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ABSTRACT

We give a brief description of a non-symmetric Lanczos algorithm that
does not require strict bi-orthogonality among the generated vectors. We show
how the vectors generated are algebraicaly related to “ Controllable Space” and
“ Observable Space’ for a related linear dynamical system. The algorithm
described is particularly appropriate for large sparse systems.

~ 1. Introduction

The Lanczos Algorithm was originally proposed by Lanczos [15] as a method for the com-
putation of eigenvalues of symmetric and nonsymmetric matrices. The idea was to reduce a
general matrix to tridiagonal form, from which the eigenvalues could be easily determined, For
symmetric matrices, the Lanczos Algorithm has been studied extensively [5][17]. In that case,
the convergence of the agorithm, when used to compute eigenvalues, has been extensively
analyzedin [ 14][ 16]1[201[21][22, p270ff]. Thisalgorithm is particularly suited for large sparse
matrix problems. A block Lanczos analog has been studied and analyzed by Underwood (cf.
Golub and Underwood [10], Cullum and Willoughby [5] and Parlett {17]). However, until
recently, the nonsymmetric Lanczos Algorithm has received much less attention. Some recent
computational exprience with this algorithm can be found in [4]. Besides some numerical stabil-
ity problems, the method suffered from the possibility of an incurable breakdown from which
the only way to “recover” wasto restart the whole process from the beginning with different
starting vectors [22, p388ff]. More recently, several modifications allowing the Lanczos process
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to continue after such breakdowns have been proposed by Parlett et al [19] and by Gutknecht
[11]. The close connection between the modified Non-symmetric Lanczos Algorithm and
orthogona polynomials with respect to indefinite inner products is discussed by Golub and
Gutknecht [8] and Boley et. al. [2]. Recently, Parlett [ 18] noticed the close relation between the
Lanczos Algorithm and the controllability- observability structure of dynamical systems. In this
paper, we show how the Lanczos Algorithm can be used to construct all of the subspaces associ-
ated with the Controllability/Observability Decomposition of a dynamical system. For example,
we show that the coefficients generated in the course of the Lanczos process form the system
matrix for the minimal realization of the dynamical system.

The Lanczos Algorithm [15] is an example of a method that generates bases for Krylov
subspaces starting with a given vector. In a previous paper [3], we have examined how another
closely related method, the Amoldi Algorithm, may be used to compute the controllable space
for alinear time-invariant dynamical system. The Amoldi Algorithm can be thought of as a
“one-sided” method, which generates one sequence of vectors that span the controllable space.
In this paper, we extend this idea to the use of a two-sided method, the non-symmetric Lanczos
Algorithm’ which generates two sequences of vectors spanning the left and right Krylov spaces
corresponding to the controllable and the observable spaces. We will demonstrate how the vec-
tors are generated in such a way that we obtain bases not only for the left and right Krylov
spaces, but also for the intersections of these spaces and the complementary spaces.

This paper is organized as follows. In Section 2, we give an general algorithmic descrip-
tion of the non-symmetric Lanczos Algorithm, including the modifications we have introduced
to continue after a breakdown. Next we describe the connection between the items computed by
the Lanczos algorithm and the controllability-observability properties for alinear dynamical sys-
tem, showing that the minimal realization is computed directly by the Lanczos algorithm. We
finish with some computational details, an illustrative numerical example, and some conclu-
sions.

2. Description of the L anczos Process

We give a brief description of the non-symmetric Lanczos process we have implemented.
For clarity, we describe the agorithms at alevel of detail appropriate for aMATLAB environ-
ment, omitting the specific methods used for the basic linear algebra computations.

We use the following notation, to keep the description concise. Vectors are represented by
lower case bold |etters (b), matrices by upper caseitalic (B), and linear spaces by upper face
bold (B); al other typefaces are scalars or indices. The notation COLSP[vg,vy, . . . ] denotes the

column space generated by the columns vg,vy,.... Ifv; =Av;_, for al i, so that v; = Avy, the
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sequence of vectors vg,vy, . .. is caled a Krylov sequence, and the space COLSP{vq,v,, ... ]IS

called the right Krylov space K generated by the vector vg. We let K; denote the truncated space

generated by thefirst i + 1 vectors: K; = [bg.Aby, . .., A'bg). Likewise, we let L denote the left

Krylov space COLSP[(:O,AT . .}, and L; the truncated space generated by
;= [coATeg - - - (AT egl.

Given an axn real matrix A and two real, non-null, n-vectors by, ¢, the agorithm gen-
erates two sequences of vectors B =[byb,, - 1=[By,...,B:] and
C=lcpey, - 1=[Co,...,C] grouped into clusters  By=[bj, +4,..., b;] and

=[¢; 41...,¢) forI=12,--- k. At the start, the clusters are all empty, and as each of
the new vectorsb;, ¢; isgenerated, they are placed-either at the end of the latest cluster or in a
new empty cluster, according to the following prescription.

At thei-th stage, the algorithm generates vectors b;, ¢; as follows. Suppose at this stage we
have k-1 pairs of complete clusterS By, . . . , B4, Co» - - ., Cx—1, @nd alast pair of incomplete
clusters By, Ci (which may be empty), such that

D, = C[B;isnonsingular for1=0, ..., k-,
Dy =CgBissingular or empty, (1)
CTB,=0forall r #s.

Then the next vector b is obtained by forming A b;_;, and adding multiples of all previous vec-
torsby, . . ., b;_; to enforce the bi-orthogonality condition

[Co ... Ceal™b;=[cy, ... c;, J"b; = 0. @)

Similarly, ¢; is obtained by forming ATe;_, and then adding multiples of all the previous vectors
¢y - - -, €y toenforcecondition

[Bo, . Bk—l] ¢ = [bo, ey h l] C; = 0. (3)

Then the new vectors b;, ¢; are appended to the (initially empty) clusters By, Ci. The question is
whether the cluster pair By, Cy is complete in the sense that all subsegquent vectors are to be
placed in subsequent cluster, or if the cluster pair By, Cy iSincomplete in the sense that at least
one subsequent pair of vectors will be appended to this cluster pair. If D, = C{'B, is nonsingu-
lar, then By, C, are said to be complete in the above sense, and the vectors by, ¢;,; will be
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placed in the next cluster pair By, Ci4q- If Dy issingular, then the cluster pair By, Cy is kept
“open” to accept at least the next pair of vectorsby,, , ¢;,;. INn the agorithm description (Figure
1), the index k denotes the index of the last cluster pair accepting new vectors; as each cluster is
completed, the index Kk is incremented.

For example, when we start’ we have al clusters empty, and we fill the initially empty first
clusters By and Cy with by, ¢, respectively. If CgBy = egbg # 0, then the clusters By, C; are
complete, each consisting of a single vector. The next vectors by, ¢; will go into the next cluster
pair B,, Cy, respectively. However, if eg by = 0, we append by, ¢, to clusters By, Co.

The algorithm continues to generate vectors until both conditions K; = K and L; = L occur,

in contrast to the usual criterion of stopping when at least one of the conditions occur. We sum-
marize the processin Figure 1.

Non-Symmetric Lanczos Algorithm.
Input: nxn matrix A and two n-vectors by, co.
1. (*initialization *)
Set all clusters By, C; (for all 1) to “ empty”.
Set first clustersBg := [be), Co :=[eq] (for all I) to“ empty”.
If cgbo = O then set k := 0, else set k := 1; (* cluster index *)
Seti :=0; (* vector index *)
2. Whilcb,- ¢Oorc,-¢0dob¢gin
(* main loop *)
2.1 (* apply matrix operator to expand Krylov sequence *)
Set Z = Ab; and § :=ATc;.
2.2. (*if incompletecluster nonempty, orthogonalize within the cluster *)
If cluster pair B, C, nonempty then
fmd coefficient vectors h;, g; so that
z:= %~ B,h; isorthogonal to B, and
y =¥ - C,g; isorthogonal to Cy.
2.3. (* bi-orthogonalize against previous clusters*)
Find coefficient vectors h’;, g’; such that
b;y1 =2 —[B,, . .. B ]N’; is orthogonal to [C,, . . ., Cy4Jand
€=y -[CO,..., Ci1]g’; is orthogonal to [By, ... , Bi].
2.4. (* append latest vectorsto latest cluster. *)
Set By := [By,b;1]
Set Cp = [Cy.Cin1]
2.5. (*if latest cluster complete, mark it so *)
If C¥B, is non-singular, then
Setk:==k+1.
2.6. Seti=i+ 1.
End While L oop.

Figure 1. Modified Non-symmetric Lanczos Algorithm.
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The 2 vector sequences that result: bgy,by, ... and ¢g.¢y, ... generate the right and left
truncated Krylov spaces, respectively:

COLSP[bg, ...,b;]=K;, forali, C)]
COLSP[cy, . ..,¢;]=L; forall i. 5)
The vectors satisfy the bi-orthogonality conditions
[0, .- - €] Dy, - 1=0and [by, ..., b [ejyy, - 1=0 ©6)
for any j for which it is possible, i.e. for any j for which
de&,...,¢;]Tbg, . . . ,b;]#0orequivalently detL;'K; = 0. )

Let us denote the indices j for which (7) holds by j;, 7=0,1, ... k-1, and set j_; = -1.
Then the generated clusters will be delimited by the indices ji: B;=[b;  +4,..., b;] and
Cmn=lej  410---,¢ ) Interms of these clusters, (6) can be written more simply as a

bi-orthogonality condition between clusters:
CIB,=0foralllm ,m=1 (8)

It also follows from (7) that

D, =C/™B,isnon-singular for =0, .. ., k-I. ©

In the classical description of the Algorithm [ 15] [22, p388ff], (7) usualy holds for every j,
so that the bi-orthogonality conditions (6) reduce to the smple set of conditions c,-Tbj = 0O, for all

i,j,1#]. Inthiscase, the clusters are just single vectors, and the algorithm described reduces to
the non-symmetric Lanczos algorithm as described in, far example, [22, p388ff].

We note that there are several choices for the stopping condition in step 2. In the past,
when this algorithm was used for the eigenproblem, the process was continued until b, = O for
somer, or ¢, = 0 for some s, which ever occurred first. But in our situation it is useful to con-
tinue until both conditions occur, in which case we may have a sequence of zero vectors:
0=b,=b,;=- - =bjor0=c¢c,=c¢,y='-= C, if I >m or km, respectively. We let
p = max{r,s} be the index of the last vector generated.

The resulting vectors generated from this algorithm will satisfy certain important properties
that we mention. LetB=[By,...,Bil=I[by....bJandC=[Cq,....Cl=Icp . ... c,]be
the matrices of all the vectors generated, where p = j; isthe index of the last vector generated.
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The vector b;,; in step 2.3 of the algorithm is alinear combination of Ab; and previous vectors
b,, r < i. Thus the matrix B of generated vectors satisfies

AB =BH, (10)

where H is a unit upper Hessenberg matrix consisting of all the coefficientsh;, h’;. Likewise,
the matrix C satisfies

ATC = CG, a1

where G isaunit upper Hessenberg matrix, consisting of all the coefficientsg;, g’;. That is, the
I-th columns of H and G arc, respectively:

hi’ g’
h; g
H-i = 1 andG.,»= 1
0] 0.

where each "1" entry above occupiesthe i + 1-th position, lying on the sub-diagonal of H and G,
- respectively, for i = 0,1, .. . ,p. The bi-orthogonal @ conditions (6) (7) become

C™B =D, ablock diagonal matrix with diagonal blocks D, = C'B,. 12)

Since CTAB = ¢"™BH =DH, and BTATcC = BTcG = DTG, we have the relation GTDT = DH.

Since ablock diagonal matrix times a upper Hessenberg matrix is block upper Hessenberg, it
followsthat G and H are block tridiagonal, with the partitioning defined by the cluster dimen-
sions. This implies that in computing the coefficients h;, g; or h';, g’; at each stage, only the last
two pairs of clusters By_y, Ci-y, and By, C;, must be used, at least in exact arithmetic. We will
discuss below the effect of using approximate floating point arithmetic.

3. Controllability and Observability

We discuss an application of this modified Lanczos process arising from the context of
Dynamical Systems Theory. The concepts of controllability and observability are fundamental
concepts in Systems Theory, extensively analyzed in standard textbooks (see e.g. [6] [12]). For
our purposes, it suffices to state purely algebraic definitions for the relevant spaces: the controll-
able space (more correctly called the reachable space) and the unobservable space.

Consider the SISO (Single Input Single Output) dynamical system
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X=Ax+bgu;y =cfx. 13)

Here x is an n-vector function of time ¢, u, y are scalar functions of ¢, A is an nxn constant
matriX, and by, ¢ ar € constant n-vectors. From classical systems theory [6], it iswell known

that the controllable space S, can be defined algebraically as the Krylov space K, and the unob-
servable space S; is the orthogonal complement to the Krylov space L. It is known that, alge-

braically at |east, the observable space S, is some space that is complementary to S,, but is not
uniquely defined [6]. In fact, we have the following proposition from([1], [6]:

Proposition 1. A complete Controllability-Observability (Kalman-Gilbert) decomposition[13]
[7] is obtained for the system (13) if one has the 4 sets of columns T5. T T T, such that

co’

[T .T.,] forms abasisfor the controllable space S, [T ; .T51 forms abasis for the unobserv-

able space S,, T ; formsabasisfor S ; =S, S;, and T = [T5,,T5.T,.T ;] IS a square non-

singular matrix. Applying the transformation T to the system (13) yields the Controllability -
Observability Canonical Form (COCF):

x=Ax+bgu:y = &%, (14)

where the new coefficients will have the following special structure:

A~ll _0 0 0 ‘0 ho
A=TAT faftn D0 ! ° 1, TT ° |
- Ay 0 Ay o [PoTT BT g =T 0% g ) 4>
_541 Ap Ag 544_ by| 0.
I
Note that the eigenvalues of A are the same as A, so that to compute the eigenvalues of A,
one need only compute the eigenvalues of 4;,i =1, . ..,4. The eigenvalues of each block A;

may be computed independently of any other block Note also that the ordering of the blocks of
T in Proposition 2 is not the standard one, but with this ordering, it will be seen that the three
blocksT g, T,,, T, are obtained directly from the generated L anczos vectors. The fourth block

T can be obtained by finding a basis for the space of vectorsin §; orthogonal to § ;, both of

which are produced by our implementation of the Lanczos agorithm.

Assume we apply the modified Lanczos algorithm, starting with matrix A and starting vec-
tors by, ¢, and generating vectors by, . . ., by, €, . . ., €,, grouped into clusters By, . . ., By,

Co . - -, Cy, Where the last, incomplete, pair of clusters B, C, may or may not be empty. Then
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all the vectorsby, . . . , b, will span §.. We examine how the individual B clusters form bases

for relevant parts of S.,.

Let B; he any cluster (possibly incomplete) generated from the Lanczos process, and let
b;=b;,, . , denote the first vector within that cluster. We consider two choices: either b; lies
within§ ; or it does not. Tnis is equivaent to asking whether b; is orthogona to L or not.

Consider the caseb; lieswithin ;. Since §; is an invariant subspace of the matrix A, we
have that A™b; will lie within S; for any r 2 0. This means that every subsequent vector by,

will he orthogonal to L, without any need to enforce this condition in step 2.3 (hi-
orthogonalization) of the Lanczos Algorithm. Thusthe entire cluster B, started by b; will liein

S,, and in particular C;*B; = 0. Hence this cluster must he the last cluster B, and must remain

incomplete. That is, I = k and jj_; is the largest value of j for which (7) holds. Thus B, must lie
within § 5, and we will show below that no other b vector in any previous cluster can lie within

S.; That is, B, will be exactly T ; of Proposition 2. By analogy, we also have that C; isnot in

S, and is orthogonal to K = S,, and so will he exactly T,.

Now consider the case b;isnot in S,, i.e. not orthogonal to L = span [¢y, . . . , €,]. Since
b; isthe first vector in the cluster B;, we have the two relations regarding all the previous vectors

leg, - - -, €ig]TD; =[Cy, . . ., C11)Th; =0, (16)

and
[co . - ,c,-__l]T[bo, ...,bi41=[Co,... ,CH]T[BO, ..., Bj_j] isnonsingular. an

Since b; is not orthogonal to L, we can find the fiit index r such that ((ATY ¢g)h; # 0. By (16),
r 2i. Thisimplies that the matrix

ATep, . .., AN cglTIb;, ..., A™b;) (18)

isnonzero oOn its anti-diagonal and zero above its anti-diagonal, and hence is nonsingular. (We
remark that the anti-diagonal is the diagonal running from the lower eft to the upper right of the
matrix, and the property of being all zero above the anti-diagonal is called lower anti-

triangular.) Thisin turn implies that the matrix L,"K, is non-singular, which means that the

Lanczos process will continue at least through the r-th vector. The vectorsb;, . . ., b, and
¢, - .., ¢, will form complete clusters B,, C;, respectively, with D; = C'B; nonsingular. In fact,
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D, will have the same lower anti-triangular structure as (18). Note that no vector in B, is orthog-
onal to L; that is, no vector in any complete cluster B;,1=0, ..., k-l liesin§ .

Thus, if 8 5 is empty, all the clusters will be complete, but if the space §_; is not empty,
there must be a final incomplete cluster B, whose columns span this space. By carrying out
similar reasoning for the C clusters, we find that the final incomplete cluster C, (if any) spans
the space of al vectorsin L that are orthogonal to K. Thus C; corresponds to the space S.,.

We summarize the results of the above discussion in the following proposition:
Proposition 2. Assume the Non-symmetric Lanczos Algorithm is applied to the SISO system
(13), starting with the system matrix A and vectors by, ¢, and the result consists of k-I com-
pleteclusters By, . . ., Bg_1,Co, - . . , Cr-1, and a final (possibly empty) incomplete cluster B,
and C; (with any zero vectors deleted), satisfying (1). Then the individual blocks of the matrix
T in Proposition 2 yielding the COCF will be defined as follows: T ; = By will be a basis for the

space Sz, Te, = [By, . . . ,Bi-1)s T, = Ci, and T; will be a basis for the space orthogonal to

co?

[Co .., CeBel. ]

Hence, defining T as in Proposition 2, we can express the various parts of the COCF (15) in
terms of the vectors and coefficients generated by the Non-symmetric Lanczos Algorithm (10)
(11) (12). From (10) we have A [T,,,T ;] = [T,,.T z1-H, which yields the following structure for

H:
H,, 0 533 0 ) 1
"= Ele-l Hk - A43 A ,‘W CTCEIJH— OV (19)
and H;, | represents the top left ji_;xji—; part & H, correspondingto[By, . .., B;_;].

Again referring to (15), Proposition 2 yields the following form:
by =¢;=[1,0, ...,0]T, and byy=0. (20)
We have as well that é;{) = c(')er and 63% = C(')T[Bo, e Bk—l] = [doo,dm, e do'jo,o, C e 01,

where [doo.dy, . . . , dgj ) isthefirst row of the matrix block Dg = CoBy. Sincetheblocks D, are
lower anti-triangular, dog =dpy =+ =dy j, 1 =0, so that
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630 = dod‘oejo. (21)

The most important part of the dynamical system (13) is the “controllable-observable” part
(,433), which yieldsthe minimal realization [6] [ 12]:

- _ - o — T=
X3—HjE4X3 teu,y= dl'jlele} 22)

All the coefficients in the minimal realization (22) can be expressed directly in terms of the coef-
ficients generated by the Lanczos Algorithm. Note that (22) is essentialy equivalent to the
expression for the minimal realization given by Theorem 7.1in [ 18]. In that Theorem 7.1, the
system matrix for the minimal realization is expressed as H;, = QT, where

k-1
Q=[Cq ... Cy1T[By,... ,Bi 4] is the upper left ji_jy pat of D, and
T=[Co...,Coq]TA[By . . ., B,_1]. However, by saving the coefficients H, we also obtain
expressions for the complete COCF, as indicated by Proposition 2 above.

4. Computational Details

In order to obtain a numerically stable algorithm, it is necessary to examine the effect of
~ using finite-precision floating point arithmetic. We outline the principal pointsin the algorithm
where variations should be made to accommaodate the use of floating point arithmetic.

In spite of the fact that bi-orthogonality conditions (6) (7) hold exactly, computational
experience shows that in the approximate floating point arithmetic encountered on digital com-
puters, it is necessary to re-hi-orthogonalize the b, ¢ vectors as they are generated against all pre-
vious clusters in order to maintain the bi-orthogonality conditions numerically. Otherwise,
numerical cancellation may result in the vectors losing not only orthogonality, but also linear
independence.

In step 2.5, we must determine if a cluster is complete by computing the rank of
D, = C{B,. The vectors b;,;, ¢;,, have not been scaled in any way to be close to unit norm in

step 2.3, so it is possible that the norms of these vectors will vary widely, thus making the rank
determination difficult. To substantially reduce this dif’ culty, it is useful to rescale the vectors
asthey are formed by dightly modifying step 2.3 asin Figure 2. Then the coefficient matrices
H, G will till be upper Hessenberg and block tridiagonal as before, but the subdiagonal ele-
ments will no longer be al 1 s but rather the B;’s and ;’s, respectively. With this modification,

the rank determination can be made in a very robust way by using the singular value decomposi-
tion[9, pp 71, 427£f].
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We remark that if ¢Tb; = 0 for every i, sothat every cluster consists of exactly one vector,
then the matrices CTAB , H, G, will all be tridiagonal. 1f we rescale the vectors so that ¢Tb; =1,
then D will be the Identity matrix, and CTAB = H = G will be the tridiagonal matrix usually
computed by the classical Lanczos algorithm.

Instep 2.2, the vector h; isobtained by finding the orthogonal projection of Ab; onto the
the span of the vectors currently in By, and thus the vector z is the orthogonal projection onto the

orthogonal complement of this space. Thisisaform of a standard linear least squares problem
discussed in[9, p217], and for which standard methods exist in LINPACK. Similar comments
can be said for the computation of g; and y.

In step 2.3, we must compute the oblique projection of the vector z, to satisfy the
bi-orthogonality condition (2). That is, the vector h’; must satisfy the equation

0=[Cq...,Crq] b1 =[C . .. ,Ck_I]T[z— [By, ... ,Bk_l]h’i].
Henceh’; is
h;= [[co, ee s Ciq) By, . - . ,B,,_l]]-l[co, oA L1
Likewise, g’;is
gi= [[Bo, B )G, G} 1By,.. ., Byl

Note that the coefficient matrix [[Bo, R A L (o S o ]] appears in the formulas for
both h’; and g;, and is block diagonal, so that the coefficients for each cluster can be computed

independently of one another, in parallel.

We note that the above formulas for the h’;, g’; are as numerically appealing as those for

the orthogonal projectionsin step’ 2.2, but -since these are oblique projections, we are not
guaranteed that this matrix is well-conditioned.

2.3. (* bi-orthogonalize against previous clusters ¥)
Find coefficient vectors h';, g’; and scalars B;, v; such that
Bibis1 =2~ [Bo, . . ., By ]h’; is orthogonal 10 [Co, . . ., Cpq],
Y€1 =Y —[Co ..., Ci1]g’; is orthogonal to [By, .. . ,B; ],
Ibissll = einf = 1.

Figure 2. Modified Step 2.3 with vectors re-scaled.
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5. lllustrative Example

We illustrate the algorithm with a small numerical example for which all four blocks
T, .T.T,,.T ;are nonempty. We start with the system (13) where

co?*

1.507 0.880 -1.760 -0.476 -0.335 -4.521 -0.870

1324 1435 2321 -2.483 -2.352 2.294 0.037
A=|-1.818 0.938 0.803 -0.518 -0.266| , by=|-0.818| , ¢g=| 4.359| .

0211 -1.444 0.151 -0.280 1.539 0.695 0.758

-0.130 0.947 0.710 -0.462 -0.465 0.380 -2.582

Note that egbg = 0, so that it isimmediately seen that the first clusters By, Co Will have at least 2

vectors at the conclusion of the Lanczos process. After the Lanczos algorithm is applied, we
obtain the right vectors B, coefficients H and | eft vectors C, with the zero vectors deleted and
with the clusters marked:

-4.521 -0.411 :-0.195 0333 0171| 0 -0.870 -0.918 II 0.019
2.294 -0.498 | 0.653 12961 23331 0 0.037 -0.022 1-0.292
B =|-0.818 0.693 H—o.zzs JH=| _ | c=| 4359 0.056 I-o.23o .
0.695 —0.291 | 0.688 0 2.315 1-2.000 0758 -0.166 | 0.341

| 0.380 0.140 |-0.107 -2.582 0.355 | 0.864

We have two cluster pairs By, B, and Cy, C,, Where B,, C, consist of the single last vector of B,
C, respectively. Note D, = CJB, = 0, so B,, C, are incomplete, and Ji—1 = 2. We form the
matrix that yields the Kalman Canonical Decomposition:

0.019 0.252 -0.411
-0.292 | 0.666 |‘-4.5212.294 -0.498 |01%063
T=1[T;,.T5.T.T;]=|-0.230 | 0.383 II-O.818 0.693 II-O.228
0.341 1—0.362 | 0.695 -0.291 | 0.688
0.864 | 0.464 | 0.380 0.140 1-0.107

When we apply T to (13) we obtain the Canonical Form (15):
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1.0001 0 ’ 0 O 0’ ‘0
<o 200 0 o 0| 0
A=TAT=| 02781 0 jL0333 0.171| 0 | Po=T 'bo= |
_1.080|I _o I |12.96_31 2.333_ 0 0
o.5ool|1.ooo{ 0 2.315 |-2.000 0

and
T =cfr= [—3.000 00,2777 }ol |
Note how H appearsin the lower right part of A.

From the above canonical form, we find that the minimal realization for this system is

~0.333 0.171 1 )
X=112.961 2.333[X* [o|% ¥ = [0 . 2.777]x.

6. Conclusions

We have briefly described a modified two-sided non-symmetric Lanczos process that does
not suffer from an incurable breakdown, and showed how the vectors generated from this pro-
cess yield bases for controllable-observable, controllable-unobservable and uncontroliable-
observable spaces for a linear time-invariant dynamical system (13). The coeffkients generated
by the Lanczos Algorithm yield directly the minimal realization for such adynamical system.
The efficiency of this method for large scale problems remains to be investigated, but based on
the experience with the eigenvalue problem, we believe that these ideas form a basis for further
development in this subject.
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