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Figure Captions

Fig. 1 Data Structure for Poisson solver. The interval T
is equal to the drumrotating during the solution
one Poi sson system of | ower-dinmension.

Fig. 2 Timng for drumreads and wites when sinultaneous
reading and witing is allowed. I ndi ces shown in
figure give the value of j for each record.

Fig. 3 Timng for drumreads and wites when sinultaneous
reading and wi ting is not allowed.

Fig. 4 Record positions for first reduction iteration and
next to last back substitution. Asterisks indicate
records containing known solutions.



THE SOLUTI ON OF LARGE MULTI - DI MENSI ONAL PO SSON PROBLEMS

by Harold S. Stone

Abst r act

The Bunenan al gorithm for solving Poisson problens can be adapted

to solve large Poisson problenms on conputers with a rotating drum menory

so that the conputation is done with very little time |ost due to rota-

tional latency of the drum

W



| ntroduction

Large conputations that do not fit into central menmory often
are arranged so that the majority of the data resides on an auxiliary
nmenory, and the conputation itself is structured as a sequence of
core-contained subproblems. Each subproblemis read fromthe auxiliary
nmenory into central nenory, hopefully while another conputation proceeds,
so that no tine is lost waiting for the read operation. The mgjor
challenge in solving large problems is to structure the sequence of
subprobl ems and the data storage fornmat in auxiliary nenory so as to
mnimze the time lost while waiting for data transfers.

In this paper we examine a method for solving [ arge Poi sson probl ens
orr a conputer with a rotating drummemory, and we show that drum | atency
can be made very small with proper selection of paraneters. Anong the
obvi ous candi date algorithnms for solving Poisson problenms with mninmm
latency are iterative schemes [Young, 1971] because these schenes access
data records sequentially at uniformy spaced tine intervals. In this
paper we choose to ignore the iterative schenes in favor of direct nethods
that generally have a | ower conputational conplexity. In particular, we
exani ne Buneman's al gorithm [Buneman, 1969] and the related al gorithm

known as cyclic odd-even reduction [Buzbee et al., 1970]. Both of these

al gorithnms have interesting properties that lead to mnimm | atency
i npl enent ati ons. For these algorithnms the intervals between record
accesses vary considerably fromiteration to iteration, but the distance

bet ween records varies by an equival ent amount so that latency is held | ow



Latency is not the only problem however, in the design of such

al gorithnms because |atency can be held to very |ow val ues just be

i ncreasing buffer space. If buffer space is sufficiently large to

hold the entire problem then drum latency reduces to zero. Fortunately,
the algorithms obtain very low latency with a small fixed anount of
buffer storage.

In Section Il of this paper we review the Buneman al gorithm
which is the basis of the algorithmfor the solution of |arge problens.
In Section Il we discuss the storage structures for a mnimmlatency
i npl enentation of the Buneman al gorithm for systens with drum nenories.
Section |V treats several peripheral nmatters such as practical aspects
of inplementation and a mninum | atency inplenentation of the cyclic
odd-even reduction algorithm The final section contains a brief

summary and sone suggestions for further research.



11.  The solution of core-contained problens

In this section, we present a brief review of the Buneman
al gorithm for solving Poisson's equation as described in Buzbee
et al. [1970]. In later sections we show how this al gorithm can
be adapted to solve problens too large to be contained in main nmenory.
The problem at hand is the solution of Poisson's equation in two
or three dinmensions. To sinplify the analysis we shall assume that the
t wo-di mensi onal surface is a square of size N X N, and the three-
di mensi onal volunme is a cube of size N on each side. The algorithm
wor ks best for N of the formN = 2m—1, whi ch we assune to be the case
for the remai nder of the analysis. W also assume that the Poisson
probl em has Dirichlet boundary conditions along all boundaries. These
assunptions are not necessary and can be rel axed as described by Buzbee
et al. [1970] without changing our conclusions about methods for solving
| arge probl ens.
Under the state boundary conditions the problemreduces to the
solution of the systemof equations MX = y where Mis block tridiagonal

of the form




For two-dimensional problenms, when the square grid is of size
N X N, M has di nension N2 X N2, | is an identity matrix of size N
and Ais an N X N tridiagonal matrix. For three-dinensional problens,
the cubic grid has N points in each dinmension, and M has di mension
hﬁ Xhﬁ In this case the identity matrix | has size N2 X N2, t he
A mtrix is block tridiagonal of size N2 X Nzand is the matrix for
a two-di nensional systemof the formjust described. Thus a three-
di mensi onal Poi sson probl em contains N coupl ed two-di nensional problens,
and sinmlarly, a two-dinmensional problemcontains N coupled one-
di mensi onal problenms. This obviously generalizes to higher dinensions,
but di mensionality greater than three is rarely encountered in practice.
The nethod of solution involves conputations that decouple the

probl ems of |lower dinmension. Buneman's algorithmis a variation of an

al gorithm known as cyclic odd-even reduction. In this type of algorithm

hal f of the [ ower dimensional problems are elimnated during the first
iteration, and during each successive iteration half of the remaining
problens are elimnated until a single system of [ower dimension remains.
This is olved, and its solution is used to solve the two |ower dinensiona
problens last elimnated. The available solutions are then substituted
into four |ower dinensional problens, then these into eight |ower dinen-
sional problens, etc., until all of the elimnated |ower dinensiona

probl ens have been solved. The order in which the substitutions are made
is the reverse of the order in which problens are elimnated. Under the
stated conditions, namely that the Mmatrix is synmetric with all bl ock

factors constant on each diagonal, each matrix of |ower dimension elinnated



by the algorithmis not a Poisson systemitself, but is the product of
Poi sson matrices. At the kth iteration, the matrices are each products
of 2k Poisson matrices, so that during back substitution, each system
elimnated during the kth iteration can be solved by solving a sequence
of 2k Poi sson problens of the sane dimension as the elimnated matrices.
To nmake these ideas explicit the conputation in brief is given bel ow
To sol ve MXx = y when M has the formof (1), partition x and y to

conformto M so that

X D
X = X =

Xo Lo

XN AN

where each X; and y. is a vector with 1/Nm as many conponents as X

and y. For two-dinensional problems each X5 and A is avector with N

conponents, and for three-di mensional problens, each has N2 conponents.
Next we compute a sequence of vectors R(k), g(k), z(k) and natrices

A(k). The vectors are of dinension equal to the dinension of x and y,

and are partitioned to conformto the partitioning of X and y. To begin

the iteration, initialize the quantities as indicated below for j =

2.k, 6,. ..,2"-2.
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The identity matrix in the first equation of (2) has the same di mension
as the A matrix. The calculation of Qél) requires the solution of the
equation A Qél) = !ﬁ , which is a Poisson system of one dinension |ower

than the original system

The iteration to performthe reduction of the systemis the

fol | owi ng:
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where during the k iteration the indices j have the formj = i2

1<1<2™K 1

The nmatrix A(k) in (2) is not block tridiagonal, but it factors

into block tridiagonal matrices according to the identity:
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and A and | are the block matrices of Mgiven in (1). Thus we can

k :
(k+1) in the k'M iteration of (3) by solving a sequence of

obtain p.
%
ek Poi sson probl ens of | ower dinension
Since we assunme N has the forn12m-L after m2 iterations of (3)
the reduction allows us to wite the single equation

A(m—1252m—1 = A(m"l)gégtf) tqgggzi) (5)

whi ch can be sol ved for %_m-1 by using the factorization given in (k).

At this point we can proceed with the back substitution using the

iteration:
(k) = o)y - (k)
P . . . . m k
for j =i-27, and i odd in the interval 1 <i < 2 - 1. we solve (6)
k)
for (x -y
or Qé 25 ), then use
_ oK) (k)
L Rl A T <i€j - By ) (7)

to solve for éd' Boundary conditions force %5 and X.m to be zero in (6).

Thi s concludes the general description of the algorithm The data
flow of the algorithmis the aspect that concerns us nost in this paper
since the challenging problemis to support the data flow when using a
rotating auxiliary nenory. In the next section we investigate various
ways to carry out the conputation described in (3)and (6)when the

probl em nust reside on an auxiliary nenory.



[Il. The solution of |arge Poisson problens

In this section we investigate a nethod for organizing a conputa-
tion to solve Poisson's problemwhen the problemis too |arge for central
memory. W assume that the data resides on an auxiliary menmory such as
a drum or fixed-head disk, so that the rotational position of the menory
is the unique state variable that describes the state of the nenory.

Al though the entire conputation is too large for central nenory, the
central menory is at |east large enough to contain several problens of

| ower dinmension. For exanple, to solve a three-dimensional problemwth

a mesh size of 6L points in each dinension requires sufficient storage for
218 mesh points. This 'is far too large to be contained in central menory
fot all but a very few conputers. However, one two-dinmensional subproblem

12 = 4096 poi nts, and can easily fit in central menory of

contains only 2
typical scientific conputers. In fact, eight to 16 subproblenms nmight be
able to reside simultaneously in a typical scientific computer nenory.
Large two-di nmensional problens that require the techni ques discussed in
this section have 256 to 512 or nore points in each dinension, or approxi-
mat el y 216 to 218 or nore mesh points in total

The reason that the direct method for solving Poisson's equation is
somewhat chal l enging to inplement on a conputer with a rotating menory is
that each point in the solution vector of the problemis influenced by every
point of the right-hand side of (1). Thus, any inplenentation of any
al gorithm what soever requires data flowto go fromevery point to every other

point, and this is contrary to the natural unidirectional flow of a drum

menory.  The strategy We choose is to use the unidirectional flow of infor-



mation of the drumfor iterations (2) and (3) to collapse the data
into a single problem of lower dinension. The back substitution calls
for a reverse flow of information, which is inpossible for a rotating
disk, Here we nake use of the natural periodicity of the drumto spread
information as required for the back substitution. Latency cannot be
made zero for the back substitution process as we describe it, but it
can be kept to a small anount

The nmethod we use to organize data is shown in Fig. 1. Each record
contains Qd and 45 for fixed j. The records are initialized with the
val ue of 25 in the jth record, and subsequent copies of the jth record
contain Rﬁ and gd as they are produced during the evaluation of (2) and
(3). Wen ﬁ is calculated during the back substitution phase, it over-
writes gd in one or nore copies of the jth record according to a schene
described later in this section

Since the matrix A(k)is i ndependent of j in (2) and (3), it is not
necessary to store a copy of A(k) with each record, nor is it necessary
to update A(k)for each j as indicated in (2) and (3). However, if
boundary conditions are Neumann or periodic, and different faces of the
boundary have different types of conditions, then the A(k) matrices may
be dependent on j, and we nust allow for the possibility of storing and
reconputi ng A(k) for each j. The algorithmis valid for these boundary
conditions with slight alterations in the factorization given in (4) and
with slight changes to other minor details in the calculation

The inmportant aspect of the data organization given in Fig. 1
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Record
Record
N-1
Record Jj+1
1
Record
Record
N
Record
ecor j+2
2
Record
Record .
J+3
3

Drum Surface (unrolled)

Fig, 1. Data Structure for Poisson solver. The interval T
is equal to the drumrotation during the solution
one Poi sson system of | ower-di mensi on.

direction of
drum rotation
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is that the records are spaced around the drum so that the physica

di stance between records j and j+2 is just long enough to permt the
conputation in (2) to take place while the drumis rotating. As nen-
tioned previously, the conputation excludes the conputation of A<1) i f
this matrix is the sane for all j, as is the case for the stated boundary
condi tions. Fig. 2 shows the timng for the reading and witing of
records during the computation of (2). Note that the first three
records are read into nenory and reside there while pél) and gél) are
conputed. During this period, the next two records are read into
menory. At the close of the conputation of Eél) and gél), the data
q(l) are available in nenmory. These

~2
quantities are computed while the next two records are read into nenory,

required to conpute 2&1) and

and the record containing’gél) and gél) is witten back onto the drum
If sinultaneous reading and witing of the drumis not permtted, then
a scheme such as that shown in Fig. 3 is required. In this figure the
initial configuration of records is such that two records are grouped
together, followed by a space to allowthe witing of a third record,

and the pattern repeats around the drum The di stance between successive

records in an adjacent pair is equal to the drumtravel during one third

of the calculation of (2) for one value of j, so that one pattern of
two records and a blank record position passes under the read head
during one iteration of (2). The timing in Fig. 3 shows that when the
cal cul ation of (2) has ended for one value of j, new data are avail able
“for the repetition of (2) for the next value of j. The output record
is witten during the blank position time between pairs of input.

records, Fig. 3 is essentially the same as Fig. 2 in all other respects,
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Iteration 1 Iteration 2 Iteration 3

Igggimtion Read Conpute Wite Read Conpute Wite Read Conpute Wite
1 1
2 2
3 3
L L4 2
> > 2
6 6 4 2 2
7 7 L
8 8 6 L L
9 9 6
10 10 8 6 6
11 11 8 4
12 12 10 8 8 L
13 13 10 L
1L 1k 12 10 10 i
15 15 12 8 L L4
16 16 14 12 12 8
17 17 1k 8
18 18 16 14 14 8
19 19 16 12 8 8
20 20 18 16 16 12
21 21 18 12
22 22 20 18 18 12
23 23 20 16 12 12
2l 2k 22 20 20 16 8
25 25 22 16 8
26 26 24 22 22 16 8
27 27 24 20 16 16 8
2 28 26 2h 2y 20 8
29 29 26 20 8
30 30 28 26 26 20 8
31 31 28 2l 20 20 8
2 16 8

w
AV)
w
.o IO
W
@

28 28

.

Fig. 2 Timing for drumreads and wites when sinultaneous reading and witing
is allowed. Indices shown in figure give the value of j for each record.
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Drum Position Read Conpute Wite Read Wite Compute
1 1 -
2 -
3 2 -
L 3 -
) 2 -
6 L 2 -
7 > 2 -
8 L4 2 2 -
9 L -

10 L -
11 6 L L -
12 6 -
13 6 -
14 8 6 6 -
15 10 8 4 -
16 11 8 L -
17 10 8 8 L -
18 12 10 N -
19 13 10 N -
20 12 10 10 b -
21 14 12 8 L
22 15 12 8 -
23 14 12 12 8 -

Fig. 3. Timng for drumreads and wites when

simul taneous reading and witing is not allowed.
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Idle conputer tine at the beginning of iterations in both figures is not
| ost. It can be used to conplete conputations of the prior iteration

The interesting aspect of this data organi zati on concerns what
happens when (3) is evaluated. Note that the input data to (3) is the
output data from (2) or fromthe previous iteration of (3). After
reading the first three records to initiate the evaluation of (3) for
the first value of j, the output data for each successive val ue of |j
requires two input records to be read. During each successive scan of
the input data for an iteration of (3), the amount of data read reduces
by a factor of 2, and the spacing between records read increases by a
factor of 2. Thus it takes approximately twice as long to read two input
records for (3) for k=2 as it takes to read two input records to eval uate
(é). However, the time required to conpute Qée) and 352) is roughly double
the time reauired to conmpute Eél) and gél) because it is dominated by the
time required to solve two problens of |ower dinmension, while the first
iteration is donmnated by the time required to solve a single system of
| ower di mensi on. This foll ows because A is block tridiagonal, while A(l)
factors into two block tridiagonal systems, as given in (4).

The timing for two iterations of (3) is shown in Fig. 2. Note that
for each successive iteration the space between input records doubles, but
the computation time doubles as well. Thus if drumlatency is negligible
for (2), it is also negligible for every iteration of (3).

This conpl etes the description of the reduction phase of the algorithm
‘During each iteration of this phase, drum|atency can be made essentially
zero. Between iterations |atency depends on how closely the data conmes to

occupying an intecgral nunber of drum bands. If the data spans an integra
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nunber of bands, then drumlatency between iterations is also essentially
zero. Note that a new iteration can begin at the first avail able val ue
of j, and not necessarily at the |east value of j since (3) can be done
for j in any order. If data spans an integral nunber of bands except

for a fraction o of a single band, then the |atency during the reduction
phase is approximtely a[(log2 N) -1] since there are (1og2 N) -1 tran-
sitions between iterations.

The reduction phase is relatively straightforward because there are
no constraints on the placenent of output data. W sinply choose to wite
out each record as it is produced. The back substitution phase is nore
difficult to inplement because the position of both the input and out put
data of each conputation are fixed by the placenent of data during the
reduction phase. In particular, to solve for the odd unknowns we nust
substitute the conputed values of the even unknowns into their. respective
positions between the odd records, Mreover, the data fromwhich the even
unknowns are conmputed are displaced in the direction of rotation fromthe
final position for the even unknowns, During the back substitution phase
the data flow nust be in the reverse direction. Consequently, we have to
nmove information against the natural direction of information flow of the
drum

Since mechani cal drums cannot be rotated in one direction and then in
the opposite direction, we nust nove the information backwards by noving it
forward around the drumfor alnmost a full revolution, A data file can be
nmoved forward around the surface of a rotating drum provided there is
sufficient buffer capacity in menory to hold portions of the file while the

drum rotates. For the reduction phase we need only two buffers for data
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being read, three buffers for the conputation, and one buffer for data
being witten, giving a total of six buffers. W surely do not wish to
i ncrease the number of buffers to much nore than this for back substitu-
tion. Instead we determne how records should be spaced around a band
to take advantage of the periodicity of the drumand avoid extra buffers
in core. W now show that record spacing should be chosen to be k/11 of
a drumrevolution where k is an integer in the range 1 < k < 11

Fig. 4 shows the spacing of records around the drumfor the first
reduction iteration and for the penultimate iteration of the back sub-
stitution. For the back substitution, records in which known val ues of
5d have been stored are shown w th underlines. Note that every other
record contains a known value, and the unknowns that are conputed for the
particular iteration are interspersed between the unknowns. In doing the
back substitution iteration as shown, the output records are even nunbered
and must be stored in the positions occupied by the even records of the
first iteration. These are the records shown as the input records of the
reducti on phase shown in the figure. \Wen the even-nunbered records are
stored as shown, the data for the last iteration are in position for a
back- substitution conputation with near-zero latency. By assunption, the
known val ues of Ej that appear as input to the back substitution iteration
have been stored in their correct position during the previous back sub-
stitution iteration

It is evident in Fig. 4that during the reduction phase output records
are displaced by four record positions fromtheir corresponding input posi-

tion, and during the back substitution the displacenent is seven record
-
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Read Comput e Wite Read Conput e Wite
1 - -
2 - -
3 -
b 2 -
5 2 - - -
6 L4 2 2 - -
7 b - - -
8 6 N % - -
9 6 - 2 -
10 8 6 6 2 -
11 8 - 2 -
12 10 8 8x 2 -
13 10 6 2%
14 12 10 10 6
. 15 12 6 h*
16 14 12 12% 6
17 14 10 6%
18 16 14 1l 10
19 16 10 8%
20 18 16 16% 10 -

Fig. 4. Record positions for first reduction iteration and next to
| ast back substitution. Asterisks indicate records containing

known sol utions.
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positions. The total displacenent is 11 records, and if this is equal
to one drum revolution, the output of the back substitution iteration
falls on the exact drum position for the final iteration to be done
with mininum latency. Note that the number of buffers required for
the back substitution phase is six, conposed of two buffers for reading
data, three for conputation, and one for witing data. Al so note that
known Ed‘s input to a reduction iteration are rewitten as output values
as well as the idls conmputed during the iteration
Fig. 4 shows that the first reduction iteration, and the last two
back substitutions can be done with zero latency if exactly 11/k records
fit around the surface of one band for 1 < k < 11. There remains to show
that the latency for the other iterations is zero or near zero. This
| atency can be calculated easily by noting in Fig. 4 the several sources
of the 11 record delay. During the reduction phase, after reading record
2, one record time is spent waiting for record 3,two record times for
conputation, and one record time for witing results. During the next
iteration of the reduction, two record tines are spent waiting for the
| ast input operand, four for conputation, and one for output. More generally
during the kth iteration of the reduction phase we have the follow ng formula

for the displacenent of the output file relative to the inputfile:

k-1

DR(k)=2 P24

where DR(k) is the displacenment for iteration k of the reduction phase,
The first termis the number of records spent waiting for the third

operand after the second is read, the next termis the conputation tine,
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and the third termis the time spent witing results. During the back
substitution phase the displacenent for reading the kth iteration output

to produce input for iteration k-1 is given by:

k
DB(k) 2K e 2

The terns correspond to the terns in DR(k), and the first terms in DB(k)
are double the values of the terms in DR(k). The total displacenment is
DR(k) + DB(k) = 9-2k—1 + 2. Wen k =1, the total displacement is 11
as indicated in Fig. 4. For k =2, the displacement is 20, which is equa
to -2 nodulo 11. Thus when one band hol ds el even records, the data for
the second iteration is displaced only nine records around the drum during
the reducti on phase and back substitution processing, and this is not an
entire drum revolution. A delay of two record tines nust be introduced
into the conputation somewhere, probably during the back substitution
phase of the computation. Thus instead of witing the conputed val ues of
x. as soon as they are conputed in the back substitution, they should be
buf fered and del ayed two additional record tinmes. Since output records are
produced and witten every four record times during this iteration, only
one additional wite buffer is necessary to achieve the necessary displacenent.
For k = 3, the total displacenent is 36 = -6 nmod 11. Here we nust
di splace records by six record times, but output is witten every eight
record times during the back substitution for this iteration, so that only
one buffer nmore than the original conplenent of six is required to achieve
the required displacenent of the output records. But this is the same
requirenent as for k = 2, so no extra buffers are required. For all back

substitution iterations the output records are witten at intervals greater

than 11 and displ acenents need never excced 11 so that a single extra write
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buffer suffices for all iterations
W now have two constraints on the arrangenent of records on the

drum These are

1. One record time should equal a half of the time required

to solve a core-contained problem of |ower dinmension

2. One record time should equal k/11th of a revolution

time, for k aninteger in the interval 1 < k < 11.

To satisfy both constraints sinultaneously, we suggest that the
record displacenent be selected according to the second constraint, which
is problem independent, and that the problem size be designed to satisfy
the first constraint. It is the usual case that the number of mesh points
in each dinmension nmay be selected with sone flexibility provided that a
sufficient nunber of points exist to give the desired accuracy. V& suggest
that if for a particular situation the solution of a core-contained problem
does not take sufficient time to satisfy the first constraint, then the
nunber of nesh points can be increased to | engthen this computation, and
the total tinme to solve the entire problem does not increase.
I ncreasing the nunber of nesh points nerely decreases drum | atency.

In the next section we |look at specific exanples to estimatethe

efficiency of this inplenmentation for various probl em sizes.



IV. Analysis of effectiveness of the algorithm

In this section we give figures for the drumlatency antici pated
as a function of problem size, and estimate the efficiency of the
algorithm for various realistic sets of paraneters. W also discuss
the inplication of electronic "drums", such as circulating nenories
usi ng magnetic bubbl es or charge-coupl ed di odes that nay be avail abl e
in several years.

First, to calculate the total drumlatency for a conputation, we

note there are two sources of |[atency:

1. Latency fromiteration to iteration because the data does
not occupy an integral nunber of bands.
2. Latency during back substitution arising fromthe need

to rewite data in specific locations.

Each of these sources of latency can be identified with each iteration,
and the total latency for any iteration cannot exceed ten records, or

one record less than a full drumrevolution. As a rough approximate we
can estimate latency to be 5.5 record times, or one half a revolution

per iteration. The number of iterations required is 2[10g2 N) -1] so a
rough estimate of the latency in one calculation is 11[(10g2N) -1] record
tinmes. The total tine spent in a calculation with no latency is approxi-
mately N record times per iteration for 2(1og2 N - 1) iterations, giving
-roughly 2N[(10g2 N) -1] record tines, Then the fraction of additional

time contributed by latency is:
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[atent tine 11

active tine 2N

This tinme becomes quite small as N increases.

Table | shows an exact calculation of the latency for several values
of NN For this calculation the conputation is assumed to begin as the
first record passes the read head and termi nates when the last record
is witten as output. During each record the conputer is assuned either
to be idle or conputing, so that each record tinme contributes to |atency
or to active conputing. In analyzing Table |, consider how large the
probl ens are when the problemis three-di nensional. The probl em of size
31 can be done confortably by nobst large scientific conputers, and is a
dseful size to attack. The problem of size 63 strains the capacity of
all but the largest of presently available scientific conputers. Note
that the per cent latency is extrenely low for this size of problemso
that it appears to be quite feasible to use the schene described here
when such problens are attenpted. Problens of size 127 are within reach
of just a few super conputers such as ILLIAC |V, and the very low | oss of
time due to latency makes this schene quite attractive for such probl ens.

The major constraint of rotating nenories in this drum allocation
schenme concerns the need to have 11/k records per revolution in order to
reduce latency during back substitution. Recall that data nust be trans-
mtted in the reverse direction of drumrotation, and w use the natura
‘periodicity of the drumto acconplish this. If the nunber of records per
revol ution exceeds 11, then conputation is degraded in two different ways

Both the latency and the buffer space increase as the number of records
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per revolution increases. There may be factors that dictate that
record spacing be smaller than 1/11th of a drumrevolution, and this
appears to be reasonable if the degradation due to |latency and extra
buffering is acceptable. It is unlikely that there is sufficient
justification to exceed 11 records per revolution by a substantial
amount .

Since typical drums rotate once every 10 to 40 nsec., the record
spacing for the solution of a core-contained two dimensional problemis

hs of this tine, which is from1.82 to 7.27 msec. Hockney [1970]

/11"
reports times of 56 msec. and 196 nsec. for solving a two-dinensional
probl em of size 32 x 32 and 64 X 64 respectively, on a CDC 6600. Modern
conputers such as ILLIAC IV have achi eved speed increases from10 to 30
f}nes over the speed of a CDC 6600 so that Hockney's probl em nmay be done
in roughly 2 to 10 nsec. on such conputers. Fromthese crude estimates
we see that a problemof size 31 is likely to require at |east 2/11ths of
a drumrevol ution and a problem of size 63 to require nore than this.
Consequently, the periodicity of 11 records per revolution is conpatible
with expected paranmeters for conputer speed and drumrevolution time When
the core-contained problemis two-dinensional. In fact, it may be necessary
to place 11/2 or 11/3 records around a drum band.

Present projections indicate that electronic nenories may replace
drum nenories in future conputers. Such electronic menories are likely
to be circulating nmenories based upon a magnetic bubble or charge-coupl ed

di ode technology. Like drums, accesses for these electronic menories

experience a latency while information is rot atedinto position. However,
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latency is nuch less than for present drums, possibly of the order of
10 to 100 tines less than the latency of mechanical drums. The limting
| atency factor occurs when one record occupies a single band, at which
points true zero latency is achieved because all iterations take an
integral nunber of revolutions of the drum

El ectronic druns have an advantage not shared with nechanical druns.
They can be reversed instantaneously and read in the opposite direction,
if so designed. This feature can be used to great advantage with the
algorithmcited here because the ideal way to performthe back substitution
is to reverse the direction of rotation of the nemory. For the back
substitution all information flow should be in the direction opposite
to the flow of information during the forward reduction. Mreover the
;pacing bet ween records is correct to achieve mninmumlatency during the
back substitution provided that output records produced during the forward

k-1

iteration are delayed through buffering by D, (k) = DR(k) = 32 record

positions during the kth iteration. The delay is achievable with the
addition of single wite buffer.

Before closing this section we should mention other algorithms that
are susceptible to this type of data structuring for mninum | atency
operation. Cyclic odd-even reduction [Buzbee et al., 1970] is simlar to
Bunenman's al gorithm except that the forward reduction involves matrix
mul tiplication rather than the solution of matrix equations. Like Buncman's
algorithm the conputation tine per iteration doubles with each iteration

of the reduction process, and the nunber of input records decreases by

roughly half, wth the spacing between them doubling. The basic cycle time
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for this iteration depends on the tine required to nultiply a bl ock
tridiagonal matrix by another nmatrix. However the basic cycle time for
the back substitution is the time required to solve a block tridiagona
systemin menory, which is the same basic cycle tinme as Bunenan's

al gorithm Because of the constraints of the drum nenory, the reduction
phase and back substitution phase nust use the sanme basic cycle tine,

and the cycle time must therefore be the maximumof the matrix multi-'
plication and matrix solution tines, Therefore, we cannot take advantage
of the faster tine of matrix nultiplication if we use cyclic odd-even
reduction.

One advantage that does accrue to cyclic-odd even reduction is the
fact that sone conputations can be avoided if a single equation is solved
r;peatedly for different right-hand sides, The drum algorithm can take
advantage of this savings only in so far as the savings are realized in
both the reduction and back substitution phases. Any savings realized
in one phase and not the other is |ost because of the constraint that
records spacing produced during the reduction phase nust be identical to

the record spacing for back substitution



V. Summary and conments

W have taken a highly regular Poisson problem and have shown
how it can be solved on a computer with large rotating disk memory.
The regularity of the problem is reflected in the regularity of data
storage on the disk, and the result is the ability to solve the
problemwith very little time lost to drumlatency, The regularity
of the data structure is somewhat unexpected because conputations change
fromiteration to iteration. The major issue that is settled here is
that |arge Poisson problenms can be solved effectively with a small high-
speed nmenory and a large rotating drum nenory. The algorithms used are
efficient in that if all of nenory were high-speed nenory then the
éonputation speed for this algorithmwuld be reasonably close to the
speed of the best known algorithmfor solving Poisson's equation, say
towithin a small constant factor independent of the size of the problem

When we change from rectangul ar boundaries to sonething |ess
structured, the present algorithmis not sufficient in itself to provide
a solution. For such problens we have sone doubt that a high-speed drum
can be used effectively so as to make latency negligible. Periodic or
other regular data structures are absolutely essential when |arge drum
nmenories are used as a tightly coupled auxiliary menmory, and such
structures are present only when Poisson's equations are solved over
highly regular regions

In closing we should mention that we can predict the effectiveness
of a mininmum |l atency storage organi zation by conparing the conputation

time for the problemas we have described it to the conputation timefor
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a probl emin which random access is made to records on the drum with

a corresponding | atency experienced for each record read. In the

m ni mum | atency case each record requires one record tinme to read, and
essentially zero latency tinme to access. In the randomaccess node,
each record on the average requires one record time to read and one hal f
a drumrevolution, or 55records of latency for accessing the record,
Thus the conputation time for the random access problemis likely to be
55+ 1 = 6.5tines as long as for the mninmumlatency code. For large
probl ens the factor of 6.5represents a very tangible savings in conpu-

tation tine.



- 29-

Ref er ences

Bunenman, O, 1969. "A conpact non-iterative Poisson solver,"

Report 294, Inst. for Plasam Res., Stanford University,
Stanford, calif., 1969.

Buzbee, B. L., Golub, G H., and Nielson, C. W, 1970. "On
direct net hods for sol ving Poi sson's equations,"” SIAM
J.

Numer. Anal ., vol. 7, No. 4, pp. 627-656, Dec. 1970.

Hockney, R W, 1970. "The potential calculation and some

applications,”" Methods Conputational Phys., Vol. 9, pp.
135-211, 1970.

Young, D. M., 1971. Iterative Solution of Large Linear Systens,
Academic Press, New York, 1971.




