reflect this information, because they cannot allow these two combinations (00 and 11) as
the outputs of the two nodes without allowing 01 and 10 as well.

Observability relations, or Boolean relations, improve on don’t care sets by allowing the expres-
sion of correlation of outputs [44, 22]. A Boolean relation specification of a subcircuit or a set of
nodes is a set of input-output value combinations that describes precisely which output value com-
binations may occur in response to each input value combination. It is considered to be correctly
implemented by any completely specified (multi-output) Boolean function that is compatible with
it, that 1s, that when considered itself as a set of input-output value combinations is seen to be
a subset of the Boolean relation. The use of Boolean relations to describe the degrees of freedom
available for implementation of a subcircuit within a combinational circuit has been explored by
[44, 22, 120, 134]. Boolean relations (like DCs) are defined for logic networks, which by definition
can represent only acyclic combinational circuits. Our substitution results provide a specification
of all the degrees of freedom available in implementing an internal node or set of nodes. Thus we
address the same problem as do DC-sets and Boolean relations. However, our substitution results
are more general than Boolean relations (which are in turn more general than DCs), because we
solve the problem in a more general context than logic networks. Our circuit semantics allow the
expression of combinational circuits that contain (unlatched) feedback loops, and therefore among
the degrees of freedom we identify as available for the correct implementation of a logic network
node or set of nodes is the possibility of its containing feedback.

We mention one additional approach to the expression of the degrees of freedom available for
the implementation of a node or set of nodes in a logic network. This approach is called Boolean
unification, and it has been applied by Fujita et al. to both multi-level logic optimization and logic
redesign [63, 84]. It provides a methodology for deriving the most general specification of a node
or set of nodes in a combinational logic circuit, based on E-unification [83, 6] for E' the equational
theory of Boolean rings [97]. This method is not applicable to combinational circuits that contain
feedback, because its soundness depends on the Boolean ezclusive-or and and operators forming a
Boolean ring. In the presence of combinational feedback, the Boolean ring axioms do not hold for

these operators. Therefore (as for Boolean-relation based methods) our substitution results extend
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this method because they describe all degrees of freedom in a more general context.

As just indicated, another relevant application of the above techniques 1s in the area of logic re-
design. Redesign is the problem of rectifying incorrect designs to meet a given specification [135, 85].
This problem may arise in various ways. In some cases a design error has been found which we hope
can be corrected by modifying a restricted part of the existing design (resynthesis). In other cases,
the existing hardware design was correct but the specification has subsequently been modified (engi-
neering changes). The former case obviously allows the application of logic optimization techniques,

while the applicability of these techniques to the latter may require some explanation.

ty

¥ x

Figure 1.14: Rectification of an existing circuit Ty by the addition of modification circuitry Tycq

In the case of an existing hardware design and a rectified specification, we may attempt to modify
the existing hardware by adding external circuitry to the design. If possible, the desired correction
is achieved by the addition of such modification circuitry solely on the input wires of the existing
circuit or solely on its outputs. As described above, Boolean unification techniques are applicable
only to these cases [63, 84]. However, in order to achieve the desired correction to the functionality
of the new composite circuit, it may sometimes be necessary to add modification circuitry to both
the inputs and the outputs of the original circuit, as illustrated in Figure 1.14. This case has been
addressed in [135]. In principle, the problem of determining all the degrees of freedom available for
the correct implementation of 7)., in Figure 1.14 is precisely the problem of deriving a Boolean
relation or observability relation for a subcircuit of a circuit or for a set of nodes in a logic network,
as addressed by [44, 22, 120, 134]. However, their work assumes an acyclic structure for the resulting
composite circuit, as reflected in the acyclicity requirement for a logic network. Therefore, in order
to avoid the inadvertent creation of combinational feedback loops by composition of the existing

circuitry 7Ty and the newly created modification circuitry Tj., Watanabe et al. take a different
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approach to the derivation of correct T},.,. They present a conservative relational specification for
Thew which does not identify all the degrees of freedom available for its correct implementation (not
even of those Tjey that would not lead to the creation of a combinational feedback loop), but which
allows the later addition of latches to modify the composite circuit somewhat in order to break any
combinational feedback loops [135]. (Details are provided in Example 4.9 in Chapter 3). In our own
approach to this redesign problem, the creation of combinational feedback loops is not a concern.
Hence our substitution results, which address the same problem as [44, 22, 120, 134], may be applied
directly to this redesign problem without modification in order to correctly identify all the degrees

of freedom available for the correct implementation of T}, ¢y .

1.5.3 Sequential logic synthesis and optimization

In performing logic synthesis for synchronous circuits, the standard strategy is to first determine a
binary encoding for each state of the circuit [5]. This is called state encoding. One may then pursue
further optimization and refinement of the resulting synchronous logic network [103]. Subsequently,
technology mapping is applied in a manner similar to the combinational case. In some cases, op-
timization may be interleaved with state encoding (reencoding), to the extent that state encoding
effectively incorporates the technology mapping step [103].

State encoding transforms a RTL model into a synchronous logic network (SLN). We describe
this abstract circuit model for the case in which the circuit is clocked by a single-phase clock (that
is, all rising clock edges are modeled abstractly as equivalent clock ticks) and all state is stored
in edge-triggered synchronous delay elements (edge-triggered D-flipflops, also called registers) [102].
Synchronous logic networks are similar to the logic networks described in the previous section, except
that they are intended to model synchronous circuits rather than purely combinational circuitry.
Every vertex is associated with a single-output Boolean (combinational) function, as in the case
of a logic network. The synchronous delay elements are modeled as positive weights on the edges
of the SLN. An edge that corresponds to a wire connecting two combinational logic blocks with
no intervening delay element has weight zero. The underlying graph need not be acyclic; however,
every cycle in the SLN must have a positive total edge weight. Therefore this model does not allow
unlatched feedback loops. In addition, because a vertex of a SLN may be associated with a Boolean
function that depends on the function output value of another vertex at different instances of time, a
SLN may contain multiple edges between the same two vertices, each labeled with a distinct weight.

Various methods may be employed for state encoding [5]. We concentrate on those approaches
that utilize don’t-care techniques, as those are most closely related to our own approach.

During state encoding, the RTL model may be decomposed into a set of interacting finite-state
machines whose states are encoded symbolically (rather than being fully determined at the bit
level). Don’t-care methods may then be applied in an attempt to minimize both the number of bits

necessary for binary state encoding and the next-state logic necessary to implement the transition
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relations of these component machines [5, 21]. Our substitution results provide a methodology for
deriving all the degrees of freedom available for the correct implementation of an arbitrary subcircuit.
Because these don’t-care methods address a similar problem for the case of a component finite-state
machine, we will briefly discuss these methods and contrast their expressiveness with our own.

For the case of cascaded finite-state machines (FSMs), in which each FSM drives the next in
series, the behavior of each component machine may determine nput don’t-care sequences for the
machine that it drives [82, 119]. The derivation of input don’t-care sequences has been extended
to the case in which feedback is allowed between the two machines [132]. Similarly, researchers
have addressed the problem of deriving the output don’t-care sequences for the driving machine
from examination of the driven machine [119, 133]. This problem is much more difficult, and a
formalism even more expressive than Boolean relations is needed to fully describe the derived degrees
of freedom available for correct implementation, even in this simple cascade configuration [133, 21].
A sufficiently expressive formalism has been identified in [122, 21] where it is called multiple Boolean
relations (MBRs). This formalism also suffices to describe the output don’t-care sequences when
feedback is allowed between the two machines [133].

These methods do not combine the computation of input don’t-care sequences and output don’t-
care sequences in the presence of feedback between machines, and therefore they do not compute
all the degrees of freedom available for correct implementation. It is not known just how much
information is lost, because it is not known how to iterate these methods to correctly derive all
possible degrees of freedom. Methods for deriving an automaton specification that incorporates all
the degrees of freedom available for the correct implementation of one FSM in a set of interacting
FSMs have been identified by [136, 54]. However, in both of these formalisms the combination of the
other interacting FSMs must be presented as a single deterministic FSM — that is, one that allows
only a single input-value combination in response to each output-value combination from each state.
In contrast, our approach allows the derivation of an automaton specification even when the other
interacting FSMs do not form a single deterministic machine.

Multiple Boolean relations, or MBRs, were introduced in [122], where they were defined to be
sets of maximal Boolean relations. This formalism allows the expression of two Boolean relations
without implying that their union also describes an allowed solution. For example, if one Boolean
relation part of an MBR, allows the output value combinations 010 and 101 in response to the input
value 0, and the output value combination 111 in response to input 1, and another allows 000 in
response to 0 and 110 and 011 in response to 1, that does not imply that an implementation that
produces 101 in response to 0 and 110 in response to 1 is a correct, allowed implementation. Such
a constraint cannot be expressed by a single Boolean relation. In [21] it was noted that MBRs can
be expressed as Mealy machines that allow multiple output-value combinations in response to the
same input-value combination from a given state. We call such machines nondeterministic Mealy

machines. Every nondeterministic Mealy machine describes an MBR. However, multiple distinct
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minimal nondeterministic Mealy machines can express the same MBR. Therefore MBRs are not as
expressive as nondeterministic Mealy machines, which are the formalism we employ to identify all
the degrees of freedom available for the correct implementation of a subcircuit.

Various methods may be applied to a synchronous logic network in order to refine it into an
optimized form to which technology mapping can be applied. One may apply combinational logic
optimization methods to the combinational blocks of logic that do not cross register boundaries. A
method which leads to better optimization results is to alternate such combinational optimization
with retiming [90], in which registers are moved across blocks of logic in order to minimize their
number or to shorten the minimum length of the clock cycle (by minimizing the propagation delay
through any contiguous combinational blocks) [90, 102, 93]. Our substitution results are most
closely related to the more expressive approach to optimization and refinement of a synchronous
logic network which we describe below.

An approach to the optimization of a synchronous logic network that can express better results
than what can be achieved by retiming and combinational optimization alone is described in [56, 57,
55]. This approach considers the traces (input-output sequences) that constitute the behavior of a
synchronous logic network and utilizes don’t care techniques to identify degrees of freedom available
for the implementation of an arbitrary subnetwork. Synchronous recurrence equations describe the
behavior of a synchronous logic network in equational form, using variables that are wire names
indexed by relative time offsets to indicate the value on a particular wire during a particular clock
cycle. Don’t-care information can be derived from these equations.

In the case of a synchronous logic network that is acyclic, all degrees of freedom available for
the correct implementation of an arbitrary subnetwork can be derived by this method. MBRs are
required to express these degrees of freedom [55, Section 5.4]. In the case of a synchronous logic
network that contains feedback, the network is partitioned into an acyclic part and a set of feedback
connections. Synchronous recurrence equations that express input don’t cares and output don’t
cares of the acyclic part of the network are derived iteratively. It is not known whether or not in all
cases the particular partition chosen is irrelevant, and hence it is not known how much of the total
don’t-care information is derived by this method.

We mention one other recent addition to the literature on degrees of freedom in implementing
synchronous logic. This work differs from the rest by not assuming that the initial state of the
representation is known and reachable. This corresponds to not assuming full reset capability for
the hardware. Singhal and Pixley et al. have proposed a method for optimizing the implementation
for a traditional (deterministic) Mealy machine by replacing the original Mealy machine with one
having fewer states, when both the original and the replacement may power up in any state [113].
They present a formal definition of a “safe replaceability” relation < between two Mealy machines
that takes into account the ability of both machines to power up in any state [125]. They clarify
that the < relation implies safe replaceability with respect to all environments: if Dy < Dy, then Dy
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may safely replace Dy in any environment [113, p. 445]. Therefore, no don’t-care information may
be extracted from the environment of the intended circuit. Instead, their definitions identify degrees
of freedom available for the implementation of the states themselves: if Dy may be safely replaced
by a Mealy machine with an order of magnitude fewer states, then fewer registers are required to

implement these states.

1.6 Contributions of the thesis

We have developed a mathematical model of synchronous sequential circuits that supports both
automated formal hierarchical verification and substitution. In order to facilitate hierarchical veri-
fication, we model synchronous circuit specifications and implementations uniformly. Each of these
descriptions provides both a behavioral and a structural view of the circuit or specification being
modeled. We define primitive behavioral models and operations on them that correspond to wiring
together circuits and to hiding non-primary output wires in order to explicitly state that the values
on these wires do not participate in the observable input-output behavior of the circuit or specifica-
tion. We prove that our models and these operations form a circuit algebra [61]. In order to correctly
model the behavior of a synchronous circuit during a single clock cycle, we adopt a modification of
traditional Mealy machines as the basis for our behavioral model of synchronous circuits. In addi-
tion, our model supports nondeterministic specifications, which capture the minimum requirements
of a circuit without forcing us to overspecify by including irrelevant implementation details. All
models are finitely representable and all operations are effective.

For formal verification, our framework provides a means for comparison of the behavior of a cir-
cuit model to a requirements specification in order to determine whether the circuit is an acceptable
implementation of the specification. One model correctly implements another in this framework if
it may be safely substituted for it in any environment. The resulting behavior comparison rela-
tion forms a preorder over the class of models with the same input- and output-wires. In order to
determine whether this relation holds in any given case, we have developed algorithms for canoni-
calizing a model to enable its automatic comparison to a candidate implementation. This extends
the framework of asynchronous trace theory to the case of synchronous circuits.

For substitution, and to support a modular verification process, our framework provides a struc-
tural view of a circuit and the capability to plug in one component in place of another in a circuit
model. This allows us to determine whether the new component constitutes an acceptable substi-
tution in terms of the desired behavior of the full circuit. In fact, we have derived a closed-form
expression for the most general specification of the allowed substitutions for a component in a cir-
cuit, against which candidate components may be compared via the behavior comparison algorithms

developed for formal verification. Our solution to this problem provides a more general solution than



CHAPTER 1. INTRODUCTION 39

has previously been available for existing problems in the areas of logic optimization and rectifica-
tion. We have developed automatic procedures for the computation of this most general specification
and for comparing it to candidate substitute components.

We have developed a similar, fully self-contained model of combinational circuits and their spec-
ifications. All of the results for the synchronous case have been derived for the combinational model
as well, including fully automatic decision procedures for determining when one model correctly
implements another (considered as a specification), and all the substitution results. The combi-
national framework can be embedded in the synchronous one, because a combinational behavioral
model may be considered to be a synchronous model of a particular form: a synchronous model of
a combinational circuit or specification simply repeats its combinational behavior during each clock
cycle.

Hierarchical descriptions of combinational circuits may often contain apparent loops. This is
because the considerations involved in decomposing a circuit design into its component blocks are
primarily functional considerations rather than structural ones. Therefore apparent loops are ubiq-
uitous in a block diagram. In the presence of black-box behavioral descriptions for which structural
information is not available, apparent loops and actual combinational feedback loops in a hardware
design are not readily distinguishable. Previous existing formalisms have relied on syntactic methods
for distinguishing them. However, these methods are not satisfactory for nondeterministic models.
Our model of the behavior of a synchronous circuit within a single clock cycle correctly handles such
cyclic dependencies even in the presence of nondeterminism, by providing a semantic method to
describe them. As a result, we can also correctly model those actual combinational feedback loops
that may be inadvertently created via circuit model composition.

The semantic method we use to describe combinational feedback is the addition of a third wire
value to denote non-Boolean behavior. Traditionally, in order to ensure that such an addition leads
to sound results, a circuit has been represented by a monotonic function. This approach is not
directly applicable to nondeterministic models. Instead, we have identified a new constraint on
the use of the third wire value, that is sufficient to ensure the soundness of our verification and
substitution results.

In the safe substitution framework, the asymptotic complexity of determining whether or not
one circuit model correctly implements another 1s dominated by the asymptotic complexity of deter-
mining of another, derived model whether or not this constraint holds of it. Our choice of this new
constraint leads to a conformance check of lesser asymptotic complexity than would be the case if
we were to extend the monotonicity condition to nondeterministic models in various other (obvious)
ways.

In addition to developing a theoretical framework to support behavioral and structural compar-
ison of synchronous circuit models at various levels of detail, we have developed and implemented

automatic decision procedures for both formal verification and substitution using these models.
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1.7 Overview of the thesis

In this chapter we have provided an overview of work related to our own. Hopefully, we have also
succeeded in communicating an overview of what we have achieved and its significance.

In the following chapter, we explain the circuit algebra framework on which our model is based.
In Chapters 3 and 4, we develop a fully self-contained model of combinational circuits and their
specifications, and develop the theoretical underpinnings of the automated verification procedures
and substitution results for these models. In Chapter 5, we develop the full model of synchronous cir-
cuits and their specifications and develop the theoretical underpinnings of the automated verification
procedures and substitution results for these models. They are an extension of the combinational
circuit models described in Chapters 3 and 4: the development and many of the proofs are essen-
tially identical to those in the previous two chapters. Chapter 6 describes the algorithms used in our
software implementation of the automatic formal verification procedures for models of synchronous
circuits. Combinational circuit models are a special case of these circuits, with only trivial syntac-
tic extensions, and can be handled by the same verification tool. Finally, Chapter 7 contains our
conclusions.

Finally, in an attempt to clearly delineate that portion of the work presented in this thesis which
is my own, I must clearly attribute the contributions of others. The use of a third wire value to
model feedback effects was suggested by Jerry Burch, and further developed in joint work among
myself, Jerry Burch and David Dill. The current definitions for the required constraints on its use
arose in the course of this joint work. However, the canonicalization definitions, theorems, proofs

and algorithms, and the software implementation and its design, are my own.



Chapter 2

Circuit Algebra and Other Math

2.1 Introduction

Circuit algebra was developed in [61] in order to formalize the notion of circuit structure in a
mathematical model of circuits. It identifies the properties of circuits that should be reflected
in a formal system for hierarchically describing their structure. Circuit algebra defines a set of
structural operators that may be applied to circuit models, and places constraints on how these
operators may interact with each other. The basic idea is that any reasonable definition of circuit
models, and of what these operators do to them, must identify different ways of building the same
structure. The rules of circuit algebra formalize mathematically when two distinct circuit algebra
expressions denote the same circuit. When circuit models are behavioral descriptions, as in our
case, the circuit algebra framework guarantees that every circuit (irrespective of the order of its
construction) corresponds to a unique behavioral model, and that every circuit structure that may
be built using the circuit algebra operators and primitive or previously constructed behavioral models
is a legitimate behavioral circuit model. That is, different behaviors are not assigned to the same
circuit structure, and every circuit may be structurally constructed from its primitive behavioral
components as a circuit algebra expression.

In this chapter, we list the definitions of circuit algebra and summarize its results. For a full ex-
position of circuit algebra see [61, Chapter 2]. The rules of circuit algebra axiomatize the framework;
when they hold of a model of circuits and its operators, then the results of circuit algebra follow
for that model. When we present our formal models for combinational and synchronous circuits, we
will prove that they obey the circuit algebra rules and thus form a circuit algebra.

In this chapter we also present mathematical notation and definitions that we will use in the

remainder of the thesis.

41
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2.2 Mathematical Preliminaries

2.2.1 Introduction

In this section we present some of the notational conventions that are used in the remainder of
this and subsequent chapters. Basic notation for functions and sets is used in the presentation of
circuit algebras in the following section. Relations are used in describing our behavioral models
of combinational and synchronous circuits. Sequences may be used to denote behavior over time,
and are therefore relevant for the modeling of sequential circuits. Therefore we are interested in
mathematical notation and background relating to finite sequences and regular languages. In this
section we present this notation and background, in addition to defining our notational conventions

for the presentation of functions, sets, relations and general structures.

2.2.2 Functions, sets and relations

We use the standard notation C for set inclusion: C' C A if every element of the set C' is also an
element of the set A. The sentence C' C A means that C' i1s a proper subset of A, 7.e., C' C A and
there exists at least one element of A that is not in C. The number of elements in A4 is | A|.

We say two sets are disjoint if they have no element in common: Y and Z are digjoint if (Y NZ) =
(. The cross-product of two sets is the following set of pairs: H x G = {{h,g) | h € H and g € G}.
We may sometimes refer to (H x H) as H?. Note that the order of the elements of a pair matters:
(h,h'y = (hy, h}) if and only if A = Ay and A’ = h).

We write f : A — B to indicate that f is a total function from domain A to codomain B. A
total function assigns an element of its codomain to every element of its domain: Va € A.f(a) is
defined. If f is a partial function that is not total we write f : A — B. The set of all total functions
from domain A to codomain B may be written [A — B]. Equivalently, we may write it as B4. If
A = (), then B4 contains a single element, which we call the empty function. The identity function
over domain A is denoted by 1,4. Functions may be composed: if fo : A — Band f; : C — D
such that fo(A) C C, then the composition of f; and fa is the function (f; o f2), which is defined
by Va € A.(f1 0 f2)(a) = fi(f2(a)). Finally, two functions are equal if they map identical elements
to identical elements: (f; : A — B) = (f2: A — C) if and only if Ya € A.f1(a) = fa(a).

For any C' C A, f(C) = {f(a) | a € C}. Use of this notation is introduced by saying that “f
is extended naturally to sets.” Later we will discuss the natural extension of a function to other
types of objects as well. It follows directly from this definition that if Cy C A and Cy; C A, then
F(C) U F(Ca) = fF(C1UCy).

For any C'C A and f: A — B, we write fi¢ to denote the restriction of f to C. This function
is defined as follows: fic : €' — B and Ve € C'.fic(c) = f(c). We use the notation f : z —— y to
indicate that f(z) = y. If we are only concerned with the effect of f on a small number of elements,

we may denote f by its effect on those elements, e.g., as [a — b, ¢ —— d].
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A function is injective if it assigns a distinct value from the codomain to each element in its
domain. Formally, f : A — B is injective if and only if Va,y € A.[f(») = fly) = = = y].
We may also state that a function is injective over C, for C' C A, and in that case we mean that
Va,y € C.[f(x) = f(y) = « = y]. (Or in other words, fj¢ is injective).

Given a set B and two disjoint sets Y and Z, and two functions f; € BY and f; € B?, we define
(f1 U f2) € BYY2) {0 be the function f such that for every ¢ € (Y U Z),

_J fle) ifeey
f(c)_{ fale) ifceZz

Clearly this function union operation is commutative (fiUf2 = faUf1) and associative ((f1Uf2)Ufs =
HLU(f2U f3)).

A relation is a way of pairing together elements of two sets: a relation R over two sets A and B
is a set of pairs R C (A x B). We may sometimes write aRb to denote {a,b) € R. If A and B are
the same set, that is, R C A%, then we may say that R is a relation over A.

An equivalence relation over a set ) i1s a relation that is transitive, reflexive, and symmetric.
Transitivity is the property that Va,b ¢ € D.JaRb and bRe = aRc]. Reflexivity is the property
that Va € D.aRa. Symmetry is the property that Va,b € D.[aRb = bRa]. An equivalence relation
partitions its underlying set into a set of disjoint classes, the union of which constitutes the full
original set. For d € D, we denote by [d]g, the equivalence class of d induced by the equivalence
relation Rg.

We say a relation R C D? is a preorder if it is transitive and reflexive. We say that a relation
R C D? is a partial order if it is transitive, reflexive, and anti-symmetric. Anti-symmetry is the
property that Va,b € D.[aRb and bRa = a = b]. Every preorder over a set D induces a partition
of D into equivalence classes, and a partial order over the set of these equivalence classes. The
preorder R C D? induces an equivalence relation Ry over D, defined as follows: Va,b € D.[aRgb <
(aRb and bRa)]. According to this definition, whenever aRgb and aRe then bRe as well. Rg in turn
induces a partial order R’ over {[d]g, | d € D}, which is defined as follows: [a]g, R/[b]R, if and only
if Ya € [a]r,,b € [b]r,.aRb. By properties of preorders and equivalence relations, this occurs if and
only if Ja € [a]g,, b € [b]r,.aRb. The relation R’ is a partial order.

For any set Y, the pointwise extension of any partial order R over a set D to a partial order Ry
over [Y — D] is defined as follows: ¥f, ¢ : Y — D.[fRyg <= Vd € D.{f(d), g(d)) € R].

For a partial order R over D, and a subset C' C D, we define the least upper bound of C' in D,
written {ub(C'), to be d € D such that Ve € C.cRd and ¥d' € D.[[V¢ € C.cRd] = dRd']. There
need not exist a least upper bound in all cases, but if there is one then it is unique. If lub(C) € C,
we may omit mention of D.

A monotonic function f : A — B with respect to particular partial orders Ry C A? and
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Rp C B? is a function from A to B that has the following monotonicity property:
Va,a' € A.JaRad’ = f(a)Rpf(d')]

Following [61], we use the notational convention that subscripts and superscripts are inherited by
the components of a composite description. If structures of a particular kind are defined to contain
fields named A, B, and C, then the structure named Hy will have fields named Ay, By and Cy, and
the structure named H’ will have fields named A’, B’ and C’, etc.

2.2.3 Finite sequences and regular languages

w is the natural numbers. A finite sequence w of length n € w on some set C' is a function
{icw|0<i<n} — C. Given a sequence w, we write w[i] to denote the element in the i’th
position of w. (That is, w[i] is w(7)). We denote by len(w) the length of w. We define w[0] = ¢, the
empty sequence, for all sequences w. £ has length 0. If (' does not contain sequences, the set of all
finite-length sequences over C'is written C™. The set of all sequences of length n over (' is written
C"? Thus C* =, C".

The concatenation of two sequences w and z is the sequence written w - z. It is defined as

new

follows. If len(w) = n and len(z) = m, then y = (w - 2z) if and only if for every i € w such that
0 < i < n,ylf] = wli], and for every j € w such that n < j < (n + m), y[j] = z[j — n]. The
same notation is used if either of w or z is an element of C' : in that case we do not distinguish
it from an element of C'. Concatenation may be extended naturally from sequences to sets of
sequences: for YYIW CC*, Y - W = {(y-w) | y € Y and w € W}. Concatenation is associative:
(x-y) z=wu(y-z). Therefore we may omit the parentheses and write simply # - y - z. The natural
extension of a function f : € — C" to sequences on C' is defined recursively: f(¢) = ¢, and for
ceCand we C* fle-w)= f(c)- f(w). It is clear from the definition that any function defined
as such an extension distributes over sequence concatenation: f(w-z) = f(w) - f(z). The pointwise
ertension of any partial order R over a set D to a partial order R’ over D* is defined as follows:
Vy,z € D* [yR'z <= [len(y) = len(z) and Vi € w.[0 < i < len(y) = (y[i], 2[i]) € R]]].

We define notation to describe the prefixes of a sequence. A sequence w € C* is a prefiz
of a sequence y € C* if and only if there exists a sequence z € C* such that y = w - z. Thus
pref(y) ={w € C* |z € C*.y = w- z} is the set of all prefixes of y. The pref function is extended
to sets as follows: for Y C C*, pref(Y) = Uer pref(y). We say a set YV is prefiz-closed if and only
if pref(Y)C Y.

We define notation to describe the extensions of a sequence in a given set of sequences. A
sequence w € C* is an extension of a sequence y € C* in a set W C C* if and only if (y - w) € W.
Formally, for y € C* and W C C*, ext(y, W) = {w € C* | (y - w) € W}. More specific notation

allows us to specify the length of the extensions in which we are interested. For each n € w,
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exty(y, W)y={w e C" | (y - w) € W)}. The ext and ext, functions are extended to sets as follows:
for YW C C*, ext(Y, W) = Uer ext(y, W) and ext, (Y, W) = Uer exty (y, W).

Finally, we present our notation for regular languages and finite-state automata. Most of the
definitions and results that we describe can be found in any introductory automata theory book,
for example [T4]. We are especially interested in Mealy machines [101], which are a particular
kind of finite-state automaton. We define our own variant of Mealy machines, which we use in our
synchronous circuit models.

A finite-state automaton M is a five-tuple (X, @, Qo, @r, §), where X is a finite set of symbols,
() is a finite set of states, Qg C @ is a set of initial states, Qp C @) is a set of final states and
8§ C (@ x X x Q) is a transition relation. M may also be called a finite-state machine (FSM). M
is a deterministic FSM if and only if é in fact forms a function § : (@ x ) — @ and @ contains
only one element gy € Q. If M is not a deterministic FSM we say it is a nondeterministic FSM.

Each finite-state automaton denotes a particular set of sequences on ¥, as follows. A run of an
FSM M on a sequence w € X* is a sequence p on ) such that p[1] € @ and for every n € w such
that 0 < n < len(p), {p[n], w[n], p[n + 1]} € é. If there exists a run p on w € ¥*, we may write
p[1] Ly pllen(p)], or simply p[1] = pllen(p)]. In addition, if there exists a run p of M on some
w € X*, we say that p[len(p)] € Q is reachable. We say the run is accepting if p[len(p)] € Qp. If
there exists an accepting run on w € X%, we say that M accepts w. Note that if M is a deterministic
FSM, then the definition of a run p on w becomes p[l] = ¢o and ¥n € w such that 0 < n < len(w),
8(p[n], wln]) = p[n + 1]. Tt follows that a deterministic FSM M accepts w if and only if there is a
unique accepting run on w. We define the language L(M) of a FSM M to be the set of all sequences
accepted by M. There exists an effective procedure for transforming any nondeterministic FSM M
into a deterministic FSM M’ such that L(M') = L(M).

It turns out that there exists an alternative characterization of the expressiveness of FSMs. This
characterization is in terms of reqular languages. A regular language or regular set L C A* is a set of
sequences described by a regular expression. Regular expressions over a predefined alphabet A are
defined recursively as follows. Every element of A is a regular expression, the union of two regular
expressions is a regular expression (written a4 3 for regular expressions o and /), the concatenation
of two regular expressions is a regular expression (written « - 8 or «f), and the Kleene closure of
a regular expression is a regular expression (written a*). The details of the correspondence of a
regular expression to a regular set can be found in [74]. Regular languages are precisely the sets L of
sequences for which there exist finite-state automata M such that £(M) = L. Therefore we may say
that a set of sequences is a regular set in order to indicate that it can be expressed by a finite-state
automaton, without making explicit the automaton itself.

Regular sets are closed under union, concatenation, Kleene closure, intersection, set complement
15

where L° = {¢} and L(»t1) = . L. The Kleene closure of a single finite sequence w is the Kleene

(within A*), and substitutions. The Kleene closure of a set L of finite sequences is defined as | J,,
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closure of the set {w}. A substitution is a function from an alphabet (set of symbols) 4 to a set of
regular sets. It maps each symbol a € A to a regular set R,. We extend it naturally to sequences,
and then via union to sets of sequences: for W C A*, s(W) = |J,, ¢y s(w). Therefore it distributes
over sequence and set concatenation. If X is a regular set, then so are pref(X), ext(w, X), and
exty (w, X).

A Mealy machine is a particular form of FSM in which the symbols X have a specific kind of
internal structure [101]. Specifically, ¥ is BUYO) where B is the set of values that a wire may
hold, and I and O are the input- and output-wires, respectively, of a hardware system. Traditional
Mealy machines [101] are deterministic in the following sense: for every state ¢ € () and input-value
combination z € BT, there exist a unique output-value combination ¥y € B and a unique next-
state ¢/ € @ such that (¢, (x Uy),q¢') € é. If a Mealy machine is deterministic in this sense, we say
that 1t is a deterministic Mealy machine. A deterministic Mealy machine must be a deterministic
FSM. However, a Mealy machine can be a deterministic FSM and yet not be a deterministic Mealy
machine. We will work with a variant of traditional Mealy machines, that need not be deterministic
in the sense just described. They are defined precisely as are finite-state automata, except that X
must have the additional structure we have described (X = BUYO) for some disjoint sets I and 0),

and every input-value combination must be represented on the out-edges of every state:

VeeQ,xe B 3yeB® ¢ €Q.g(zVUy),¢)es

2.3 Circuit Algebra

Circuit algebra formalizes the notion of circuit structures. It defines the constraints we expect to
hold of mathematical operations (on circuit models) that are supposed to reflect the physical wiring
together or packaging of actual circuits. In this section, we present the mathematical operators for
building hierarchical circuit models, and present the axioms of circuit algebra, also called its rules.
We then summarize the theorems of circuit algebra from [61, Chapter 2].

In this framework, a circuit description must have associated with it two finite disjoint sets [
and O. I is the set of its input-wire names, and O is the set of its output-wire names. Following our
naming convention, a circuit description C' has associated sets I and O, a circuit description C’ has
associated sets I' and O', etc. We also say that A = (1 UO), A’ = (I' UO’), etc.

Three operators are defined for circuit descriptions: composition (written ||), hiding (del), and
renaming (ren). They are intended to reflect the operations of wiring two circuits together, hiding
some of the output wires of a circuit in order to indicate that these wires cannot be wired up to
any further wires in other circuits, and making explicit when two circuits share a wire, respectively.
Composition (||) combines two circuit descriptions into a single circuit description by identifying
wires that have the same name. Outputs may not be wired together, so C” = C || C' is only
defined if (O N O') = @. The circuit algebra framework also requires that O = (O U O’) and
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I" = (I UI')— O"). The renaming operator ren changes wire names. C' = ren(r)(C) is only
defined if r is a function that is injective over A. In that case, I' = #(I) and O’ = r(O). The hiding
operator del hides output wires of the circuit so that they cannot be connected to other wires (via
composition). C' = del(D)(C) is only defined if D C O. In that case, I' =T and O’ = (O — D).

For a discussion of these restrictions and their ramifications, see [61, Section 2.3]. There it is
shown that the requirements that (I N O) = § and that outputs not be wired together do not place
unrealistic constraints on the circuits that can be modeled.

The following rules constitute the axioms of circuit algebra. Any circuit modeling framework in
which the circuit models include disjoint 7 and O components and in which the operators obey the
constraints listed above and for which the following equations hold — is a circuit algebra. In this

presentation of the rules of circuit algebra, we assume that 7' 77, T» and T3 are circuit descriptions.
C1: If O1, O, and O3 are pairwise disjoint, then T3 || (T2 || T5) = (71 || T2) || T5.
C2: T (O1NO2) =0, then Ty || T = Ta || T1.
C3: If v is injective over A and r is injective over r/(A), then ren(r)(ren(r')(T)) = ren(r o' )(T).

C4: It (O1 N O3) = B and r is injective over (A; U As), then

ren(r)(Ty || To) = ren(r)(T1) || ren(r)(T3)

Ch: ren(14)(T) =T
C6: If (Dl N Dz) = @ and (D1 U Dz) g O, then del(Dl)(del(Dz)(T)) = del(D1 U Dz)(T)
CT: del(B)(T) =T

C8: If (01 N 02) == @, (Dl ﬂAz) = (D2 ﬂAl) = @, D1 g 01 and D2 g 02, then

del(Dl)(Tl) || del(Dz)(Tz) = del(D1 U Dz)(Tl || Tz)

C9: If D C O and rj4_p) = rl’(A_D) and 7’ is injective over A, then
ren(r)(del(D)(T)) = del(v'(D))(ren(r')(T))

In [61, Chapter 2], the following results are derived for circuit algebras. First, a definition is
given for the structural equivalence of two circuit structures. Two circuit structures are structurally
equivalent if they have the same input wires and the same output wires, and corresponding basic
components which are connected in the same way. It is then proved that for a minimally informative
model of circuit structures, the equivalence classes of structurally equivalent circuit structures form

a circuit algebra.
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Tt is proved that every circuit algebra expression is algebraically equivalent (i.e., equivalent by
the rules of circuit algebra) to a normal-form expression. A normal-form expression contains only a
single application of the hiding operator, which is the outermost operator. This operator is applied
to an expression that is the composition of multiple subexpressions, each of which consists of the
application of a renaming operator to a primitive circuit structure .S;. In other words, a normal-form

expression has the following form:
del(D)[ren(r1)(S1) || ren(r2)(S2) || - - . || ren(rn)(Sy)]

This result is key to proving that if two expressions describe structurally equivalent circuits, the
expressions are algebraically equivalent.

As a direct result, any behavioral circuit model that forms a circuit algebra describes all circuits
and assigns the same behavior to structurally equivalent circuits. The axioms of circuit algebra hold
of both our model of combinational circuits and our model of synchronous circuits. Therefore these

models adequately capture the structural view of such circuits.

2.4 Vectors and Sequences to Denote Circuit Behavior

We are concerned in this thesis with the behavior of circuits. Therefore we name their wires and
refer to the values held on each wire during each clock cycle. A vector is an assignment of values
to the elements of a known set of wires. A sequence of vectors, in contrast, refers to the evolution
over time of the values on a known set of wires, 7.¢., one vector per clock cycle. These mathematical
objects may be defined using standard mathematical notation for functions and for regular sets.

B denotes the digital domain of wire values {0, 1}. A single-output Boolean function f : B" — B
assigns an element of B to every element in a set of n wires. In our own work, we will always make
explicit the particular set of wires to which assignments are made. Thus assignments of Boolean
values to a particular set of wires will take the form B4, where A is a predefined set of wire names.
The elements of B4 are Boolean vectors. Recall that B4 also denotes the set of functions from
domain A to codomain B. This notation is entirely consistent with the explanation we have just
given.

In general, for any domain V of wire values, and any predefined set of wire names A, every
element of V4 is a vector. Renaming may be naturally extended to vectors: if r : A’ — B is
injective over A C A’, then 7 : V4 — V(4 is defined by Yw € VA Ya € A.(r(w))(r(a)) = w(a).
The pointwise extension of any partial order R over a domain of wire values V to vectors of these
values is simply the pointwise extension of R to functions: per set of wires H, Yz, y € V¥ [z Ryy <
VYh € H.(z(h),y(h)) € R]. If V contains only one element v € V, then v# denotes the unique function
in V4.

We have referred to the standard ternary extension of a Boolean function. We will now define this
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term precisely. Let Bx = {0,1,X} be the ternary domain of wire values used for ternary simulation
(see Section 1.4.5). We extend the partial order information ordering <, in which X < 0 and X < 1
and in which 0 and 1 are incomparable [37], pointwise to vectors of wire values.

The standard ternary extension of a single-output Boolean function f : B¢ — B is the function
g : (Bx)¢ — Bx such that ¢ = wb{h : (Bx)° — Bx | hjge = fand his monotonic}. For
example, the standard ternary extension of the Boolean or-function maps the input vectors 1X and
X1 to 1, but maps the input vectors 0X, X0 and XX to X.

This definition extends to multi-output Boolean functions f : BY — B via a transformation
of the type of f. We note that f : B — B may be represented by a vector of single-output
Boolean functions f; : B — B, one for each element d € D. That is, f : B — B contains
information equivalent to that contained by the function f' € [D — [BY — B]], that maps every
d € D to fy such that for every = € BY, fi(z) = (f(#))(d). Then the standard ternary extension of
f: B¢ — BP is the result of taking the standard ternary extension g4 of each f;. In other words,
g (Bx)Y — (Bx)? is just ¢’ € [D — [(Bx)¢ — Bx]] (where ¢'(d) = g4 for each d € D),
considered as a multi-output function. With respect to the partial order information ordering <
over By, and its extension pointwise to vectors of values in (Bx )¢ and (Bx)?, the standard ternary
extension of every Boolean function is a monotonic function.

The transformation between types illustrated in the above discussion is an example of an iso-
morphism. Two sets A and B are tsomorphic if their elements are in one-to-one correspondence. In
other words, there exists an injective function hy : A — B such that hi(A) = B. We may refer to
h1 as an isomorphism. If the elements of the sets A and B have known internal structure (like f and
f’ in the above discussion), isomorphism also requires that the functions in which we are interested
— extended in the standard ways to these elements — map corresponding elements of A and B to
elements that also correspond. In the above discussion, for example, Ay maps f to f' and g to ¢,
and the function in which we are interested is the one that maps a Boolean function to its standard
ternary extension.

In the remainder of this section, we present our definitions in terms of an unspecified domain
V of wire values. We are concerned with vectors of values over this domain (z € V) and with
sequences of such vectors (w € (V)*).

In preparation for defining our behavioral circuit models, we define the functions del and del™"
over these domains. For D C A and « € V4, del(D)(x) is defined to be the unique y € YA-P)
for which there exists z € VP such that z = (y U z). This definition extends naturally to sets of
vectors, and to sequences of vectors and thence to sets of sequences of vectors. For D disjoint from
A, and y € VA, del™*(D)(y) is defined to be the set {(y U z) | z € VP}. This definition may be
naturally extended to sequences of vectors. We extend this definition to sets of vectors, and to sets
of sequences of vectors, as follows: for Y C V4 or for Y C (V4)*, del_l(D)(Y) = Uer del_l(D)(y).

These functions have the following useful properties.
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Property 2.1 If Dy C A and Dy C (A — D), and W C VA or W C (VA)*, then
del(Dy)[del(D2)(W)] = del(Dy U D2)(W)
Property 2.2 If Dy C A and (D:NA) =0, and W C VA or W C (VA)*, then
4el(Dy)del™ (D) ()] = del™" (D) del(Dy (W]
Property 2.3 If A and Dy and Dy are pairwise disjoint, and W C VA or W C (VA)*, then
del™ (Dy)[del(D2) ™Y (W)] = del™ (D) U Do) (W)
Property 2.4 If (DN A) =0, and W, Z C V4 or W, Z C (VA)*, then

del™ (D)W N Z) = del”Y(D)(W) N del™(D)(Z)

50



Chapter 3

Combinational circuit models

3.1 Introduction

In this chapter we develop relational models for combinational circuits. We intend that a behavior
of a synchronous circuit be modeled as a sequence of combinational steps, each of which takes place
within a single clock cycle. In order to better understand the properties of such a sequence, we
first explore the internal structure of a combinational step. We proceed from the assumption that
this exploration is best pursued via a full study of the combinational case, considered independently
of the fact that our final goal in developing combinational circuit models is to [understand the
combinational case sufficiently well that we can] embed aspects of these models into full sequential
circuit models.

Combinational circuits are a special case of clocked sequential circuits: they just happen to
exhibit the same output values in response to the same input values during every clock cycle.
Therefore even after we expand the combinational circuit model that we develop in this chapter
into a model of clocked sequential circuits and specifications, we will still need to be able to model
combinational circuits. In order to enable the expansion of our combinational circuit model to
model clocked sequential models as well as the purely combinational circuitry which we tackle in
this chapter, we adopt a modified Mealy machine model of synchronous circuit behavior. Thus our
model of combinational circuit behavior posits that there is zero delay between the arrival of the
input values and the computation of the resulting output values during the current clock cycle.
In other words, we use a zero-delay model of combinational behavior, rather than a model that
incorporates propagation delay.

Our goal is to develop a model useful for both substitution and formal hierarchical verification of
combinational circuits. In order to meet this goal, our model should support hierarchical construction
and modular description of circuits. We also want to support nondeterminism, in order to enable

the expression of a specification which allows for multiple correct implementations. The circuit
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algebra framework presented in the previous chapter provides hierarchical construction and modular
description capabilities. However, as discussed in Chapter 1, we still need to think about how our
model handles the combinational feedback loops that may be created by indiscriminate application of
the composition operator. As discussed in Section 1.4, our desire to support nondeterministic models
and modular ‘black-box’ descriptions and to support both the expression of purely combinational
circuitry and clocked sequential behavior in a single sequential model means that existing known
solutions to this problem are not applicable in our framework.

The organization of this chapter is as follows. In the following section, we describe our solution
to the problem of modeling unlatched feedback loops. We also present the formal definition of a
combinational relation structure, which is our representation of a specification or implementation
of a combinational circuit. The model incorporates our solution to the zero-delay cycle modeling
problem. In Section 3.3, we define the circuit algebra operations for these models and prove the
closure of the class of combinational relation structures under these algebraic operations. In each

section, we provide examples to illustrate the theory.

3.2 The combinational circuit model

3.2.1 Introduction

We seek to develop models of combinational circuits that support hierarchical construction and
modular description of such circuits, and that support nondeterminism. The latter enables the ex-
pression of a specification which captures the minimum requirements of a circuit instead of requiring
that we overspecify by including irrelevant implementation details.

The circuit algebra framework provides the first two of these desired properties. We utilize a
relational model of combinational behavior in order to provide the third. In the relational model,
combinational behavior is represented by a set of input-output value combinations that the circuit
may produce or that the specification allows.

In modeling synchronous behavior as a sequence of clock cycles, we ignore the passing of time
within a single clock cycle, and only examine the final digital values of the wires after stabilization
within the cycle. However, in some cases not all wires need stabilize. Normally, combinational
circuits that are modeled usefully at a digital level of abstraction are assumed to be wired together
only into topologies with unidirectional flow of information. That 1s, they are constructed from
well-behaved digital parts using only cascade composition, so that the resulting network forms an
acyclic directed graph. If we restrict ourselves to cascade composition, we avoid all cases in which
wires need not stabilize. Thus in this case the binary digital abstraction for wire values suffices.

However, as discussed in Section 1.4, the standard syntactic methods for detecting non-cascade
composition do not work in the presence of nondeterministic models and black-box behavioral de-

scriptions for which no gate-level structural description is available. Therefore we are obliged to
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model combinational feedback loops. Our relational model of combinational circuit behavior utilizes
semantic means in order to allow the expression and hence detection of such zero-delay cycles.

In order to meet the goal that our models support hierarchical verification, we require the ability
to model the possible environments of a circuit as circuit models as well. This leads to the need to
distinguish two kinds of possible behaviors of a circuit: those which are desirable and those which are
possible but undesirable. The necessity for a two-language model of combinational circuits and their
specifications is elucidated in Section 4.2, where we develop the notion of a circuit’s environment as
a tool for determining the correct implementations of a requirements specification.

In the remainder of this section, we first show why the binary digital abstraction does not suffice
for modeling combinational feedback loops. We then present our solution: the addition of a third
digital value which is intended to denote a situation in which a wire does not stabilize to either of
the Boolean values 0 or 1 by the end of the clock cycle. Finally, we present our formal model for

combinational circuits and their specifications, and provide examples.

3.2.2 The ternary domain of wire values

If we restrict ourselves to cascade composition, we avoid all cases in which wires need not stabilize
to either of the digital Boolean values 0 or 1. Thus in this case the binary digital abstraction for
wire values suffices. Boolean relations handle this case, and from them we learn that we must use
relations rather than functions to support nondeterminism [44, 22].

In this section, we explain the additional expressiveness of Boolean relations over Boolean func-
tions, and show why they are nevertheless inadequate to model non-cascade composition. We then
present our solution to modeling wire values in the presence of non-cascade composition.

In modeling synchronous behavior as a sequence of clock cycles, we only examine the final digital
values of the nodes after stabilization within a clock cycle. If we restrict the unlatched circuits
we model to those involving only cascade composition, such a circuit may be modeled as a Boolean
function from input-value combinations (values on input wires) to output-value combinations (values
on all other nodes). Thus the simplest formal model of such a piece of combinational logic having
input wire set I and output wire set O is a mapping from input vectors to output vectors, f : B/ —
BY. However, this functional representation is inadequate in the presence of choice.

If we allow nondeterminism in order to handle requirements specifications, we can no longer
model everything we want with a function. Consider the following potential extension to the function
model of circuit behavior, which we do not adopt. We might consider modeling a circuit by a set
of mappings f; : Bl — B2 one for each o; € O. In order to handle the case in which an output
wire’s value in response to some particular set of input-value combinations is arbitrary, we could
allow each f; to be partial. In such a model, for any j and w € B! such that fi(w) is undefined, we
would understand that the output wire o; may take arbitrary value under input-value combination

w. The proposed formalism, however, does not allow the expression of all the degrees of freedom a
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requirements specification might require.

The above formalism does not support correlated outputs: it cannot express the requirement that
(for some given input value combination w) one output wire, o;,, may have the value 1 only if another
output wire, o;,, has the value 0. In other words, we may wish to express constrained choice, in which
some input-value combination may result in any of several specific output-value combinations, but
not in a completely arbitrary output-value combination. These are the conditioned vertex equivalence
classes of [22], which cannot be expressed by a set of mappings f; : Bl — B,

Thus in order to use our model to express a specification, with all its potential degrees of freedom,
a functional representation is not sufficient. Instead, we model a combinational circuit or circuit
specification as a relation between input-value combinations and output-value combinations. This
allows multiple alternative output vectors as the result of a single input-value combination. Note
that this representation allows the expression of correlated outputs in the presence of choice. It
corresponds to the output characteristic function of Cerny and Marin [44] and the Boolean relation
representation of Brayton and Somenzi [22].

However, Boolean relations are not an adequate representation for combinational circuitry in the
presence of non-cascade composition, as they do not provide appropriate semantics for combinational
feedback loops. The following example demonstrates the inadequacy of the binary digital value

domain B in the presence of non-cascade composition.
a }

c A
<

Figure 3.1: Gated ring oscillator

Consider the circuit illustrated in Figure 3.1. It consists of a nand-gate with inputs labeled a
and ¢ and output wire b composed together with a non-inverting buffer whose input wire 1s the wire
labeled b and whose output is the wire labeled ¢. While both of these components can be modeled
correctly by the obvious Boolean relations (which happen to be functions), their composition yields
the Boolean relation R C 514} that contains only the single vector that assigns 1 to a, 0 to b, and
0 to c¢. This relation does not admit the possibility that a take the value 1. This is clearly incorrect
since a 1s an input: its value cannot be controlled by the circuit.

In reality, if this circuit receives as input the value 1, then either b and ¢ will oscillate, or they
will both get stuck at some intermediate voltage which is neither a digital 1 nor a digital 0. Neither
of b or ¢ will stabilize to a recognized digital value. Such non-digital behavior cannot be expressed
by a Boolean relation, and so this behavior simply disappears from the representation. Disappearing

behavior can cause consistency problems, and is clearly inappropriate.
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The following question 1s often raised: does disappearing loop behavior always manifest itself as
a Boolean relation that does not admit all possible input value combinations? If so, the disappearing
behavior phenomenon is easily detected, and compositions that lead to it disallowed. Unfortunately,
this is not the case in general. In Section 3.3.5 we present an example Boolean circuit that contains a
combinational feedback loop for which the Boolean relation representation admits all possible input
value combinations and yet fails to include all possible behaviors of the circuit.

This particular case also illustrates the type of consistency problems that may arise from disap-
pearing behavior in the model. The Boolean relation for the gated ring oscillator, with b considered a
primary output and ¢ only an internal node, is compatible with the Boolean relation for an inverter,
which is R C B{#?} that contains two vectors: one assigns 0 to @ and 1 to b, and the other assigns 1
to a and 0 to b. This incorrectly implies that the gated ring oscillator is a correct implementation of
an inverter specification. (Recall from Section 1.5.2 that a Boolean relation specification is correctly
implemented by any Boolean relation circuit model that is compatible with 1t, which means that
when considered as a set of input-output value combinations, the latter is a subset of the former).
Thus the disappearing behavior of the gated ring oscillator has led to a situation in which verifica-
tion is not sound. An unsound formal verification result of this sort, which claims a circuit to be a
correct implementation of a requirements specification when in fact it is not, is called a false positive
result. Models which lead to false positive results are clearly unacceptable for a formal verification
framework.

In order to solve the expressiveness dilemma just illustrated, we work within a ternary framework.
We call our ternary set of digital values 7 = {0,1, L}. The value L, pronounced “bottom,” is
intended to represent a lack of convergence to either of the other two values, or an undefined value.
It represents oscillation or stabilization to an intermediate voltage. Note that we do not intend L
to denote the value on a wire that has either the value 0 or the value 1, but for which the correct
value is unknown. That situation is handled in our formalism by including both possibilities in the
nondeterministic relation representing the circuit’s possible behaviors. Therefore we distinguish 7°
from the more general domain Bx.

We will demonstrate that the addition and appropriate use of the new third wire value suffice
to solve the problem illustrated in the example above. The ternary-domain models we use in this
demonstration meet some but not all of the formal constraints we will place on our final models.
However, they suffice to illustrate how the third wire value may be used to flag the presence of
combinational feedback loops, thereby eliminating the class of false positives in formal verification
that can be caused by the disappearing behavior phenomenon just shown.

We model the non-inverting buffer and the nand-gate by the standard ternary extensions of
their Boolean relation representations (which happen to be functions). The addition of information
about the behavior of each of these circuits in the presence of a non-Boolean value on an input wire

suffices to guarantee that some behavior will remain in the composite model, enough to indicate
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Figure 3.2: Ternary-domain relation models for nand-gate, buffer, and their composition
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Figure 3.3: Ternary-domain relation models for (A) oscillator and (B) inverter

the presence of a feedback loop. This is illustrated in Figure 3.2, where the ternary-domain models
for the nand-gate and the non-inverting buffer, and the resulting composite model, all appear in
tabular form. This composite model correctly reflects the fact that in the composite circuit, when
a 18 held high, b and ¢ will both oscillate or will settle at an intermediate voltage. Extending this
example further, we illustrate in Figure 3.3 the ternary-domain relation representation of the gated-
ring oscillator with & considered a primary output and ¢ only an internal node. This figure also
depicts the ternary-domain relation model of an inverter. We see that the former is not compatible
with the latter, which correctly reflects the fact that the composite circuit depicted in Figure 3.1
does not correctly implement the specification for an inverter.

We have not yet discussed the formal constraints we place on a valid combinational circuit model,
nor given the precise definition of L’s appropriate use. In the remainder of this chapter, we will fully
develop the above example in the new ternary domain of wire values, along with the relevant formal
definitions. The development of this illustrative example will occur as we present the relevant parts
of our framework for the formal verification of combinational circuits. Correct use of the ternary
domain of wire values always yields models for combinational logic (whether in cascade or in non-

cascade composition topologies) that explicitly represent the behavior of the circuitry in the presence
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of any input value combination. Proof of this fact appears later in this chapter.

3.2.3 Combinational relation structures

In this section we present our formal model of combinational circuits and their specifications. We call
these models combinational relation structures. The class of combinational relation structures forms
a circuit algebra under algebraic operations that correspond to renaming of wires, wiring together
of two circuits to form a composite circuit, and packaging of a wire as an internal node rather than
a primary output.

Combinational relation structures are defined over the ternary domain of wire values. They
also distinguish between two kinds of possible behaviors of the circuit being modeled: those which
are desirable, or intended, and those which are possible but undesirable. The usefulness of this
distinction will become clear in Section 4.2, in which we develop the notion of a circuit’s environment
as a tool for determining correct implementations.

In addition, we place restrictions on the form of these two sets of behaviors that are based on an
underlying partial order < in the set 7, the ternary wire domain: L < 1 and 1< 0, and 0 and 1 are
incomparable. This is the information ordering of [37]. The definedness ordering < on 7 may be
extended pointwise to a partial order on vectors of wire values.

Intuitively, a realistic circuit model respects this underlying partial order: if an output wire has
a well-defined 0 or 1 value despite some input wire’s holding an undefined value, then this output
wire does not change value nor “become undefined” (i.e., stabilize differently or not at all) if that
input wire instead stabilizes at a defined value. Traditionally this intuition has been reflected in a
requirement of functional monotonicity: a requirement that the set of possible behaviors of a circuit
model constitute a function that is monotonic in the set of possible input-value combinations to the
circuit. However, it is not clear what the appropriate definition of monotonicity should be for a
relation. Among the options available, we have chosen one that suffices to provide us with sound
verification results. This is the upward-chains property, which we introduce below.

The new value L may represent oscillation. There are many different wave patterns that oscil-
lation may exhibit, including patterns that may be indistinguishable from a steady 1 or a steady 0
except for intermittent glitches. Therefore we require that the set of possible behaviors of a circuit
and the set of failure behaviors of a circuit each be modeled as an input-downward-closed set. That
1s, if an input value combination w admits an output value combination z, then all input value
combinations that are the same as w except for some replacements of 0 and 1 values by L values
must also admit z. This is because a L value on one of its input wires may appear to a circuit as a
0 or 1, if the wire happens to hold one of these Boolean values for a sufficiently long time prior to
the clock tick.

The formal definition of the input-downward-closure constraint uses the definedness ordering <

over vectors of wire values. The set of input wires to a model is I and its set of output wires is O.
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Thus its set of possible behaviors and its set of failure behaviors are subsets of 7(UY9). Formally,

the input-downwards-closure (I1DC') property holds of the set W C TUY0) if and only if
Ve, o' €T Vy e TP (¢ <aA(zUy) €W) = ((z' Uy) € W)

A realistic circuit model cannot refuse any input value combinations. Mathematically, this con-
straint 1s formalized as a fotality constraint on the set of possible behaviors of a circuit: a set
R C TUY9) is total if and only if

VeeT' yeT7%(xUy) ER

Unfortunately, as we have already seen in previous sections of this thesis, totality is not preserved
by the composition operator. This is true even when we use the ternary domain of wire values, and
even when the set of possible behaviors of the model obeys the input-downward-closure constraint.

In order to guarantee the preservation of totality under the algebraic operations, we impose an
additional constraint on how the third wire value 1 may be used in our models. This constraint is
called the receptiveness condition, and it must hold of the set of possible behaviors of every model.
It 1s formalized in terms of the upward-chains property, which is defined as follows. We say that a

set C' C TUY9) has the upward-chains property if and only if
Ve, o' e T' Wy e TO [[(zUy) e CAzx <] = €Ty <y Az’ Uy) €]

Formally, the receptiveness condition is defined as follows. A set P C 7UY9) ig receptive if
and only if there exists a subset C' of P which is total and which has the upward-chains property.
Intuitively, the reason we do not require that the full set of possible behaviors have this property is
that a specification model may allow input-output value combinations that need not be exhibited by
any correct implementation. As described above, the upward-chains property is a relational analog
of functional monotonicity. It suffices to preserve totality under the algebraic operations.

Our use of the receptiveness constraint suffices to guarantee closure of the class of models we
consider under the algebraic operations: it is preserved over the algebraic operations of composition,
renaming, and deletion (as is proved in a subsequent section of this chapter). The totality condition
guarantees the ability of every relation structure to respond no matter what inputs it encounters,
and the upward-chains component of the receptiveness constraint guarantees the preservation of
totality under the algebraic operations.

Combinational relation structures are our model of combinational circuits and their requirements
specifications. Formally, we define a combinational relation structure (sometimes referred to as a

relation structure) to be a quadruple T'= (I, 0, S, F') such that

e [ and O are disjoint finite sets,
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o ' C TUYO) ig 4 (possibly empty) set of circuit behaviors, known as the failure set of the

relation structure, which obeys the inpui-downwards-closure constraint,

e 5 C TUYO) jg o (possibly empty) set of circuit behaviors, known as the success set of the

relation structure, and

e P = SUF, the set of possible behaviors of T, obeys both the input-downwards-closure constraint

and the receptiveness constraint.

I and O are intended to represent the input- and output-wire sets, respectively, of the circuit
or specification being modeled. As part of our standard notation, we define A = (I UO) to be
the alphabet of the relation structure. Note that P must be non-empty, as otherwise it cannot be
receptive.

In developing the theory of combinational relation structures in the remainder of this chapter,
we may wish to emphasize various aspects of these models at the expense of others. For example,
in discussing the receptiveness constraint we may wish to ignore the precise contents of the S and
F-sets of a relation structure, and only consider its full P-set. In discussing the preservation of
input-downward-closure under the algebraic operations, we may wish to concentrate on the F' and
P-sets of a relation structure and to ignore the contents of its S-set. The following definition provides
a tool we will use in this spirit in later sections of this chapter.

We define a preorder C on combinational relation structures having the same I and O sets:
(I,0,S8,F)C (1,0,5 F'y if and only if [(F C F') and (P C P")]

Later we will extend the relation C to structures (I, 0,0,0) as well (see page 90 in Chapter 4).

This preorder induces a partial order among its equivalence classes. If F' = F/ and P = P’
then [T]c = [T']c, and we write 7' ~c T". Essentially, 7" and 7" are in the same C-equivalence
class if they vary only in the amount of overlap between their S and F sets. Hence setting S =
(P—F) defines a unique representative of the C-equivalence class (I, 0, I, P), and we may sometimes
use the ambiguous notation 7' = (I, 0, F, P) in place of (I, 0,5, F). In addition, when discussing
receptiveness alone, we may sometimes use the notation 7' = (1,0, P), ignoring the F-set of the
relation structure altogether.

In the following section, we present the formal definitions of the algebraic operations of compo-
sition, renaming, and deletion. We also prove that the class of combinational relation structures
together with these operations forms a circuit algebra. We conclude the current section with some

examples.
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3.2.4 Examples

In this subsection we present examples of combinational relation structures that illustrate our mod-
eling technique and further explain how to use our two-language model. We also use these examples
to introduce some more notational conventions.

In presenting a combinational relation structure’s S, F, and P-sets, we utilize the following no-
tation: the literal a indicates that the value on node a is 1, the literal @ indicates that the value
on node a is 0, and the literal L, indicates that the value on node a is L . Concatenations of such
literals are called monomials. Monomials represent conjunctions of such statements, as expected,

and sets of monomials represent the disjunction of their member monomials.

Example 3.1 We represent an inverter with input wire labeled a and output wire labeled b as the

following combinational relation structure:
Tim/—ab = (I = {a}a 0= {b}, Sinv—aba F= m)

where

va—ab = {aba aEa J—aJ—ba J—aba J—GE}

Note that the success set of the inverter is simply the smallest input-downward-closed set that
contains the standard ternary extension of the Boolean function representation of this gate. The

F'-set is effectively not in use in this example.

Example 3.2 We represent a non-inverting buffer with input wire labeled b and output wire labeled

¢ as the following combinational relation structure:
Tyup—ve = (I = {b},0 = {c}, Spup b, F = 0)

where
Souf—ve = {b2,be, Ly L., Lyc, Lye}

As in the previous example, the set of possible behaviors of the circuit model is simply the standard
ternary extension of the Boolean function representation for the gate, with the addition of those

behaviors required to make the relation input-downward-closed.

Example 3.3 We represent a nand-gate with input wires labeled a and ¢ and output wire labeled b

as the following combinational relation structure:

Tnand—acb = (I = {Cl, C}, 0= {b}, Snand—acba F= m)
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where Spand—acy 18 the relation
{ach, azb, dcb, @b, Lqcb, al b, 1eb, al b, Loeb, @lb al Ly, Loely, Lolob, Lolob, Lol Ly}

In this case the gate being modeled has two inputs. The set of possible behaviors is again the standard
ternary extension of the Boolean function for the gate, with the addition of those behaviors necessary

to make it input-downward-closed.

The following examples illustrate use of the F-set. Although the set of possible behaviors of a
circuit must allow for any input value combination, the set of destrable behaviors need not include
all such combinations. Example 3.4 illustrates use of the F-set to explicitly maintain information
about the environments in which we expect those circuits implementing the specification to function
correctly. Example 3.5 further clarifies the potential of this explicitly-delineated subset of a circuit’s
possible behaviors to make a requirements specification more expressive.

In the following example we introduce the notation X, to indicate that the wire labeled e may
take any of the values 0,1, or L . In other words, X, = {e,e, L.}. For example, the extended

monomial b X, is shorthand for the set of monomials {abe, abe, abl.}.

Example 3.4 The following combinational relation structure ts a specification for an inverter that
we expect to place only in an environment in which its input stabilizes. Its input wire is labeled a

and its output wire labeled b.
To=(I={a},0=1{b},S = {abab}, F = {L,X3})

In fact, F-sets allow more degrees of freedom in specification than does a simple statement
of the environments in which we expect those circuits implementing a specification to function
correctly. Example 3.5 illustrates that the F'-set of a combinational relation structure may contain a
certain input-output value combination and yet not contain all output-value combinations as possible

responses to that input-value combination.

Example 3.5 In this example we consider a specification that maintains information about expected
environments i its F-set, but which does not allow all output value combinations in response to an
unezxpected input value combination.

The following combinational relation structure is a specification for an and-gate with input wires
labeled a and b and output wire c, that we expect to place only in an environment in which the input

value combination ab does not occur.

T1 = ({Cl, b}, {C}, Sl, Fl)
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where
Sy = {abe, @be, abe, 1L bX.,alye, Labe,alye,alyl,, L,1,X,}

and
Fy = {abe, L,b¢, aly@ alyl,, L 14E Loyl }

Note that there is some overlap between S1 and Fy. The following input-output value combinations
appear in both: alyl., J_GEE, Lalye, Loy, . A viable modeling alternative would be to eliminate
the two combinations a Ly L, and L, 1y 1. from Fy. Note that the second may not be eliminated
without the first being eliminated as well, as Fy must remain input-downward-closed. If a Ly,
1s maintained as an element of Fy, then it can be elvminated from S1. However, the receptiveness
constraint on Py = Fy U S, requires that this input-output value combination appear in at least one
of F1 or S1. In any case, Fy specifies more than just a set of environments in which we would not
necessarily expect the implementations of T to function correctly: it also places constraints on their

behavior even in these unintended environments.

3.3 The algebraic operations: combining relation structures

3.3.1 Introduction

We have defined a combinational relation structure to be a tuple (I,0, S, F') such that I and O
are digjoint and such that certain properties hold of the sets S, F and P = (S U F'). In general, we
will define some relation structures that correspond to specifications or to primitive gates, and build
from them more complex specifications or circuits. In order to do that, we need formal mathematical
definitions of operations that correspond to combination and manipulation of the actual circuits that
are represented by our already-defined relation structures. We also need to know that the resulting
mathematical objects are themselves combinational relation structures, since they are intended to
represent circuits as well.

The following algebraic operations on combinational relation structures correspond to the ma-
nipulation and combination of combinational circuits to produce more complex or further-packaged

circuitry. As required by the circuit algebra framework, these operations are:

e Composition (||), which corresponds to wiring two circuits together.

Formally this operation is defined in terms of two others: intersection (N) and inverse deletion
(del_l). Composition unifies the values on each wire that is common to the two component
circuit representations. Intersection composes two combinational relation structures with pre-
cisely the same wire sets but no joint output wires, and inverse deletion “prepares” a relation
structure for composition via the intersection operation by adding to it input wires whose

values it ignores.
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e Deletion or hiding (del), which makes explicit which output wires of a circuit are its intended
primary outputs. It hides some of the output wires of a circuit in order to indicate that these
wires do not participate in the observable input-output behavior of the newly-packaged circuit,

and therefore cannot be further connected to the wires of any other circuit.

e Renaming (ren), which allows us to rename the wires of a circuit (without wiring together any

previously distinct wires), in order to facilitate composition in any desired topology.

In the following subsection, we present the formal definitions of the algebraic operations on
combinational relation structures. In Section 3.3.3, we prove that the results of applying these
operations to combinational relation structures are themselves combinational relation structures. In
Section 3.3.4, we prove that the class of combinational relation structures together with the algebraic
operations forms a circuit algebra. Finally, in Section 3.3.5, we present some examples of composite
circuit models in order to illustrate how the formal operations implement the intended actions on

the circuits being modeled.

3.3.2 The algebraic operations

In this section we present the formal definitions of the algebraic operations on combinational relation
structures.
e Composition (||) corresponds to wiring two circuits together:

Circuit composition is defined formally in terms of the simpler intersection and inverse deletion

operators:

— The intersection operator performs the composition of two combinational relation struc-

tures whose alphabets are identical but whose output-wire sets are disjoint.

If (1,0,S, F)and (I'’,0', S, F') are combinational relation structures such that
(TU0)=(I'U0O’)and (ONO")=10
then
(LO,S, Fyn(I',O',S" F)=((INTI),(0U0),(SNS),(PNF)YU(FNPY))

Note that the P-set of the result is the set (P N P’).

— The inverse deletion operator adds new input wires to a combinational relation structure,
and expands the sets of its behaviors to ignore the new input wires’ values. This operator

1s used to unify the wire sets of two circuits before composition.
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If (1,0, 5, F)is a combinational relation structure, and D aset such that (DN(IUO)) = 0,
then
del™" (D)((1,0, S, F)) = (IUD,0, del” " (D)(S), del "' (D)(F))

Recall from Chapter 2 that for Y C 74, del_l(D)(Y) =U
yeTA, del™ (D)(y) = {(yU =) | - € TP},

ey del_l(D)(y), and for

We define circuit composition in terms of the above two operators. The composition operator
first adds the appropriate wires to the input wire sets of the two component combinational
relation structures, in order that they both have the same alphabet A” = (I U0O”), and then
takes their intersection. This corresponds to wiring two component circuits together in the

obvious way. Note that we may not wire together outputs.

Let T = (I,0,5,F) and 7" = (I',0', 5', F') be combinational relation structures such that
(ONO)=0.Let A= (JTUO)and A’ = (I'" UO’). Then

TNT = del™ (A — A)(T) N del™' (A = A)(T)

e Deletion or hiding (del) hides the indicated output wires of a circuit so that these wires may

no longer participate in the observable input-output behavior of the newly-packaged circuit:

Let (I, 0,5, F) be a combinational relation structure. If D C O, then

Recall from Chapter 2 that for Y C 74, del(D)(Y) = {del(D)(y) | y € Y}, and for y € T4,
del(D)(y) is the unique = € 7M=L for which there exists z € 7P such that y = (z U 2).
Therefore, del(D)(Y) = {w € TA=P) |32 € TP (wUz) €Y}.

Note that even if S and F' are disjoint, del(D)(S) and del(D)(F') need not be.

e Renaming (ren) allows us to rename the wires of a circuit (without wiring together any pre-
viously distinct wires), in order to facilitate composition in any desired topology. It is used to

“name together” two wires in separate circuits that are to be combined into one by composition.

Let r be an injective function from an alphabet A to a set B. We extend the function r
naturally to sets of elements of A, and to vectors of values on A and to sets of such vectors.
Thus if C C A, we define 7(C) = {r(¢) | c € C}. If w € T4, we define w’ = r(w) to be the
unique element of 77(4) such that for each a € A, w'(r(a)) = w(a). Similarly, if W C T4,
then »(W) = {r(w) |w € W}.
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Let T'=(I,0,5, F) be a combinational relation structure. Let r be an injective function from
A= (TUO) to aset B. Then

ren(r)((1,0,S,F)) = (r(I),r(0),r(S), r(F))

In the following sections we prove that the class of combinational relation structures is closed
under application of these algebraic operators (Section 3.3.3) and that together they form a circuit

algebra (Section 3.3.4).

3.3.3 Closure under the algebraic operations

In this section we prove that the results of applying these operations to combinational relation struc-
tures are themselves combinational relation structures. This is done by proving that the required
property of input-downwards-closure does indeed hold of both the resulting structure’s F-set and its
P-set (Section 3.3.3.1), and that the receptiveness constraint is also preserved by all the algebraic
operations (Section 3.3.3.2). These proofs suffice to prove the closure of the class of combinational

relation structures under the algebraic operations.

3.3.3.1 Preservation of the input-downward-closure constraint

In this section, we prove that the input-downwards-closure constraint (IDC) is preserved under the
algebraic operations.
The proofs are straightforward for all the algebraic operations. It is obvious that IDC is preserved
under renaming. The proofs for the remaining operations are as follows.
e IDC is preserved by the hide operation:
Let T=(I,0,F,P)and D C O. Let T" = del(D)(T) = (I,0 — D, del(D)(F), del(D)(P)).
We will prove that del(D)(P) is IDC. Let x,2' € 7! and y € 7(©=P) such that (x Uy) €
del(D)(P) and &’ < x. We must prove that (¢’ Uy) € del(D)(P).

By definition of 7", there exists some z € 77 such that (z U(yUz)) € P. But then by IDC of
P, it must be the case that (¢’ U (yUz)) € P as well.

Therefore (' Uy) € del(D)(P).
The same proof can be used to show that del(D)(F) is IDC. |

e IDC is preserved by inverse deletion:
Let 7= (1,0,F,P)and (DN (IUO))=0.
Let T" = del™ " (D)(T) = (I U D), 0, del” ' (D)(F), del™'(D)(P)).
We will prove that del_l(D)(P) is IDC. Let 2,2’ € TUYD) and y € 79 such that (zx Uy) €
del™*(D)(P) and ' < &. We must prove that (z' Uy) € del™'(D)(P).
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By definition of 7", there must exist some 2,2’ € 71 and v,v' € T such that = = (» Uv),
¥ = (U, and (2 Uy) € P. Since ' < &, we know 2’ < z and v/ < v. But then by IDC of
P, it must be the case that (' Uy) € P as well.

Therefore (2’ Uy) € del™'(D)(P).

The same proof can be used to show that del_l(D)(F) is IDC. |

e IDC is preserved by the intersection operation:
Let T = (1,0,F,P)and T" = (I',0', F', P') be combinational relation structures such that
(JUO)=(I'UO) and (ONO') = 0. Then (T NT") is well-defined. Let 77 = (T'NT’) =
(IO F'=({(PNFYU(P'NF)),P'=(PnNnPH).

— Letz,2' e T!",ye 7% ¢’ <z, and (xUy) € P".
We must prove that (z' Uy) € P”.
We first note that y = (y; U ya) for some y; € 79" and y, € TO.
We know that (zUy) = ((zUy1)Uys) € Pand (zUy) = ((zUy2)Uyr) € P
Because 2’ < z, therefore (2’ Uyy) < (z Uyy) and (&' Uys) < (2 Uysa).
Thus by IDC of P and P’, (2'Uy) = ((2'Uy1)Uy2) € P and (2'Uy) = ((2'Uy2)Uy) € P'.
Therefore (' Uy) € (PN P’) = P". |
— Letz,2' e T!",ye 7% ¢’ <z, and (xUy) e F".
We must prove that (z' Uy) € F”.
If (#Uy) € (FNP') then the argument above may be applied with P replaced by F, to prove
that (¢/ Uy) € (FNP") C F”. A symmetric argument may be used if (z Uy) € (F' N P).
1

Thus input-downwards-closure of F' and P is preserved by the algebraic operations.

3.3.3.2 Preservation of the receptiveness condition

In this section, we prove that the receptiveness condition of combinational relation structures is
preserved by the algebraic operations. The proof of its preservation under the renaming operator is
trivial and will not be given here. The proofs for the remaining operators appear below.

Because only the P-set of a combinational relation structure need be receptive, we can ignore
the S and F'-sets of the combinational relation structures in these proofs. Therefore we refer to a

relation structure as 7'= (I, O, P) (rather than T'= (1,0, S, F')) in the proofs that follow.

e Receptiveness is preserved by the hide operation:
Let T = (I,0,P)and D C O. Let C C P be total in 7! and have the upward-chains property.
Let 7" = del(D)(T) = (I,0 — D, del(D)(P)).
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Let C' = del(D)(C). Clearly, C' C del(D)(P). Because (' is total in 77, so is C’. We proceed
to prove that C” has the upward-chains property.

Let 2,2’ € T! such that « < #’. Let y € T(9=P) such that (z Uy) € C".
We must prove that there exists ¢ € T(9=P) such that y < ¢ and (' Uy') € C".

By definition of C”, there exists ¢ € 7 such that (z U(yU¢q)) € C. But then by the upward-
chains property of C, there exists m’ € 79 such that (yUgq) <m’ and (2’ Um') € C.

Let i = del(D)(m'). Then we have y € T(O~P) such that y < y and (¢’ Uy') € del(D)(C)
("', so C" has the upward-chains property.

e Receptiveness is preserved by inverse deletion:

Let T'= (1,0, P) and (DN(IUO)) = §. Let C' C P be total (in 77) and have the upward-chains
property.

Let 7" = del™ (D) (T) = (I U D,0,del™*(D)(P)). Let ' = del”'(D)(C). Then ¢’ C
del™'(D)(P). Clearly C" is total, because C is total in 71 and del™" preserves totality. We
proceed to prove that C’ has the upward-chains property.

Let 2,2’ € TUYD) such that @ < 2’. Let y € 79 such that (zx Uy) € C".

We must prove that there exists y € 79 such that y <y and (2’ Uy') € C".

By definition of 7", there exist z, 2’ € 7! and ¢, ¢' € TP, such that x = (2Uq) and 2’ = (2'Uq’).
By definition of C”, (zUy) € C. Because # < ', so too z < z’. Therefore by the upward-chains
property of C, there exists y' € 79 such that y < ¢ and (' Uy') € C. But then (' Uy') € C".

Thus C’ has the upward-chains property. |

e Receptiveness is preserved by intersection:

Let T=(I,0,P)and T" = (I',0’, P') be combinational relation structures such that (JUO) =
(I'UO") and (ONO') = 0. Let C C P be total in 71 and have the upward-chains property.
Let C' C P’ be total in 7! and have the upward-chains property.

Let 7" =TnNT = (I",0",P"). Let C" = CnNC". Clearly, C"" C P".
We will prove that C” is total in 71" and has the upward-chains property. The proof that

C" is total is by induction over the definedness ordering < on 71", The induction step of this

proof is the proof that C"' has the upward-chains property.

— Base case: We must prove that there exists y € 72" such that (J_I” Uy) € C".
By hypothesis, there exist ygo) € 79 such that (J_II Uygo)) e ¢’ and ygo) € 79 such
that (L7 ugd™) e C.
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Rearranging the presentation of each of these elements,
(L UL UMy e ¢

and

(Lo uy ec

Because 19< y( ) and 19 < y( ) the upward-chains properties of C' and C’ guarantee
that there exist y( ) > yg ) and yg ) > ygo) such that

(L U vy e ¢

and

LUV u ) ec

We can continue indefinitely in this fashion, incrementing the superscripts of the new

(n)

and y(m) However, their respective domains are finite, and hence eventually we will

(n+1) _ y( n) (m+1) _ gm).

encounter some n € w such that Y and some m € w such that y,

Let k = min(n, m). Then (L U(y, (k+1) y<k+1))) e(Cnchy=c".

Let y = (ygk-l_l) U yng)). Then y € 7°" and (J_I” Uy) € C". |
— Induction step: This is simply the proof that C”" has the upward-chains property. It

provides the induction step for the proof that C” is total.

Let z, 2z’ € T!" such that z < 2’. Let y € 7°" such that (xUy)eC”.

We must prove that there exists y' € 79" such that y < v and (z' Uy') e C".

By definition of 7", there exist ygo) €79 and y(o) € 79 such that y = (ygo) U ygo)). By

definition of C”, ((x Uy”) U i) € C and ((z U i) Uy € C".

Because r < z’, we know that (J:Uy( )) < (& Uy( )) and (J:Uy( )) < (& Uy( )) Therefore,

by the upward-chains properties of C' and C’, there exist ygl) > y(o) (1) > y(o)

that ((«/ Uy(o)) (1)) € ¢ and ((2' Uy(o)) (1)) e

and y, such

Ostensibly, we can continue indefinitely in this fashion, finding y(n+1) > y( ") and y(n+1) >

W such that ((2' U{™) U™y € € and (&' U YY) U™ ) € ¢’ The domains
T7© and T are finite, so eventually each of the increasing chains y( ) < y(l) <...<

(n) < ... must reach a fixpoint. That is, there must exist minimal my € w such that

gm”) = ngH) and minimal ng € w such that y(nu) (n°+1).

Let k = min(mg, ng). Then ((z' U y<k+1)) (k+1)) € C and ((z' U y<k+1)) (k+1)) e
Let ¢ = (ygk-l_l) U ygk-l_l)). Then y <y and (z'Uy) e (CNC")=C".

Therefore C" has the upward-chains property. |
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This concludes our proof that the class of combinational relation structures is closed under the

algebraic operations.

3.3.4 Combinational relation structures form a circuit algebra

In this section we prove that the class of combinational relation structures together with the algebraic
operations of composition, renaming, and deletion forms a circuit algebra. We do so by proving that
all nine of the circuit algebra axioms hold for combinational relation structures.

C1 follows from Properties 2.3 and 2.4. C2 follows from commutativity of set union and set
intersection. C3 follows from properties of function composition, because application of r and 7’
has been extended naturally from wire names to sets of wire names, vectors of named-wire values,
and sets of such vectors.

The proof of C4 requires the following lemmas:

Lemma 3.1 Ifx € T4 and y € T2, and (A1 N A3) = 0, and r is injective over (A1 U Ay), then

r(zUy) = r(z) Ur(y)
Proof: Obvious.

Lemma 3.2 If (AN D) =0 and r is injective over (AU D) and W C T4, then
r(del™ (D)(W)) = del™ (r(D))(r(W))

Proof: Both parts of this proof rely on Lemma 3.1.
o 1(del™ (D)(W)) C del™" (r(D))(r(W)) :
Let « € #(del™*(D)(W)). Then there exists y € del™'(D)(W) such that # = r(y), and there
exist v € W and z € TP such that y = (v U 2).
But then r(y) = r(v) Ur(2), and r(v) € r(W) and r(z) € T7(P).
Therefore = = r(y) € del™ (r(D))(r(W)). |

o del™ (r(D))(r(W)) C r(del™ (D)(W)) :
Let # € del™ (r(D))(r(W)). Then there exist v € #(W) and z € 7"P) such that # = (v U 2).
But then there exist v/ € W and 2 € T such that r(v') = v and r(z') = z. Clearly
(v U 2') € del™ (D)(W).
But then 2 = (v U z) = (r(v") Ur(z")) = r(v' U 2') € r(del™ (D)(W)). |

C4 follows from Lemma 3.2 and the fact that renaming distributes across set difference, set
intersection and set union of basic sets, as well as across intersection and union of sets of vectors.

C5 and C7 are obvious. C6 follows from Property 2.1.
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The proof of C8 relies on the following lemmas:

Lemma 3.3 If T is a combinational relation structure, (DN E)= (AN D) =0 and E C O, then
del(E)(del™ (D)(T)) = del™ (D)(del(E)(T))

This follows from Property 2.2.

Lemma 3.4 If W, C T4 and Wy C TAYP) and (AN D) =0, then
Wi N del(D)(Wy) = del(D)(del™ (D)(W1) N Wa)

Proof:

o Wi N del(D)(Wa) C del(D)(del™ (D)(Wy) N W)

Let = € Wy N del(D)(W2). Then there exists z € 7P such that (z Uz) € Wa. Clearly
(xUz) € del_l(D)(Wl) as well. Therefore (z U z) € (del_l(D)(Wl) N Ws), and so = €
del(D)(del™" (D)(W1) N Wo). |

o del(D)(del™ (D)W1) N W) C Wy N del(D)(Ws)
Let z € del(D)(del_l(D)(Wl) N W). Then there exists € 7P such that
(xUz) € (del™ (D)W1) N W)
But then x € del(D)(W2) and & € W;. Therefore » € (W1 N del(D)(Ws)). |

Lemma 3.5 If Ty and Ty are combinational relation structures, and (A1 N Dy) = (AsNDy) =0
and D1 g 01 and D2 g 02 and (Al - Dl) = (Az - Dz), then

del(Dl)(Tl) N del(Dz)(Tz) = del(D1 U Dz)(Tl || Tz)

Proof:
Both sides of this equation have I-set (I3 N I2) and O-set ((O1 U O2) — (D1 U Da)). We must
prove that their S-sets are identical and that their F'-sets are identical. We will first prove that the

S-sets are identical:
(del(D1)(S1) N del(D3)(Ss)) = del(Dy U Do) (del™ ' (Ay — A1)(S1) N del™ (A — A3)(S2))

This proof may then be applied with S replaced by Fy and S, replaced by P;, and again with S}
replaced by P; and S» replaced by Fb. Because deletion distributes over the union of sets of vectors,

this suffices to prove that the F'-sets of the two sides of the equation are identical as well.



CHAPTER 3. COMBINATIONAL CIRCUIT MODELS 71

We will now prove that the S-sets are indeed identical:
(del(D1)(S1) Ndel(D2)(S2)) = del(Dz)[del_l(Dz)(del(Dl)(Sl)) N Sy] Lemma 3.4
del(Dz)[del(Dl)(del_l(Dz)(Sl)) N Sy] Property 2.2
del(Dy)[del(Dy)[del™ (Ds)(S1) N del™ (D1)(S2)]] Lemma 3.4
= del(Dy U Dz)(del_l(Dz)(Sl) N del_l(Dl)(Sz)) Property 2.1
By the assumptions of the lemma, (As — A1) = D2 and (41 — Az) = Djy. Therefore this is
equivalent to del(D; U Dy)(del™ (Ay — A1)(S1) N del ™ (A — A3)(S9)). 1
Using these lemmas, we will now prove C8.
Let T" = del(D1)(T1) || del(D2)(T2). By definition of composition,

T" = del™ ((As — Do) — (A1 — D1))(del(Dy)(T1)) N del™ (A} — D) — (Ay — Ds))(del(D2)(T3)).
By the assumptions of the theorem, (41N D) = @ and (A2NDy) = 0. Thus ((As—D2)— (A1 —Dy)) =
(A2 — (A1 U D9)) and ((A1 — D1) — (Az — Da)) = (A1 — (A2 U Dy)), and Lemma 3.3 is applicable.
By Lemma 3.3, 7" = del(Dy)(del™' (Ay — (A1 U D1))(T1)) N del(Dy)(del™ (A; — (Az U D2))(T2)).

By Lemma 3.5, this is equivalent to

del(D1 U Dz)[del_l(Az - (Al U Dl))(Tl) || del_l(Al - (Az U Dz))(Tz)]

which, by definition of composition, is equivalent to del(Dy U D2)(Ty || T2). |

The proof of C9 relies on the following lemma:

Lemma 3.6 If D C A and ' is injective over A and r|(a—p) = rl’(A_D) and W C T4, then
r(del(D)(W)) = del(+'(D))(r'(W))

Proof:

o r(del(D)Y(W)) C del(+'(D))(r'(W)) :
Let € r(del(D)(1W)). Then there exists y € del(D)(W) such that r(y) = z. But then there
exists 2 € TP such that (yUz) € W.

Thus ¥ (y U z) € ¥ (W), and v'(z) € T77'(D) Because (yUz) =1 (y) Ur'(z), we know that
7 (y) € del(+' (D)) (r'(W)). We also know that = = r(y) = »'(y).

Therefore x € del(r'(D))(+' (W)). |

o del(r'(D))(r'(W)) C r(del(D)(W)) :
Let @ € del(v'(D))(r'(W)). Then there exists z € 77'(P) such that (xUz) € v (W). Because
7' is injective over A, there exist unique &' € 7(A=P) and 2/ € TP such that #/(2') = # and
/(') = z, and there exists a unique v’ € 74 such that #/(v') = (z U 2). Because r'(z' U2') =

(P(")Ur'(2")) = (x U z), it must be the case that v/ = (¢’ U 2').

We know that v/ € W, because r/(v') = v'(2' U 2') = (¥ (") U (2)) € (W) and ¢’ is unique.



CHAPTER 3. COMBINATIONAL CIRCUIT MODELS 72

Therefore & = v'(2') € del(v'(D))(+' (W)). |

C9 follows from Lemma 3.6 and the fact that »(O — D) = v'(O — D) = ¥'(O) — (D).
This concludes our proof that the class of combinational relation structures together with the

algebraic operations of composition, renaming, and deletion forms a circuit algebra.

3.3.5 Examples

In this section we present some examples of composite relation structures, in order to illustrate how
the formal operations on circuit models reflect the intended actions on the circuits being modeled.
We begin with the gated ring oscillator of Figure 3.1, and then proceed to the promised example
(page 55) of a combinational circuit containing a feedback loop for which the Boolean relation is
total in the set of all input value combinations. This is the circuit of Figure 6 of [92], which appears
here in Figure 3.4. These examples show how the composition operator reflects the wiring together
of two circuits, and illustrate the use of the deletion operator to indicate that certain nodes are not
intended to be primary outputs. The second example also illustrates the usefulness of the renaming
operator.

In the third example, we present requirements specifications with non-empty F-sets and show
how the F'-set of their composition reflects the environments in which those circuits that are imple-

mentations are expected to function correctly.

Example 3.6 Gated ring oscillator:

The circuit depicted in Figure 3.1 (page 54) consists of a nand-gate and a non-inverting bujffer
wired together so that the composite circuit has only a single wmnput wire. Combinational relation
structures representing the two components are presented in Examples 3.2 and 3.3 (Section 3.2.4).

Their composition s the following relation structure:
Toro = (I ={a},0={b,¢}, S = {abe, Lobe,alyl., LoLyl,, LoLlye}, F =0)

In the discussion of the Boolean relation representation of this example circuit, the gated ring os-
cillator was compared to an inverter specification with input wire a and output wire b. In order to
make this comparison using combinational relation structures, we must declare the wire labeled ¢ to
be an internal node rather than a primary output. This operation results in the following relation

structure representation of the newly packaged circuit:

del({c})(Tyro) = ({a}, {b},{@b, Lab,als, LoLly},0)

Malik points out that the circuit depicted in Figure 3.4 may stabilize or oscillate depending on
the relative delays of its components, if the input wire a has value 0 [92]. (If the input wire a

has value 1, the output b must take value 1, and the other nodes of the ciruit must stabilize as
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well). The same observation applies if the internal wires of the circuit are initialized to L . Thus we
expect a combinational relation structure representation of this circuit to admit both possibilities,
and indeed this is what happens. As a result, the combinational relation structure we derive for it as
Example 3.7 admits all possible input-value combinations and in eddition represents the oscillatory
behavior that would disappear in the Boolean relation representation.

Recall that on page b5 we claimed that a Boolean relation may fail to represent oscillatory
behavior of a circuit containing a feedback cycle even though the relation is total in the input value
combinations for the circuit. This circuit proves that claim, as the Boolean relation representation
of the circuit is simply the set of those elements of the P-set of the combinational relation structure

(computed in Example 3.7) which contain only Boolean wire values (0 and 1).

C b

a‘

Figure 3.4: Combinational feedback loop (Fig. 6 of [92])

Example 3.7 Another combinational feedback loop (Fig. 6 of [92]):

We consider the circuit of Figure 3.4. As s clear from the structure of this circuit, if b stabilizes
then so must the rest of the output nodes. Hence we would like to concentrate on the circuit’s behavior
by considering all the output nodes other than b to be internal nodes rather than primary outputs.
And i order to simplify the representation of the circuit as we construct it from its components, we
will project away (package as internal nodes) each of these nodes as early as possible. (The reader
may be interested to examine the oscillation as it ripples through these internal nodes; in order
to do so, one must compose the circuit representation without projecting away the internal nodes.
The representation quickly becomes overly cumbersome for legible textual presentation, however, and
hence is not presented here).

The standard combinational relation structure representations of our circuit’s components follow.

e or-gate with inputs labeled a and e and output labeled b :

Tor—aeb = ({Cl, 6}, {b}, Sor—aeba m)
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where S,p_gep 15 the relation

{@eb, aeb, agb, aeh,al Xy, L2Xy, alcb, Laeb, 1,1 X3}

o inverter with input labeled b and output labeled c :
va—bc — ({b}a {C}, {bEa EC, J—ch}a m)

o inverter with input labeled ¢ and output labeled d (presented using the ren operator):

Tinv—cd = 1€n(r)Tiny—be, where v is a function mapping ¢ to d and b o c.

e and-gate with inputs labeled ¢ and d and output labeled e :
Tand—cde = ({C, d}a {6}, Sand—cdea m)
where Sqnd—cde 15 the relation

{Gde, ede, cde, ede, cL gX., L dX.,cLge, L.de, L. 14X}

The components may be composed in arbitrary order to obtain the same final result, because
composition is associative and commutative. We have randomly chosen the following order of two-

component compositions, each followed by the relevant deletion.
L4 Tl — del({d})(va—cd || Tand—cde) = ({C}, {6}, {Ega Cé, J—ch}a m)
o Ty = del({c)(Th || Tinv—sc) = ({b}, {e}, {be, be, Ly X}, 0)

° T3 = TZ || Tor—aeb = ({Cl}, {ba 6}, SSa m) where

Ss = {abe, Lbe, abe, L be, L, lye, alyl,, Loyl }

o Ty = del({e})(T3) = ({a}, {b}, {ab,ab, aly, LoX3}, 0)

Ty 15 our combinational relation structure representation of the circuit of Figure 3.4. It incorpo-

rates both the oscillating and the stabilizing possibilities of the circuit, as discussed above.

In the following example we illustrate the behavior of F-sets under composition of relation

structures.

Example 3.8 Consider the specification of Example 3.4. It describes an inverter that we expect to

place only in an environment tn which its input stabilizes. This expectation is indicated by its F'-set.

Ty = ({a}, {b}, So = {ab, @b}, Fo = {L,X;})
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We wish to specify a circuit having input wire labeled a and output wire labeled ¢, which behaves
like two such wnverters in series.
We expect such a specification to be identical to that of a stable-input expecting non-inverting

buffer. The buffer specification s represented by the following combinational relation structure:

Tbuf = ({a}, {C}, Sbuf = {ac,EE}, Fbuf = {J_GXC})

In order to derive our specification, we compose Ty above with Ty = ren(r)(Ty), where the function
r maps the wirename b to ¢ and the wirename a to b, and subsequently hide the b wire so as to indicate

1t 1s not to be considered a primary output:
Ty = ren(r)(To) = ({b}, {c}, S1 = {b¢, b}, Fy = {1 X.})

Tspec = del({b})(TO H Tl) = ({a}, {c}, SSpec = {ac,EE}, Fspee = {J—aXc})

As we expect, Tspec = Thus -
Now consider what happens when we compose Ty with Tyyp, suitably renamed so that the compo-

sitton forms a loop. First we formalize the required renaming:
ren(r")(Tour) = (I = {b},0 ={a}, S = {ba, ba}, F = {L4Xo})
The composition described yields the following combinational relation structure:
To || ren(r")(Tour) = (1= 0,0 ={a,b}, S =0, F = {La1s})

This composition forms what would be a stmple ungated ring oscillator specification — except for the
fact that the only possible behavior of the circuit, which s to oscillate, is a falure behavior. This
correctly reflects the fact that neither of the two component specifications specifies a circuit that is

expected to function correctly in an environment in which its input does not stabilize.



Chapter 4

Verification and Substitution

4.1 Introduction

In this chapter we present the theory that underlies our algorithms for formal hierarchical verification
and substitution of combinational circuits. The theoretical framework provides an overview of the
verification procedures, but does not delve into all of the details necessary to implement them. The
missing algorithms are special cases or parts of the corresponding algorithms for formal verification
of synchronous circuits. These algorithms will be presented in Chapter 6.

In this chapter, we define a formal relation between combinational models that corresponds
to one being a correct implementation of the other (considered as a specification). We define a
combinational circuit representation to correctly implement a specification if the implementation
can be safely substituted for the specification. A L value on an output wire of a specification under
a particular set of input circumstances actually allows the implementation to output any value
on that wire under those circumstances. We provide a decision procedure for the formal relation
that holds between a specification and a correct implementation thereof. We also use this relation
to fully characterize the set of allowed substitutions for a subcircuit in a combinational circuit or
specification, a problem relevant to the logic synthesis domain.

The organization of the chapter is as follows. In section 4.2, we present the full definition of when
a combinational relation structure describes an acceptable implementation of a specification, and
outline a decision procedure for this relation. In Section 4.3 we use these semantics to fully char-
acterize the set of allowed substitutions for a subcircuit in a combinational circuit or specification.

Examples are provided at each step of the development.

76
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4.2 Verification for combinational circuit models

4.2.1 Introduction

In this section we define what 1t means for a circuit to correctly implement a specification. A com-
binational relation structure is a correct implementation of another (considered as a specification) if
the formal relation of conformance holds between them: one relation structure conforms to another
if the first may be safely substituted for the second in any context. The notion of failure behav-
iors 1s critical to the concept of safe substitution, and ties together our understanding of correct
implementation and expected environments.

We are interested in hierarchical verification. Thus we require that the conformance relation
meet the following compositionality condition: if two circuit components conform to two require-
ments specifications (77 < 77 and T3 < T3), then it must be the case that the composition of the
implementations conforms to the composition of the specifications (7} || 7> < 77 || T4). Similarly,
it must be the case that the conformance relation is preserved under hiding of output wires. These
properties are called monotonicity of the operations with respect to conformance.

In the following subsections, we define safe substitutability for combinational relation structures
and outline a decision procedure for the conformance relation. We define the maximal safe environ-
ment of a circuit specification, and show that its use in deciding conformance guarantees the correct
interpretation of a L value on any of the output wires of the specification. The method applies
both to verifying that a circuit (represented by a combinational relation structure) is a correct im-
plementation of a specification relation structure (Section 4.2.5), and to verifying that substituting
a circuit into a given location in a predetermined circuit results in a full circuit that exhibits only
desired behavior (Section 4.3).

4.2.2 Correct implementation: the conformance relation

We say that a combinational relation structure conforms to another if and only if the first may be
safely substituted for the second in any legal environment. In order to define this formally, we first
define an expression context. An expression context is a circuit algebra expression with a single
free variable « [61]. The (I,0)-type of @ must be known, and is referred to as (Iy,Oq). If we
replace « in this expression by a combinational relation structure (I, Og, S, F'), the result denotes
a combinational relation structure.

T =(I,0,5F)and T = (I,0,5, F'), we say that T conforms to 7" if and only if 7" may
be safely substituted for T" in every expression context such that I, = I and O, = O. The formal
definition follows.

We say a combinational relation structure 7'= (1,0, S, F') is failure-free if F' = {}. Safe substitu-
tion is substitution that preserves failure freedom [61]:

Let T=(I,0,S,F)and T = (I, 0,5, F’) both be combinational relation structures. Formally,
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we say that 7' conforms to T”, written 7' < T, if and only if for all expression contexts Elar o,
E[T"] is failure-free = F/[T] is failure-free

As in asynchronous trace theory, we can reduce this definition to an equivalent one that uses
only a restricted form of expression context. In order to simplify use of this equivalent definition of
conformance, we first introduce some further notation.

We say that £ = (Ig,Og, Sg, Fg) is a legal environment of a combinational relation structure
T =(1,0,5,F) if and only if £ is a combinational relation structure and 7 = Og and O = Ig.

Theorem 4.1 Let T = (I,0,5,F) and T = (I,0,5" | F') be combinational relation structures.
Then T < T" if and only if for all legal environments E = (O,I,Sg, Fg) of T and T',

(T" N E) is failure-free — (T'N E) is failure-free

Proof: Exactly as for the corresponding theorem in asynchronous trace theory: Lemma 4.2 on
p. 58 of [61]. This proof only uses the circuit algebra axioms and lemmas. |
Yet another condition equivalent to conformance uses composition (]|) rather than intersection
(N). The statement of this condition’s equivalence to the other is Theorem 4.4 below. We first state

and prove some supporting lemmas.

Lemma 4.2 Let Ty = (11,01, 51, F1) and Ty = (I2, 02, Sa, F3) be combinational relation structures,
and let D C Oq, such that (I UO01) = (12U O03) — D) and (O1 N O2) = 0. Then

del_l(D)(Tl) N Ty is failure-free <= T1 N del(D)(T2) is failure-free

Proof:
In order to prove this lemma, it suffices to prove that for all sets X C 74 and ¥ C 7(AYD)

where A and D are disjoint,
(X Ndel(D)(Y)) =0 <= (del " "(D)(X)NY) =0

(Just substitute Fy for X and P for Y to get half the lemma, and substitute P, for X and
for Y to get the other half). But this follows from Lemma 3.4 and the fact that for W C 74,
del(DYW) = ) <= W = 0. (Recall that if W # ¢ and A = D, then del(D)(W) contains one

element, the empty function). |

Lemma 4.3 Let T = (I,0,5, F) and T' = (1,0,5' F") be combinational relation structures. Let
(DN{IUO))=0. Then

T < T <= del ' (D)(T) < del™ (D)(T")
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Proof:

o (=) :Let T <XT".

Let B be a combinational relation structure such that Ig = O and Og = (I U D) and such
that del_l(D)(T’) N E is failure-free. We must prove that del_l(D)(T) N E is failure-free.

Let By = del(D)(F), which is a legal environment of 7. By Lemma 4.2, T/ N Ey is failure-free.

By assumption, 7' < T”. Therefore, T'N Ey is failure-free. By Lemma 4.2, therefore,

del_l(D)(T) N E is failure-free

Therefore, del™(D)(T) < del™*(D)(T"). |
o (¢<=): Let del™"(D)(T) = del™(D)(T").

Let E = (Ig,Og, Sg, Fg) be a legal environment of T and 7" such that 7" N E is failure-free.

We must prove that 7'M £ is failure-free as well.

Let Fy = (Ig,0Og U D, del_l(D)(SE), del_l(D)(FE)), which is not only a combinational rela-
tion structure, but a legal environment of del_l(D)(T’) as well. Note that despite its S and
F-set definitions, 7, is not identical to del™"(D)(E), because its new wires D are output wires

rather than input wires. However, del(D)(E;) = E.

Set manipulations involving the F-set of F; reveal that del™ (D)(T") N Ey is failure-free. By
assumption, del™ (D)(T) < del™*(D)(T"). Therefore, del™*(D)(T) N F is failure-free. By
Lemma 4.2 (because del(D)(F1) = F), del_l(D)(T) N By is failure-free if and only if T'N E is

failure-free. Therefore, T'N E must be failure-free.

Therefore, T' < T". |

Theorem 4.4 Let T = (I,0,5,F) and T = (I,0,5" | F') be combinational relation structures.
Then T <X T" if and only if for all combinational relation structures E = (Ig,Og, Sg, Fg) such that
(ONOE)=0,

(T" || E) is failure-free = (T || E) is failure-free

Proof:

o (=) :Let T <XT".
Let F be a combinational relation structure such that (OgNO) = (. Let T” || E be failure-free.
We must prove that T' || E is failure-free as well.

Let By = del™' (A — Ag)(F). By definition of the composition operator,

(T" || B) = del™ " (Ag — A)(T") N Ey
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By Lemma 4.3, del™*(Ag — A)(T) < del™'(Ag — A)(T"). Therefore, del™ (Ag — A)(T) N Fy
1s failure-free. But del_l(AE —AMNE,=T| E.

Therefore T || E is failure-free. |

e (<=) : Assume that for all combinational relation structures F = (Ig,Og, Sg, Fg) such that
(ONOg)=0,if (17" || E) is failure-free then (T'|| E) is failure-free as well.

Let F be a combinational relation structure such that Ir = O and O = I, and such that
T' N E is failure-free. Then "N E =T || E, and so T' || E = T'N E is failure-free as well.

Therefore T < T". |

We will use both of these equivalent definitions of conformance in the proofs that follow.
The algebraic operators rename, hide and composition are all monotonic with respect to confor-
mance, as required for sound hierarchical verification. Monotonicity is obvious for the case of the

renaming operator. We will prove it for the other two.

Theorem 4.5 Let T = (1,0,5,F) and T' = (I,0,5', F') be combinational relation structures. Let
D CO. Then
T =T = del(D)(T) = del(D)(T")

Proof: Let T < T’. Then for all legal environments £ = (O,1,Sg, Fg) of T and T", (T' N E)
being failure-free implies that (7'N E) is as well.

Let B/ = (0O — D,I,Sg/, Fgr) be a combinational relation structure such that (del(D)(T")NE")
is failure-free. We must prove that (del(D)(T) N E’) is failure-free.

Let Fy = del™'(D)(E"). Because E’ is a combinational relation structure, Fy is as well. By
Lemma 4.2, because (del(D)(T')N E') is failure-free, it must be the case that (7" N Ep) is failure-free
as well. But then by definition of T < 7" it must be the case that (T'N Fy) is failure-free. Invoking
Lemma 4.2 again, we conclude that (del(D)(T) N E') is failure-free.

As F’ was an arbitrary legal environment of del(D)(T) and del(D)(T"), we have proved by
Theorem 4.1 that del(D)(T) < del(D)(T"). |

Theorem 4.6 Let T = (1,0,5,F) and T' = (I,0,5', F') be combinational relation structures. Let
T" be any combinational relation structure such that (0" NO) = 0. Then

T<T =T|T'<T"|T"

Proof: Let T'< T". Then for all combinational relation structures £ such that (Og N O) = 0,
(T" || E) being failure-free implies that (7' || E) is as well.

Let E' = (Op/, Ig, Spr, Fg') be a combinational relation structure such that (77 || 77) || £') is
failure-free. We must prove that (7 || 7") || E’) is failure-free.
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Let By = T" || B'. Because E’ and T" are both combinational relation structures, Fy is also a
combinational relation structure. By associativity of composition (a circuit algebra axiom), ((7” ||
T || E'Y = (T || Eo). But then by definition of 7" < 7" it must be the case that (7' || Ey) is
failure-free. Invoking associativity of composition again, we conclude that ((7 || 7") || £’) is failure-
free. As E’ was an arbitrary combinational relation structure, we have proved by Theorem 4.4 that
T|T"=<T"||T". 1

Recall the preorder C over combinational relation structures:
(I,O0,F,P)C (I,O,F' Pift (F C F')A(P CP)

This relation is stronger than conformance.
Lemma 4.7 If T and T" are both combinational relation structures, then TC T — T < T".

Proof: Follows from Theorem 4.1 by set manipulations.

4.2.3 Conformance equivalence

Conformance is a preorder on combinational relation structures. It is not a partial order. We define
T ~ T to mean that 7' < T and T’ < T. This equivalence (“conformance equivalence”) induces a

partial order on equivalence classes of combinational relation structures.

Lemma 4.8 If T and T are both combinational relation structures, then
T~ T =T~T

Proof: Two applications of Lemma 4.7.

We seek a unique representative for each conformance equivalence class. Such a representative
will enable us to treat < as a partial order. More precisely, we seek a procedure that when applied
to any element of any conformance equivalence class will produce that class’ unique representative.
The form of such a procedure will aid us in clarifying the extent of each conformance equivalence
class.

Consider the case of a combinational relation structure 7' that can force every one of its legal
environments into a failure. As far as safe substitution is concerned, we might as well simply mark
all entries of T’s P-set as failures. This is because T will have a non-failure-free composition with
every one of its legal environments whether or not we make this addition to the F'-set of 7.

Similarly, we note that if a relation structure is going to force every environment into a failure,
its F-set might as well be universal. Again, this is because the relation structure 7" will have a
non-failure-free composition with every one of its legal environments irrespective of the particular
behaviors that the composite model exhibits. These observations lead to the definition of combina-

tional autofailures and the autofailure manifestation process.
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We say a relation structure T'= (I, 0, S, F') is a combinational autofailure if and only if it has no
failure-free composition with any of its legal environments. Formally, for all combinational relation
structures £ = (0,1, Sg, Fg), ENT is not failure-free. Because the set of all legal environments
of T includes those with empty F'-sets, this condition is equivalent to requiring that for all legal
environments F of T, (F N Pg) is not empty. In contrast to the definition of autofailures in asyn-
chronous trace theory, there is an extra complication because the environment of a combinational
relation structure can respond instantaneously. (Note also that a combinational autofailure is a
relation structure, whereas in asynchronous trace theory, an autofailure is an element of the P-set
of a trace structure). There is, however, an effective procedure for determining whether or not T is
a combinational autofailure. That procedure is described in Chapter 6.

We define the operation of autofailure manifestation as follows:

(I,0,5,TUY9)) if T is a combinational autofailure

1,0,5,F)) =
ofm(( 2 { (I,O,5,F) otherwise

The afm operator expands the F-set of its combinational autofailure operand to the maximal set
TUYO) However, an operand relation structure that is not a combinational autofailure is left un-

changed by the operator.
Lemma 4.9 Let T be a combinational relation structure. Then afm(T) is too.

Proof:

Let T = (1,0, S, F') be a combinational relation structure. If 7" is not a combinational autofailure,
then afm(7T) = T is a combinational relation structure by assumption.

If T is a combinational autofailure, then S, F C 7UY9) and the F and P-sets of afm(T) are
both TUYO) Clearly 7UY9) is both input-downward-closed and receptive. |

Theorem 4.10 Let T be a combinational relation structure. Then T ~ afm(T).

Proof:

If T is not a combinational autofailure, then afm(7) = T and so clearly T' ~ afm(T).

We concentrate on the case in which 7' is a combinational autofailure. For every combinational
relation structure T, T C afm(T'). Thus by Lemma 4.7, T < afm(T).

We must prove that afm(T) <X T for T a combinational autofailure.

By definition of a combinational autofailure, there exists no legal environment E of 7" such that
TN E is failure-free. By Theorem 4.1, it is thus vacuously true that efm(7) < T.

Thus afm(T) < T and so we have proved that afm(T) ~ T. |

A combinational relation structure may have S and F' sets which are not disjoint. An input-
output value combination which appears in both these sets represents a behavior that is nonde-

terministically either a success or a failure. Composition with any other combinational relation
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structure admitting this behavior will be non-failure-free irrespective of whether the behavior is also
in S. Hence in attempting to delete extraneous information from 7" in such a way as to maintain the
soundness of our verification, we require that such an input-output value combination be considered
solely as a failure.

We call the process of setting Spew = (S—F) failure-exclusion, and the resulting relation structure
fe(T).
Lemma 4.11 Let T = (I,0,5,F) be a combinational relation structure. Then fe(T) is too.

Proof:
Neither the F-set nor the P-set of T is affected by the fe operator. Therefore the required

properties of these two sets are preserved by application of this operator. |

Theorem 4.12 Let T = (1,0,5,F) be a combinational relation structure. Then T ~ fe(T).

Proof:
Neither the F-set nor the P-set of T is affected by the fe operator. Therefore, T C fe(T) and
fe(T) ET. Thus, by Lemma 4.8, T ~ fe(T). |

We define output-upwards-closure in the obvious way by analogy to input-downwards-closure
(IDC). Given predetermined input and outputs sets 7 and O, respectively, we say that a set W C

TUYO) is output-upwards-closed precisely when
Ve e TIVy,y e TO[[(xUy) e WAy <y]= (xUY) W]

We say a combinational relation structure T = (I,0, F, P) is output-upwards-closed if and only if
both its F' and P sets are.
In addition to the property of output-upward-closure we define an operator OUC on combinational

relation structures. If T'= (I, 0,5, F') is a combinational relation structure, we define
oUC(T)=(I1,0,0UCt0(5),0UCro(F))

where OUCT o(W) is the set W C 7 {U0) together with the minimal set of additional behaviors
(elements of ’T(IUO)) necessary to make the resulting set output-upwards-closed, for W any of S| F
or P. Clearly, OUC o(S) UOUCTo(F) = OUCr o(P). We prove that the result of applying this
operator to a combinational relation structure is itself a combinational relation structure, and that

all conformance equivalence classes are closed under this operation.
Lemma 4.13 IfT is a combinational relation structure, then OUC(T) is too.

Proof:
Let T'= (1,0, S, F) be a combinational relation structure. We prove that OUC o(P) is recep-
tive, and that OUCt o(F) and OUCt o(P) are input-downward-closed:
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e OUCT o(P) is receptive:

By definition of the OUCt ¢ operator, P C OUCt o(P). Hence we can simply maintain the
old €, a subset of P with the upward-chains property, as the new C' (for OUC(T')). Therefore
OUCT,0(P) is receptive. |

e OUCT o(F) and OUCT o(P) are input-downward-closed:

We prove that application of the OUCt o operator to any input-downward-closed set which is

a subset of 7UY9) preserves that set’s input-downward-closure property.

Let Q C 7UY9) be input-downward-closed. Let z, 2’ € 7! such that 2’ < 2. Let y € 79 such
that (l‘ U y) € OUC]yo(Q).

By definition of the OUCt o operator, there exists y' < y such that (z Uy') € (). But then by
input-downward-closure of @, (z' Uy') € @, and therefore (' Uy) € OUCT 0(Q). |

Theorem 4.14 Let T be a combinational relation structure. Then T ~ OUC(T).

Proof:

By definition of the OUC operator, T C OUC(T). Thus by Lemma 4.7, T' < OUC(T).

We must prove that OUC(T) < T.

Let B = (0,1, Fg, Pg) be a legal environment of 7" such that TN £ is failure-free. We must
prove that OUC(T) N E is also failure-free.

Say it is not. Then there exists w an element of the F-set of OUC(T) N E, that is,

w E ((OUC}yo(F) N PE) U (OUC}yo(P) N FE))

Assume without loss of generality that w € (OUCr o(F)N Pg).

Let z € 7! and y € 79 such that w = (z Uy). Then by definition of the OUCr,0 operator, there
exists ¢ < y such that (z Uy') € F. By input-downward-closure of Pg, (zUy') € P as well. But
then (zUy') € (FNPg) C ((FNPg)U(PNFg)), which is (T'N E)’s failure-set, which by assumption
is empty. Therefore there can be no such w € (OUCT o(F) N Pg), and so (OUCr,0o(F)N Pg) = 0.

By the same argument, there can be no w € (OUCt o(P)NFg), and so (OUCt o(P)NFg) = 0.
Therefore ((OUCT,o(F)NPr)U(OUCT o(P)NFg)) = 0. In other words, OUC(T')N E is failure-free.

Therefore OUC(T) < T, and so T'~ OUC(T). |

We say that a combinational relation structure 7' = (1,0, S, F') is canonicalized if SNF =0, F
and P are output-upward-closed, and either F' = 7UY9) or T is not a combinational autofailure.
In section 4.2.5, we will prove that a canonicalized combinational relation structure is unique in
its conformance equivalence class. For now, we prove only the fairly obvious statement that the
procedures outlined above, if applied in such an order that no operator undoes the desired effects

of any other operator previously applied, do indeed result in a canonicalized relation structure. In
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addition, we prove that application of these operators to an already canonicalized relation structure

T has no effect.

Theorem 4.15 Let T' be a combinational relation structure. Then
fe(afm(OUC(T))) and fe(OUC (afm(T)))

are both canonicalized combinational relation structures that are conformance equivalent to T.

Proof:
Let T' be a combinational relation structure. Let Ty = OUC(T), Tz = afm(Ty), and T = fe(T2).
Let Ty = afm(T), Ts = OUC(Ty), and Ts = fe(T5).

We must prove
e 73 is a combinational relation structure, T35 ~ T, and 73 is canonicalized, and
e 75 is a combinational relation structure, 75 ~ T, and 7% is canonicalized.
The proofs follow.
e By Lemma 4.13, 77 1s a combinational relation structure. Hence by Lemma 4.9, 75 is too.

Thus, by Lemma 4.11, T3 is a combinational relation structure.

We utilize the transitivity of ~ to prove that T35 ~ T. By Theorem 4.14, T ~ T7. By Theo-
rem 4.10, 77 ~ T5. By Theorem 4.12, T5 ~ T5. Thus by transitivity of the relation ~, we have
proved that T~ Tj.

In order to prove that T3 is canonicalized, we prove that each of the relevant criteria holds:

— F3 and P5 are output-upwards-closed:
By definition, T} is output-upwards-closed. If T} is a combinational autofailure, then
Fy = Py, = TUY0) which is certainly output-upwards-closed. If 7} is not a combinational
autofailure, then Fy = Fy and P; = Py, so T5 is output-upwards-closed because T} is.

Finally, 5 and P5 are output-upward-closed because by definition of failure exclusion,

F3:F2 and P3:P2. I
- (53 n F3) == @ .
This follows directly from the definition of failure exclusion. |

— Either F5 = TUY9) op Ty is not a combinational autofailure:
By Theorem 4.1, because T' ~ T3 it must be the case that T' is a combinational autofailure
if and only if 73 is. Similarly, 7" is a combinational autofailure if and only if 77 is.
Thus, if T35 is a combinational autofailure, then so is 7. Hence in this case, by definition
of autofailure manifestation, Fs = Py = TUYO) Because failure exclusion does not affect

the F-set of its operand relation structure, Fi3 = 7UY9) ag well. |
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e By Lemma 4.9, T, is a combinational relation structure. Hence by Lemma 4.13, 75 is too.

Thus, by Lemma 4.11, T is a combinational relation structure.

We utilize the transitivity of ~ to prove that Ty ~ T. By Theorem 4.10, T ~ T4. By Theo-
rem 4.14, Ty ~ T5. By Theorem 4.12, Ty ~ Ts. Thus by transitivity of the relation ~, we have
proved that T~ Tg.

In order to prove that Tg is canonicalized, we prove that each of the relevant criteria holds:

— Fs and Ps are output-upwards-closed:

By definition, T3 is output-upwards-closed. By definition of failure exclusion, Fs = Fj

and Ps = Ps. Therefore Fs and Pg are output-upward-closed |
- (56 n F6) == @ .
This follows directly from the definition of failure exclusion. |

— Either Fs = TUY0) o Ty is not a combinational autofailure:

By Theorem 4.1, because T' ~ Ty it must be the case that T' is a combinational autofailure
if and only if 75 is.

Thus, if Ty is a combinational autofailure, then so is 7. Hence in this case, by definition
of autofailure manifestation, Fy = P, = 7UY9). Because OUC’(’T(IUO)) = TUV0) p —
TUYO) to0. And finally, because failure exclusion does not affect the F-set of its operand

relation structure, Fg = 7UY9) ag well. |

QED Theorem 4.15
In addition to being canonicalized and conformance equivalent to T, these two derived relation

structures are identical to each other and to T «f T was already canonicalized.

Lemma 4.16 IfT is a canonicalized combinational relation structure, then
[e(afm(OUC(TY)) = fe(OUC(afn(T))) = T

Proof: Let T be a canonicalized combinational relation structure. Then F' and P are output-
upward-closed (that is, ' = OUCr o(F) and P = OUCt o(P)). Therefore, T = OUC(T).
Similarly, because 7' is canonicalized, either F' = 7UY9) or T'is not a combinational autofail-
ure. Therefore afm(T) = T. And finally, because T' is canonicalized, its S and F-sets are disjoint.
Therefore fe(T) = T.
Because of these three facts, fe(afm(OUC(T))) = fe(afm(T)) = fe(T) =T and
fe(OUC(afm(T))) = fe(OUC(T)) = fe(T) =T. 1
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4.2.4 The maximal safe environment of a circuit

In order to derive a decision procedure for conformance, we define the maximal environment with
which a circuit (represented by a combinational relation structure) may be safely composed. How-
ever, not all combinational relation structures have maximal environments that are themselves com-
binational relation structures. There exists a particular class of combinational relation structures
whose maximal environment has an empty P-set, and therefore is not receptive. We require an
exception to the conformance decision procedure to handle the case of those combinational relation
structures whose maximal safe environment is not a combinational relation structure.

In this section, we define the maximal safe environment of a combinational relation structure
and begin to clarify how we will decide conformance if one or both of the combinational relation
structures being compared does not have a maximal safe environment which i1s a combinational
relation structure. In Section 4.2.5, we will present the final theorems necessary to support our
conformance decision procedure, and discuss the decision procedure itself.

We define a mirroring operation over the canonicalized combinational relation structures only.
Mirroring a combinational relation structure involves swapping its inputs and outputs, complement-
ing its I and P sets, and then swapping them. The S-set is left intact. Formally, for T'= (1,0, S, F)

a canonicalized combinational relation structure, the mirror of 7' is
mir(T) = (0,1, S, (THY9) — P)) = (0,1, 5, P)

Note that the P-set of mir(T) is (SUP) = F : the equality holds because (SNF) = { for canonicalized
T.

Intuitively, mir(7T) is the maximal environment of canonicalized T' such that T || mir(T) is
failure-free. However, if S = () then ' = P, so that 7" must be a combinational autofailure. In this
case mir(T') is not a combinational relation structure, as it has an empty P-set (which is therefore
not receptive). We note that the mirror of a canonicalized combinational relation structure whose
S-set is nonempty is itself a canonicalized combinational relation structure (Lemma 4.17), and that

their composition is failure free (Lemma 4.18).

Lemma 4.17 Let T = (I,0,5,F) be a canonicalized combinational relation structure such that

S # 0. Then mir(T) is also a canonicalized combinational relation structure.

Proof: Let T be a canonicalized combinational relation structure. Let 7" = mir(T). We must
prove that 7" is a combinational relation structure and that it is canonicalized.

As a preliminary to proving that P/ = F obeys the receptiveness constraint, we note that for
every combinational relation structure Ty = (I, O, Fy, Py) and legal environment £ = (O, I, F, Pg)
of Ty,
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(To N E) is failure-free <= (PoNFg)=0A(FonNPg)=10
= FeCPANPECH

The equations above state that
T N E is failure-free if and only if Fgz C P and Py C F'

We must prove that there exists C' C F that is total (in 7) and that has the upward-chains
property (in (O, I)). The proof is by contradiction. Say that there exists no such C' C F. Then clearly
no X C F can contain such a C either. Thus, by this containment-upward-closure property of the
receptiveness constraint, there exists no legal environment E of T such that TN £ is failure-free.
This is because T'N [ is failure-free only if Pr C F. Thus there can exist no 7 9-total C C Pg having
the upward-chains property in (O, I). Therefore Pg does not obey the receptiveness constraint, and
so F 1s not a combinational relation structure after all. By this argument, there exists no legal
environment E of T" such that 7'M E is failure-free, and hence T is a combinational autofailure. But
then, since 7' is canonicalized by assumption, F' = 7UY9)_ Since SN F = 0, it must also be the case
that S = (. But by assumption, S # (. Therefore there must exist appropriate C C F' = P’.

Finally, the proof that P’ = F and F’ = P are input-downward-closed (in (O, I)) follows from
the fact that 7" and P are output-upwards-closed (in (I, 0)) :

Let y,y/ € 79 and = € 77 such that (yUz) € F and 3 < y. We must prove that (y' Uz) € F. By
assumption, 7' is canonicalized. Therefore F' is output-upwards-closed. Hence, because (yUz) & F|
it must be the case that (Y Ux) € F as well. But then (y Ux) € F. The same argument may be
repeated with P in place of F.

This concludes our proof that 7" = mir(T) is a combinational relation structure.

We proceed to prove that 7" = mir(7T) is canonicalized:

e F" and P’ are output-upwards-closed:

F' = P is output-upwards-closed in (O, I) because P is input-downward-closed in (I,0), and
P’ = F is output-upwards-closed in (O, I) because F is input-downward-closed in (7, 0) :

Let x,2' € 77 and y € 79 such that (yUx) € P and x < #’. We must prove that (yUz’) € P.

By assumption, P is input-downward-closed. Therefore, because (y U ) € P, it must be the

case that (yU z') ¢ P as well. But then (y Uz') € P = F’. The same argument may be

repeated with F' in place of P. |
e S'NF' ={:

S'=Sand F'=P=(SUF)CS=5.ThusweS =wgFandwecF'=wgs. 1
e If 77 is a combinational autofailure then F/ = 7UY0) .

T is a legal environment of 7”. Thus if 7" is a combinational autofailure, then 7'NT" is not

failure-free.
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But the F-set of (TTNT")is (F'NP)U(P'NF)=(PNP)U(FNF)=10. Therefore it must be

the case that 7" is not a combinational autofailure. Therefore, the condition holds vacuously.
QED Lemma 4.17

Lemma 4.18 IfT is a canonicalized combinational relation structure with nonempty S set, then
T N omir(T) is failure free

Proof: Let T = (1,0, S, F') be a canonicalized combinational relation structure. By Lemma4.17,
if S # 0, then mir(T) is a combinational relation structure. Hence we can compose 7" and mir(T),
and the F-set of their composition is ((P N P) U (F N F)), which is empty by definition of set
complement. Hence T'N mir(7T) is failure free. |

In order to define the maximal environment with which a combinational relation structure T'
may be safely composed, we preprocess T so as to enable application of the mirror operator, and
then take its mirror. Qur preprocessing consists of canonicalizing T as described in the previous
section. We arbitrarily pick one (unambiguous) version of this process, which (by Theorem 4.15) is
guaranteed to result in a combinational relation structure conformance equivalent to the original:
by Theorem 4.15, canon(T) = fe(afm(OUC(T))) is a combinational relation structure conformance

equivalent to the original T :

(I,0,0, TUV0))y if T'is a combinational autofailure

canon((1,0,5,F)) =
( ) { (I1,0,0UCr0(S) —0UCt o(F),0UCr0o(F)) otherwise

Note that by Lemma 4.16, the canon operator is idempotent.

If T is a combinational relation structure, then the maximal safe environment of 7' is

TMarEne — ir(canon(T))

The following theorems assure us that this formal definition does indeed yield the C-maximal
environment of T' (of those whose S and F sets are disjoint) with which the original combinational
relation structure 7' can be composed failure-free. This justifies calling 795" the maximal safe
environment of 7. We also show that the MazFEnv operator provides a semi-decision procedure for

conformance.

Lemma 4.19 Let T = (I,0,5,F) be a combinational relation structure such that the S-set of

canon(T) is non-empty. Then TM*EM 45 q canonicalized combinational relation structure.

Proof: By Theorem 4.15, canon(T) is a canonicalized combinational relation structure. By

— TMa:UEnv

Lemma 4.17, therefore, mir(canon(T)) is a canonicalized combinational relation struc-

ture as long as the S-set of canon(T') is nonempty. |
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Note that TME?? peed not be a combinational relation structure. This occurs precisely when
canon(T) has an empty S-set: in that case, mir(canon(T)) has an empty P-set and hence does
not obey the receptiveness constraint on P. This is because the S-set of canon(7T) is empty if and
only if the F' and P-sets of canon(T) are equal: by definition of the canonicalization process and
by Theorem 4.15, this in turn occurs exactly when 7 is a combinational autofailure. Hence a
combinational relation structure 7" whose maximal safe environment is not a combinational relation
structure is a combinational autofailure. Similarly, every combinational autofailure has a maximal
safe environment that is not a combinational relation structure. This point will be important for

understanding the interaction between the notions of maximal safe environment and conformance.

Lemma 4.20 If T s a combinational relation structure, then T is a combinational autofatlure if

and only if TMeEY s not a combinational relation structure.

We extend the domain of the relation C to structures of the form (7, O, §, §). These structures have
the form of combinational relation structures, but they are not combinational relation structures
because their P-set is empty (and hence not receptive). We maintain the requirement that only
structures of the same (I, O)-type are comparable using this preorder. Clearly, for all combinational

relation structures T'= (1,0, S, F'),
TEZ(,0,0,0)and (I,0,0,0)E T and (,0,0,0)C (1,0,0,0)

This extended definition is used by the following lemma, which holds for combinational relation
structures T for which TM%Env jg ot a combinational relation structure as well as for those such

that TMerEnv g o combinational relation structure.

Lemma 4.21 Let T' = (1,0,5,F) and E = (0,1, Sg, F'g) be combinational relation structures.
Then
(T N E) is failure-free if and only if E C TMarEnv

Proof:

As discussed above, and formalized in Lemma 4.20, TM57 g not a combinational relation
structure if and only if the F' and P-sets of canon(T) are equal, which occurs if and only if 7" is a
combinational autofailure. By definition of autofailures, this occurs precisely when there exists no
legal environment E of T such that T'N E is failure-free.

If we extend the relation C to such structures (7,0, 0,0), as described above, we derive that if
T is a combinational autofailure then there exists no combinational relation structure £ such that
E C TMazEnv (hecause there exists no non-empty Pg such that Pg C ). Hence if TMEnY i not a
combinational relation structure, then for all environments E of T\ (T'N E) is not failure free and
E iz TMazEnv Hence in this case, TN E is failure-free if and only if £ T 7MaerEny,



CHAPTER 4. VERIFICATION AND SUBSTITUTION 91

If 7MarEnv s 5 combinational relation structure then by Theorems 4.1 and 4.15,
(T'N E) is failure free if and only if (canon(T) N E) is failure free

Let Ty = (1,0, Fy, Py) = canon(T). Then

(T'N E) is failure free (To N E) is failure free
(POQFE) :Q)/\(FODPE):QJ
FECP APECFy

E E mlT(To) — TMa:UEnv

ISR

Therefore TM4EM jg the C-maximal safe environment of 7" having disjoint S and F' sets. We

proceed to use this fact to derive a semi-decision procedure for conformance.

Lemma 4.22 Let T be a combinational relation structure that is not a combinational autofatlure.
Then

(TMa:cEnv)Ma:vEnv — canon(T)

Proof: Let T'= (1,0, F, P) be a combinational relation structure that is not a combinational
autofailure. By Theorem 4.15, canon(T') is a canonicalized combinational relation structure. Because
T is not a combinational autofailure, the S-set of canon(7T) is non-empty. Thus (by Lemma 4.17)
mir(canon(T)) = TMEn ig also a canonicalized combinational relation structure.

Hence in this case

(TMa:UEnv)Ma:UEnv TMa:UEnv))

= mir(canon(
= mur(TMaezEnvy by Lemma 4.16
= mir(mir(canon(T)))

= canon(T)

Theorem 4.23 Let T = (I,O,F,P) and T' = (I,0,F', P') be combinational relation structures
such that the S-set of canon(T') is nonempty. Then

T N (THYMaEY s failure-free == T < T’

Proof: Let T = (I,0,F, P) and T" = (1,0, F', P') be combinational relation structures such
that the the S-set of canon(T") is non-empty. By Lemma 4.21, T' N (T")MazEnv ig fajlure free if and
only if T'C ((T")MaerEnvyMazEnv By [emma 4.22, ((T")MerErv)MazEnv — capon(T").

Let T N (T")MazEnv he failure free. Then by Lemmas 4.21 and 4.22, T' C canon(T"). Thus by
Lemma 4.7, T < canon(T"). By Theorem 4.15, T’ ~ canon(T"). Therefore T < T". |
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As discussed previously, although 7M%7EV jg the C-maximal safe canonicalized environment of 7'
if 1t 1s a combinational relation structure, 1t need not in fact be a combinational relation structure.
This occurs precisely when T' is a combinational autofailure (Lemma 4.20).

By a vacuous application of the definition of conformance, every combinational relation structure
of the appropriate (I,0)-type conforms to a combinational autofailure. Hence a combinational
relation structure 7" whose maximal safe environment is not a combinational relation structure is a
valid specification for all combinational relation structures that have the same I and O sets as 7.

The proof of these facts follows.

Theorem 4.24 Let T = (1,0,5,F) and T = (1,0,5', F') be combinational relation structures. If

(T")yMazEnv s not a combinational relation structure, then T < T".

Proof: Let 7" = (1,0, 5’, F') be a combinational relation structure such that (7")M=£% i not
a combinational relation structure. By Lemma 4.20, this is equivalent to the statement that 7" is a
combinational autofailure.

By definition of a combinational autofailure, for all legal environments F = (O, I, Sg, Fg) of T",
T’ N E is not failure-free.

But then for all combinational relation structures 7'= (I, 0, S, F') it is trivially the case that for
every legal environment F = (0,1, Sg, Fg) of T and T', T' N E is failure-free implies that TN E is
failure-free.

Hence T' < 1", |

Thus all combinational relation structures of the same (I, O)-type whose maximal safe environ-

ments are not combinational relation structures are conformance equivalent.

Lemma 4.25 LetT = (I,0,F,P) and T' = (1,0, F', P’) be combinational relation structures such

that TMazEnv gy (T’)Ma‘”E”” are not combinational relation structures. Then T ~ T".

Proof: Two applications of Theorem 4.24.

The preceding lemmas and theorems provide an effective semi-decision procedure for confor-
mance, assuming one has an algorithm for determining whether or not a combinational relation
structure is a combinational autofailure. As stated earlier;, we have developed such an algorithm and
it will be presented in Chapter 6.

(T/)Ma:vEnv

If T" is a combinational autofailure, then we know that is not a combinational relation

structure, and so by Theorem 4.24, T' < T". If 1" is not a combinational autofailure, we may compute
(T")yMazEnv and we know it will be a combinational relation structure. Then we may check whether
or not TN (T")MarEnv ig failure-free. If it is failure-free, then by Theorem 4.23 it must be the case
that 7' < T". However, if (T")M37E7 i5 a combinational relation structure and 7'M (7")M4*En js not
failure-free, we do not (yet) know whether or not 7' < T".

In the following section, we present the final theorems that describe a full decision procedure for

conformance, by filling in this final case.
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4.2.5 A decision procedure for conformance
4.2.5.1 Introduction

In this section, we prove that there is a unique canonicalized combinational relation structure in each
conformance equivalence class. This defines a canonical element of each such class, and allows the
possibility of working with a reduced circuit algebra consisting only of canonicalized combinational
relation structures.

Furthermore, we prove that for non-autofailure 7", T' < T <= (T N (T")MazEnv) ig failure-free
(Theorem 4.31, below) and T' <X T" <= T C canon(T") (Theorem 4.32 below). These results provide
a decision procedure for conformance. In addition, the latter result clarifies how conformance handles
a | value on an output wire of a specification.

If we work only with canonical relation structures as circuit models and requirements specifica-

tions, these results reduce to the following simple statements:
T =T < (T Nnmir(T")) is failure-free <— T C T’

While maintaining only canonical representations complicates the implementation of the algebraic

operators, the above result leads to a conceptually simpler decision procedure for conformance.

4.2.5.2 Canonical elements

In this section, we prove that there is a unique canonicalized combinational relation structure in each
conformance equivalence class. This defines a canonical element of each such class, and allows the
possibility of working with a reduced circuit algebra consisting only of canonicalized combinational

relation structures.

Lemma 4.26 Fvery conformance equivalence class contains a canonicalized combinational relation

structure.

Proof:
By Theorem 4.15, for all combinational relation structures T' it is the case that canon(T) is
canonicalized and is in the same conformance equivalence class as T. Therefore every conformance

equivalence class contains at least one canonicalized combinational relation structure. |

Theorem 4.27 Every conformance equivalence class contains a unique canonicalized combinational

relation structure.

Proof:
By Lemma 4.26, every conformance equivalence class contains at least one canonicalized combi-

national relation structure.
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Let T = (I,O,F,P) and T = (1,0, F', P') be distinct canonicalized combinational relation
structures. Say without loss of generality that P’ contains at least one input-output combination
that is not contained in P (formally, (P’ — P) # ), or F’ contains at least one input-output
combination that is not contained in F' (formally, (F' — F)) # 0). Then S # §, as F' = P = TUY0)
would not allow P C P’ or F' C F’. We must prove that T £ T".

We will prove that 7" £ T, by exhibiting a legal environment E of T" and 7" such that ENT is
failure-free but E'N7T” is not failure-free.

Let £ = mir(T). By Lemma 4.17 and because S # , £ is a combinational relation structure.
By Lemma 4.18, T'N F is failure-free.

But because (P’ — P) # @ or (F' — F) # 0, we know that PN P’ # @ or FNF' # . Hence T'N E
is not failure-free.

Thus there exists at least one legal environment of 7" and 7" violating the definition of 7’
conforming to T. Therefore TV £ T and so T" 4 T. 1

We call this unique canonicalized element in a conformance equivalence class its canonical ele-

ment. The following fact clarifies the relation between the C ordering and these canonical elements.

Lemma 4.28 FEvery conformance equivalence class contains a unique C-maximal element having

disjoint S and F sets, and that element is its canonical element.

Proof:

By Theorem 4.27, every conformance equivalence class contains a unique canonicalized element.
Therefore it suffices to prove that every C-maximal element of every conformance equivalence class
whose S and F sets are disjoint is canonicalized.

Let T be a combinational relation structure whose S and F-sets are disjoint. Assume that T is
a maximal element in its conformance equivalence class. By construction, T' C canon(T), and by
Theorem 4.15, T' ~ canon(T'). Therefore, T = canon(T). |

Because each conformance equivalence class contains a unique canonical element, we hope to be
able to work solely with these unique representatives. However, in order to do so we need to redefine
our algebraic operators so that the class of canonical combinational relation structures becomes
closed under their application. We do this by redefining the operators to first apply the operation

as previously defined and then canonicalize the result:

e Renaming does not change: if the operand relation structure is canonicalized, the result is as

well.

e Hiding preserves output-upward-closure, but it may convert a non-autofailure combinational
relation structure into a combinational autofailure. Hence after application of the old deletion

operator, we apply autofailure manifestation and failure exclusion to the result.

e Inverse deletion preserves the canonicality of its operand relation structure. Hence it need not

be modified (see next item).
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e Composition may destroy output-upward-closure; it may also create a combinational autofail-
ure from non-autofailure component relation structures. Hence after application of the old

composition operator, we apply the full canonicalization sequence to the result.

Note that although composition is defined to apply both the inverse deletion and the intersec-
tion operators, we need recanonicalize only after application of intersection, the final step of

the previously defined composition operator, as inverse deletion preserves canonicality.

We know that canonical relation structures are isomorphic to full conformance equivalence classes:
each conformance equivalence class and its canonical element are in one-to-one correspondence. We
prove that conformance equivalence is a congruence for circuit algebras. This allows us to define
the quotient of the circuit algebra of combinational relation structures with respect to conformance

equivalence, and tells us it is also a circuit algebra.

Theorem 4.29 The class of canonical combinational relation structures, together with the new op-

erator definitions, forms a circuit algebra.

Proof:

We first prove that conformance equivalence is a congruence for circuit algebras. This proof is
precisely the proof of Lemma 4.25 on p. 69 of [61]:

We must prove that if 71,77, 7> and T are combinational relation structures such that 7 ~ T
and Tp ~ T4, then (T || T2) ~ (Y || T4), del(D)(T1) ~ del(D)(TY), and ren(r)(T1) ~ ren(r)(T}).
The first follows from four applications of Theorem 4.6, the second follows from two applications
of Theorem 4.5, and the third follows from two applications of their obvious counterpart for the
renaming operator. |

By results of algebra, the fact that ~ is a congruence allows us to define the quotient of the
circuit algebra of combinational relation structures, and guarantees that the result is also a circuit
algebra. More concretely, this proves that we may work solely with canonical combinational relation

structures, while still depending on the truth of the circuit algebra axioms.

4.2.5.3 The conformance check

We now derive two distinct presentations of a decision procedure for conformance. The former will
prove to be most useful for deciding conformance relative to an environment (Section 4.3); the latter

will clarify how conformance handles a L value on an output wire of a specification.

Lemma 4.30 Let T" be a canonical combinational relation structure. Then
T<T =TCT

Proof:
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The lemma holds trivially if the S-set of 7" is empty, because in that case 7" is a combinational
autofailure and so its F' and P-sets are universal (F’ = P’ = 7UV0)),

We now consider the case in which the S-set of 7" is nonempty:

Let T = (I,O,F,P) and T = (I,0,F’, P') be combinational relation structures such that
T" = canon(T") and 5" # . Let T" < T”. Then for all legal environments £ = (O, I, Fg, Pg) of T
and T, T" N E being failure free implies that 7'N E is failure-free.

By Lemma 4.17, mir(7T”) is both canonical and a combinational relation structure. Therefore it
is a legal environment of 7".

By Lemma4.18, T Nmir(T") is failure-free. Therefore by Theorem 4.1, T'Nmir(T") is failure-free
as well. By Lemma 4.21, it must therefore be the case that 7' C (mir(1"))MazEny,

(mir(T"))Me=Env = mir(canon(mir(T")))
= mir(mir(T")) by Lemmas 4.16 and 4.17
= T
Thus T C T". Therefore T < T' =T C T". |

Theorem 4.31 If T = (I,0,5,F) and T" = (I,0,5', F') are both combinational relation struc-

tures, and 1" is not a combinational autofailure, then
T <T" = (T N (T)MTEY) s failure-free

Proof: Let T = (1,0, S, F') be a combinational relation structure. Let 77 = (1,0,5, F') be a
non-autofailure combinational relation structure.

By Theorem 4.23, if (T'N (T")M*En) is failure-free then T' < T".

We must prove that if 7 < 7", then (T'N (T")M3Env) is failure-free.

Let T'< T". By Theorem 4.15, T ~ canon(T") and canon(T") is indeed canonical.

Let T} = canon(T”). By Lemma 4.30, T'C T}.

By Lemma 4.22, T} = ((T")MazEnv)MazEnv,

Therefore by Lemma 4.21, T' T T} implies that T' N (T")M% 7 ig failure-free.

Therefore T < T" = T N (T")Ma=Env i failure-free. |

The preceding theorem provides a decision procedure for checking conformance: it fills in the
missing piece from the semi-decision procedure described at the end of Section 4.2.4. This decision
procedure requires that we be able to effectively determine of a relation structure 7" whether or not
it is a combinational autofailure. We have not yet presented an effective algorithm for doing so;
however, we have developed such an algorithm. It will be presented in Chapter 6.

The decision procedure for checking conformance that has been completed by the preceding
theorem is the following. In order to check whether or not T' < T”, we first determine whether or not

T" is a combinational autofailure. If 7" is a combinational autofailure, then 7' < 7" by Theorem 4.24.
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Otherwise, we compute (1) E7v We then check for emptiness of the F-set of T'N (T)Mazknv . if
it is empty, 7' < 71", and otherwise not.

The following theorem provides an alternate presentation of the same decision procedure. It
clarifies precisely how conformance handles a 1 value on an output wire of a specification, as

explained below.

Theorem 4.32 Let T = (1,0, P) and T' = (1,0, P') be combinational relation structures. Then
T<T <= TC canon(T")

Proof:

e (=) :Let T <T'. By Theorem 4.15, 7" ~ canon(T"). Hence by Theorem 4.15 and Lemma 4.30,
T C canon(T"). |

o (<) :Let TC canon(T"). By Lemmad4.7, T < canon(T"). But by Theorem 4.15, canon(T") ~
T’. Therefore T < T". |

The preceding theorem appears to provide an alternate decision procedure for checking confor-

MazEnv pequires us

mance. However, the two procedures are effectively equivalent. Computing (7")
to compute T} = canon(T”), and the method by which we check whether T'C canon(7T") = T} is to
check whether P N Fé =@ and FFN Fé = (), that is to say, whether T'N (T")Ma®Env ig failure-free.
Hence the two theorems emphasize distinct views of the same conformance decision procedure.

The second theorem clarifies that the appearance of a | value on an output wire in a specification
indicates that any of the values 0, 1 or L may appear in its place in the allowed implementations. Be-
cause canon(T") is output-upward-closed, a L-value on an output wire of 7" cannot be distinguished
from the availability of all three wire value options on that wire in 7”, when deciding whether or not
T=<T.

By Theorem 4.29, the class of canonical relation structures together with the adapted algebraic
operators forms a circuit algebra. Thus we may choose to maintain all combinational relation
structures in canonicalized form, in which case the results of Theorems 4.31 and 4.32 reduce to the

following simple statements:
T =T < (T Nnmir(T")) is failure-free <— T C T’

While maintaining only canonical representations complicates the implementation of the algebraic

operators, the above result leads to a conceptually simpler decision procedure for conformance.
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4.2.6 Examples

In this section we present some examples which illustrate the conformance relation and its use in
hierarchical verification.

The first example (Example 4.1) continues our development of the gated ring oscillator example,
introduced in Section 3.2.2. It substantiates the claim made there: combinational relation structures
can represent the gated ring oscillator of Figure 3.1 sufficiently accurately to avoid the false positive
verification result we derived using the Boolean relation representation.

In Example 4.2 we illustrate how a nondeterministic specification allows multiple correct imple-
mentations. We provide a nondeterministic specification and enumerate its correct implementations.
In Example 4.4, we sketch a small example of the use of hierarchical verification.

In Example 4.3 we discuss how to most accurately represent a selector that is implemented by
pass transistors. Combinational relation structures are not intended to handle such switch-level
concerns as the bidirectional electron flow which may occur as two nodes stabilize to a newly-
unified unipotential region. However, that concern arises in considering this circuit. This example

graphically illustrates the fundamental need for F-sets in our models.

Example 4.1 Gated ring oscillator:
Consider again the circuit depicted in Figure 3.1 on page 54. This circuit is a gated ring oscillator
that consists of a nand-gate and a non-inverting buffer composed together into a loop. In Example 3.6

on page 72, we provided a combinational relation structure representation of this circuit:
Toro = (I ={a},0={b,¢}, S = {abe, Lobe,alyl., LoLyl,, LoLlye}, F =0)

In our discussion of the Boolean relation representation of this circuit, we clarvmed that the com-
binational relation structure representation can be used to correctly show that this circuit, packaged
so that the wire labeled ¢ s an internal node rather than a primary output, is not a correct imple-
mentation of an inverter specification. However, only now do we have the tools to show that this s
the case.

We retrieve from Erample 3.6 the combinational relation structure representation of the newly

packaged circuit that we previously constructed:
TCircuit — del({c})(Tgm) = ({Cl}, {b}a {Eba J—aba aJ—ba J—aJ—b}a m)

A combinational relation structure representation of the inverter specification appears in Eram-
ple 3.1:
TSpec =Tipy—ap = ({Cl}, {b}a {Eba Clg, J—aJ—ba J—aba J—ag}a m)

In order to check whether or not T'cireust = Tspec, we canonicalize Tspe. and then determane

whether Teireuir T canon(Tspe.). In this particular case, both the specification and its potential
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implementation have empty F-sets. Therefore they cannot be combinational autofailures, and so
(Tspec)M”E”” is a combinational relation structure. In addition, T" = canon(Tspec) = Tspec, as
Tspec 15 already output-upward-closed.

Because the behavior aly appears in Pojyeyir but not in P’ the set of possible behaviors of T, we
conclude that Tejreuie L T', and hence Toircuit A Tspec. In other words, this circuit is not a correct
implementation of the inverter specification. This result is accurate for precisely the reason implied
by the combinational relation structure representations: in the actual gated loop circuit, on input
value a = 1 the node b oscillates rather than stabilizing to the value 0 as required by the inverter

specification.

In the following examples we utilize a succinct notation for relations between wire values that
is less unwieldy than the explicit lists of extended monomials used in previous examples. In this
notation, we present the relation as an equation or set of equations between wire values. The value
on node e is represented by v.. In these equations, conjunction i1s implicit, and binds tighter than
disjunction, which is represented by the symbol +. Other standard Boolean logic symbols may also
appear in these equations: @ for exclusive-or, & for equivalence (NXOR), etc.

The relation refers only to Boolean values; the intent is to extrapolate to our ternary domain
of wire values by expanding the indicated Boolean relation to its standard ternary extension, and
then expanding the relation further by adding those behaviors necessary to make it input-downward-
closed. By analogy to the OUCT o operator, we define an I1DCT o operator that adds to its operand
set precisely those elements necessary to make the set input-downward-closed. In the case of a com-
binational relation structure with a non-empty F'-set, we independently apply the IDCT o operator
to the standard ternary extension of the relations given for the F-set and the P-set. Then we assign
to the new S-set all those elements of the newly expanded P-set which do not appear in the newly
expanded F-set. Because subsequent canonicalization would delete the other new elements from .S
(via failure exclusion), there is no loss of generality in this approach. Of course, not all combinational
relation structures can be described in this way, as this is not the only option available in creat-
ing combinational relation structure representations of specifications and circuits. In Examples 3.4
and 3.5, for example, F'-sets are larger than indicated by the above mapping process. However, we
have just outlined one possible systematic way to create combinational relation structure models
from Boolean descriptions.

We may mix and match the new and old notations, representing some portion of a ternary-
domain relation as an explicit set of extended monomials and another part as an equation. Note
that where we mix the equation notation and the monomial notation in a behavioral description,
we intend to denote the input-downward-closure of the standard ternary extension of the relation
described by their union.

In addition, we may sometimes employ a shorthand in presentation of the relations between wire

values, in which wire value indicators are replaced by the relevant wire names. For example, if v,
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denotes the value on the node labeled e, the equation e = ab + ¢d is shorthand for the relation

Ve = VaUp + VeVgq.

Example 4.2 The specification
Tspee = (I = {a,b,e,d},0 = {e},S = ((e = ab+ cd) U {abede}), F = )

allows the output wire e to stabilize to either 0 or 1 if the input wires all have value 0. However, an
implementation satisfying this specification may be deterministic, and settle to a specific predeter-
mined value in this case. A correct implementation Trmpr = (I, 0, Simpt, Frmpt) = Tspec must have

Frompr = 0, but may take any of the three forms
® Stmpt = Sspec
® Simpr = (e = ab+ cd), or
® Simpi = (e = ab + cd + @bed).

For ezample, T' < Tspe. for the combinational relation structure

T= del({f, g})(Tnand—abf || Tnand—cdg || Tnand—fge)

[which represents the circuil] illustrated in Figure 4.1.

DSt
Bt
D

Figure 4.1: One possible implementation of an example nondeterministic specification

In our next example we consider the case of a selector with two select lines and two input data
lines. Under accepted normal operating conditions, such a circuit should never receive the value 1
on both its select lines simultaneously. If the circuit employs pass transistors, the effect of holding
both select lines high may be to unify the data_in lines and the data_out line into a single node
(so that their values stabilize as a unipotential region). This can have undesirable effects on the
logic ostensibly driving the data_in lines. Such a situation may cause actual circuit behavior that
is inconsistent with our model, so it is necessary to disallow it in order to preserve the integrity of
the model.

Stating the allowed environments of a circuit can be a critical part of its modeling. At the same

time we realize that a circuit model does not have the authority to control its environment — only
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to state explicitly the class of environments over which an acceptable implementation is guaranteed
to behave according to the specification. The F'-set expresses this restriction without implying that
a circuit may control its own environment.

Use of the F'-set to express the situation described above is akin to its use in the asynchronous
trace theory to express hazards [61]. In both cases, the F-set makes explicit the limits of the level
of abstraction employed by the model. Its use indicates where the model breaks down because of an
inability to describe certain low-level electrical phenomena.

Note also that this use of the F-set clarifies why we have defined composition to maximize the
F-set of a composite relation structure. When we compose a relation structure representation of the
selector together with a relation structure representation of any logic driving the select lines, the
F-set of the composite relation structure should and does contain all value combinations in which
both select lines are held high. Thus failure marking is propagated out to the periphery of the

composite circuit.

select 0 \l/ \l/ select 1 a\l{ \I{ b
data in0|s0 sl X |0 st
do t data_out do | IR
data inl ou y ou
—|d1 —=ld1

Figure 4.2: Selector circuit and relabelled version

Example 4.3 The following combinational relation structure is a requirements specification for a
selector with two select lines and two input-data lines, as illustrated in Figure 4.2. In order to
slightly compress its presentation, we have labeled the select O line as the shorter a, select_1 as

b, data_in0 as x, data_inl as y, and data_out as z.

Tsel—spec = ({Cl, ba €T, y}a {Z}, Ssel—speca Fsel—spec)

where

Ssel—spec = (2 = abx + aby) U {EEXnyXZ}

and
Fsel—spec = {abeXsz}

In reading this description, recall that where we mix the equation notation and the extended
monomial notation in a behavioral description, we intend to denote the input-downward-closure of

the standard ternary extension of the relation described by their unton. In this case, for example,

{EJ—beXsza J—aEXnyXz} g Ssel—spec
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because these terms are in the input downward closure of {EEXnyXZ} C Ssei—spec. Later we wall
see examples in which the standard ternary extension of the parts of S denoted via distinct kinds of
notation is a proper superset of the union of the two parts’ standard ternary extensions. As explained
earlier, in this case we intend our mized notation to denote the larger set.

An implementation may make an arbitrary choice about what value to output on the wire z when
both select lines are low. This is because any environment in which such an implementation is placed
should not sample the data output by the selector under those circumstances. This is expressed by
the inclusion ofEEXnyXZ in Ssel—spec-

A selector should never be asked to handle a situation in which both select lines are held high.
Fundamentally, the specification of a selector function disallows this situation, even though techni-
cally a circuit cannot control its environment. As discussed above, actual selector circuits may not
be physically equipped to handle the consequences of both select lines being held high; despite this
they are considered correct implementations of this specification. Thus all behaviors in which both
select lines are high may be failure behaviors, and s0 Foei—spec = {abX o Xy X, }.

The selector specification should admit implementations that make arbitrary choices about what
to do when both the select lines are held low. In addition, an itmplementation may in fact be able
to handle both select lines being high, if the values on the two input data lines are the same. For
example, when both select lines are held low, an implementation may set z = x or z =y or z =0
or z = 1. When both select lines are held high and x = y, an implementation may set z = x, and
contain abzryz and abTYZ in its S-set (or it may contain them in its F-set). All eight of these

possible implementations are allowed by the specification as given.
Finally, we present a small example of hierarchical verification.

Example 4.4 We would like to develop a new kind of selector, one that sets its data_out value to
the value on data_inO if the input wires ¢ and d have the same value, and sets its data_out wvalue
to the value on data_inl if the wmput wires ¢ and d have distinct values. We can eastly construct
such a circuit by hooking up some sitmple combinational logic to any correct implementation of the
selector specification described in the previous example. Thus the following combinational relation

structure expresses our new specification:

Tspec = del{a, b}(Txor—cdb || Tim/—ba || Tsel—spec)

where Tyor_cqp 15 a combinational relation structure representing an exclusive-or gate with inputs c
and d and output wire b, and Tipy_pq 15 a combinational relation structure representing an tnverter

with input wire labeled b and output wire labeled a. Recall that

Tsel—spec = ({Cl, ba €T, y}a {Z}, Ssel—speca Fsel—spec)
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1s the selector specification of Example /.3, in which the wire names a and b are shorthand for
the pins select 0 and select_1, respectively, the wire names x and y are shorthand for the pins
data_inO and data_inl, respectively, and the wire name z ts shorthand for the data_out pin.

In hierarchical verification, we verify that our implementations of Tiny_ta, Twor—cap, and the
selector all conform to their respective specifications. We may then conclude that their composition,
with the wires labeled a and b packaged as internal nodes rather than primary outputs, meets the
specification given above. If we later choose to exchange the selector circuit we chose for another,
Tsei—impi—2, 1t suffices to verify that Tsei—impi—2 = Tsei—spec 10 order to conclude that the full new

circuit is a correct implementation of the full specification.

4.3 Substitution for combinational circuit models

4.3.1 Introduction

Many hardware design problems require the designer to determine the advisability of replacing one
subcircuit by another. Problems such as optimization of a multi-level logic network during logic
synthesis, or rectification of an already-existing circuit to meet an altered specification, fall into this
class.

In this section we address the problem of determining the correciness of replacing one subcircuit
by another (or of designing a particular subcircuit for which there is no predecessor), relative to a
given specification for the behavior of the full circuit. We utilize our previous results to derive a full
general characterization of all allowed substitutions for a subcircuit or subcircuit specification.

The notion of the maximal safe environment of a combinational relation structure can be used to
determine those relation structures that can be safely substituted for a component of a predetermined
circuit. We seek to determine the correctness of a circuit with respect to, or relative to, a given
predefined environment.

We define correctness with respect to an environment using expression contexts as defined early
in Section 4.2.2. An expression context is a circuit algebra expression with a single free variable
a [61]. The (I,0)-type of & must be known, and is referred to as (I, Og). If we replace « in this
expression by a combinational relation structure (I, Og, S, F'), the result denotes a combinational
relation structure.

Formally, we define correctness with respect to an environment as follows. For combinational
relation structures 77 = (1,0, 58", F')and TV = (I, 0, 5", F""), we say that T” is a correct substitution
for T" with respect to an environment F, written 77 <g 7" if and only if F[«] is a legitimate
expression context such that I, = I and O, = O, and E[T"] < E[T"].

If T = E[T"] is the original circuit, and 7" the part thereof for which we wish to substitute
something new, we seek a decision procedure that will tell us whether 7" is a correct substitute for

T"" with respect to E. The following subsection provides such a decision procedure.
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4.3.2 The closed-form solution

In this section we present a closed form solution to a slightly more general problem than that
described above. We require only that the specification have the same (I, O)-type as the surrounding
context of the subcircuit to be replaced. This more general problem definition lends itself to a
recursive solution, of which our original problem’s solution is a special case.

In order to define this closed-form solution we utilize the following recursive function f. This
function effectively peels away the surrounding environment specification from around a subcircuit,
the allowed replacements for which we seek to characterize. It recursively derives a most general
characterization of the allowed substitutions into the designated “location” in the environment that
is its first argument, such that the substitution meets the specification which is its second argument.
Theorem 4.33 below states that the function defined below does indeed correctly derive the result
just described.

The auxiliary function f i1s inductively defined as follows.
o fla, TV =T

o f(del(D)(T2[a]), T) = f(T3[a], del5 (D)(T))

o, T4« TA=) if T is a combinational autofailure (CAF)
a0, 0) if del(A — Aq)(TMa=Env || Ty) is a CAF
f(Ta[a], (del(A — Ag)(TMaxEnv || 3))MazEnvy  otherwise

(15 || T2[a], T)

where A, = I; U O,. In the third case, the intent is that the earliest applicable option among
those listed be taken.

The operation delal(D)(T) adds the wires D to T' as new output wires taking arbitrary values.
In effect, 1t allows for uncontrolled output values. Note that although we did not previously give
it a name, we have already used this construction: in the proof of Lemma 4.3. Clearly the result
of applying this new operator to a combinational relation structure is also a combinational relation
structure. In fact, it preserves canonicality.

In order to interpret the results of applying f, we extend the domain of the < relation, specifying

that for all combinational relation structures 7'= (I, 0, S, F'),
T ﬁ (I’ O’ @, @)

Note that this is consistent with the extension we made to the domain of the C relation in Sec-
tion 4.2.4.
This extension is necessary to handle the third induction case of the theorem below, in which

it can happen that (del(A — Aq)(TMaxEnv || T3))MasEnv i not a combinational relation structure
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because del(A — Ag)(TM*Env || T3) is a combinational autofailure. In that case, the inductive
definition effectively states that there exists no combinational relation structure 7" meeting the
criterion that To[T"] =< T in the original statement of the theorem. The intuitive reason that such
a case might arise is that the global specification 7" and that part of the full circuit whose form
is already determined (73) may be mutually incompatible. Given the extension defined above, the
induction result can state this cleanly: in such a case, the end result of applying the function f is
the structure (7,0, 0,0), which indicates unambiguously that there is no possible 7" that can be
substituted as described.

Theorem 4.33 If T = (1,0,5,F) and T" = (14,04, 5", F') are combinational relation structures,
and Ty[] is an expression context of type (I,0), then

T[T 2T iff T" < f(Tola], T)

Proof: The proofis by induction on the structure of Ty. Some of the lemmas on which i1t depends
have not yet been presented; their statements and proofs appear in Section 4.3.3.

Base case: Let Ty[a] = . Then the statement of the theorem reduces to
T <Tift 7" < f(Tole], T)= f(a, T)=T

which is self-evident.
Induction cases:
Case: Ty[a] = del(A1 — Ag)(E1[a])
The induction hypothesis is that

VI T BT =< T i T' < f(Ey[a], T")

Now
To[T/] j T <— del(A1 - AO)(El[T/]) j T Note that Ao =A
< E[T"] < delj; (A — A)T) by Lemma 4.40
— T =< f(F1]a], delal(Al — A)(T)) by the induction hypothesis

= f(del(A1 — A)(E1[a]),T)
= f(Tole], T)

Case: Ty[a] =15 || (E1[«])
The induction hypothesis is that

VI T BT =< T it T < f(Ey[a], T")

If T is a combinational autofailure, then by Lemma 4.20, 7M7Y js not a combinational relation
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structure. Therefore, by Theorem 4.24, To[T"] < T. In that case
F(Tole], T) = f(To || (Br[o]), T) = (In, Ou, T, T)

and so (again by Theorem 4.24) T" < f(Ty[a], T).
If 7" is not a combinational autofailure, and (del(A—Al)(TM“”E”” [ Tz))Ma"'”E”” is a combinational

relation structure, then

OT=xT = T (ET)=T

Ml (T, || (B[T7])) is failure-free (FF) by Theorem 4.31
 [MazBne | (T || (BL[T"])) is FF Note: A = As U A,
—  (TMasEnv || Ty || (E[T]) is FF composition axioms
< (del(A — Ap)(TMEnv || Ty)) N (EL[T"]) is FF by Lemma 4.2
<= (canon(del(A — Ay )(TMa=Em || Ty))) N (FL[T]) is FF by Lemma 4.41
= ((del(A - Al)(TMa:cEnv I TZ))Ma:UEnv)Ma:UEnU N (ELT)

is failure free by Lemma 4.22
< E[T"] < (del(A — Ay)(TMazEnv || 1)) MazEnv by Theorem 4.31
e T' =< f(Ei[a], (del(A — Ay)(TMawEnv || 1)) Mazbnvy induction hypothesis

The use of hiding (del) in this case is legal, because (A — A1) C O(TMWUEMHTQ)' This follows
from the original statement that 75 || (E1[T"]) < T, which implies that A = (A2 U A;) and I =
(i NI2) U(A; — A2) U (A2 — A1)). The result follows specifically because O(TM“UE””HTQ) =0,Ul
and A —A; = As — Ay = (02— I1) U (I3 — A1) : because of these facts, we only need to prove that
I, — Ay C Oy U1, which is clearly equivalent to Is — A; C I, which follows from the expansion of 7,
above.

It can happen that (del(A— Ay )(TMasEnv || Ty))MazrEnv g not a combinational relation structure
because del(A — Ay )(TM*Emv || Ty) is a combinational autofailure. The proof for that case follows.

If T is a combinational relation structure that is not a combinational autofailure, but
del(A — Ay)(TMeEm || 1)

is a combinational autofailure, then

T[T =T = || ET)=T
> TMarEnv (T, || (Eq[T"])) is failure-free (FF) by Theorem 4.31
= TP (T || (BA[T]) is FF Note that 4 = 4, U,
(TMazEnv || 7y) || (Eq[T7]) is FF composition axioms
—

(del(A — Ay)(TMowEre || 7o)y N (B4 [T7]) is FF by Lemma 4.2
If del(A — Ay)(TMaEnv || Ty) is a combinational autofailure, then there exists no such E4[T"],
i.e., no E1[T"] such that (del(A— Ay ) (TMeEm || To))N(E([T"]) is failure-free. Therefore, To[T"] £ T.
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In addition,
(del(A — Ay )(TM=Em || Ty)) N (EL[T7]) is failure-free <= T" < (Ia, Oq, 0,0)

because both sides of this “if and only if” statement are false.

But of course in this case

F(Ta || Eila], T) = (Iy, Oy, 0,0)

Therefore
To[T/] j T <— T/ j f(T2 || El[a],T)

and so the theorem is proved for this final case as well.
Hence in all cases, Tp[T"] < T if and only if T < f(To[a], T). |
We may now use the function f to derive the solution to our original subcircuit substitution
problem. The following theorem states that those 7" such that 77 < f(E[a], E[T"]) are precisely
the acceptable substitutes for the subcircuit 7.

Theorem 4.34 If Fla] is an expression context and T = (Iy,04,S", F") is a combinational

relation structure, then for all combinational relation structures T' = (1o, Oq, S', F'),
T =g T" <= T < f(Ela], F[T"])

Proof: Let Ty = F and T = E[T"]. The result then follows from Theorem 4.33. 1

Note that it follows from Theorem 4.33 that it cannot happen that f(E[a], F[T"]) = (Is, Oa, 0,0).
This is because such a case arises only if some component of E[«] is incompatible with the global
specification, which in this case is E[T"]. But if 7" is a combinational relation structure of the correct
(Io, Og)-type, and E[a] really is a legitimate expression context, then E[T”] must be compatible with
the requirements imposed by its own components. Hence, if it does happen that f(E[a], E[T"]) =
(Ia,04,0,0), then E[T”] is not a combinational relation structure. In that case, 77 Ag T" for all
relation structures 7”. In particular, in this case 7" may not be substituted for itself in ', because
either ' is not a legal expression context (and so <g is not defined), or 7" is not a combinational
relation structure.

In the remainder of this section, we present and prove the remaining supporting lemmas used in
the proof of Theorem 4.33 (Section 4.3.3), and provide further discussion and examples of relevant

applications of this theorem (Section 4.3.4).

4.3.3 Supporting lemmas

In this section, we present and prove Lemmas 4.40 and 4.41, the remaining supporting lemmas used

in the proof of Theorem 4.33 in Section 4.3.2. Their own supporting lemmas precede them.
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Lemma 4.35 Let T' = (I,0,5,F) be a combinational relation structure. Let (DN (I'UO0)) = 0.
Then there exists a combinational relation structure . = (O,1,Sg, Fg) such that T N E is failure
free if and only if there exists a combinational relation structure E' = (OU D, I, Sg/, Fgr) such that
delal(T) N E' is failure free.

Proof: Let T'=(1,0,5, F) be a combinational relation structure and (D N (7 U O)) = 0.

o (=)
Let E = (0,1,Sg, Fr) be a legal environment of T such that 7'N F is failure free.
Let B/ = del™'(D)(FE). We proceed to prove that delal(D)(T) N E’ is failure free.
The F-set of dely'(D)(T) N E' is

[(del" (D)(F) N del™ " (D)(Pg)) U (del= (D)(P) N del™" (D)(Fg))]

Say z € (del=(D)(F) N del_l(D)(PE)). Then z = (w U g) for some w € TUYO) and g € TP,
Thus w € (F'N Pg). But by assumption, 7' N F is failure-free. Therefore there exists no
such w, and hence no such z. Because the identical argument works for 2/ € (del=1(D)(P) N
del_l(D)(FE)), we conclude that

[(del= (D)(F) N del™ " (D)(Pg)) U (del" (D)(P) N del™" (D)(Fg))] = 0

Therefore delal(D)(T) N £’ is failure free.

Thus we have proved that there exists a legal environment E’ of delg'(D)(T) such that
del5 (D)(T) N E' is failure free. 1

[ ] (<:) :
Let B/ = (OUD,I,Sg:, Fg) be a combinational relation structure such that delal(D)(T)ﬂE’

1s failure free.

Let £ = (O,1,del(D)(Sg'), del(D)(Fg+)). Note that E # del(D)(E'). However, a simple
calculation, based on the assumption that E’ is a combinational relation structure, shows that

E is a combinational relation structure: it is input-downward-closed and has a receptive P-set.
We proceed to prove that TN E is failure free.

Say not. Then there must exist z € ((FN Pg)U (PN Fg)). Say without loss of generality that
z € (F N Pg). Because z € P, there must exist ¢ € 72 such that (zU¢q) € Pg:. Since for any
qo € TP it is the case that (2 U o) € del_l(D)(F), it is true for qp = ¢ as well. Therefore
(zUq) € (del™*(D)(F) N Pg). But then (2 U gq) is in the F-set of delal(D)(T) N E’, which by
assumption is empty. Therefore there can be no such z, and so (F' N Pg) = 0. A symmetric

argument shows that (P N Fg) = § as well, and so 7' N E is failure free.
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Thus we have proved that there exists a legal environment E of 7" such that 7'N £ is failure
free. 1

QED Lemma 4.35

Lemma 4.36 Let T' = (I,0,5,F) be a combinational relation structure. Let (DN (I UO0)) = 0.

Then T is a combinational autofailure if and only if delal(D)(T) is & combinational autofailure.
Proof: This follows directly from Lemma 4.35.

Lemma 4.37 Let T'= (1,0,5,F) be a combinational relation structure, and let (DN (I U0O)) = 0.
Then
dely (D)(OUC(T)) = OUC(dely' (D)(T))

Proof:

Let ¢ € del™"(D)(OUCro(F)). Then ¢ = (z Uy) for some ¢ € T and y € 7(OUP). Let
z = del(D)(y) and w = del(O)(y). Then (¢ U z) € OUCt o(F'). Therefore there must exist 2’ < z
such that (U z") € F. But then (x U (w U 2")) € del™*(D)(F), and

g=(zUy)=(zU(wUz2)) € OUCL(OUD)(del_l(D)(F))

Therefore del™' (D)(OUCy,0(F)) C OUC; (oupy(del " (D)(F)).

Let s € OUC’IV(OUB)(del_l(D)(F)). Then s = (x Uy) for some 2 € 71 and y € g(ouD),
Furthermore, there exists y < y such that (z Uy') € del™'(D)(F).

Let 2z = del(D)(y'). Then (x Uz") € F. Let z = del(D)(y) and w = del(O)(y). Because y' < y,
it must be the case that 2’ < z. Therefore (¢ U z) € OUCT,o(F). But then

s=(xUy)=(xU(zUw)) € del_l(D)(OUCIVO(F))

Therefore OUC (oup)(del™ (D)(F)) C del”"(D)(OUCr0(F)).
Therefore del_l(D)(OUCIVO(F)) = OUC’IV(OUB)(del_l(D)(F)). The same proof holds with F
replaced by S or P.

Hence

OUC/(dely' (D)(T))

(I,0U D,0UC (oup)(del " (D)(S)),0UCt (oup)(del ™" (D)(F)))
= (I,0U D, del™ (D) (OUCr,0(5)), del™' (D)Y(OUCy o(F)))
del;(D)(OUC(T))

QED Lemma 4.37

Lemma 4.38 Let T'= (1,0, F, P) be a combinational relation structure, and let (DN (I UO)) = 0.
Then
delal(D)(canon(T)) = canon(delal(D)(T))
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Proof:
We consider two cases. In the first, both 7" and del5'(D)(T) are combinational autofailures. In

this case,

dely (D) (canon(T)) del5 (DY((1,0,F = T4, P = T4))
(I, ou D, F = ’T(AUD)’ P = /]’(AUD))

canon(delal(D)(T))

By Lemma 4.36, the sole remaining case is that in which neither 7" nor delal(D)(T) Is a combi-

national autofailure. In this case,

dely (D) (canon(T)) = (I,0U D, del™" (D)(OUC o(F)), del™ (D)(OUC1.0(P)))
= delp (D)(OUC(T))
= OUC(dely' (D)(T)) by Lemma 4.37
= (I,0UD,0UCq oup)(del” (D)(F)),0UCt oup)(del” " (D)(P)))
= canon(delal(D)(T))

Note that the S sets of both delal(D)(canon (7)) and canon(delal(D)(T)) are equal to their
common P set minus their common F' set, and are therefore equal to each other. Thus there was

no need to mention failure-exclusion explicitly in the equations above. |

Lemma 4.39 Let T = (I,0,F, P) be a canonical combinational relation structure, and let (D N
(TUO)=0. Then
del_l(D)(mir(T)) = mir(delal(D)(T)

Proof:
del™ (D) (mir(T)) = del”"(D)((0,1,P,F))
= (OUD,I,del” " (D)(P), del” " (D)(F)
= (OUD,I,del” " (D)(P), del” " (D)(F))
= mir((I,0U D, del™ (D)(F), del™'(D)(P))
= mir(dely (D)(T))
1
Lemma 4.40 Let T = (I,0,F, P) be a combinational relation structure. Let D C O. Let T' =
(I,(O = D), F',P") be a combinational relation structure. Then
del(D)(T) < T' <= T =< delg (D)(T")
Proof:
If (1")Me=Env s not a combinational relation structure, then by Theorem 4.24, del(D)(T) <

T’. At the same time, 77 must be a combinational autofailure. But then by Lemma 4.36, so is
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delal(D)(T’). Therefore (delal(D)(T’))M“”E”” is also not a combinational relation structure, and
so (again by Theorem 4.24), T' < dely'(D)(T"). Therefore in this case del(D)(T) < T' <= T <
del5 (D)(T).

If, on the other hand, (7")M%£"% is a combinational relation structure, our reasoning is as
follows. According to Lemma 4.2, del™*(D)((T")M*Er) AT is failure-free if and only if (7)Me=Ervn
del(D)(T) is failure-free. By Theorem 4.31, since (7")M% £ is a combinational relation structure,
(T"yMazEnv y del(D)(T) is failure-free if and only if del(D)(T) < T".

(T")yMazEnv s a combinational relation structure, 7" is not a combinational autofail-

Because
ure. Hence by Lemma 4.36, delal(D)(T’) is also not a combinational autofailure. Therefore
(delal(D)(T’))M“”E”” is a combinational relation structure too. Therefore, again by Theorem 4.31,
(delal(D)(T’))M“”E”” N T is failure-free if and only if T < delal(D)(T’).

Therefore in order to prove that del(D)(T) X T <—= T =< delal(D)(T’), it suffices to prove that

del—l(D)((T/)Ma:cEnv) — (delal(D)(T/))MaxEnv.

del™H(D)((T"YMazEnvy = del™ (D) (mir(canon(T")))
= mir(delal(D)(canon(T’))) by Lemma 4.39
= mir(canon(delal(D)(T’))) by Lemma 4.38
= (delGH(D)(T)) MesEne

Therefore in all cases, del(D)(T) < T' <= T < delal(D)(T’). |

Lemma 4.41 Let T and T' be combinational relation structures such that T || T is well-defined.
Then
T || T is failure-free <= canon(T) || T is failure-free

Proof:
By Theorem 4.15, T' ~ canon(T). Therefore, by two applications of Theorem 4.4, for every
T’ a combinational relation structure such that O N O’ = §, T || T” is failure-free if and only if

canon(T) || T' is failure-free. |

4.3.4 Applications and Examples

In this section, we have addressed the problem of determining the correctness of replacing one
subcircuit by another (or of designing a particular subcircuit for which there is no predecessor),
relative to a given specification for the behavior of the full circuit. Our solution to this problem
provides a more general solution than has previously been available for existing problems in the
areas of logic synthesis and rectification.

In this subsection, we provide examples of how our results can be applied to known problems
in hardware design, and how they generalize the known solutions to these problems. The main

result of the previous subsections provides a fully general behavioral characterization of the allowed
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substitute circuitry for a subcircuit. We show how this information is useful for logic synthesis
(Section 4.3.4.1) and rectification (Section 4.3.4.2).

4.3.4.1 Logic Synthesis

The optimization problem for logic synthesis in which we are interested is that of determining
the precise parameters of an acceptable substitution for a subnetwork. Our formalism turns out
to provide an exact method for the determination of don’t cares in multiple-vertex optimization,
that takes into account output correlations. In addition, the same description indicates what the
substitution circuitry must do.

Given a logic network representing a multiple-level combinational circuit, the logic optimization
problem is to optimize one or more nodes of the network according to cost metrics that correspond
approximately to the actual area, delay, testability or power consumption of the subsequent bound
version of the network. Currently, the only general methods for defining the parameters of an
acceptable substitution (without taking the cost metrics into account) are don’t care sets [20] and
Boolean relations [22]. Both of these have been presented only in the context of acyclic networks
and subnetworks.

Our method allows the expression of the precise parameters of an acceptable substitution for
the most general multiple-vertex case: because we allow cycles in our circuit descriptions, an arbi-
trary collection of nodes of the logic network may comprise the subnetwork under investigation. In
addition, the logic network itself may contain cycles.

Formally, given a logic network and an arbitrary marked set of nodes (a subnetwork) within
it represented as relation structures, we seek to indicate the most general behavioral specification
for acceptable substitute circuitry to replace the indicated subnetwork. But this is precisely the
problem of conformance relative to a specific environment. Therefore, we may apply Theorem 4.34
directly to derive this most general specification: If E[T"] is the original logic network, and T" the
subnetwork to be optimized, Theorem 4.34 tells us precisely which relation structures 7" may be

safely substituted for 7% in the network.
D

Figure 4.3: Substitution example

Example 4.5 Consider the circuit depicted in Figure 4.3. We wish to determine the full range

of possible substitutions for the and-gate, such that the circuit maintains its current input-output
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behavior.

The following combinational relation structure represents the circuit in its current form:
T= va—a:v || va—ay || Tand—:vyz

Its designated components Tiny—az, Tinv—ay, 00d Tand—ry, take the obvious forms shown in previous
examples.

We seek to find the allowed substitutions T for Tang—zy. in T. According to Theorem .34, any
1" that conforms to T}, ., = [(Tinv—ac || Tinv—ay || @{ey},121), 1) may be so substituted.

f((va—a:U || va—ay || a{x,y},{z})aT) = f((Tim/—ay || a{x,y},{z})a (TM(METW || va_(m)Ma:UEnv)
15 equal to
f(a{x,y},{z}a (del({a})(((TMa:vEnv H va_ax)Ma:cEnv)Ma:vEnv H va_ay))Ma:cEnv)
which is equal to

(del({a})(((TMa:UEnv || va_ax)Ma:UEnv)Ma:UEnv || va—ay))MaxEnv
which (by Lemma 4.22) is equivalent to

(del({a})(canon(TME || Ty o) || Tinw— ay)) 472

which reduces to the following combinational relation structure:

T = {2y}, {2}, S = {2yz, TYZI U (e £ ), F = 0)

Note that expansion and input-downward-closure of the part of S that is expressed in equational
notation result in the inclusion of the extended monomial L, 1, X, i S.

Thus the set of relation structures T’ thal may be substituted for the and-gale in this circuit
wncludes all those whose F-set 1s emply and whose S-set is one of z = ¢, z =y, or z = x4y, among
other possibilities. These correctly indicate that the and-gate may be replaced by an or-gate, or a

wire from one of the nodes x or y, without affecting the input-output behavior of the full circuit.

Example 4.6 Consider the circuit in Figure 4.4. We wish to determine the full range of substitu-
tions for the composite subcircuit consisting of the and- and or-gates in this circuit.

A nawe approach to the problem would be to define the following combinational relation structure
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| >

Figure 4.4: Substitution and rectification example

y

to represent the full circuit:
Tran = ({a, 0}, {z,y, 2}, Sjun = ((z = (= @ y) A (y = a +b) A(z = ab)), Frun = 0)

However, if we use this circuit representation we derive that the current implementation is the only
possible substitution for itself. If we are to derive any benefit from this analysis, we must make
explicit the fact that we are concerned only with the values on the input wires a and b and the output

wire z. We achieve this effect by hiding x and y :
T= del({xa y})(TfU”) = ({Cl, b}a {Z}a Sfull = (Z = (Cl + b) D Clb), Ffull = m)

We may now compute a meaningful “upper bound” (in <) for the allowed substitute circuitry for the

indicated subcircurt.

Thaw = F(del({z, y}) (Toor—oyz || @qapy fzyy)s T)

Erpansion as per the definition of f leads to the following result:

Thar = (del({z})((delg" ({2, y )TN || Tropory:)) 45 = ({a, 0}, {9}, Sha 0)

where
S ar = {abT Y, abry, abT Y, abry, abTy, abxy, abzy, abry, Lo Xy Xy Xy, XoLlp Xp Xy }

In other words, any subcircuit which enforces the constraint that a and b have the same Boolean
value of and only if x and y have the same Boolean value may be substituted for the and- and or-gate
combination in the current circuit. For example, an implementation in which x=a and y=b would

be a correct substitute T < T

max:

4.3.4.2 Rectification

Our results also provide a new, fully general solution to the rectification problem. As illustrated

clearly by Theorem 4.33, the results of Section 4.3.2 can also be applied when the specification for
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the full circuit is not a model of an already-existing circuit. Therefore we can apply this theorem
directly to the logic redesign problem introduced in Section 1.5.2, where it provides a more general

solution than has previously been available.

Example 4.7 Consider again the circuit of Figure 4.4. Assume the specification for this circuit
has been changed. We consider two distinct modified specifications. In both cases, we wish to keep
the and- and or-gates in the circuit unchanged, and to resynthesize the ror-gate to meet the new
modified specification.

In our first rectification example, the specification has been changed to
Tnew = Land—abz — ({aab}a {Z},SI (Z = ab)aF = m)

As stated above, we are interested in meeting this new specification by modifying only the zor-gate
part of the current circuit. Thus we seek to characterize the circutiry 1" that may be substituted for

the zor-gate in order to meet the new specification. The most general characterization of T is

Tr/na;g = f(del({x, y})(Tand—abx || Tor—aby || a{x,y},{z})a Tnew)

Erpansion of this term according to the definition of f leads to the following combinational relation

structure:

Trlmm = (del({a, b})((delal({x’ y})(Tnew))Ma:cEnv H (Tand—abx H Tor—aby)))M(mEnv

which reduces to
Tr/na:c = ({l‘, y}a {Z}a S;na;c’ m)

where

!
Sm axr

= {xyz, Tyz, 2y X, TYZ, LyX,, xJ—sza J—xszafJ—yga J—xJ—sz}

Thus for example T < T,

maz Jor the relation structures

T = ({x,y}, {z}, (2 = 2y), 0)
and
Ty = ({r,y},{z}, (2 = 2),0)

Either of these may be substituted for the zor-gate in the circuit of Figure 4.4 in order to meet the
new specification for the full circuit.

Next we consider the case in which the specification has been changed to

Thew = ({a,b},{2},S = (2 = ab), F = 0)
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Again,
Tr/na;g = f(del({x, y})(Tand—abx || Tor—aby || a{x,y},{z})a Tnew)

which would expand to

Trlmm = (del({a, b})((delal({x’ y})(Tnew))Ma:cEnv H (Tand—abx H Tor—aby)))M(mEnv

except that Ty = del({a, b})((delal({x, YN (Trew))Y 4 E (| (Tona— abe || Tor_aby)) ts a combinational
autofailure and hence instead T/, .. = (I,0,0,0). Specifically, Ty has the form ({z},{z,y}, So, Fo)
where Sy = ({Xo Xy X, } — Fp), and

Fy= {J:yz, ryl, zyX,, Tyz,Tyl,, Lyz, J—ny—zaEJ—y ZaEJ—yJ—z}

Because every legal environment of this relation structure must admit some output value combination
on input value combination Ty, there 1s no legal environment of Ty whose composition with Ty 1s
failure-free. Hence Ty 1s a combinational autofailure.

Thus we see that it is possible to modify a specification to such an extent that if we restrict
ourselves to only modifying a certain piece of the existing circuit, without changing any of the wires
of the circuit, there may be no rectification solution. Qur method does identify such situations, as

we have just shown.

a‘

Figure 4.5: Combinational feedback loop (Fig. 6 of [92])

Example 4.8 Consider the circuit dlustrated in Figure 3.4 on page 73, which is repeated here in
Figure 4.5 [92]. We will use this circuil {o illustrate the capability of combinational relation structures
to handle multi-vertex optimization even in the case that the vertex-set chosen for resynthesis is part

of a combinational feedback loop.
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In Ezample 3.7 on page 73, we determined that the following combinational relation structure

represents this circuit:
T = ({a}, {b}, {ab,ab,aly, Lob, Lob, 1,14}, 0)

We wish to determine the class of all possible substitutions for the subcircuit consisting of both the
wmverter with input wire labeled b and output wire labeled ¢ and the and-gate. Thus we seek to

determine the class of combinational relation structures 1" that conform to

Tr/na:c = f(del({c’ d, 6})(Tor—aec H Tinv—cd H O‘{b,d},{C,e})aT)

Erpansion of this function application according to the definition of f yields the following term:

T = (del({al)(del5! (e, d, NI | (T e || Tonomca)) 275

which reduces to
TT{TL(I.’L' = ({b’ d}’ {c’ e}’ S;’TL(I{L" FT{TL(I.’L')

where

!
Sm axr

= {X,dce, Xydee, Xy X gL 2, bdce, bdee, bX gL e, Xydel ., Xpdel ., XpXgl. L.}
(which is simply del_l({b, e Sinv—cd N del_l({c, d){Xve, be, Xy L. }), and

Fr/na:c = Séna:c = {XbXdXCXe} - S;na:c
Thus appropriate 1" include, among others, replacement of the inverter with input wire b and output
wire ¢ with a wire (i.e., we may combine the nodes b and ¢ into a single equipotential region without
adversely affecting the behavior of the circuit).

We also note that according to T it 15 permissible to substitute an or-gate for the and-gate

maz)
wm the current circuit. Tracing the consequences of this substitution in the circuit itself, we see
that it allows output value b = 1 on input value a = 0, which s not a possible behavior of the
original circutt. The reason for this apparent counterintuitive result is output-upward-closure of the
specification: when we canonicalized T we added the behavior ab to its S-set via oulput-upward-
closure of its P-set. This is consistent with our assumption that the appearance of a L value on an
oulput wire in a specification indicates that any of the values 0,1 or L may appear in ils place in

the allowed itmplementations.

Example 4.9 [In their mized-mode approach to combinational rectification, Watanabe and Brayton

present the problem of constructing additional circuitry to be added around already-existing circuitry
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¥ x

Figure 4.6: Mixed-mode rectification

in order to meel a modified specification [135]. This approach is illusirated in Figure 4.6. If
Ty = (W,Y, S2, Fa) represents the original existing circuitry then T] = (X UY), (W U 2), 51, FY)
represents the circuttry added in order that the new combined circuit meet the modified specification.
Formalized in terms of combinational relation structures, T = del(Y UW)(T] || T2) represents the
rectified circuit that meets the modified specification.

In our hierarchical approach to the problem, we consider Ty to be the original specification of the
problem, and T} to be the most general characterization of allowed additions to correct implementa-
tions of Ta such that the composition of T| and Ty (with communication wires suitably hidden) is a
combinational relation structure representation of the rectified specification. That is, of T is the rec-
tified specification, we derive T = f(del(Y UW)(Ty || a(xuw),(vuz)), T), which is the most general
characterization of allowed correction circuitry. Then any T' < T} is a correct implementation for
the rectification circuitry, just as any implementation Ty < 15 is a correct implementation of the
original specification. Note that if T is a deterministic implementation, the problem we address is
equivalent to that discussed above; in this case as well, however, our solution is more general than
theirs.

The solution T] derived in [135] is not the most general possible solution Boolean relation. In-
stead, in order to support the removal of combinational feedback loops from the composition of 15
and T| implementations, Watanabe and Brayton present a more conservative estimate of allowed
rectification circuitry. In their own notation, if H s the Boolean relation representing the modified

specification and T the Boolean relation representing the already-existing circuitry, they define the
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Boolean relation corresponding to T| to be G such that
(XUYUWUZ)eG=[[(XUZ)e H and (Y UW) € To] or VY (Y UW) & T3]
However, the most general solution in their terms would be G such that
(XUYUWUZ)eG<=[(XUZ)EH or(YUW) ¢ T3]
which corresponds precisely to our solution
T, = F(el(Y UW)(T: || agrow,rom), T) = (delg (¥ UW)(T)Morne || gy)Mactns

Note that our T is their H, and that the || operator corresponds to conjunction of Boolean relations
and the MazEnv operator corresponds to complementation of Boolean relations. Strip away the
alphabet information (delal) and apply De Morgan’s Law once, and the correspondence is immediate.

Thus we see that allowing the creation of combinational feedback loops leads to more flexibility
i characterizing allowed rectification circuitry than ts provided by approaches in which disallowing

such loops must be a concern.



Chapter 5

Synchronous circuit models

5.1 Introduction

In this chapter, we extend the theory we have developed for combinational circuits to full syn-
chronous, sequential designs. Recall that our original purpose was to develop a model of synchronous
circuits that would support both formal verification and substitution of such circuits. We determined
that in order to meet these goals, our model should support nondeterminism, and hierarchical con-
struction and modular description of synchronous circuits. In the previous chapter, we were able to
apply the circuit algebra framework of Chapter 2 to achieve these goals in modeling combinational
circuits. This required incorporating a new ternary domain of wire values into the model, in order to
allow both nondeterminism and an algebraic composition operator. We also identified constraints on
the use of the new wire value, L, sufficient to guarantee that any combinational model be receptive
to any vector of input values. In this chapter, we incorporate those results into a trace theoretic
model of synchronous circuits.

Our model of the behavior of a synchronous circuit or specification consists of a prefix-closed set of
sequences of combinational circuit behavioral descriptions, expressed as a possibly nondeterministic
Mealy machine. Latches are primitive models; they cannot be created from combinational circuitry.

As in the combinational theory, we define a formal relation between models that corresponds
to one being a correct implementation of the other (considered as a specification). Because of the
prefix-closed nature of our models, this relation only deals with safety properties of the specification
and implementation. While the constraints on a model can be modified to allow the expression of
arbitary liveness properties as well, we have not pursued that extension in this thesis.

We define a sequential circuit representation to correctly implement a specification if the im-
plementation can be safely substituted for the specification. In addition, a | value on an output
wire of a specification under particular circumstances actually allows the implementation to output

any value on that wire under those circumstances. We provide a decision procedure for the formal

120
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relation that holds between a specification and any correct implementation thereof. As in the com-
binational case, we may use this relation to fully characterize the set of allowed substitutions for a
subcircuit.

The organization of this chapter is as follows. In the following section, we present the formal
definition of a sequential trace structure, which is our representation of a specification or implemen-
tation of a synchronous circuit. In Section 5.3, we define the algebraic operations for these models
and prove the closure of the class of sequential trace structures under these operations, and show
that this class together with these operators forms a circuit algebra. In section 5.4, we present
the full definition of when a sequential trace structure describes an acceptable implementation of a
specification, and outline a decision procedure for this relation. Finally, in Section 5.5 we discuss our

substitution results for synchronous circuits. Examples are provided at each step of the development.

5.2 The synchronous circuit model

5.2.1 Introduction

We seek to develop models of sequential, synchronous circuits that support hierarchical construction
and modular description of such circuits, and that support nondeterminism. The latter enables
the expression of a specification which captures the minimum requirements of a circuit instead of
requiring that we overspecify by including irrelevant implementation details. We saw in Chapter 4
that we can achieve all these goals for combinational circuits using relational models. In this section,
we show how these ideas can be extended to provide a trace theoretic model for synchronous circuits.

We model the set of input-output behaviors of a synchronous circuit or circuit specification as a
regular, prefix-closed set of finite sequences of combinational circuit behavioral descriptions. Digital
hardware is inherently finite-state. Therefore the restriction to regular sets, which are precisely
those sets of finite sequences that can be expressed by a finite-state automaton, is reasonable. The
prefix-closure constraint, and the fact that we allow only finite-length sequences, mean that our
specifications can express only safety properties.

Safety properties state what an implementation may not do, but cannot say anything about
what it must do [89]. In a clocked system, this distinction breaks down somewhat, as a deterministic
Mealy machine certainly specifies required responses. However, it cannot express unbounded response
properties, which state that a certain reaction must occur some unspecified time in the future.

Liveness properties state what an implementation must do. For example, the unbounded-response
property ‘if R then eventually P’ is a liveness property. (This propositional temporal logic sentence
represents a specification requirement such as ‘if a request is made for a resource then the resource
is eventually granted to the requestor’). The key to the additional expressiveness of this sentence
over safety properties is its use of the word “eventually”. Such properties are useful for high-level

system specifications, in which the relative speeds of the subprocesses are as yet undetermined.
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We can express all safety properties of circuits using finite traces. Semantically, safety properties
are those properties which hold of an infinite sequence if and only if every prefix of it can be
extended to a sequence with the property [2, 3]. In other words, all partial behaviors obey the
constraint. Therefore prefix-closure is an appropriate syntactic constraint on a set of finite sequences
representing a safety property.

The state of a sequential circuit is the vector of values currently held on its latches. However,
the value to which a primary output stabilizes within the clock cycle may depend on the current
input values as well as on the values at the state-holding nodes of the circuit. Therefore we model

these circuits using Mealy machines.

5.2.2 Sequential trace structures

In this section we present our formal model of synchronous circuits and their specifications. We call
these models sequential trace structures.

Sequential trace structures differ from combinational relation structures only in that their S, F
and P-sets are sets of traces, or sequences of input-output value combinations. A trace is intended to
model a possible behavior of a synchronous circuit over time. Each input-output value combination
in a trace models the synchronous circuit’s behavior during a single clock cycle, and the sequence
of such value combinations denotes its behavior during consecutive clock cycles. Each trace can be
thought of as the circuit’s response to a given sequence of input-value combinations.

The constraints we place on the F' and P-sets of a sequential trace structure reflect the same
concerns as in the combinational case. The combinational receptiveness constraint is enforced per
clock cycle (to ensure that the model correctly reflects receptiveness of a circuit to all input-value
combinations during each clock cycle): following any allowed behavior of arbitrary finite length the
model is receptive to all of the input vectors of 77. Input-downward closure now allows for the
propagation through time (i.e., during this and subsequent clock cycles) of the result of having
mistaken a L value on an input wire of a circuit for digital 0 or digital 1 during the current clock
cycle.

Recall that 7Y is the set of all possible assignments to elements of Y of values from 7. We
define B(Y) = (7Y)* to be the set of all finite sequences of such assignments. Note that (7Y)* =
UnEw(TY)” is isomorphic to UnEw(’T”)Y, because (7Y )" is isomorphic to (77)Y . (The isomorphism
maps w = (w1 -ws-...-wy) € (TY)? tow' 1 Y — 77 such that w'(y) = (wi(y) - wa(y)- ... wa(y))).
We will often interchange these two types as the definition of B(Y').

The function union operator extends naturally to sequences: the function union of two sequences
b € B(B) and ¢ € B(C) of equal length n is (bU¢) € B(B U C) of length n such that (b Uc¢)[i] =
(b[i] U ¢[]) for every positive integer i < n.

We extend the definedness order < pointwise from vectors of wires to sequences of vectors of

wires. Recall that for w,w’ € 78, we say that w < w’ if and only if Vb € B.w(b) < w'(b), where
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for z,2’ € T, x <z’ if and only if x = 2’ or ¥ =1 . We now define the pointwise extension of the
partial order < to finite sequences of such vectors. If w,w’ € B(B) are of equal length n, then we
say that w < w' if and only if Vi € {1,2,... n}.w[i] < w'[i]. Note that because w < w’ cannot hold
for w and w' of unequal length, the statement that w < w' implies that len(w) = len(w’).

Using this notation, we now define the input-downwards-closure and receptiveness constraints for
sets of sequential behaviors. As in the combinational case, we assume that I are the input wires
of the circuit or specification and that O are its primary output wires, and we define A = (I U O).
Formally, the input-downwards-closure (IDC) property holds of the set W C B(I U O) (written
IDC(W)) if and only if

Vn €wVe, 2’ € (TH"Vy € (TO)".(¢' <z A(xzUy) € W) = ((2' Uy) € W)
The receptiveness condition is defined as follows. A set P C B(I U O) is receptive if and only if for

every w € P, there exists C' C ext;(w, P) such that

o (' 1s total:
VeeT!3yeT% (xuy)eC

e (' has the upward-chains property:
Ve, o' € Ty e TO[(aUy) eChae<2|= Ty €Ty <y A& Uy)€EC]
Formally, we define a sequential trace structure (sometimes referred to simply as a trace structure)
to be a quadruple T'= (1,0, S, F') such that

e [ and O are disjoint finite sets,

e ' C B(IUO)is aregular (possibly empty) set of circuit behaviors (“traces”), known as the

failure set of the trace structure, which obeys the input-downwards-closure constraint,

e S C B(IUO)is a prefix-closed, regular (possibly empty) set of circuit behaviors (“traces”),

known as the success set of the trace structure, and

e P = S UF, the set of possible traces of T, i1s prefix-closed, regular, and non-empty, and obeys

both the input-downwards-closure constraint and the receptiveness constraint.

Note that, in contrast to the receptiveness condition for combinational relation structures, the
sequential receptiveness condition does not preclude P’s being the empty set. Hence it is necessary
to maintain the explicit requirement that P be non-empty.

We define a preorder C on sequential trace structures having the same I and O sets:

(I1,0,S,F)C (I1,0,S', F') ift (F C F')A (P C P'))
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Later we will extend this preorder to structures (I,0,0,0) as well (see page 147 in Section 5.4.4).
This preorder induces a partial order among its equivalence classes. If ' = F/ and P = P’ then
[Tlc = [T"]c, and we write T' ~¢ T". Essentially, 7" and 7" are in the same C-equivalence class if
they vary only in the amount of overlap between their .S and F' sets.

We may sometimes use the ambiguous notation
T=(,0,FP)

in place of (I,0, S, F). In this case it is assumed that S, although not specified, is prefix-closed.
Note that we cannot simply assume that setting S = (P — F') defines a unique representative of the
C-equivalence class (1,0, F, P), as this set need not be prefix-closed. In addition, when discussing
receptiveness alone, we may sometimes use the notation 7' = (1,0, P), ignoring the F-set of the
trace structure altogether.

In the following section, we present the formal definitions of the algebraic operations of composi-
tion, renaming, and projection. We also prove that the class of sequential trace structures together

with these operations forms a circuit algebra. We conclude the current section with some examples.

5.2.3 Examples

In this subsection we present examples of sequential trace structures that illustrate our modeling
technique and further explain how to use the two-language model. We also use these examples to
introduce some more notational conventions. In addition to the notational conventions introduced
in the previous chapter for presentation of combinational relation structures, we utilize the usual
graphical conventions for representation of finite-state automata.

Our first example presents a basic component which will appear in many of the examples in this
chapter: the edge-triggered D-flipflop. Following [90], our basic circuit and specification components
are combinational parts and D-flipflops, which simply delay by one clock cycle the flow of their
input signal. Our second example illustrates that a sequential trace structure representation of a
combinational component with an empty F-set has S- (and P-) set consisting of arbitrary finite
numbers of repetitions of its combinational behavior. Formally, its S-set is the language defined
by a single-state automaton with a self-loop labeled with the traces of a combinational relation
structure representation of the component. In our third example, we illustrate how this generalizes
to combinational parts with non-empty F-sets.

Finally, as the fourth example in this subsection, we provide a sequential trace structure repre-
sentation of the specification for a clocked SR, flip-flop. This example illustrates meaningful use of
the F'-set to denote the possibility of asynchronous hazard behavior in a known simple sequential
circuit.

We present the S-, F- and P- sets of a sequential trace structure, all of which are regular sets, by
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Figure 5.1: Automaton representation of the behavior of a D-flipflop

presenting finite-state automata which accept them. We utilize the usual graphical conventions in
this presentation: concentric circles indicate final states, an arrow-head pointing to a state indicates
it is a start state, and edge labels indicate the “symbols” of the accepted traces (each symbol is
a vector). Note that we add to the notational conventions introduced in the previous chapter, by
separating the input wire values from the output wire values of a single combinational behavior by
the symbol “/” as is usual in the representation of Mealy machines. In addition, we may sometimes
attach a list of distinct labels to a single edge, as shorthand for multiple edges with the same source
and target states. In this case these labels will either appear on separate lines or will be separated
by commas.

We may sometimes represent both the S- and F'-sets by a single automaton. In this case, each
final state is marked with .S or F' (or both) to indicate that it is a final state in the automaton
representation of S or F respectively. We call such an automaton representing both the S-set and

the F-set of a sequential trace structure a combined automaton.

Example 5.1 The following sequential trace structure represents a D-flipflop. Following Bron-
stein [24], we define these single-bil registers according to the value they present on their oulpul wire
wn the first clock cycle. Ry 1s the register with output wire labeled b whose first output s the value 1.
If its first ouiput is the value 0, we call i Ry. Simalarly, Ry, produces as its first oulput the value
L . (Of course, this value may be perceived as a 0 or a 1, depending on the actual oscillation pattern
exhibited). On subsequent cycles, these registers pass through to their output wire b whatever value
was received (after stabilization, if relevant) on the input wire in the previous clock cycle.

The automaton of Figure 5.1 represents the potential P-sets of a one-bit register whose input
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a/ga E/b, J—a/)(b

Figure 5.2: Automaton representation of the sequential behavior of an inverter

wire 1s labeled © and whose output wire is labeled y. Note that such a circuit has an empty F-set.
The diagram may represent any of Ry, Ry and Ry, depending on the state chosen as the start
state. Ry has start state Q2 and Ry has start state Q1, while Ry, is defined with start state Q0.
Note that the state QO represents a state of the circuit in which the previous cycle’s input value s
unknown as well as that in which it i1s undefined. Because of the input-downward-closure constraint,
these two states are essentially indistinguishable. Thus if we choose to not identify the first output

value of our register R, we may simply set the start state to QO.

The following example illustrates how the sequential trace structure representation of a com-
binational component may be based on the combinational relation structure representation of its

behavior.

Example 5.2 The following sequential trace structure represents an inverter whose input wire is

labeled a and whose output wire is labeled b:
Tim/—ab = (I = {a}a 0= {b}, Sinv—aba F= m)

where Sipy—_qp 15 the language accepted by the automaton of Figure 5.2.

Because it preserves no state, the sequential behavior of this circuit consists simply of unbounded
repetition of its combinational behavior. Hence the minimal automaton representation of its sequen-
teal behavior contains a single state, which is both its start state and its final state, and accepts

arbitrary-length finite sequences of combinational inverter behaviors.

Example 5.2 illustrated how to produce a sequential trace structure representation of a combi-
national circuit with an empty F-set. We have not yet shown how to handle a circuit specification
with a non-empty F'-set. In the following example we show that such combinational specifications

are also easily extended to sequential trace structures.

Example 5.3 The following sequential trace structure is a specification for an inverter that we
expect to place only in an environment in which its input stabilizes. Its input wire is labeled a and

its output wire labeled b.
Tl = ({Cl}, {b}a Sla Fl)
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Figure 5.3: Dual-automaton representation of the sequential behaviors of a non-failure-free inverter

where S1 and F are the languages accepted by the combined automaton of Figure 5.3.
The combinational version of this specification was discussed in Fxample 3.4 wn Chapter 3, where

we provided the following combinational relation structure representation for it:
Ty = (I ={a},0 = {b},5 = {ab,ab}, F = {L. X, })

From this description it ts clear how we have constructed the sequential trace structure Ty from
the combinational relation structure Ty. Note that if a run of this deterministic automaton over a
sequence accepts it as a failure trace, the sequence may not be extended to any success trace, because

the S-set must be prefiz-closed.

In the final example of this section, we present a sequential trace structure representation of the
specification for a clocked SR-flipflop. Here the specification’s F'-set is not a simple extension of any
combinational circuit’s F-set. In the following sections we will discuss the construction of possible

implementations for this specification in our model.

Example 5.4 In this example we present a sequential trace structure which represents the specifi-
cation for a clocked SR-flipflop. The excitation table for this latch specifies that when the S and R
lines are both held low at the clock tick, the state of the latch, as reflected in its output line Q, does
not change. If S is held high, the latch s set: @Q goes high. If R is held low, the latch s reset: @
goes low. The situation in which both S and R are held high at the clock tick 1s disallowed.

This specification can be represented by the sequential trace structure

Tsrg = ({s,7},{a}, Ssrp, Fsryr)

where Ssrg and Fsrg are described by the combined automaton of Figure 5.4.

5.3 The algebraic operations for sequential trace structures

In this section we discuss the circuit algebra operations for sequential trace structures. The results

of applying these operations to sequential trace structures are themselves sequential trace structures.
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X, X, /X,

Figure 5.4: Behavioral specification of a clocked SR-flipflop

The class of sequential trace structures together with the algebraic operations forms a circuit algebra.
In Section 5.3.2, we present some examples of composite circuit models in order to illustrate how

the formal operations implement the intended actions on the circuits being modeled.

5.3.1 Definitions, closure, and circuit algebra rules

The formal definitions of the algebraic operations on sequential trace structures are identical to those
of combinational relation theory (see Section 3.3.2), except that the type of the behavior sets S and
F to which the operators are applied differs. In order to define renaming, it is necessary to use the
natural extension of the renaming function r : A — B from vectors to sequences of vectors and to
sets of such sequences.

We will now prove that the class of sequential trace structures is closed under application of these
algebraic operators and that together they form a circuit algebra. Regularity of each of S, F, and P
is preserved by the algebraic operations, by closure properties of regular languages. Prefix-closure
of S and P is also preserved by the operations, as is non-emptiness of P (¢ € P is preserved by
all the operations). The proof that following the application of any of the algebraic operations, the
required property of input-downwards-closure holds of both the resulting structure’s F-set and its

P-set, duplicates the proof for the combinational case: just replace 7Y by B(Y) for every set Y in
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the proof of Section 3.3.3.1.

We present our proof that the receptiveness constraint is preserved by all the algebraic operations.
It is nearly identical to the proof for the combinational case (see Section 3.3.3.2). Because only
the P-set of a sequential trace structure need be receptive, we can ignore the S and F-sets of the
sequential trace structures in these proofs. Therefore we refer to a relation structure as 7' = (7, O, P).
The proof that receptiveness is preserved under the renaming operator is trivial and will not be given

here. The proofs for the remaining operators appear below.

e Receptiveness is preserved by the hide operation:

Let T = (I,0,P) and D C O. For each w € P, let Cy, C ext;(w, P) be total (in 77) and have
the upward-chains property.

Let 7" = del(D)(T) = (I,0 — D, del(D)(P)).

Let w' € del(D)(P). We must prove that there exists C}, C ext;(w’, del(D)(P)) that is total
in 77 and has the upward-chains property.

Pick some wo € del™'(D)({w'}) N P (by definition, there must exist such wp).

Let C!, = del(D)(Cly,). Clearly, C!, C ext;(w’, del(D)(P)).

The proof that C/ , is total in 7T and that C!,, has the upward-chains property may be derived

by replacing C' by Cy and C’ by C!,, in the proof (for the combinational case) that C” is total
in 77 and has the upward-chains property, which appears in Section 3.3.3.2. |

e Receptiveness is preserved by inverse deletion:
Let T'= (1,0, P) and (DN (I U0O)) = 0. For each w € P, let Cy, C ext;(w, P) be total (in
T1) and have the upward-chains property.
Let T" = del”"(D)(T) = (I U D, 0, del” " (D)(P)). For each w' € del™'(D)(P), let ", =
del™'(D)(C,y) where w' € del™"(D)(w). Clearly, Cl, Cexty (v, del™1(D)(P)).
We must prove that these €/, are each total in TUYD) and each have the upward-chains

property. Clearly, each C/, is total, because every (), is total in 7T and del™! preserves

totality. We proceed to prove that each C!,, has the upward-chains property.
Let w' € del™'(D)(P). By definition of T’, there exists w € P such that w’ € del™'(D)(w

The rest of the proof is identical to the proof for the combinational case (in Section 3.3.3.2

with Cy substituted for C' and C!,, substituted for C".

).
)

bl

e Receptiveness is preserved by intersection:
Let T = ({,0,P) and T" = (I',0', P') be sequential trace structures such that (I U Q) =
(I' U0 and (ONO') = . For each w € P, let C, C ext;(w, P) be total in 7! and have the
upward-chains property. For each w’ € P/, let C!,, C exts(w', P') be total in 71" and have the

upward-chains property.
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Let T" =T NT" = (I",0"”, P"). For each w" € P" let C!,, = Cyn NC.,.. Clearly, C/, C
exty(w”, P").

We will prove that these C!/,, are each total in 71" and each have the upward-chains property.

Let w” € P = (PN P’). The proof that C,, is total in TT" and that it has the upward-chains
property is identical to the proof for the combinational case (in Section 3.3.3.2), with Cy»
substituted for C, C/ ., substituted for €, and C,, substituted for C". |

Because we know that the regularity and input-downwards-closure of F' and P, the regularity of
S, the prefix-closure of S and P, and the non-emptiness of P are also preserved by the algebraic
operations, this concludes our proof that the class of sequential trace structures is closed under the
algebraic operations.

The class of sequential trace structures together with the algebraic operations of composition,
renaming, and projection forms a circuit algebra. The proofs are identical to those for the combina-
tional case, except that the type of the elements in S and F' is different. We must extend renaming
functions r to sequences of vectors and to sets of such sequences. However, in contrast to the sit-
uation in asynchronous trace theory, all operations are length-preserving (clock cycles cannot be
collapsed), and so all the operations distribute over sequence concatenation and the concatenation

of sets of sequences. All the lemmas of Section 3.3.4 hold in the sequential case as well.

5.3.2 Examples

In this section we present some examples of composite circuit models in order to illustrate the effects
of the circuit algebra operations. We begin by walking through the composition of a simple circuit
consisting of two gates and a latch. We then present models of some candidate implementation
circuits for the SR flipflop specification given in the previous section. These circuits and their
models illustrate that X-effects of gate-level ternary simulation are an accurate reflection of the

intended semantics of the L symbol.

Figure 5.5: Simple circuit containing a latch
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OR-gate XOR-gate

Figure 5.6: Automata representations of the sequential behavior of two gates

Example 5.5 Consider the circuit tllustrated in Figure 5.5. Its primary output is the wire labeled
z, and its input is labeled x. Note that the wires y and v are hidden; they are not primary outputs
of this circuzt.

We model this circuit as
T =del({y,v})(INVI|| (L1]] XOR1))
where sequential trace structure representations of the component gates INVI and XORI and the

component latch L1 are as follows:

o INVI = ren(r)(Tinv—ab) is the inverter model of Exvample 5.2 (page 126) in Section 5.2.3,

appropriately renamed.
e XORI= ({y,v}, {2z}, Svor—yv:, 0) — see Figure 5.6 for an automaton representation of Syor— yus.

o LI = ren(r' YT pg—xy), is the Ry, model of Example 5.1 in Section 5.2.3, appropriately re-

named.

Automaton representations of the behavior of each of these components or their renaming appear in
Figures 5.2, 5.6, and 5.1, respectively. They all have empty F-sets.

The creation of the composite model for this circuit proceeds in several stages. We present the
intermediate sequential trace structures derived during one possible version of this process. Note that
the composition may be done in any order, as composition is associative and commutative, and that
a wire may be hidden as soon as it is no longer required to participate in any future compositions.

We choose to order our operations as indicated by the definition of the full circuit T, above.
Ty = (L1|| XORI) = ({y}, {v, 2}, 51,0)
where S1 s the language accepted by the automaton of Figure 5.7.

Ty = (INVI||T1) = ({=},{y,v, 2}, 52, 0)
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Lo/ Xu X: y/vz

Figure 5.7: Automaton representation of the sequential behavior of T of Example 5.5
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Lo/l vX.
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Figure 5.8: Automaton representation of the sequential behavior of T of Example 5.5
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Figure 5.9: Automaton representation of the sequential behavior of the full circuit of Example 5.5

where Sy 1s accepted by the automaton of Figure 5.8. And finally,

T'= del({y, v})(T5) = ({=},{},5,0)

where S s accepted by the automaton of Figure 5.9.

In the preceding example, we demonstrated how to use the algebraic operators to create a
composite-circuit model from the models of its components. The following example highlights the

role of “X-effects,” or “X-confusion,”

in sequential trace theory. This name was coined to describe
an undesirable artifact of the X-value in gate-level ternary simulation. However, in our model the

identical effects accurately reflect the intended semantics of the “1” symbol.

Example 5.6 In this example, we consider four distinct circuits, each of which contains a single
latch and some combinational logic. For the sake of brevity, we do not walk the reader through the
composition process, as we did in the previous two examples of this section. Instead, we describe
the sequential trace structure representations of the primitive components of each circuit, and pro-
vide circutt algebraic formulas which correspond to these composite circuits. We then provide an
automaton representation of the behavior of three of these full circuits.

Two points are of interest in this example, beyond its role in further clarifying the algebraic
operators. The first is that we obtain identical sequential trace structures for the two circuits Cg and

C%7. The second is the manifestation of “X-effects” in the presence of reconvergent fanout in Ts, 1%
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AND-gate non-inverting buffer
Figure 5.10: Automata for the sequential behavior of an AND-gate and a non-inverting buffer
ab/e
ab/e mpXe/LnpXe/t
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EJ_[] Xc ﬁJ—pJ—c /Xt
L.y /X, nlpyl. /X;
NOR-gate MUX: n=d0,p=d1,c=ctrl.t=data-out

Figure 5.11: Automata representations of the sequential behavior of a NOR-gate and a MUX

and Tg. Reconvergent fanout refers to a situation in a circuit in which a value computed by one
component propagates through two or more distinct routes to another component. X-effects occur
when a node holding value 1 is not interpreted to have the same value by all gate-models of which
it 1s an input wire.

In our model X-effects accurately reflect the intended semantics of the symbol “1L.”. The X -value
of gate-level ternary simulation is intended to model two cases, that in which a node has value 0 and
that in which the same node has value 1. It is not intended to model a situation in which the Boolean
value of a node 1s ambiguous, but only one in which it is unknown. Hence “X-confusion” constitutes
a loss of information in that model. However, in our model the third wire value 1 represents a
[possibly unstable] voltage which is not unambiguously interpretable as a 0 or as a 1; in this case, il
1s entirely appropriate that the same node be interpreted variously as having several values.

Before we present the four circuits and their sequential trace structure representations, we provide
a list of gate and latch models for reference. All of these models have empty F-sets; that is, their
P-set and their S-set are identical. Let Tpg_ 5y be the D-flipflop model whose P-set is defined by
the automaton of Figure 5.1 with initial state Q0. Let Tiny_qp be the inverter model whose P-set
15 shown in Figure 5.2. Let Tor_cpe and Tror_yy. be the or-gate and zor-gate models, respectively,
whose P-sets are shown in Figure 5.6. Let Tand—ape be the and-gate model whose P-set s shoun

in Figure 5.10. Let Thor—ape and Truz—npet be the nor-gate and MUX models, respectively, whose
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Figure 5.12: The circuit Cg

P-sets are shown in Figure 5.11. (Note that in the MUX model, n and p refer to the respective
data_in lines d0 (negative) and d1 (positive), ¢ is the control line, and t is the data_out line). Models
for additional two-input gates may be created by composing the appropriate inverter model or models
with the appropriate two-input gate model.

We first consider the circuit in Figure 5.12. A trace structure representation of this circuit may

be described by the circuit algebra expression
Ts = del({notR,w2,w3,wi,w5})(INVE || (AND6a || (OR6 || (ANDGb || (NORG || L6)))))

Next, we consider the circuit in Figure 5.13. A trace structure representation of this circuit may

be described by the expression
Tr = del({notR,d0,d1,ctrl})(INVT|| (AND7|| (NOR7|| (MUX7|| L7))))

Computation of Ty and T7 reveals that they are identical. Note that this need not have been the
case if we had defined our primitive gate models differently: the two expressions are not algebraically
equivalent. Figure 5.14 contains the minimal automaton that accepts their P-set. As discussed
previously, this P-set exhibits X-effects; this will be discussed in more detail in Example 5.8 of
Section 5.4.5.

Now we constder the circuit of Figure 5.15. Note that this circuit is almost identical to the circuit
C7 of Figure 5.13; they differ only in that the nor-gate in C7; has been replaced by a nzor-gate in
Cs. Hence the circuit Cg may be modeled by the sequential trace structure described by the following
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Figure 5.13: The circuit C7

Figure 5.14: Automaton representation of the behavior of T and 7%
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Figure 5.15: The circuit Cg

circuit algebra erpression:
Ts = del({notR,d0,d1,ctrl})(INVT || (AND7|| (NXORS|| (MUX7|| L7))))

One mught expect that Tg be identical to T7. However, a zor-gate has no controlling values: unless
both of its input wires hold known Boolean values, its output value is arbitrary. Hence Ty exhibits
even worse uncertainty than that exhibited by Tr. In fact, the P-set of Tg contains that of T% as a
proper subset.

Finally, we present a circuit whose Boolean behavior is identical to that of Cs and C7, but which
does not exhibit X-effects. It avoids X-effects because it does not contain reconvergent fanout. This
circutt, Cg, appears in Figure 5.16. The minimal automaton representation of the P-set of Ty appears
m Figure 5.17.

We have provided sequential trace structure representations for four distinct circuits, two of which
turned out to be identical given our gate and latch models, and three of which exhibit X-effects because
of reconvergent fanout. In Section §5.4.5 we will examine all four of these trace structures again, and

determine which of them correctly implement an SR-flipflop specification.
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Figure 5.17: Automaton representation of the behavior of Ty
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5.4 Verification for synchronous circuit models

5.4.1 Introduction

In this section we define what it means for a synchronous circuit to correctly implement a require-
ments specification. The conformance and substitution results from combinational relation struc-
tures extend intact to sequential trace structures, except that canonicalization is more involved.
Procedures that previously were applied to sets of input-output value combinations must now be
applied to sets of sequences of such value combinations. More precisely, procedures must now be
applied per state of a finite-state automaton representation.

We define failure-freedom, safe substitution, and the conformance relation < for sequential trace
structures exactly as for combinational relation structures. A sequential trace structure is a correct
implementation of another (considered as a specification) if and only if it conforms to the specifica-
tion trace structure. Most of the other definitions are the same as well. There are three exceptions:
first, to compute the mirror of a sequential trace structure, we complement its F' and P-sets in the
domain B(A). Second, the OUC' property and operator are defined for sets of sequences of vectors.
Third, the concept of an autofailure must be redefined for sequential trace structures. We still define
canon(T) = fe(afm(OUC(T))), and it is still the case that canon(T) is the unique canonicalized ele-
ment of the conformance-equivalence class of T. However, the definitions of autofailure manifestation
(afm), the OUC operator, and the precise definition of a canonicalized sequential trace structure,
differ from the combinational case.

In this section, we sketch the derivation of our decision procedure for sound hierarchical formal
verification of synchronous circuits, following the basic outline of the presentation for the combina-
tional case, which appears in Section 4.2. The substitution results for sequential trace structures

are presented in Section 5.5.

5.4.2 Correct implementation: the conformance relation

The definition of when one sequential trace structure is a correct implementation of another (con-
sidered as a specification) is precisely the same as in the combinational case: one trace structure
conforms to another if the first may be safely substituted for the second in any context. As in
the combinational case, this conformance relation obeys the compositionality condition, because the
algebraic operations are monotonic with respect to conformance.

More formally, we define the legal environment of a sequential trace structure 7" to be those
sequential trace structures whose I and O-sets complement those of 7' as in the combinational
case. We can then prove, using precisely the same proofs as in Section 4.2.2, the equivalence of
the alternate characterizations of < in terms of trace structure intersection and composition rather
than expression contexts, and the relevant supporting lemmas. Again using the same proofs; we can

prove the monotonicity of the algebraic operations with respect to < for sequential trace structures.
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In other words, the analogs of Theorems and Lemmas 4.1 through 4.6 hold for sequential trace
structures. These results allow us to utilize the alternate equivalent characterizations of < in later
proofs. They also confirm the soundness of hierarchical verification for the synchronous case.
Conformance is a preorder rather than a partial order in the synchronous case as well. Again, we
define T' ~ T" to mean that 7" < 7" and 77 < T, and this equivalence relation induces a partial order
on conformance-equivalence classes of sequential trace structures. The preorder C over sequential
trace structures is stronger than the conformance relation: the analogs of Lemmas 4.7 and 4.8 hold

for sequential trace structures as well.

5.4.3 Conformance equivalence classes and canonicalization

In this section, we present in full detail the theoretical underpinnings of the canonicalization process
for sequential trace structures.

If we represent a trace structure 7' by a deterministic combined automaton that accepts both
its F'-set and its P-set, we can talk about 7’s conirol being in a state ¢ of this automaton. This
corresponds to the automaton’s having just accepted a partial behavior w € P such that ¢y = ¢
(where ¢ is the initial state of this deterministic automaton). If it is the case that T can force every
one of its legal environments into a failure state following the arrival of its control at the state ¢, then
we might as well simply mark ¢ as an F-final state. This is because T" will have a non-failure-free
composition with every legal environment that contains w in its own P-set whether or not we make
this addition to the F'-set of 7.

Similarly, we note that if a trace structure has already failed (control has already entered a
F-final state ¢/ such that go = ¢') then it does not matter what it does afterwards. Again, this is
because the trace structure 7" will have a non-failure-free composition with every legal environment
that allows T to reach this F'-final state (w € (PN Pg)), irrespective of what the composition may or
may not do afterwards. These observations lead to the definition of autofailures and the autofailure
manifestation process.

We say a trace structure 7' = (I,0,5,F) is failure-forcing if and only if it has no failure-
free composition with any of its legal environments. Formally, for all legal environments £ =
(O0,1,58g,Fg) of T, ENT is not failure-free. For a trace structure 7' = (I,0,5,F) and w € P,
we define Ty, = (1,0, ext(w, S), ext(w, F')). Using this property and new definition, we present the
formal definition of the autofailures of a trace structure T = (I, 0,5, F) :

af(T) = {w € P | Ty is failure-forcing}

Clearly, af (T') is the set of all w € P such that every legal environment that admits w in its
own P-set can force T beyond (or at) w into the F-set of the composition. More specifically, the

definition above includes precisely those w € P beyond (or at) which they can all force control into
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(FNPg). (The “or at” means that F' C af (7). Because the set of all legal environments admitting w
includes those with empty F-sets, this condition is equivalent to stating that all legal environments
could force T' beyond w into ((FNPg)U(PNFg)), which is the full failure-set of the composition. In
contrast to the definition of autofailures in asynchronous trace theory, there is an extra complication
because the environment of a sequential trace structure can respond instantaneously. (Note also
that in contrast to the definition of a combinational autofailure, which is a combinational relation
structure, the autofailures we have just defined are elements of the P-set of a trace structure, as in
the asynchronous case). There is, however, an effective procedure for determining w € af (7). That

procedure is described in Chapter 6.
Lemma 5.1 Let T = (I,0, F, P) be a sequential trace structure. Then F C af(T).

Proof: Obvious, especially from the discussion.
We define the operation of autofailure manifestation to be the addition of all autofailures and

their extensions to the F-set of a sequential trace structure:
afm((I,0,5, F))=(1,0,5,af (T) - B(4))
Lemma 5.2 Let T be a sequential trace structure. Then afm(T) is too.

Proof:

Let T = (I1,0,5, F) be a sequential trace structure. Then S and F* are regular sets. Therefore
P = (SUVF) is a regular set, and may be represented by a deterministic finite-state automaton.
The definition of af(T) makes it clear that it defines a subset of the states in that deterministic
automaton. Therefore the set af (T') - B(A) is regular as well.

Clearly, af(T) - B(A) is input-downward-closed if af (T) is. We prove that af(7) is input-
downward-closed because F' and P are:

Let z,2' € (T1)" such that ' < z, and y € (79)" such that (x Uy) € P. Then by input-

downward-closure of P and F, respectively,
ext((z U y), P) C ext((z' Uy), P) and ext((z U y), F) C ext((z' Uy), F)

Thus T(zuy) E T{z1uy)- But then by the sequential analog of Lemma 4.7, T{,uy) < Tizruy)-

Let (z Uy) € af(1). Because for every legal environment £ of T, E N Ty, is not failure-
free, the same must hold of E' N T(,1yy). Therefore (2’ Uy) € af(T) as well. Therefore af(7T') is
input-downward-closed.

Because F' C af (T) (by Lemmab.1) and af (T') C P, it must be the case that (SUF) = (SUaf(T)).
Because P = (S U F') is input-downward-closed, (S U af (T') - B(A)) is also.

Similarly, (S U af (T) - B(A)) is non-empty if P is.
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And finally, (S U af (T) - B(A)) obeys the receptiveness constraint if P does: for every w € P
there is an appropriate Cyy C ext;(w, P) C exts(w,(S U af(T) - B(A))), and for every w € ((S U
af (T) - B(A)) — P), w-B(A) is contained in (S U af(T) - B(A4)) — so that clearly in this case as well

there exists an appropriate C,. |

Lemma 5.3 Let T be a sequential trace structure. Let T' = afm(T) = (I,0,5', F'). Then F' =
F'-B(A) and af(T") C F'.

Proof:
That F' = F' - B(A) is obvious from the definition of the afm operator.
In order to prove that af (T") C F' it suffices to note that behaviors in S of which no element of

af (T') is a prefix cannot be made into autofailures (of 7") by autofailure manifestation. |
Theorem 5.4 Let T be a sequential trace structure. Then T ~ afm(T).

Proof:

By Lemma 5.1, F' C af(T). Therefore T C afm(T). Thus by the sequential analog of Lemma 4.7,
T < afm(T).

We must prove that afm(7T) < T.

Let £ =(0,1I,Sg, Fg) be a legal environment such that TN F is failure-free. Let w € (PN Pg) =
P". Then Ty, = (1,0, ext(w, F), ext(w, P)) and By = (O, I, ext(w, Fg), ext(w, Pg)) are sequential
trace structures such that (T, N Fy,) is failure-free. Therefore T, is not failure-forcing, and so
w ¢ af(T). Thus

weP'= w¢ af(T)

Because af(T') C P, therefore (af (1) N Pg) = 0. Because Pg is prefix-closed, it is also the case that
(af (T) - B(A) (1 Pg) =0

Therefore, ((af (T)-B(A)NP)J((PU(af(T)-B(A))NFg)) = 0, and so afm(T)NE is also failure-free.

Thus afm(T) < T, and so we have proved that afm(T) ~ T. |

A sequential trace structure may have .S and F' sets which are not disjoint. A trace which appears
in both these sets represents a behavior that is nondeterministically either a success or a failure.
Composition with any other sequential trace structure admitting this trace will be non-failure-free
irrespective of whether the trace is also in S. Hence in attempting to delete extraneous information
from 7' in such a way as to maintain the soundness of our verification, we require that such a trace
be considered solely as a failure.

We call the process of setting Spew = (S — F) failure-exclusion, and the resulting trace structure
fe(T). Note that failure-exclusion need not in the general case result in a sequential trace structure,
as the resulting S-set need not be prefix-closed. However, if we have just applied autofailure-

manifestation to 7', then (S — F') is guaranteed to be prefix-closed.
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Lemma 5.5 Let T = (I,0,S5,F) be a sequential trace structure. If ' = F - B(A) then (S — F) is
prefiz-closed.

Proof: Obvious.

Lemma 5.6 Let T = (I,0,5, F) be a sequential trace structure such that F = F - B(A). Then fe(T)

s too.

Proof:

Neither the F-set nor the P-set of T'is affected by the fe operator. Therefore we need only check
for the required properties of the new S-set: regularity and prefix-closure.

Because S and F' are regular, so is S — F = SN F, the new S-set. And by Lemma 5.5, (S — F)

is also prefix-closed. |

Theorem 5.7 Let T = (I,0,5,F) be a sequential trace structure such that F' = F - B(A). Then
T ~ fe(T).

Proof:
Neither the F-set nor the P-set of T is affected by the fe operator. Therefore, T C fe(T) and
fe(T) E T. Thus, by the sequential analog of Lemma 4.8, T~ fe(T'). |

We define output-upwards-closure for sets of sequences of vectors in the obvious way, by analogy
to input-downwards-closure (IDC). Given predetermined input and output sets 7 and O respectively,

we say that a set W C B(I UO) is output-upwards-closed (OUC(W)) precisely when
Vn€wVe € (TH Yy, y € (TO) [[(xUy) EW Ay <y']= (xUy) € W]

We say a sequential trace structure T = (I, O, F, P) is output-upwards-closed if and only if both its
F and P sets are.
In addition to the property OQOUC we define an abstract operator OUC on sequential trace struc-

tures. If T'= (1,0, 5, F) is a sequential trace structure, we define
oUC(T)=(I1,0,0UCt0(5),0UCro(F))

where OUCy o(W) is the set W C B(I U O) together with the minimal set of additional behaviors
(elements of B(TUO)) necessary to make the resulting set output-upwards-closed, for W any of S, F,
or P. Clearly OUCt o(S) UOUCT o(F) = OUCT o(P). We prove that the result of applying this
operator to a sequential trace structure is itself a sequential trace structure, and that all conformance
equivalence classes are closed under application of this operator.

In order to prove regularity of the S and F' sets of OUC/(T), it is necessary to provide details

of our implementation of this operator. In the lemmas immediately following the implementation
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description, we show that applying the operator does indeed result in a sequential trace structure
that is output-upwards-closed.

We implement the abstract OUC' operator by a concrete operator OU Cyp; : for every sequential
trace structure T = (1,0, S, F') we define

OU Cimpi(T) = (I, 0, OU Cimpil(S), OU Cimpi(F))

The concrete operator OU Chppr adds edges to existing finite-state automata that represent S and
F and P. Let
M=(X= TUYO) Q. g0, FinalStates, 8)

be a finite state-automaton such that L(M) is one of S, F or P. For every state ¢ € @ in this
automaton, and every z € 71 and y,y € 79 such that y < ¥ and (q,(z Uy),q') € é for some
¢ € @, the OUCpp; operator adds the edge (¢, (x Uy'),¢') into é. Thus the transition relation of
M is expanded while its other parts (including FinalStates) are left untouched. It may be the case
that the S-, F'- and P-sets of T" are all represented by a single combined-automaton, in which case
the addition of edges need only be done to this single automaton. The proof that this construction

1s correct follows.

Lemma 5.8 Let T be a sequential trace structure. Then OUCnpi(T) ts the C-minimal output-
upwards-closed upper bound of T.

Proof:

The above description of the concrete OU Cjypp; operator describes a specific enhancement to S
and to F. We mathematically characterize this enhancement and prove that it is equivalent to our
previous abstract description of the OUCT o operator.

The enhancement of S and F implemented by the operation described above results in automata

that define the sets OUCippi(.S) and OU Cipmpi( F'), respectively, here defined for aset W C B(IUO) :
OU Cimp(W) = | OUCy impi(W)
1EW
where
* OUCOyimp[(W) =W and

e OUC(41),impi(W) ={(w-(zUY)-2) |w,z€BIUO)Ax € TNy € TOA
Jy <y .(w-(xUy)2) € OUCH impi(W)}

We prove that this enhancement is equivalent to our previous abstract description of the OUCTt o
operator. The proof is given for a set W C B(J U O), in lieu of its being repeated for each of S and
F.
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. OUCZ‘mpl(W) - OUC]yo(W) :

Let a € OUCimpi(W). Then a € OUCy impi(W) for some minimal k¥ € w. In addition, there
exists some n € w such that a € (7UY9))" so that there exist z € (71)” and y € (T9)” such
that a = (z U y).

By definition of OUC} impi(W), there exists a chain {y; }; C (T©)" of length (k+ 1) such that
o<y <...<...<yrand Vi € {0,...,k}.(x Uy) € OUC; impi(W) and y; = y. But then
(zUyo) € W and yo <y, so that a = (x Uy) € OUCT,o(W). 1

. OUC]yo(W) - OUCZ‘mpl(W) :

Let b € OUCT o(W). Then there exist n € w,x € (71)", and y,y € (79)" such that
(zUy)eWand y <y and b= (zUY).

But then there exists a chain {y;}; C (79)" of length m < (n + 1) such that y = yo < y1 <
o < Ym-1) < ym =y and such that each y; differs from y;11) in precisely a single position.
Thus b = (l‘ U y’) € OUCmyl‘mpl(W) - OUCZ‘mpl(W). |

QED Lemma 5.8
Lemma 5.9 If T is a sequential trace structure, then OUC(T) is too.

Proof:

The implementation described above makes it clear that all of OUCinpi(.S), OUCimpi(F'), and
OUCimpi( P) are regular, and that OUCinpi(S) U OUCimpi(F) = OUCimpi(P). By Lemma 5.8,
therefore, OUCT 0(S), OUCr o(F), and OUCt o(P) are all regular sets. In addition, the prefix-
closure of S and P is clearly preserved by the operator. We also note that if P is non-empty, then
OUCt,0(P) is surely so as well.

We prove that OUCr o(P) is receptive, and that OUCr o(F) and OUCt o(P) are input down-
ward closed:

e OUCT o(P) is receptive:

Let w' € OUC,o(P). Then there exists some w € P such that w’ € OUCt o({w}). Pick some

such w.

By definition of the OUC7t o operator,
exty(w, P) C exty(w, OUC; o(P)) C exty(w', OUCs o(P))

Therefore we can simply set Cy to be Cy (from T'). Therefore OUCt o(P) is receptive. |

e OUCT o(F) and OUCT o(P) are input-downward-closed:

We prove that application of the OUCr o operator to any input-downward-closed set preserves

that set’s input-downward-closure property.
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Let W C B(I UO) be input-downward-closed. Let n € w. Let x, 2’ € (71)" such that 2’ < z.
Let y € (79)" such that (z Uy) € OUCT o(W).

By definition of the OUC' operator, there exists ¥ < y such that (z Uy') € W. But then by
input-downward-closure of W, (' Uy') € W, and therefore (z' Uy) € OUCt o(W). |

Theorem 5.10 Let T be a sequential trace structure. Then T ~ OUC(T).

Proof: This follows by the proof presented for Theorem 4.14, with the types of  and y changed
appropriately. |

We say that a sequential trace structure 7' = (I,0,S,F) is canonicalized if of (T) C F, F =
F-B(A), SNF =0, and F and P are output-upward-closed. We will prove later that a canonicalized
sequential trace structure is unique in its conformance equivalence class. For now, we prove only
the fairly obvious statement that the procedures outlined above, if applied in such an order that
no operator undoes the desired effects of any other operator previously applied, do indeed result
in a canonicalized trace structure. In addition, we prove that application of these operators to an

already canonicalized trace structure 7" has no effect.

Theorem 5.11 Let T be a sequential trace structure. Then fe(afm(OUC(T))) is a canonicalized

sequential trace structure that is conformance equivalent to T.

Proof:

Let T be a sequential trace structure. Let Ty = OUC(T), Ta = afm(T}), and T3 = fe(Ts).

We must prove that 75 is a sequential trace structure, that 75 ~ 7' and that 73 is canonicalized.

By Lemma 5.9, 77 is a sequential trace structure. Hence by Lemma 5.2, T5 is too. In addition,
by Lemma 5.3, F's = Fy - B(A). Thus, by Lemma 5.6, T3 is a sequential trace structure.

We utilize the transitivity of ~ to prove that 75 ~ 7. By Theorem 5.10, T" ~ 77. By Theorem 5.4,
Ty ~ T5. In addition, by Lemma 5.3, F2 = Fy - B(A). Therefore by Theorem 5.7, T ~ T5. Thus by
transitivity of the relation ~, we have proved that T ~ T5.

In order to prove that T3 is canonicalized, we prove that each of the relevant criteria holds:

e F3 and P are output-upwards-closed:

By Lemma 5.8, 77 is output-upwards-closed. In order to prove that 75 is also output-upwards-
closed, it suffices to prove that af(73) is output-upward-closed. We prove that af(7}) is

output-upward-closed because F; and P; are.

Let y,y' € (T9)" such that y < 3/, and = € (71)" such that (x Uy) € P;. Then by output-
upward-closure of Py and F, respectively, ext((z U y), P;) C ext((z U y"), P;) and ext((z U
y), F1) Cext((xUy'), Fy). Thus (T1)zuy) T (11)(zuy)- But then by the sequential analog of
Lemma 4.7, (11)(zuy) = (11)(cuy’)-

Let (zUy) € af(T1). Because for every legal environment ' whose input set is 71’s output set

and whose output set is 71’s input set, £ N (71)zuy) is not failure-free, the same must hold of
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E 0 (T1)(zuyry- Therefore (z Uy') € af (T1) as well. Therefore af(77) is output-upward-closed,
and so Fa = af (T1) - B(A) and P; = F3 U Py are each output-upward-closed.

Finally, F3 and P5 are output-upward-closed because by definition of failure exclusion, F3 = F5
and P3 = Pz. I

[ F3IF36(A) :
By Lemma 5.3, 'y = Fy - B(A). Because Fa = Fj3, therefore F5 = Fi - B(A). |
o (S3N Fs) = (¢ : This follows directly from the definition of failure exclusion. |

* af(Tg) g F3 :

By Lemma 5.3, af (T2) C Fa. Failure exclusion affects neither the F-set nor the P-set of the
trace structure being operated on, in this case Ty. Therefore af (T3) = af(Ty) C Fy = F5. 1

QED Theorem 5.11
In addition to being canonicalized and conformance equivalent to T, this derived trace structure

is identical to 1" if it was already canonicalized.
Lemma 5.12 IfT is a canonicalized sequential trace structure, then fe(afm(OUC(T))) =T.

Proof: Let T be a canonicalized sequential trace structure. Then F' and P are output-upward-
closed (that is, F' = OUCr,o(F) and P = OUCt o(P)). Therefore T'= OUC(T).

Similarly, because T' is canonicalized, F' = F' - B(A) and af (T) C F. Therefore by Lemma 5.1
F=af(T) B(A), and so T = afm(T).

And finally, because T is canonicalized, its S and F-sets are digjoint. Therefore fe(T) = T.

Because of these three facts, fe(afm(OUC(T))) = fe(afm(T)) = fe(T) = T. |

5.4.4 Deciding conformance

As in the combinational theory, we define the mirror of a canonicalized trace structure to be the
result of swapping its inputs and outputs, taking the complements of its F' and P-sets, and then
swapping them. Formally, for T'= (I, O, F, P) a canonicalized sequential trace structure, mir(7T) =
(O, 1,B(A)—P,B(A)—F). We define canon(T) = fe(afm(OUC(T))) and TM4Env — mir(canon(T)).
Those canonicalized trace structures for which TM®FnV ig not a sequential trace structure are pre-

TMavEnv i the C-maximal

cisely the failure-forcing trace structures. For all other trace structures 7,
safe environment for 7. Every conformance equivalence class contains a unique canonicalized ele-
ment, which we call its canonical element. The class of canonical trace structures, with suitably
redefined algebraic operators, forms a circuit algebra. Finally, the theorems that justify deciding
conformance via canonicalization and mirroring hold for sequential trace structures as well.

In order to prove these results, we extend the preorder C to structures (I, 0, @, ) as we did in the

combinational case. Sequential trace structure analogs of Theorems and Lemmas 4.18 through 4.32
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are proved using the identical proofs to those presented for the combinational case in Section 4.2.
The proof of the sequential analog of Lemma 4.17 closely follows that of Lemma 4.17, but it is not
syntactically identical. Therefore we present it below for the skeptical (or thorough) reader.

As for combinational relation structures, the cumulative effect of all these results is to provide us
with the outline of a decision procedure for determining, for given trace structures 7" and 7’ of the
same (I, O)-type, whether or not T' < T". Actual application of this procedure requires that we be
able to effectively determine the autofailures af (7") of the trace structure 7". An effective algorithm
for determining af(7") is presented in Chapter 6. The theorems also clarify that conformance
respects our assumption that the appearance of a L value on an output wire in a synchronous
circuit specification indicates that any of the values 0, 1 or L may appear in its stead (under the
same circumstances) in the allowed implementations.

The decision procedure for checking conformance that is outlined by the above results is the
following. In order to check whether or not 7' < 7", we first determine whether or not 7” is failure-
forcing. (We do this by determining its autofailures: if the empty sequence ¢ is in «f (7"), then 7"
is failure-forcing). If 7" is failure-forcing, then 7' < T" by the sequential analog of Theorem 4.24.
Otherwise, we compute (1) E7v We then check for emptiness of the F-set of T'N (T)Mazknv . if
it is empty then 7' < 77, and otherwise not.

We now present the proof of the sequential analog of Lemma 4.17. In the following subsection,
we present examples that illustrate the conformance relation for sequential trace structures, and its

use in hierarchical formal verification of synchronous circuits.

Lemma 5.13 (The sequential analog of Lemma {.17):
Let T'=(1,0,5,F) be a canonicalized sequential trace structure such that S # 0. Then mir(T)

1s also a canonicalized sequential trace structure.

Proof: Let T be a canonicalized sequential trace structure. Let 7" = mir(T). We must prove
that 7" is a sequential trace structure and that it is canonicalized.

Because S, F' and P are all regular, so are ' = S, F/ = B(IUO)— P,and P’ = B(IUO)—F.
Also, S’ is prefix-closed because S is. Because S # @ and SN F = @, it must be the case that
F # B(A), and so P' = F # (). P’ is prefix-closed because P’ = F and F = F - B(A).

In order to prove that P’ = F obeys the receptiveness constraint, we address two cases. In the
first, w € P C F = P'. Because P is prefix-closed, P = P - B(A). Therefore in this case there exists
Cyw C ext;(w, F) = B(A) which is total in 79 and has the upward-chains property (in (O, I)).

As a preliminary to addressing the second case, that of w € S C F = P’, we note that for every

sequential trace structure Ty = (I, O, Fy, Py) and legal environment & = (O, I, Fg, Pg),

(To N E) is failure-free <= (PoNFg)=0A(FonNPg)=10
= FeCPANPECH

Let w € S C F = P’. Then the above holds for Ty = T,, = (I, 0, ext(w, F), ext(w, P)). Because
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ext(w, F) = ext(w, F) and ext(w, P) = ext(w, P), the equations above state that
Ty N E is failure-free if and only if Fg C ext(w, P) and Pp C ext(w, F)

We must prove that there exists C' C ext;(w, F) that is total (in 7¢) and that has the upward-
chains property (in (O,I)). The proof is by contradiction. Say that there exists no such C' C
ext; (w, F). Then clearly no X C ext;(w, F) can contain such a C either. Thus, by this containment-
upward-closure property of the receptiveness constraint, there exists no legal environment E such
that T, N E is failure-free. This is because T, N E is failure-free only if Py C ezt(w,?). But if
Pr C ext(w, F) then it must be the case that ext;(e, Pr) C ext;(w, F). Thus there can exist no
TO-total C C ext;(e, Pg) having the upward-chains property in (O, I). Therefore Py does not obey
the receptiveness constraint, and so F is not a legal environment after all. By this argument, there
exists no legal environment E such that T, N E is failure-free, and hence T, is failure-forcing. But
then w € af (T'), and so, since T' is canonicalized by assumption, w € F. But by assumption, w € F.
Therefore there must exist appropriate C' C ext; (w, F = P’).

Finally, the proof that P’ = F and F’ = P are input-downward-closed (in (O, I)) follows from
the fact that 7" and P are output-upwards-closed (in (I, 0)) :

Let n € w. Let y,4/ € (T79)" and = € (T1)" such that (yUz) € F and y < y. We must prove
that (y' Uz) € F. By assumption, T is canonicalized. Therefore F' is output-upwards-closed. Hence,
because (y Uz) & F, it must be the case that (y' Uz) & F as well. But then (y Uz) € F. The same
argument may be repeated with P in place of F.

This concludes our proof that 77 = mir(T) is a sequential trace structure.

We proceed to prove that 7" = mir(7T) is canonicalized:

e F" and P’ are output-upwards-closed:

F’ = P is output-upwards-closed because P is input-downward-closed, and P’ = F is output-

upwards-closed because F' is input-downward-closed.

Let n €w. Let z, 2’ € (T1)" and y € (T9)" such that (yUz) € P and # < 2’. We must prove
that (yUx') € P. By assumption, P is input-downward-closed. Therefore, because (yUz) & P,
it must be the case that (yUz') ¢ P as well. But then (yUz') € P = F'. The same argument
may be repeated with F' in place of P. |

o "=F"-B(A):

P is prefix-closed. Therefore P = P - B(A). In other words, F' = F’ - B(A). |
e S'NF' ={:

S=Sand FF=P=(SUF)CS=5.ThisweS = wgF andwec F = wgs".

o of(T"YC F':
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Figure 5.18: A circuit given as a specification

Let w € af (T"). Either w € Porwé€ P.If we P = F'then we're done. We focus on the case
in which w € P.

If w € af(1") then (1"), is failure-forcing. Because w € P, we know that T, is a legal
environment for (7"),. But we also know that T, N (77)y is failure-free, because its F-set
is ((ext(w, P) N ext(w, P)) U (ext(w, F') N ext(w, F))), which is empty because ext(w, W) =
ext(w, W) for W € {F, P}. Therefore (1"),, cannot be failure-forcing. Hence w ¢ P, and this

case cannot occur. I

QED Lemma 5.13

5.4.5 Examples

In this section we present some examples which illustrate the conformance relation and its use in
hierarchical verification of synchronous circuits.

Example 5.7 illustrates the meaning of a L value on an output wire in a specification. We present
a specification that is in fact a composite circuit model. Tt is not output-upward closed, although
its component models are. When considered as a specification, it allows arbitrary values in place of
a | value on an output.

Example 5.8 illustrates some of the consequences of our accurate modeling of X-effects. We
discuss the possibility of expanding the F'-set of a specification in order to make a statement about
the environments in which its valid implementations are expected to function correctly.

In Example 5.9 the specification is a sequential trace structure representation of a more complex
circuit. In this case, formal verification allows us to check that an optimized version of the original
circuit 1s indeed a legitimate substitute for the original. Finally, Example 5.10 illustrates hierarchical

verification of synchronous circuits.

Example 5.7 Consider the circuit of Figure 5.18. Although it s a combinational circuit, we are
interested in considering it as a specification, and in determining whether or not this specification
has any correct sequential implementations.

We may represent this circuit by the sequential trace structure

T = del({c})(Tand—abc || va—cb)
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a/ba a/J—ba J—a/ba J—a/J—b

Figure 5.19: Automaton describing the S" and P-sets of the circuit of Figure 5.18

where Tand—ape and Tiny_qp are as defined in Frample 5.6, and
Tinp—ch = Ten([c — a, b— b])(va—ab)

Given our previous definttions of sequential trace structure models for an and-gate and an inverter,
cited above, we deriwve the S and P-sets of T to be the language described by the automaton of
Figure 5.19.

Consider this trace structure as a specification. Then certainly it conforms to itself. Thus the
circuit depicted s a valid implementation of the trace structure T considered as a specification.

It s also the case that an inverter legitimately implements this specification:
Tiny—ap 2T
Similarly, the constant trace structure which outputs only the value 1 1s a valid implementation:
Ty = ({a} {0}, (Xa/b)",0) 2 T

These facts are not obvious from the automaton representation of the S-set S of T, but follow from

output-upward closure. That is, T = ({a},{b},5,0) is conformance equivalent to

7' = ({a}, {b}, OUC(a) 13y(5), D),

and so any sequential trace structure that conforms to T conforms also to T.
In order to clarify that output-upward closure extends beyond the combinational domain, we point

out that the sequential trace structure

T = ({a}a {b}a Sz’ @)

— whose S-set S 1s described by the automaton of Figure 5.20 — also conforms to T.

We now return to our SR-flipflop specification from the previous section. We illustrate that

we can indeed implement this specification using only combinational parts and D-flipflops. We also
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J_a/Xb,E/b

Figure 5.20: Automaton describing the S-set Sy of Th of Example 5.7

show that the X-effects exhibited by some of our candidate implementation circuit models reflect real
oscillatory behavior, which we may choose to allow or disallow by carefully selecting the appropriate

specification to express our requirements.

Example 5.8 As our second verification example, we note that according to sequential trace theory,
the circuit C'y of Example 5.6 correctly implements the SR-flipflop specification of Example 5.4. That
is, Ty < Tsrp.

Our models Ts, T7 and Tg of circuits Cs, C7 and Cg, respectively — also presented in Erample 5.6
— do not conform to this specification. This is because of X-effects: all three of these models allow
(contain in their P-set) the initial behavior X,7/q followed by L, 7/ 1, or by L, F/T; none of these
sequences is in the P-set of this specification.

However, if we were to construct a specification of an SR-flipflop that explicitly disallowed any
osctllating behavior on its inputs — that is, a specification that assumes the environment will never
provide 1t with tll-formed input values — we would find that these three models do constitute acceptable
implementations. In those environments that provide only stable Boolean input values, the models
behave exactly like the specification. The SR-flipflop specification whose S and F-sets are provided
by the combined automaton of Figure 5.21 meets these criteria — and indeed, all three of Ts, T and
Tg conform to it. Of course, Ty conforms to it as well

Thus if we wish to model the possibility of oscillation, the original specification Tsrg provides
more conservative verification results. However, if we wish to ignore oscillation, we may do so within
the parameters of sequential trace theory. In general, the more extensive the F'-set of a specification,

the less restrictive it is.

Our method of formal verification allows us to determine whether or not a circuit which appears
to be an optimized version of another circuit is indeed a legitimate substitute for it. This is illustrated

by the following example.

Example 5.9 Consider the circuit Ch1 of Figure 5.22, Formal verification in our model correctly
concludes thal the optimized circuit CYy of Figure 5.23 is a valid implementation of the original

circuit considered as a specification.
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Figure 5.22: The original circuit C1; (Figure 4.6 of [55])
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Figure 5.24: Composite specification for Example 5.10

In the following example we illustrate how hierarchical verification allows us to replace circuit

parts for their specifications without repeating the verification process for the full new circuit.

Example 5.10 Consider the specification

T = del({q, 2))(ren(la — £,b— g)(T1) || ren([s = f,r = g)(Tsag) || ren(le — ¢,b— D)(Tor—c1c))

depicted in Figure 5.24, where T11 is our sequential trace structure representation of circuit Chq in
Figure 5.22, Tsrg is the SR-flipflop specification of Figure 5.4 (page 127), and Tor_ cpe is our sequen-
teal trace structure representation of an or-gate, with input wires labeled e and b and output wire la-
beled ¢, whose P-set appears in Figure 5.6 (page 131). According to Fxample 5.9, our sequential trace
structure representation of the circuit of Figure 5.23, which we will call T},, conforms to Thy. Thus
by mononicity of the renaming operator with respect to conformance, ren([a — f,b — ¢g])(T];) =
ren([a — f,b— ¢])(Th1). According to Example 5.8, Ty < Tsrg. Let T§ = ren([s — f,r — ¢])(Tp)
and let TéRﬁ = ren([s — f,r — ¢])(Tsrg). By monotonicity of the renaming operator with respect
to conformance, T} < TéRﬁ. Therefore by monotonicity of renaming, hiding and composition with

respect to conformance, we may conclude that the circuit illustrated in Figure 5.25, whose trace
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Figure 5.25: Composite implementation for Example 5.10

structure representation 1s

del({q, 2})[ren([a — f,b— g)(T7,) || ren([s — f,r— g])(To) || ren([e — ¢, b= 2])(Tor—coc)]

conforms to the specification T.

5.5 Substitution for synchronous circuit models

In this section we address the problem of correctness with respect to an environment for synchronous
circuits and environments. We are able to derive a closed-form expression that specifies all and only
the allowed substitute circuitry for a subcircuit in a given circuit, as in the combinational case. We

first present our formal results and then illustrate their use via a series of examples.

5.5.1 Conformance with respect to an environment

The main substitution results for sequential trace structures are the following theorems. Theo-
rem 5.14 can be proved using almost the identical collection of lemmas and proofs that were used to
prove Theorem 4.33 (as presented in Sections 4.3.2 and 4.3.3). Theorem 5.15 follows directly from
Theorem 5.14, by setting Ty[a] = Fla] and T' = E[T"].

Theorem 5.14 (The sequential analog of Theorem {.33):
IfT = (I1,0,5F) and T' = (Iy,04, 5" F') are sequential trace structures, and Tyla] is an
expression context of type (I,0), then

T[T 2T iff T" < f(Tola], T)

Theorem 5.15 (The sequential analog of Theorem 4.34):
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If Ela] is an expression context and T" = (1o, O, S”, F") is a sequential trace structure, then

for all sequential trace structures T' = (1o, Og, S, F"),
T =g T" <= T < f(Ela], F[T"])

In order to transform the proof of Theorem 4.33 into a proof of Theorem 5.14, we redefine the

auxiliary function f. The third part of its definition is now:

(I, Og, B(Ay), B(Ag)) if T is failure forcing (FFor)
(Io; 04, 0,0) if del(A — Aq)(TMazEnv || Ty) is FFor
f(Ta[a], (del(A — Ag)(TMazEnv || Ty))MazEnvy  gtherwise

fIs || T2]a], T) =

When (AN D) = 0, we define del;'((I,0, S, F)) = (I,0U D, del"'(D)(S), del "' (D)(F)), as in the
combinational case, and we extend the < relation to structures of the form (7,0, ), ®) for purposes
of explanation.

Using these new definitions, we may use the proof of Theorem 4.33 from Section 4.3.2 to prove
Theorem 5.14. The supporting lemmas on which it depends, which appear in Section 4.3.3, have
sequential analogs as well. With one exception, the proofs are identical.

We now present the proof of the sequential analog of the lone exception, Lemma 4.38. In
the following subsection, we present examples that illustrate the use of these theorems for correct

substitution and rectification.

Lemma 5.16 (The sequential analog of Lemma 4.38):
Let T = (1,0, F, P) be a sequential trace structure, and let (DN (IUO)) =0. Then

delal(D)(canon(T)) = canon(delal(D)(T))

Proof:

Let T'= (I,0,F, P). Let w € P and w' € del™(D)(w).

By the sequential analog of Lemma 4.36, which says that 7 is failure forcing if and only if
delal(D)(T) is failure forcing, and by Lemma 5.17 (below), T, is failure-forcing if and only if
(delal(D)(T))w/ is failure forcing. This implies that w € af (T') if and only if w' € af(delal(D)(T)).
Therefore

w € af (T) = del5 (D) (w) C af (del; (D)(T))

and

(delg! (D)(w) M af (delg (D)(T)) # 0 = w € af(T)

Therefore delal(D)(af(T)) = af(delal(D)(T)). We will use this result in the remainder of the
proof.
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delal(D)(canon(T)) = delal(D)(canon((I, 0O, F, P)))
= (I,0U D, del™ (D)[af (OUC(T)) - B(A)],
del™(D)[OUCr.0(P)U af (OUC(T)) - B(A)])
= (I,0UD,del™(D)(af (OUC(T)) - B(AU D),
del” (D)(OUCr.0(P)) U del™ " (D)(af (QUC(T)) - B(AU D))
= (I,0UD,af(dely' (D)Y(OUC(T))) - B(AU D),
del™(D)(OUCr,0(P)) U af (dely (DYOUC(T))) - B(AU D))

— by the proof above
= (I,
Ou D,
A (OUC(del3 (D)(T))) - BAU D),
OUCt oup)(del™ (D)(P)) U af (OUC(del5" (D)(T))) - B(A U D))
— by the sequential analog of Lemma 4.37
= canon(dely' (D)(T))

Note that the S sets of both delal(D)(canon (7)) and canon(delal(D)(T)) are equal to their
common P set minus their common F' set, and are therefore equal to each other. Thus there was
no need to mention failure-exclusion explicitly in the calculation above. |

The above proof depended on the following lemma, which does not have a combinational analog:

Lemma 5.17 Let T = (1,0,5, F) be a sequential trace structure. Let (DN(IUO))=0. Letw € P
and w' € del_l(D)(w). Then (delal(D)(T))w/ = delal(D)(Tw).

Proof:
Let T=(1,0,5,F). Let w € P and v € del_l(D)(w). Then

(delal(D)(T))w/ = (I,0U D, ext(w', del™ 1 (D)(9)), ext(w', del™* (D)(F)))

and

delal(D)(Tw) =(I,0UD, del_l(D)(e:mf(w, S)), del_l(D)(e:mf(w, )

In order to prove that these two sequential trace structures are identical, we prove that for all sets

Y C B(IUO) and sequences w € B(I UO) and v’ € del_l(D)(w), it is the case that
ext(w’, del_l(D)(Y)) = del_l(D)(e:mf(w, YY)

Fundamentally, this fact follows from the fact that del™' and the U operator on sequences commute.

Application of this result to Y = .S and Y = F' proves the lemma.

o (—=):
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Let 2 € ext(w’, del™ ' (D)(Y). Then there exist n,m € w such that w’ € (TUYOUDN)? and
P= (’T(IUOUD))m. Furthermore, there exist w; € (T9)?, 2z € (’T(IUO))m and z; € (TP)™

such that w' = wUw; and 2’ = zg U 21.

By definition of the ext operator, (w' - 2') € del™'(D)(Y). Thus (w U z5) € Y. Therefore
zo € ext(w, Y). And finally, therefore 2/ = (zg U z1) € del_l(D)(e:mf(w, Y)).

Therefore ext(w’, del™*(D)(Y)) C del™ (D) (ext(w, Y)). |

[ ] (<:) :
Let 2 € del™*(D)(ext(w, Y)). Then there exist n € w, zo € (7YY and 2, € (TP)” such
that z = (20 U 21).

By definition of the del™" operator, zo € ext(w, Y). Therefore, (w - zo) € Y. It follows that
(w'-z) € del_l(D)(Y), and so z € ext(w’, del_l(D)(Y)).
Therefore del™'(D)(ext(w, Y)) C ext(w’, del™* (D)(Y)). |

QED Lemma 5.17

5.5.2 Examples

Theorems 5.14 and 5.15 may be used to characterize the full set of allowed substitutions for a
subcircuit such that the input-output behavior of the full synchronous circuit is maintained as is
(resynthesis), and to characterize the full set of allowed substitutions for a subcircuit such that
the behavior of the full synchronous circuit meets a predetermined specification (synthesis and
rectification). Our results generalize known solutions to these problems, as discussed in Section 1.5.3.
In this section, we provide examples of these applications.

In the first two examples of this section, we walk through the derivation of the most general
characterization of allowed substitute circuitry for a subcircuit of a given circuit, and describe some
of the optimized circuits allowed by this derived specification. In the first example, the subcircuit’s
inputs are not constrained by the circuit of which it is a part; as a result, the derived specification has
an empty F-set. In the second example, we illustrate how the F'-set of the specification incorporates
constraints placed by the surrounding circuitry on the values input to the subcircuit.

In our third example, we reconstruct the motivating example of [122] in our model, in order to
illustrate how sequential trace structures may be used to express multiple Boolean relations. Finally,

we provide a simple rectification example.

Example 5.11 (Example 38 of [55])

Consider the circuit of Figure 5.26. We would like to know what we may substitute for the
wmverter without modifying the full circuit’s input-output behavior. In other words, what may we
place in the blank box of Figure 5.27 so that the entire new circuit model conforms to our model of

the circuit in Figure 5.267
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Figure 5.27: Subcircuit substitution

Recall that in Example 5.5 we derived a sequential trace structure representation of the circuit of
Figure 5.26. Its P-set appears in Figure 5.9 on page 133. Call that trace structure T. Ezample 5.5
also contains trace structure representations of the components of T . the ones that concern us are
L1 and XOR1.

Assume we mantain all sequential trace structures in canonical form at all times, so that
TMazBnv — mir(T). Then according to Theorem 5.15, the most gemeral specification for what may
be placed wn the blank box of Figure 5.27 s the sequential trace structure defined by the following
circuit algebra erpression:

Fel({y, o)) ey ) | (L1 || XORD), T)

= f((oqey 13 || (L1 || XORY)), delg ({y, v})(T))

= J{agey,qyy, mir(del({v, 2})(L1 | XORT || mir(del5({g, v})(T)))))
mir(del({v, 2))(L1 || XORI || mir(del5!({y, 0})(T)))
mir(del({v, 2})(L1 || XOR1|| del™*({y, v})(mir(T))))
The final step in this equation follows from the sequential analog of Lemma 4.39.

We reduce this expression to

7' = ({2} {v}, 5. 0)

where S’ is the language accepted by the automaton of Figure 5.28.
A sequential trace structure conforms to 1" if and only if it models legitimate substitute circuitry

for the original inverter in our circuit. The allowed substitute subcircuits include an inverter (as in
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Lo/ Xy

Figure 5.29: Circuit to be optimized (Example 5.12)

the original) and a non-inverting buffer.

In the preceding example, the most general characterization of all allowed subcircuits has an
empty F-set. This is because the input to the subcircuit is an input to the full circuit, which 1s
itself failure-free. In the following example, we briefly discuss a circuit and subcircuit for which this

1s not the case.

Example 5.12 (Examples 5 and 7-11 of [57])

Consider the circuit of Figure 5.29. We assume that the node labeled v is initialized to the value
1 and that the node labeled e 1s initialized to the value Q.

We wish to determine the most general specification which fully characterizes the allowed substi-

tutions for the highlighted nzor-gate, such that the input-output behavior of the full circuit remains
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unchanged.

We solve for this most general characterization of the allowed substitutions according to Theo-
rem §.15, and derive a trace structure T" whose P-set P’ has a minimal automaton representation
of 26 states. Among these states is a reachable F-final state. P’ admits an nzor-gate, of course.
An and-gate may be substituted for the nror-gate, as well. In addition, P’ allows all correct clocked
circuits that may be substituted here without modifying the input-output behavior of the full circuat.

Clearly an automaton of this size is too cumbersome to depict graphically. However, we note the
following pattern: during the first and third clock cycles of the behavior described by the automaton,
any input-output combination w € TUYO) which assigns to v one of the values 0 or L labels an
edge leading to the automaton’s F-final state. Thus any allowed substitute circuttry may assume
that wn tts first and third clock cycle of operation, its input wire labeled v holds value 1 : in response
to any other value on this wire at the relevant clock tick, 1t may exhibit arbitrary behavior — during
the current and all subsequent clock cycles. This degree of freedom in the allowed tmplementations
for the subcircuit follows directly from the fact that the values on the input wires of the designated

subcircutt are constrained by the remainder of the full circuit.

As 1s clear from the size of the preceding example, we have automated these computations; there
Is no way to keep track of a trace set of the complexity of P’ otherwise. We will introduce our
algorithms and describe our software in Chapter 6.

In the following example, we reconstruct the motivating example of Sentovich et al’s [122], in
order to illustrate how our sequential trace structures provide the expressiveness of their MBRs. In
Section 1.5.3 we discussed the relative expressiveness of MBRs and nondeterministic Mealy machines.
We explained that MBRs are less expressive than these machines: nondeterministic Mealy machines
may be used to keep track of the solutions still available within an MBR, given the input-output
value combinations that we have committed to so far, but multiple distinct minimal nondeterministic
Mealy machines may represent the same MBR. The following example attempts to make this more

concrete.

Example 5.13 (Example 1.1 of [122])

Consider the automata M1 and M2 of Figure 5.30. They represent the behavior of the sequential
trace structures Ty = ({a}, {b}, 51,0) and To = ({b}, {c}, S2,0), respectively. Their states are marked
with the names of the stales in the automala of FExample 1.1 of [122] to which they correspond. In that
ezample, MBRs were used to represent the degrees of freedom available for the correct implementation
of combinational circuitry at each state of the automaton Ty. Using sequential trace structures, we
wdentify all the degrees of freedom for implementing the subcircuit Ty given that the design of Ts s
stable.

Define T to be their composition:

T = del({b})(T1 || T2)
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Figure 5.30: Specifications of two components

Figure 5.31: Automaton representation of the behavior of T'= del({b})(T1 || T2)
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Figure 5.32: Behavioral specification of the allowed substitutions for 73

A manimal automaton representation of the P-set of T appears in Figure 5.31. Note the highlighted
area of this automaton, which has no counterpart in the Boolean example that we are reconstructing.

We seek to determine the most general specification T for T| such that
del({b})(T7 || To) =T
Applying Theorem 5.15, we determine that
T{' = mar(del({c})(Tz || del™" ({b})(mar(T))))

Figure 5.32 depicts the minimal automaton that accepts the P-set P{' of T{'. Note that the effect
of our additional wire value s transparent: as soon as a stable Boolean input value appears, every
implementation T| allowed by this specification must stabilize to one of the allowed Boolean solutions.
P{" allows all the solutions found by Sentovich et al. [122].

We conclude with a simple rectification example.

Example 5.14 Redesign example
Figure 5.33 depicts a circuit Cy, surrounded by rectification circuitry. C1 s represented by a
sequendtial trace structure Ty = ({y}, {2}, S1,0), which may be derived by appropriate composition and
hiding of the obvious component trace structures. We seek to rectify this circuit to implement the new
specification Tspee = ({2}, {w}, Sspec, 0). An automaton that accepts Sspe. appears in Figure 5.3/4.
We will take two distinct approaches to this rectification problem. In the first approach, we seek
to rectify the circuit by adding hardware to the original circuit Cy as indicated in Figure 5.33. In

the second, we identify a candidate component for replacement within C1, and determine the most
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1./ Xy

Figure 5.34: Behavioral specification Sgpe. for the rectified circuit

general specification for the appropriate replacement circuitry.

In our first approach to the problem, we seek to determine To = ({x, 2}, {y, w}, S2,0) such that
del({y’ Z})(Tl || TZ) j TSpec

Obviously, there are many possible such Ts. We apply Theorem 5.14 to derive the most general
specification Tt of To such that del({y, z})(T1 || T2) < Tspec = it is Ty = ({x, 2}, {y, w}, S5, 0), whose
S-set S has a minimal automaton representation with ten states.

Both Tspe. itself and a minimal solution Ty conform to T;. The minimal solution is
TZ = (va—xy || Tbuf—zw)

which inverts the input to T and passes its output value through unchanged.

Another approach to modifying C1 to meet the new specification is to identify a subcircuit for
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Figure 5.35: Rectification by modification of existing hardware
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Figure 5.36: Behavioral specification S§ of the allowed subcircuits T3

possible modification. In this case, we identify the or-gate of Cy as a candidate for modification (see

Figure 5.35). Now we seek the most general specification Ty for Tz such that
del({v})(Ts || Tog—yo) 2 ren([z — y, w — 2])(Tspec )

Let Tspeomy, = ren([z v y, w v 2])(Tspec). Applying Theorem 5.14, we derive

T3 = ({y, v} {2}, 95, 0)

where a minimal automaton representation of S§ appears in Figure 5.36.

Despite the fact that the latch component of C1 constrains the relation between the values on the
nodes y and v in consecutive clock cycles, this specification is failure-free. We might expect that a
clock cycle in which y = 1 cannot be followed by a clock cycle in which v # 1. We would expect this

constraint to manifest as a non-empty F-set for T§. However, it does not: the F-set of T} is empty.
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The reason is that X-effects cancel any certainty about the value of y on the previous clock cycle, as
follows. Let Tz be any sequential trace structure that conforms to Ty. Consider any circuit Cs that
1s reasonably modeled by T5. If the input wire y of Cs appears to hold the value 1, 1t may be the case
that y stabilized to 1 during this clock cycle, or it may be the case that y actually has value L . If
y really holds the value 1, then v will stabilize to the value 1 in the following clock cycle. However,
if the y node actually holds the value L (that is, it did not stabilize to any Boolean value), then the
latch component modeled by Tpg_y may output an arbitrary value on the node v in the following
clock cycle. In other words, the latch too may perceive the L value on node y to be any of L, 0, or
1, and may react accordingly in the following clock cycle. The model T35 cannot distinguish the case
wm which y holds 1 from the case in which y holds 1, and so no assumption may be made about the
value of the node v in the following clock cycle. The same argument holds for the case in which y
appears to hold the value 0. Therefore, the constraints tmposed by the latch do not manifest as failure
traces in T}.

Recall that in sequential trace theory, X-effects accurately reflect the meaning of L . In this case,
X-effects manifest in the fact that the latch and Cs need not perceive this L value in the same way.



Chapter 6

Verification Algorithms

6.1 Introduction

6.1.1 Introduction

In Chapters 4 and 5, we presented theorems that provide the theoretical underpinnings of a decision
procedure for conformance. However, converting these theorems and consequent algorithm outline
into an actual decision procedure requires that we know of an effective procedure for each of the
canonicalization steps. In particular, we require a decision procedure for determining the autofailures
of a sequential trace structure. We also require an effective procedure for determining whether a
combinational relation structure is an autofailure. It turns out that the latter is a special case of
the former, and that this procedure involves determining whether a related 7" is indeed a sequential
trace structure (or combinational relation structure).

In this chapter, we present our algorithms for determining whether or not a structure is a sequen-
tial trace structure (or a combinational relation structure), and for performing the canonicalization
of both sequential trace structures and combinational relation structures. We also address the com-
putational complexity of canonicalization and of deciding conformance, and discuss our software

implementation of these procedures.

6.1.2 Representations

In discussing our algorithms, we assume the structure (I, O, S, F') is represented by a triple consisting
of the set I, the set O, and a finite-state machine M that represents both S and F. M is a combined
automaton, as introduced in Section 5.2.3: it has two final sets, one for S and one for F. Employing
the first of these two final sets produces £(M;) = S, and employing the second produces L(Msy) = F.
Of course, employing their union produces £(Ms) = P. The two sets of final states need not be

disjoint, as .S and F' themselves may overlap.

167
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Let A=TUO. Then M = (X,Q, {qo}, (F1, F2),6), where ¥ = 74 F} C @ is the set of S-final
states, and Fy C @) 1s the set of F-final states. We assume all ¢ € @) are reachable from ¢y, and that
(Fy U F) = Q. Because ¥ = 74, M may be a deterministic finite-state automaton and yet not be
a deterministic Mealy machine (see Section 2.2.3).

A word is also in order concerning our non-standard use of a single automaton for the combined
representation of S and F. The determinization process creates new states which represent subsets of
the original ). In determinizing M, we require that any composite state introduced by this process
be considered an F'-final state if any of its component states are F'-final, and that it be considered an
S-final state if any of its component states are S-final. (Recall that .S and F' need not be disjoint).
Thus, determinizing M preserves L(M;1) =S and L(Mz) = F.

6.1.3 New notation

In this chapter we will utilize some new notation that is intended to aid in the clarity of the
presentation.

We use the new terms I-downward-closed and O-downward-closed, in order to disambiguate
between “input-downward-closed” in a context in which I is the input-set and O is the output-set,
and 1n a context in which O is considered to be the input-set and I to be the output-set. Similarly,
we may employ the new terms O-upward-closed and [-upward-closed in place of the ambiguous term
“output-upward-closed.” Note that I-upward-closed has the same meaning as “OUC' in (O, 1),” I-
downward-closed has the same meaning as “IDC in (I,0),” etc. By extension, we define the terms
(I, O)-receptive and (O, I)-receptive to mean the same as “receptive in (I,0)” and “receptive in
(O, 1), respectively.

In addition, we may use the notation 3z’ > z as shorthand for 3z’ € (the appropriate set).z < z’.

In our case, the appropriate set will always be one of 77 or 79, and will be obvious from the context.

6.2 1Is T a sequential trace structure?

6.2.1 Introduction

Given a structure of the form of a trace structure, checking whether or not it is a sequential trace
structure consists of checking for the regularity of S and F, the prefix-closure of S and P, the
input-downward-closure of F' and P, the non-emptiness of P, and the receptiveness of P.

We assume that the languages S, F' and P are given to us in the form of an automaton or
automata, so that they are regular by definition. Such a presentation also makes trivial the checks
for prefix-closure of S and P and the non-emptiness of P.

We focus here on our algorithms for checking of a regular set that it is input-downward-closed,

and for checking receptiveness.
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6.2.2 Checking input-downward-closure

By analogy to the procedure presented in Section 5.4.3 for implementing the abstract OU C' operator
by a concrete operator OU Clppi, we define an [DCy,p; operator that implements the abstract I1.DC
operator. The IDC' operator adds to its operand set all and only those traces necessary to make it
input-downward-closed.

We check for input-downward-closure of a regular set W, represented by an automaton, by testing
whether the languages W and IDCppi(W) are equal. This involves only known algorithms over

finite-state automata.

6.2.3 1Is P receptive?
6.2.3.1 Introduction

Let T = (I,0,P). Let M be a deterministic finite-state automaton such that £L(M) = P. The
relation between this representation and that of Section 6.1.2 is clear: we need merely combine the
two final sets Fy and Fs into a single final set F = (F; U Fs).

In order to check that for each w € P, there exists C' C ext; (w, P) with the required properties,
we will check of each state of M that there exists C' contained in its set of out-edges that has the
required properties. Note that in checking this property, we may ignore the target-states of these
edges.

The transition function of M is §, which is the union of all out-edge sets. For each ¢ € @, let
8, be the out-edges of ¢. Formally, 8, = {{¢q1,¢,¢2) | ¢1 = ¢}. Then § = quQ 8,. We define lab(é,)
to be the labels on the edges in §,. Formally, lab({g,e,¢’)) = e, and the natural extension of this
function to sets yields lab(6,) equal to the set of edge-labels on outedges of ¢. Our algorithm checks,
for each &,, that lab(é,) contains a subset C' which is total in 7T and which has the upward-chains
property.

Note that for each ¢ € @, the edge-labels of é, are precisely ext;(w, P) for every w € P such
that ¢y = ¢. Formally, for M any deterministic finite-state automaton that accepts P,

Vg € QYw,w' € P.[[qo WY and go 22 q] = [ext;(w, P) = exts(w', P)]]

and Yq¢ € Q.Vw € P.[[qo Ky q] = lab(é,) = ext;(w, P)]. Because P is prefix-closed, and all states
g € @ are reachable, P is receptive if and only if every lab(é,) has the required properties.
Formally, we verify of each 8, that there exists C' C lab(é,) such that C' is total in 7T and such

that
Ve, o' €Ty eTO e <’ AN (zUy) €ECl =Ty €Ty <y A& Uy) €]

If there exists ¢ € @ for which there exists no such C' C lab(§,), then P is not receptive. If there
exists such C' for every ¢ € @, then P is receptive.
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6.2.3.2 Searching for C C lab(é,)

In order to prove or disprove the existence of a subset (' with the required properties, we note the

following fact.

Lemma 6.1 Let INO =0 and Y CTUYO) Let C1 CY and Cy CY both be total in T' and both
have the upward-chains property. Then C = (CyUCs) is also contained in Y, is total in T! and has
the upward-chains property.

Proof:

The first two claims concerning C' are obvious. We prove that (' has the upward-chains property.

Let z,2' € 71 such that z < 2’. Let y € 79 such that (z Uy) € C. We must prove that there
exists y' € 79 such that y <y and (2 Uy') € C.

We know that either (x Uy) € Cy or (x Uy) € Cy (or both). Say (¢ Uy) € Cy. Then by the
upward-chains property of Cy, there exists y’ > y such that (' Uy') € C1 C C. If (zUy) € Cy then
(x Uy) € Cs. In this case, the upward-chains property of C5 allows us to conclude that there exists
y' > y such that (z/ Uy') € Cy C C. Thus in either case, there exists y' € 79 such that y < y' and
(z' Uy') eC. |

Thus it suffices to find the largest qualifying C' C ext;(w, P), or prove it does not exist. We
attempt to find such maximal C' by pruning from §, only those elements that violate the upward-
chains property. We then check whether or not the remaining subset of lab(§,) is total in TI. If it
1s, we have found the largest qualifying C, and hence there exists an appropriate C. If not, there
exists no qualifying C, and this 6§, violates the receptiveness property.

In order to facilitate our search for the maximal C' C lab(é,), we enter the elements of §, into a
table in which each of the 3!/l buckets is labeled with an element of 77. The elements in the bucket
labeled & € 7' are those out-edges of ¢ whose label has input-value combination part z. More
formally, for each = € 77, the elements of the bucket labeled x are all of the form (g, (z Uy), ¢') for
some y € 7 and ¢’ € Q.

Consider the Hasse diagram of the partial order < over 77. It may be considered to be divided
into rows, labeled from 0 to n = |I|, where row m consists of all the elements of 7! containing
precisely m non-L values. Row 0 contains the unique element 17, and row n consists of the 27
elements of 77 that are Boolean vectors. In general, row m contains 2™ - C'(m,n) elements, where
C(m,n) is the number of ways to choose m distinct elements out of a set of n distinct elements. All
elements in the same row are incomparable. Each element of row m is immediately “above” (in the
partial order <) m elements of row (m — 1), for m € {1,2,...,n}. Similarly, each element of row m
is immediately “below” (in <) 2 - (n — m) elements of row (m + 1), for m € {0,1,...,(n— 1)}.

In order to check for violations of the upward-chains property, it suffices to check of every
(xUy) € C and &' > x such that &' is in the Hasse-diagram row directly above that of x that there
exists some y' > y such that (2’ Uy') € C. By transitivity of <, if this property does hold in all
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cases, then the upward-chains property holds of C. We would also like to check this property in a
single pass over 6,. This means that we require that elements be deleted from ¢, in descending order
within the partial order 7. If we test for the property in an order that corresponds to checking
by row of the Hasse diagram of 77, in descending row order, we can perform the entire pruning
procedure in a single pass.

In order to check for the existence of appropriate C' C lab(é,), therefore, we would like our table
to represent the Hasse diagram of 77. We add to bucket x of the table, either explicitly or implicitly,
pointers to all buckets labeled with #' € 77 such that 2’ > z and such that 2’ is in the row directly
above x in the Hasse diagram of the partial order.

Once 6, has been entered into this data structure, we proceed to prune it by deleting those
elements that violate the upward-chains property. The search-and-prune algorithm is as follows.

For each row of the Hasse diagram of 77, from second-from-the-top row down to bottom row:
For each bucket « in this row:
For each element (# Uy) in bucket x :
For each bucket ' > x in the Hasse-diagram row directly above = :
For each element (' Uy') of bucket z’ :
Ify >y,
then
goto Check-next-bucket->-x;

else
do-nothing (go to next element in bucket x');

endForLoop; %% for each (2’ Uy')

%% 2’ has no y' > y possibility (A(z' Uy') € C such that y/ > y) :
%%

delete(x U y);

goto Check-next-element-of-bucket-x;

%% We did find 3 > y for z’;

%% Now we check the next z’ :
%%

Check-next-bucket->-x:

endForLoop; %% for each

%% Final decision as to whether we keep (x U y)

%% or not has been made and executed;
%% Go on to next element in bucket z :
%%

Check-next-element-of-bucket-x:

endForLoop; %% for each (U y)
endForLoop; %% for each «
endForLoop; %% for each Hasse-diagram row, in descending row order
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Note that all the elements of lab(8,) whose input-value combination part is Boolean (%.e., is in
the top row of the 7! Hasse diagram) are retained as elements of C. Because none of them can cause
a violation of the upward-chains property, they all participate in the maximal C' that the algorithm
derives from ¢,.

This algorithm clearly terminates, as it involves no backtracking. There is repetition, as the
algorithm may traverse the entries in a bucket =’ multiple times. However, each time it does so, it
is dealing with a different (z U y) € lab(8,) such that » < z'.

At the termination of this algorithm, the maximal C' C ext;(w, P) having the upward-chains
property, for every w € P such that ¢y = ¢, remains in the table. This is because we have
deleted precisely those elements of lab(é,) which violate the upward-chains property (and lab(é,) =
ext;(w, P) for each w € P such that ¢o = ¢). If the remaining set is total in 77, (that is, if
every bucket in the table contains at least one entry), then the remaining set is a qualifying C,, C
ext; (w, P) for every w € P such that ¢g = ¢. Therefore none of those w € P violate the receptiveness

condition of P.

6.2.3.3 Complexity of the receptiveness check

The complexity of entering each 6, into its table, preparatory to checking for the existence of
appropriate C' C lab(8,), depends on our data structures and on the original representation of M
and 4. In our software implementation of the procedure described above, we use a variant of BDDs
[33], which we call ternary decision diagrams (TDDs), to represent outedge sets. Therefore each
8, 1s immediately accessible (in constant time). However, partitioning the TDD representation of
6, according to the input-value combination of its label part takes time that is proportional to the
number of nodes in that TDD, which is 37Y°l in the worst case. (The base of 3 for TDDs, rather
than the usual 2 for BDDs, is a result of the fact that TDDs have three-way branching downward
from every node, one branch for each of the three possible wire values). Exhaustive analysis of some
of the possible efficiency enhancements one might add to an explicit representation, in which each
element of &, is represented as a distinct piece of data, yields the same worst case upper bound on
the time required to enter each §, into its table: table entry is in (’)(3|IUO|).

The search-and-prune algorithm requires time that is asymptotically polynomial in 37V°l for
each ¢ € @. Consider the search-and-prune algorithm presented on the previous page. Its nesting

structure makes it clear that this algorithm terminates in time bounded above by

Z 2™ . C(m,n) - 3. 2(n —m) - 37'd
0<m<n

where n = |I|, n’ = |O], and d is the time required to check whether or not y < y’. Per row m of
the 71 Hasse diagram, we traverse all 2™ - C'(m, n) buckets z, each of which may contain as many

as 3191 elements, comparing each of these elements to all the elements (of which there are also as
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many as 3/°1) in each of the 2(n — m) buckets ' which are > x and are in the 77 Hasse diagram
row directly above that of z. Of course, while it is possible that every bucket contains 3!°! elements,
it is not technically possible that for all relevant #, ', and y, the first element (2’ Uy') in bucket 2’
such that y' > y is always the final element in bucket z’. Therefore this is a loose upper bound.

In fact our software implementation of the receptiveness check is able to check in a single pass
over the data structures in the two buckets (that is, in a single pass for each {(x, 2’} pair) precisely
which y in the z-bucket have corresponding i > y in the z’-bucket. This is because we represent all
the elements in the z-bucket by a single ternary decision diagram (TDD), for every = € 7{. However,
the time required in the worst case to compare every element in the z-bucket with every element in
the x’-bucket is asymptotically proportional to 37" . 37" Therefore we were unable to improve the
previous upper bound on the time required for the algorithm in the worst case. In general, use of
BDDs does not improve worst case upper bounds and does not support improvement for average
case analysis either. Therefore the savings gained by our use of TDDs cannot easily be analyzed.

From this expression we derive an upper bound on the asymptotic complexity of the algorithm:
it is 1n

o@ . glol 117 d)y = o3l - 9loh

for each ¢ € Q.
Thus the full check for receptiveness of P, including entering each 6, into the workspace data

structure and checking whether or not there exists appropriate C,, C lab(4,), is asymptotically

bounded above by 311. 9191 |@Q]|.

6.3 Canonicalization

6.3.1 Introduction

Canonicalization involves three operations: output-upward-closure of F' and P, autofailure manifes-
tation, and failure exclusion. We have already described our implementation of the OUC' operator
(see Section 5.4.3). Failure exclusion can be implemented in the obvious way using known opera-
tions on finite-state automata. Autofailure manifestation can likewise be easily implemented on any
finite-state automaton representation of F' and P, assuming we can identify af (7).

The difficulty lies in identifying af (7). By definition, Ty, is failure-forcing if and only if w is
an autofailure. In the following subsection, we present our algorithm for checking of a sequential
trace structure 7" whether or not it is failure-forcing. As a side-effect, the algorithm identifies the
autofailures of OUC(T).

Each state of the deterministic combined automaton that accepts F' and P represents a set of
sequences w, all of which have the same extensions in /' and P. Therefore the algorithm actually

applies to automaton states: its application to the states of a deterministic combined automaton
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that accepts F' and P identifies the start-states of those (OUC(T)), which are failure forcing. Each
of these states represents a subset of af(OUC(T)), which is what we require in order to canonicalize
T. Because OUC(T) is failure-forcing if and only if T is, we may focus on an FSM representation
for OUC(T).

The naive method for computing af (OUC(T')) would be to reiterate the algorithm below for each
state ¢ of a combined automaton that accepts OUCT o(F) and OUCT o(P), thereby determining
for every w € OUCT o(P) whether or not (OUC(T)), is failure forcing. However, in determin-
ing whether or not 7 is failure-forcing, this algorithm computes as a side-effect the autofailures
of OUC(T). We may take advantage of this fact to avoid the need for multiple iterations of the
full algorithm. Our software implementation takes this approach, which is formally justified in
Section 6.3.2.3, below.

Formally, we note that for M a deterministic combined automaton that accepts F' and P,

Yq € QYw,w' € Pl[qo = ¢ and qo g q) = [ext(w, F) = ext(w', F) and ext(w, P) = ext(w', P)]].
Therefore, for such w and w’, T,, and Ty, are identical. We extend our notation and define a state
q € @ of a deterministic combined automaton M that accepts F' and P to be an autofailure, and to
be failure-forcing, precisely when all the elements of {7}, | g0 = ¢} are failure-forcing, where go is
the start state of M.

In the following subsection, we present our algorithm for checking whether a state ¢ € @ is failure

forcing.

6.3.2 Is T failure-forcing?
6.3.2.1 Introduction

A sequential trace structure T = (I,0, F, P) is failure-forcing if and only if it has no failure-free
composition with any of its legal environments. Formally, for all sequential trace structures £ =
(O,1,Fg, Pg), (ENT) is not failure-free.

Let F; and F be legal environments of T' that have identical P-sets but differ in that Fg, = 0
and Fg, # 0. If (T'N Ey) is failure-free then (7'M Fy) is as well. Therefore, in order to determine
whether or not 7 is failure forcing, it suffices to check whether or not there exists a sequential
trace structure £ = (0,1, Fg = 0, Pg) such that (E N T) is failure-free. Such an F has P-set Pg
such that (F N Pg) = 0. Hence we check whether or not there exists a sequential trace structure
FE =(0,1, Pg) such that Pg C F. We attempt to find the maximal subset of F' that is prefix-closed,
regular, input-downward-closed (in (O, I)) and (O, I)-receptive. If this set is empty, 7" has no such
legal environment, and hence 7T is failure forcing. If this set is non-empty, it is the P-set of a legal

environment £ of 7" such that (7'N E) is failure free — and thus in this case T is not failure forcing.
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6.3.2.2 The algorithm

In this section we present our algorithm for deciding whether or not a given sequential trace structure
is failure-forcing. The algorithm derives the maximalsubset of F' which is O-downward-closed, (O, I)-
receptive, regular, and prefix-closed. In order to ensure that the subset of /' which we derive is prefix-
closed, we “extension-close” F' before complementing it. In order to ensure that the derived subset
is input-downward-closed (in (O, I)), we also output-upward-close F' before complementing it. We
check for receptiveness of the complemented set m using the algorithm of Section 6.2.3:
per state ¢ of the resulting automaton M’, we check that for every w € m such that
q0 M:I’g q there exists (), C ezt1(w,m) with the required properties. If we encounter
a state for which this does not hold, we simply delete it from consideration, and check that the
remainder of the automaton does not violate receptiveness. Such a procedure is permissible because,
after all, we are only looking for an acceptable subset of F'. Finally, in order to guarantee that the
automaton remaining after deletion of an unacceptable state ¢ still defines an input-downward-closed
language, we apply the IDCp1 operator to M’ before deleting any of its states. Because M’ defines
a language that is input-downward-closed already, application of this operator does not affect the
language it defines: £(M') = L(IDCimpi(M')). The formal description of the algorithm follows.
Input:

Let T'= (1,0, F, P).
Let M be a finite-state automaton accepting F.

My — M modified so that FF «—— F - A*;
My — OUCimpi(My);
My —— the result of determinizing Ma;
M3z —— the complement of M3 (swap final and non-final states);
%% ALSO swap what we consider to be the input and output sets!!

My — IDCimpi(M3); %% where the input set is O and the output set is I

() — the set of states of My;
& «— the transition relation of My;
Loop
Q — Q; %% set up a second copy of the current ) for later comparison
For each state ¢ € Q :
6, «—— the outedges of ¢ in ¢
If there does not exist C,, C lab(8,) such that
Cy is total in 79 and
Cy has the upward-chains property in (O, T)

Then
%% Strip ¢ and all its in- and out-edges out of our copy of My :
%%
Q—Q—{q}

§—6—(6,U{(d'se,q) €8¢ € Q,ec TUYOY)
Until Q = Q' %% Repeat until the remaining automaton is receptive or Q' = 0
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6.3.2.3 The correctness of the algorithm

If the remaining receptive automaton defines a non-empty language (if reachable @ # (), it defines
the P-set of a sequential trace structure (whose F-set is empty) which can be composed failure-free
with 7. However, if reachable Q = §) at termination of the algorithm, any such structure has empty
P-set — in other words, there does not exist such a sequential trace structure.

In order to prove this, it is necessary to prove that the algorithm does indeed derive the maximal
subset of F which is O-downward-closed, (O, I)-receptive, regular, and prefix-closed.

The following facts are crucial to the correctness of the algorithm.

Lemma 6.2 Let INO = 0. Let W C B(I UO) be an O-upward-closed set. Then W is an O-

downward-closed set.

Proof: Let n € w,x € (BY)",y € (BY)" such that (r Uy) € W. Let 3 < y. We must prove that
(zUy) eW.

Say not. Then (z Uy') € W. Thus by the O-upward-closure of W, it must be the case that
(rUy) € W as well. But by assumption, (z Uy) € W. Therefore it cannot be the case that
(xUy) €W, andso (zUy') € W. 1

Lemma 6.3 Let INO =0. Let W C B(IUO). Then OUC(W) is the mazimal O-downward-closed
subset of W (where the OUC operator is defined in (I,0)).

Proof: Let Y = OUC(W). Let Z be the maximal O-downward-closed subset of W. Z is well-defined,

because if two sets A and B are O-downward-closed, then (A U B) is also O-downward-closed.

e Y CZ:By Lemma 6.2, Y is O-downward-closed. By definition of complement, Y is a subset
of W. Therefore Y C Z. |

e 7 CY :Saynot. Then there exist a € B(I) and b € B(O) such that (aUb) € Z but (aUb) € Y.
By definition of Y, this means that (¢ Ub) € OUC(W). Thus there exists 6’ < b such that
(a U b') € W. However, by definition of Z, (a Ub') must be in Z as well. Therefore Z ¢ W,

which is a contradiction. Hence it must be the case that there exists no such (a Ub), and so
ZCY. |

Lemma 6.4 Let INO = 0. If W C B(IUO) is inpui-downward-closed (I-downward-closed) then
W = IDCipmpi(W) (where the IDCimpr operator is defined in (I,0)).

Proof: By analogy to the proof in Section 5.4.3 that OU Cipmpi(W) = OUC(W). (Lemma 5.8). 1}
Lemma 6.5 OUC(W) - A* = OUC(W - A¥)

Proof: Obvious.
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Lemma 6.6 Let I N O = 0. If the deterministic finite automaton M defines a language L C B(I' U
0), then the finite automaton resulting from the application of the IDCpnpr operator to the M

representation of L has an input-downward-closure property that is impervious to deletion of states.

Proof: Let M be a deterministic finite-state automaton such that £(M) = L. Let M’ be the result
of applying the IDCjp,p; operator to M.

Assume M/ = <E = T(IUO)aQa{qo}aQF = Qaél = UqEQ 64) Let q/ € (Q - {QO}) (If q/ = qo,
and we remove ¢’ from @, then the resulting automaton trivially defines an input-downward-closed

language: the empty language). Let Q' = (Q — {¢’}). Let
M" = (%,Q" {90}, Qr = Q8" =8 = (6, U{(d' e.q) €' | ¢ €Q,e € T},

Let L' = £L(M"). We must prove that L is input-downward-closed.

Let w € L. Let n € w. Let = € (71)" and y € (79)" such that w = (z Uy). Let 2’ < z. We
must prove that (z' Uy) € L.

Because w € L”, we know there exists a path qo,q1,...,q, C Q' of length n such that

WI3nSes B,

where wy - wsy - ... w, = w. In other words, for every i € {1,2,...,n}, (qi-1), wi = (z; Uyi), ¢;) € 8"
Therefore by definition of IDCjpy, for every @ € {1,2,...,n}, (qi-1), (2} Uyi), q;) € 6. Therefore
(z'Uy)el”. 1

In order to prove that the algorithm is correct, we must prove that the algorithm does indeed
derive the maximal subset of F which is O-downward-closed, (O, I)-receptive, regular, and prefix-
closed.

We first define M} by induction on i € w : M = My and Mi“l) is what remains of My after
the i’th iteration through the inner loop of the algorithm. Q% is the set of states of M}.

Lemma 6.7 The above algorithm terminates.

Proof: For all i € w, ng-l_l) C @} Therefore there exists minimal & € w such that one of the
following holds: Q% = @ or Qik-l_l) = @Q%. In both cases, the loop termination condition holds after
the (k + 1)’st iteration of the loop. |

Lemma 6.8 If the above algorithm terminates after k iterations of the loop, then L(MF) is O-

downward-closed, (O, I)-receptive, prefiz-closed and regular.

Proof:
Clearly £(MY}) is regular, because it is expressed as a finite-state machine. We proceed to prove

the remaining points.
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. L:(Mf) 1s O-downward-closed:

By Lemma 5.8, £(M;) is O-upward-closed. By definition of FSM determinization, £L(M2) =
L(M;), and therefore £L(M3) is O-upward-closed. By Lemma 6.2, £(Ms3) is O-downward-
closed. By Lemma 6.4, £L(M4) = L(M3). And finally, by definition of M4 and by Lemma 6.6,
L(M}) is O-downward-closed for every i < k. Therefore £(M}) is O-downward-closed. 1

o L(M})is (O, I)-receptive:

By the loop termination condition, for every state q of M} there exists C' C lab(8,) that is
total in 79 and that has the upward-chains property in (O,I), where 6, are the outedges
of ¢ that remain in M}. By the argument for the correctness of the algorithm for checking

receptiveness (see Section 6.2.3), £(Mf) is therefore (O, I)-receptive. |

o L(MY}) is prefix-closed:

By definition, £L(Mg) = L(M) - A*. By Lemma 5.8, L(M;) = OUC(L(My)). By Lemma 6.5,
OUC(L(My)) = OUC(L(M))-A*. Therefore L(M7) = OUC(L(M))-A*. As above, L(My) =
L(M;). Clearly, therefore, £L(M3) is prefix-closed. Because deletion of states and their in- and
out-edges preserves prefix-closure, £(M}) is prefix-closed for every i < k. Therefore L£(M£) is
O-downward-closed. |

QED Lemma 6.8

Theorem 6.9 If the above algorithm terminates after k iterations of the loop, then L(MY) is the

mazimal subset of F that is O-downward-closed, (O, I)-receptive, prefiz-closed and regular.

Proof: By Lemma 6.8, £L(Mf) is O-downward,closed, (O, I)-receptive, prefix-closed and regular.
We must prove that if L/ C F' then either L' C £L(M}) or at least one of these four properties does
not hold of L'.

Let L' C F. We claim that one of the following must hold: L’ C £(Ms3) or L’ is not prefix-
closed or I’ is not O-downward-closed. As shown in the proof of Lemma 6.8, by Lemmas 5.8 and
6.5, L(M;1) = OUC(L(M)) - A*. By definition, L(M) = F. Therefore L(M;) = OUC(F) - A*.
Thus L(M3) = m Clearly, every prefix-closed subset of W(F) must be a subset
of m And by Lemma 6.3, every O-downward-closed subset of F' must be a subset of
W(F). Therefore, every subset of F' that is both prefix-closed and O-downward-closed must be a
subset of L£L(M3).

Therefore, either L' C L£L(M3), or at least one of the four properties does not hold of L'.

Assume I/ C L(M3). We claim that either L/ C L(MJ) or L' is not (O, I)-receptive. If My
is a deterministic finite-state machine, then this follows by the argument for the correctness of the
algorithm for checking receptiveness (see Section 6.2.3). However, if M, is a nondeterministic finite-

state machine, the arguments given there do not obviously hold. This is because, for ()4 the set of
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states of My, there may exist two distinct q1, g2 € Q4 such that ¢q M:4>w q1 and qq M:4>w q2. In such
a case, even if there exists appropriate Cy, C ezt1(w,m), it could hypothetically be the
case that for all such appropriate Cy,, Cy € lab(é,,) and Cy & lab(8,,). In that case the algorithm
would erroneously remove ¢; and go from MJ, thereby removing w from E(MZ) for some j < k.

In order to see that even when My is nondeterministic, it is still the case that every w ¢ L(MF)
violates the receptiveness property in (O, I) of £L{(M4) = L(M3), we must prove that in fact such a
case cannot occur.

Referring back to the algorithm, we note that Mz = (X,6, 90, @3, @r C @3) is a deterministic
automaton. Let w € £L(M3). Then there exists a unique ¢’ € Q3 such that ¢ My q'. By definition,
lab(6q4) = ezt1(w,m). While application of the [ DCjy,,1 operator to Ms increases ¢ to
&' D b, it does not affect the set of edge-labels on the out-edges of any ¢ € Q3. In other words,
lab(8,) = lab(s,) for every q € Q3 = Q4. Therefore, lab(éy,) = ezt1(w,m) as well, and so
if there exists Cy, C ext;(w, OUC(F - A*)) with the appropriate properties, this C, is a subset of
lab(é(’],). Therefore the hypothetical case outlined in the preceding paragraph cannot occur.

Thus if L' C £(M3), either L' C L(MF), or L' is not (O, I)-receptive. Therefore either L' C
L(MYF), or at least one of the four properties does not hold of L'. |

This concludes the proof that our algorithm derives the maximal subset having the required
properties, which is a necessary and sufficient condition for its correctness.

Note that the states in Q4 — Q% correspond precisely to the autofailure states of OUC(T) in M.
This fact is necessary and sufficient to prove the correctness of our software implementation of the
canonicalization process. In our software implementation, we maintain in each automaton a single
sink state that is neither S-final nor F-final. This facilitates quick complementation of the language
accepted by the automaton. M accepts F. We complement M, to derive M3 by swapping the
designation of each state as F-final or not. Thus each state of M3 corresponds to a unique state
of Ms. 4, the states of My, are exactly the states of Ms. As clarified in the proof above, the
algorithm removes from @4 = @3 all and only those states that violate the receptiveness of £(M3).
But these states correspond precisely to those autofailure states of My which were not already
marked as F'-final states. Therefore we may implement the canonicalization process by applying the
above algorithm to M such that £(M) = F, and considering all the states of Q41— Q% as autofailures
of OUC(T). This is in fact how we derive af (OUC(T)) for purposes of autofailure manifestation.

6.3.2.4 The complexity of the algorithm

The worst-case time required for the algorithm to terminate is in O(4l91 . 3111 9190 "where | Q| is
the cardinality of the state-set of the original automaton representation M of F. The computation
is as follows.

Computation of My from M requires the replacement of ¢, for each ¢ € Qr by 311VO0 gelf-loops.

The time required for this is in Q31O . |QFp|) if the edge representation is explicit. Our software
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implementation of this algorithm requires only constant time to replace §, by a representation of
311VO1 gelf-loops, for each ¢ € Qp. However, the program requires that the set of reachable states of
M be made explicit. Hence we must traverse all of the remaining automaton in order to determine
which states of M are now unreachable — a process which is in Q399! .|Q — QF|). Thus we again
derive that the computation of My from M is in O(311Y°! .| Q).

Computation of M; may require the addition of 317YO! edges to each 6, in the worst case.
Hence the time this step requires is in O(31/Y°l . |@Q]). In our software implementation, the TDD
representation of 6, must be traversed and expanded where required by the output-upward-closure
operator. This process is in (’)(3|IUO|) because in the worst case the size of the TDD is 31Vl

Computation of My requires determinization of a finite-state automaton having | @) | states: this
operation is exponential in |@Q|. Let @’ be the state-set of M. Then |Q’| < 2!9l. This causes the
appearance of the exponential 2/9! in subsequent terms of the complexity bound.

Complementing M- takes time proportional to the size of )', and computing M, from M3 takes
time in @(31Y°1.1Q’|), by the same reasoning used in calculating the time required to compute M,
from M.

The nested-loop construction and explicit loop termination test of the algorithm make it clear

that the receptiveness-violation check may be executed as many as

ST o=@ (1Q1+1)/2€ 0(1QT)

1<n<|Q|

times in the worst case. By the results of Section 6.2.3, the per-state receptiveness-violation check
takes time in O(311 - 9191} in the worst case.
Therefore the asymptotic upper bound on the worst-case time required by this algorithm to

decide whether or not 7' is failure-forcing is
02-1Q| .31vol 4 9lQl 4 olQl . glIuol (2|Q|)2 .gHl. 9|O|)

or more succinctly,

0(4|Q| 3l 9|O|)

6.4 Verification in Practice (Deciding Conformance)

We have implemented verification procedures for sequential trace structures using these procedures.
More precisely, we utilize the results of the previous chapter in determining conformance, and we
use the algorithms we have just described for implementing the details of that procedure. In order
to determine whether or not 7' < T”, for given sequential trace structures 7" and 7" of the same
(I, O)-type, we first apply the algorithm described above in order to determine the autofailures of
OUC(T"). Note that in general OUC(af(T")) # af (OUC(T")), but that T" is failure-forcing if and
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only if OUC(T") is failure forcing. This is because although in general OUC(T.)) # (OUC(T"))w,
the two trace structures are identical when w = ¢.

If OUC(T") is failure-forcing, then T° < T”. Otherwise, we apply autofailure manifestation and
failure exclusion to OUC(T"), to derive canon(T"). We then employ our implementation of the
algebraic composition operation and of the mirror operation to compute T' || mir(canon(T")). We
may determine whether or not this sequential trace structure is failure-free via a single pass over the
set of states of its automaton representation.

We have implemented the algebraic operators, the mirror and canonicalization operations, and
the conformance decision procedure for sequential trace structures. We can also use this software to
check whether a given sequential trace structure represents correct substitute subcircuitry for a given
location in a given circuit. We compute the the closed-form expression suggested by Theorem 5.14
as the specification. We may then determine, for any candidate replacement component, whether
its sequential trace structure representation conforms to this specification.

Our software handles the formal verification of combinational relation structures via the syn-
chronous theory: a combinational circuit is modeled by a sequential trace structure that repeats its
combinational behavior during each clock cycle. This sequential trace structure 7 is failure-forcing
if and only if the corresponding combinational relation structure 7" is a combinational autofailure.

The computational complexity of our conformance decision procedure is dominated by the cost
of determining the autofailures of OUC(T"). In our software implementation, composition of two
trace structures Ty and T takes time in O(] Q1 |- | Q=] - 31V°1), and computing the mirror of a trace
structure 7' takes time linear in |Q|. However, computing the autofailures of OUC(T") takes time
n (’)(4|QI| -3l ~9|O|), as shown above. We expect the dominant factor to be the exponential, so that

the asymptotic complexity of our decision procedure is polynomial in 379€!



Chapter 7

Conclusion

7.1 Summary

In this thesis, we have developed a mathematical model of synchronous sequential circuits that
supports both automated formal hierarchical verification and substitution. We have extended the
hierarchical verification framework of asynchronous trace theory [61] to apply to both combinational
circuits and to clocked sequential circuits. Our models allow nondeterministic specifications and
may provide both a behavioral and a structural view of a circuit. In order to make these extensions,
we have addressed the question of zero-delay cycles in a behavioral circuit model. Our solution to
the zero-delay cycle problem avoids a particular class of false positives that may occur in formal
verification as the result of disappearing behavior.

For substitution, we have utilized the structural view of a circuit in order to derive a formal
description of the full design space available for the correct implementation of a subcircuit.

In addition to developing a theoretical framework to support behavioral and structural compar-
ison of synchronous circuit models at various levels of detail, we have developed and implemented
automatic decision procedures for both formal verification and substitution using these models.

In Chapter 2, we presented mathematical preliminaries and notation, and introduced the circuit
algebra framework. In Chapter 3, we presented our formal model of combinational circuits and
their requirements specifications, which incorporates our solution to the zero-delay cycle problem.
These behavioral circuit models, called combinational relation structures, provide a relational model
of circuit behavior. We showed that these models and the structural operations on them form a
circuit algebra [61], which guarantees that our framework correctly identifies when two circuits must
exhibit the same behavior.

In Chapter 4, we extended the formal hierarchical verification framework of asynchronous trace
theory to combinational relation structures. One combinational relation structure correctly imple-

ments another if 1t may be safely substituted for 1t in all contexts; we call this relation conformance.
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The outline of a decision procedure for conformance was derived using mirrors and results of circuit
algebra. These results are an extension of those in asynchronous trace theory. However, the descrip-
tion of when two combinational relation structures are indistinguishable via verification is new, as it
is based on the instantaneous interaction of a circuit with its environment. We presented a canoni-
calization process based on this description that provides a decision procedure for conformance. We
also showed how the structural view of a circuit may be inverted to expose a subcircuit and the
flexibility available for its correct implementation within a larger circuit. We derived a closed-form
expression that formally describes the entire design space available for its correct implementation.

In Chapter 5, we developed the theory of sequential trace structures, which are our model of syn-
chronous circuits and their requirements specifications. In order to correctly model the behavior of a
synchronous circuit during a single clock cycle, these behavioral models are based on a modification
of traditional Mealy machines: a behavior is a frace, which is a sequence of combinational behaviors.
Sequential trace structures form a circuit algebra, and conformance between two sequential trace
structures is defined as in the asynchronous and the combinational theories. Our description of when
two sequential trace structures are indistinguishable via verification is based on the instantaneous
interaction of a synchronous circuit with its (synchronous) environment within each clock cycle.
This description was converted into an effective procedure for deciding conformance. And finally,
we duplicated the substitution results derived for combinational models in the previous chapter, to
apply to our synchronous circuit models.

In Chapter 6, we presented some details of the algorithms we employ in our software imple-
mentation of the verification procedures developed in the previous two chapters. We discussed the

computational complexity of these algorithms, and proved their correctness.

7.2 Future Work

Synthesis and optimization: We have solved the problem of characterizing the space of allowed
replacement components for a subcircuit in a given circuit. However, this space is very large, and
so we would like to develop search techniques for finding optimal implementations. Both exact and
heuristic search methods would be of interest.

More specifically, although we can derive the most general specification for allowed replacement
components for a subcircuit in a given circuit, and we can determine of any candidate replacement
component whether or not it is an acceptable substitution according to the desired behavior of the full
circuit, we have not investigated the question of synthesizing a reasonable replacement component
from this specification. This would involve synthesis of synchronous circuits from nondeterministic
specifications, a problem that has been investigated in [54, 138] for example. It remains to be seen
whether either of these approaches can be applied to sequential trace structures.

Liveness properties: Sequential trace structures can only express safety properties. If one
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were interested in a refinement process from very high-level specifications, one might conceivably
want to express liveness properties. For example, a system specification provided early in the design
process may be sufficienctly imprecise that it does not contain timeout information. In this case it
could be desirable to be able to express unbounded liveness.

In order to express general liveness properties, sequential trace structures would have to be
modified by dropping the prefix-closure constraint on P and by allowing infinite-length traces as
behaviors. This expressiveness can easily be achieved using w-automata. However, the current
verification procedures would no longer be directly applicable. In particular, the definitions of
canonicality and the canonicalization process require some thought.

Efficiency of formal verification: Currently, the asymptotic complexity of the verification
procedure is dominated by the cost of determining whether a given structure of the form of a
sequential trace structure is indeed a sequential trace structure (or may be made into one). The cost
arises from the need to determine whether or not the upward-chains property holds or can be made
to hold of this structure. Thus the precise definition of receptiveness directly impacts the complexity
of the verification process.

One might consider modifying the precise definition of receptiveness in an attempt to obtain a
more efficient decision procedure for formal verification. We have already moved somewhat in this
direction: the original receptiveness definition that was proposed (for the combinational case) was
the requirement that P contain a monotonic function (in (7, 0)). Pratt has proved that the problem
of determining for a given P whether or not it contains a monotonic function is NP-complete in 3V€!
[117]. Our best algorithm for determining whether P contains a monotonic function, in which P is
represented as a set of Boolean vectors, takes time doubly exponential in | U O]. Thus one would
expect to move in the direction of even weaker approximations of full monotonicity in investigating

this question.
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