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THE CANONICAL CORRELATIONS OF MATRIX PAIRS AND
THEIR NUMERICAL COMPUTATION

GENE H.GOLUB AND HONGYUAN ZHA

ABSTRACT. This paper is concerned with the analysis of canonical correla-
tions of matrix pairs and their numerical computation. We first develop a de-
composition theorem for matrix pairs having the same number of rows which
explicitly exhibits the canonical correlations. We then present a perturba-
tion analysis of the canonical correlations, which compares favorably with the
classical first order perturbation analysis. Then we propose several numerical
algorithms for computing the canonical correlations of general matrix pairs;
emphasis is placed on the case of large sparse or structured matrices.

1. INTRODUCTION

Given two vectors u € R™ and v € R"™, a naturd way to measure the closeness
of two one dimensional linear subspaces spanned by u and v respectively, is to
consider the acute angle formed by the two vectors, the cosine of which is given by

_ [uTv]
70 0) = ol

We observe that o(u,v) = 0, when u and v are orthogonal to each other; and
o(u, v) = 1, when the two linear subspaces are identical. Given two linear subpaces
that are spanned by the columns of matrices A € R™*™ and B € R™*!, we are con-
cerned with the problem of how to measure the closeness of span(A) and span(B),
the range spaces of A and B. One natural extension of the one dimensiona case
is to choose a vector from span(A), i.e., a linear combination of the columns of
A, sy Az, and smilarly By from spa{ B}, and form ¢(By, Az). The closeness of
span(A) and span{B} can be measured by the following

d(A,B) = zE‘RrP,u;E‘R' o(By, Az).
However, the two linear subspaces or rather the matrix pair (A, B) have more struc-
ture to revea than that defined by the minimum. In 1936, Hotelling proposed to
recursively define a sequence of quantities which is now called canonical correlations
of a matrix par (A, B) [8].
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Definition 1.1. Let A € R™*" and B € R™*!, and assume that

p = rank(A) > rank(B) = gq.
The canonica correlations ¢; (A, B), - . - ,04(A, B) of the matrix pair (A, B) are
defined recursively by the formulae

(l.l)Uk(A, B) = Az#([)‘flagy#o‘ a'(By, Az) = U(Byk,Azk), k= 1’. - q.
Az L{Az,, - ,Aza_1},
Byl {By\, - ,Byx-1}.
It is readily seen that
al(ArB) 22 UQ(A’B)v
and
d(A, B) = 04(4, B).
The unit vectors

Az;/||Azil|2, Byi/||Byill2, i =1,--+,q)
in (1.1) are caled the canonical vectors of (A, B); and
Ii/“AI,', y«'/”By,'”g, i=1,.--,q

are called the canonical weights. Sometimes the angles 6, € [0, r/2] satisfying
cosfr = ok(A, B) are caled the principal angles between span(A) and span{ B}
[7]).} The basis of span(A) or span{ B} that consists of the canonica vectors are
caled the canonical bass.

There are various ways of formulating the canonical correlations, which are al
equivalent. They shed insights on the problem from different perspectives, and as
we will see later, some of the formulations are more suitable for numerical com-
putation than others. The applications of the canonical correlations are enormous
such as system identification, information retrieval, statistics, econometrics, psy-
chology, educational research, anthropology and botany [1] [17] [9]. There are aso
many variants and generalizations of the canonica correlaions. to the case of more
than two matrices (surveyed by Kettenring [11], see also [17]); to sets of random
functions [2]; to nonlinear transformations [17]; and to problems with (in)equality
constraints. Several numerical algorithms have been proposed for the computation
of the canonical correlations and the corresponding canonical vectors (see Bjérck
and Golub’'s paper [4] and references therein); however, in the literature there is
very little discussion of the case of large sparse and structured matrix pairs, which
will receive a fairly detailed treatment in Section 4.

The organization of the paper is as follows: in Section 2, we present severa
different formulations of the canonica correlations; in Section 3, we develop a de-
composition theorem for general matrix pairs having the same number of rows: this
decomposition not only explicitly exhibits the canonical correlations of the matrix
pair, it aso reveds some of its other intrinsic structures. We aso discuss the rela
tion between the canonical correlations and the corresponding eigenvalue problem

As is pointed by G.W. Stewart [15], the concept of canonical angles between two linear
subspaces is much older than canonical correlations, and can be traced back to C. Jordan {10,
p.129 Equation(60)].
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and the RSVD [20]. In Section 4, we present perturbation analyses of the canonical
correlations; the results compare favorably with the classical first order counterpart
developed in [4]. We derive perturbation bounds for the normwise as well as com-
ponentwise perturbations. In Section 5, we propose several numerical algorithms
for computing the canonical correlations. For the case of dense matrices, we aso
discuss the updating problem. The emphasis of the section is placed on the case
of large sparse or structured matrix pairs. We will first present an algorithm using
aternating linear least sguares approach which has a nice geometric interpretation.
We aso relate this algorithm to a modified power method and derive its convergence
rate. Then we adapt the Lanczos bidiagonalization process to compute a few of the
largest canonical correlations. Our algorithms have the attractive feature that it is
not necessary to compute the orthonormal basis of the column space of A and B as
is used in Bjorck-Golub’s agorithm, and thus one can fully take advantage of the
sparsity or specia structures (e.g, Hankel or Toeplitz structures) of the underlying
matrices. Numerical examples will aso be given to illustrate the agorithms.

2. SEVERAL DiFFERENT FORMULATI ONS

There are quite a few different ways of defining and formulating canonical corre-
lations: Hotelling's original derivation is based on matrix algebra and anaysis [8];
Rao and Yanai used the theory of orthogonal projectors [14]; Escoufier proposed
a general frame work for handling data matrix by matrix operators, which also
includes the canonical correlations as a specia case [6]; Bjorck and Golub used
matrix decomposition of the given data matrices [4]. In this section, we give some
of the formulations and indicate their equivalence.

The Singular Value Decomposition (SVD) Formulation. Let the QR decompo-
sition of A and B be

A= QARA, B = QBRB,

where @4 and @p are orthonormal matrices, and R4 and Rg are nonsingular upper
triangular matrices, then

o(By Az) LD Az ¥ RpQ5QuRaz
= |IByllzllAzllz = ||Rpyllzl|Raz|l2

where we have designated u = Raz/||Raz||2 and v = Rpy/||Rsy|l2. Using a
characterization of the SVD [7, p. 428], we see that the canonical correlations are
the singular values of QEQ4 , and if

QEQa = PTdiag(01(4, B), -+ ,04(4, B))Q
denotes the SVD of QLQ4, then
QAP(:yI:q):' [ul,"',“q], and QBQ= [Ul,“' 1vq]

I NT
‘v QBQA“)

give the canonical vectors of (A, B). Note that since Q§Q4 is a section of an
orthogonal matrix, ox(A, B) < 1, k =1,- .-, g. We aso note that the canonical
vectors are not unique if, say 6% (A, B) = ok+1(A, B). However, the above formu-
lation is rather general in the sense that it can aso handle the case when A and/or
B are rank deficient.
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A Trace Mazimiration Formulation. Let us consider the following maximization
problem:

(2.2) max trace(LT BT AM),
LTBTBL=I,
MTATaAM=1,

where for simplicity we have further assumed that p = ¢; otherwise we can append
zero columns to B to make the pair (A, B) satisfy this assumption. Again using
the QR decomposition of A and B, we see that the two equality constraints in (2.2)
imply that RaM and RpL are orthogona matrices, and we arrive at the following
equivalent maximization problem

(2.3) max trace(UT(QLQ4)V).

U and V are orthogonal

To this end, we cite a well-known result of Von Neumann [16].

Lemma 2.1. Let the singular values of A and B be
01202 -20pand 272> -2 Ty

Then
trace( BUTAV) =%,;0:7;.

max
U and V are orthogonal

The above problem (2.3) is a special case of the lemma by choosing B = | and
A= QgQA-

Remark 2.1. Since LT BT BL = I,, MTATAM = I,, the maximization problem
(2.2) is equivalent to the following minimization problem:

(2.4) min |AM - BL||F,
LTBTBL=I,
MTATAM=1,

which can be interpreted as finding an orthonormal basis of span(A) and span{ B}
respectively, such that their difference measured in the Frobenius norm are mini-
mized. It is equivalent to the following orthogonal . . ocrustes problem. Let Q4 and
Qp be any orthonormal basis of spar{ A} and spar{ B}, respectively. Then (2.2) is
equivalent to
0 is Shagonat |94 ~ 98Ul

We note that the above is a special Procrustes problem where Q4 and Qp are
orthonormal, while in the general case, Q4 and @p can be replaced by two general
matrices [7, Section 12.4.1].

A Lagrange Multiplier Formulation [S]. For the constrained minimization prob-
lem (1.1), write the Lagrange multiplier function

f(z,y, A, p) = yT BT Az = A(||Az||3 - 1) - p(l|Byll; - 1)
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Differentiating with respect to X, y, A, and g leads to:

BT Az — uBTBy =0,

ATBy - AATAz =0,
yTBTBy =1,
eTATAz = 1.

(2.5)

It follows that A = u and

(2 0" )(2)=2(%" &) (%)

Therefore finding the canonical correlations, which are the stationary values, cor-
responds to solving for the eigenvalues of the above generalized eigenvalue problem.
On the other hand, since

I Az By “2_2( yT BT Az
llAzlla ~ ||Byll2™* ~ | BylizllAzll2 ™

the first canonical correlation can also be computed by solving the minimization
problem

min ||-AZ 3y
Az, By#0' ||Az]|> (| Byll2

ll2.

One way of solving the minimization problem is to first fix y, and find the optimal
x; then fix x a this optima value, and then solve for y and so on. At each iteration
step, we can reformulate the problem as

min |lw - Az,
subject to ||Az{ja=1

where w is of unit length. Using the Lagrange multiplier method, we seek to
minimize

f(z, ) = llw = Az|l3 + (|| Azl3 = 1).
Writing down the first order condition for the stationary values, we obtain

ATAz = ATw/(1 +)), 2TATAz = 1;
and the solution is given by

A = (ATw)T(ATA) Y (ATw) -1 z =(ATA)'ATw/(1+ )
= wlT Paw —1, = Alw/(1 + ),

where P; = P4 is the orthogonal projection onto span(A). We note that 2z is in
the direction of A'w, and is the least squares solution of

min ||w — Az||2.
x

Actually, this approach will lead to the alternating least squares (ALS) method
that we will discuss in Section 5.
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3. A DecowmPos! TION THEOREM

It is readily checked from Definition 1.1 that the canonical correlations are in-
variant under the following group transformation

A — QAX4s, B — QBXp,

where Q is orthogonal and X4 and Xp are nonsingular. The following theorem
gives the maximum invariants of a matrix pair (A, B) under the above group trans-
formation. It also provides information on other structures of the matrix pair as
well. It can be considered as a recast of Theorem 5.2 in [16, pp. 40-42 ] (cf. [4,
Equation (15)] [18, Equation (2.2)}).

Theorem 3.1. Let A € R™*" and B € R™*!, and assume that
p = rank(A) > rank(B) = q.

Then there exists orthogonal matrix Q and nonsingular matrices X 4 and Xp such
that
A=Q[Z4,0]X4, B=Q[Es,0]Xs,

where £4 € R™*P and g € R™*? are of the following form

I;
C
(0] I
(3.6) Ya= o |’ Y¥p= (“—Og_) )
S
Ii
with
C = diag(ait1 - - @ij), 1> aig1 2+ 2 @iy > 0,
(3.7) S=diag(Bi+1, *,Bi+j), 0< fiy1 < -+ < Biyj <1,

a?+1 + ﬂ-'2+1 =L..-, 0‘?4-,' + ?+j =1,
and p =i + j + k. The canonical correlations of (A, B) are the diagonal elements
of ¥ := diag( [;, C, 0). Moreover, we have

i = rank(A) + rank(B) — rank([A, B]),
(3.8) j = rank([4, B]) + rank(BT A) — rank(A) — rank(B)

k = rank(A) — rank(BT A).

Proof. Using the QR decomposition, we can transform A and B to
A=[Qa,OlR4a, B - [QB,0]RB

where Q4 € R™*? and @ € R™*? are orthonormal, and R4 and Rg are nonsin-
gular. We then find U orthogonal such that

QB=U(—IOL)-
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We partition UTQ4 as UTQa = [AT, ATIT with A; € R?*9. Let the SVD of A,

be
I;
A1 = U1 C V2T;
0

C defined as in (3.7), and A2Va = [A11, A12, A1a] be partitioned compatibly. 2 Then
we have A1; = 0 and A;3 is orthonormal and can be written as Az = U3[0, L]T
with U, an orthogonal matrix. Hence UF Ay, = [AT,, 0)7, with its last k rows
equal zero. Since the columns of Ajs are orthogonal to each other, we can find
an orthogonal matrix Us such that A, = Us[O, S’]T. The relations in (3.7) follow
from the fact that UTQ, is orthonormal. Accumulating all the transformations
establishes the decomposition (3.6). For the rank expressions of the integer indices
we observe that

rank(A) = i +j + k, rank(B) = q, rank(BTA) =i + j, rank([4, B]) = + k + q.
Some elementary calculation leads to the result (3.8). U

Remark 3.1. The dimension of R(A)NR(B) is exactly the number of those canon-
icad correlations of (A, B) which are equa to one.

Corollary 3.1. Let Q = (@1, @2,@3,Q4,Q@5,Q¢) be compatibly partitioned with
the block row partitioning of L4, i.e., Q; € R™*, Q, € R™*J and so on. Then

span{@1, Q2C + @sS, Qs} = R(A);

span{Ql) QZ) Q3} = R(B):

span{Q3, _Q2S + QSC) Q4} = R(A).L’

span{Qs, @s, Qs} = R(B)*;

span{Q:} = R(A) N R(B);

span{Qs} = R(A)* N R(B);

span{Q4} = R(A)* NR(B)*;

span{Qs} = R(A) NR(B)*.

Proof. We provespan{Q3} = R(A4)* N ‘R(B); the other formulae can be similarly
established. It is easy to see that span{Q3} C R(A)* N R(B); However

O 0O O
G:=(Q1,Q2,Q3)T(Q3,-Q25+QsC,Qo)=| 0 -S 0O |.
I, O O

It follows that the number of singular values of G that are equal to one is exactly the
column dimension of @3; the result follows from the comment in Remark 3.1. O

Corollary 3.2. We also have the following expressions for the dimensions of some
of the linear subspaces in Corollary 3.1:
dim(R(A) N R(B)) = rank(A) + rank(B) — rank([4, B]);
dim(R(A4)* N R(B)) = rank(B) — rank(BT A);
dim(R(A)* N R(B)1) = m = rank( [A, B]);
dim(R(A) NR(B)*) = rank(A) — rank([A, B]).

2Since Ay is a section of an orthogonal matrix, all its singular values are less than or equal to
one.
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Proof. All the expressions can be proved by using the above corollary and the rank
formulae in Theorem 3.1. (O

Corollary 3.3. Thefinite and zero eigenvalues of

O BTA Y BTB O .
ATB O - 0O ATA
are £01(A, B), -+ + ,x0,(A, B). And if BTA = I, then the nonzero singular values
of the matriz product ABT are1/01(4, B), ..., 1/0,(A, B).3

Proof. The result can be proved by using the decomposition in Theorem 3.1 and
direct computation. It follows that the canonical correlations can aso be found by
the RSVD of the matrix triplet (BT A, BT, A) [20, p. 193); if BTA = |, the RSVD
of (BT A, BT, A) reduces to the PSVD of ( BT, A) (20, corollary 42 ]. O

4. PERTURBATI ON ANALYSES

In this section we establish some perturbation bounds for the canonical corre-
lations, some of the techniques used here are first devised by Paige in his anaysis
of the generalized singular value decomposition [12]. We also mention that Bjorck
and Golub developed a first order perturbation analysis in their paper[4]. Before
we discuss the general case, let us first consider a simple example:

Example 4.1. We consider the matrix pair:

11
A= (;), B={oel,
11

where € is a small quantity. Since A = (B(:, 2) — B(:, 1))/¢, hence ¢(A, B) = 1.
But if we perturb B to

_ 1 1—¢ 0 ¢
B=| 0 0 =B-| 0 ¢},
1 1 0 0

since A is orthogonal to the columns of 1§, we have o(A, 1§) = 0. Therefore a small
change in the matrix pair (A, B) causes a large change of its canonical correlations.
We note that B and B are of the same rank.

We observe that cond(B) =~ 1/e. This example suggests that the canonical
correlations are sensitive to perturbations if the condition number of A or B is large.
Now we turn to the discussion of the general case. Using the QR decomposition
with column pivoting, A and B can be factorized as

A= QARA, B = QBRB

where Q4 and @p are orthonormal, and R4 and Rg are of full row rank. The
canonical correlations are simply the singular values of Q%Qp (cf. [4]). Let the
SVD of Q%Qs be

Q%Qs - UTVT.

3The first result is proved in [8], and the second is also implicit in [20].
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We denote the perturbed quantities by adding-“ ~” to the corresponding unper-
turbed ones. We assume that A and A, B and B are of the same rank.

Let the orthogonal complement of Q4 and @p be denoted by QA and QB re-
spectively. We define

62(A) T Uis cq'lLr(lgonal “QA - QAUHZ’
6p(A) = min 1Qa— Q4U|lF.

U is orthogonal
We note that ép(A) is introduced in [12], and actually it is a specia case of the
following well known Procrustes problem [7]:

min ||A-BQllr,

Q is orthogonal

where A and B are arbitrary matrices with same number of columns and rows.
The solution of the Procrustes problem can be obtained using the SVD of BT A: let
BT A =UZVT, then the optimal Q is given by Q = UVT [7]. For §r(A), some inter-
esting relations can be derived by invoking the CS-decomposition of (Qa, Q4)7Qa4
[12] [16):"
QAQi ) _ | UaCaWy )
( Q1 /= ( vasawi J°

where Uya, V4 and W4 are orthogonal, and C4 and S4 are quasi-diagonal. Then
we have [12]:

6p(A)?=2Z; (1-0;) <28 ; (1 — 0?)
(4.9) = 2)ISIi% = 211Q4Qall%
=28, (1 - a1)(1+ o) < 26r(A)*.

where we used C4 = diag(oy, . . ., 0¢) with 01 < -+ < ay.
For the 8,(A), we proceed as follows:

1Qa = QiU[13= omax(2I + QEQ4(=U) +(QRQ:(-U)T)
> 2 - omax(QAQ4(-U) + (Q5Q4(-U))T)

(4.10) > 2 — 20max(Q5Q4(-01))
=2 - 20max(Q4Q4)
=2(1-o0y)

hence 8,(A) > /2(1 — a,). However, by choosing the canonical basis in the CS-

decomposition we have
I Ca
b2(A) <1l O )= (Sa }l2
0 0]

= \Pmax((I = Ca)? + S3)

= \/2(1 - 61).

(4.11)
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Therefore we ontain

V21 =00) < 6:(4) < VAT=01).
It follows that
82(A)? < 21 - 01) < 21 - 0})
= 2||5113 = 211Q%Q.ll3-

We should remark here that, there is generally no closed form solution to the
following Procrustes problem:

(4.12)

min _||A - BQll2,

Q is orthogonal

when A and B are orthonormal. With the above preparation, we are now ready to
prove the following perturbation theorems.

Theorem 4.1. Let A and /i, and B and B have the same rank, and let the condi-
tion numbers of A and B be

k(A) = ||All2l|A]]2, 5(B) = |IBll2lIB |2
then

Iz - Sl < ﬁ{x(A)MT—mAz_IIz . K(B)MB”;liuz} |

Proof. For any orthogonal matrices U and V, we have
£ - Zll < 1Q%Q5 - UTQEQ5V Il

(4.13) =1(Qa - Q;U)"Qs + UTQ%(Q5 - QzV)|:-

<NQa-Q4iUll2 + 1Qs - Q5 V2,
Since U and V are arbitrary, we obtain

T — 5||; < 82(A) + 62(B
(4.12) [ [l2 < 82( )”T 2(B) .

< V2(|IQ%Qjllz + 1QF5Q5ll2)-

Let A = A + AA, then
(4.15) QTAA = -QTQ.R4, Q5AA = QTQ,iR;.
Since R4 and R are of full row rank:

Q%0 = -Q5AARY, Q504 = QGAARY,
Therefore

1Q%Qallz = 1Q%Qall2 < |AA|lz min{||Atf2, |A"fI2}-
We can also establish similar results for B; therefore
(4.16)
(R i . .
< V2(J|4 - AJ|2 min{|| 4[|z, ||4"]|2} + |B = Bll2 min{|| B" |l2, 1| B ||2})
< V2{x(A)|A - All2/||Allz + <(B)I|B - Bllz/I|Bl|2}-
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which establishes the result. O

Using the same technique, we can aso prove the following result for the case of
Frobenius norm:

Theorem 4.2. Let A and fi, and B and B have the same rank, then
IZ - Zllr < V2(]|4 - Allr min{||Al2, [|A" ||2} + ||B = Bl|r min{]|B'||2, [|B" ||2})
Remark 4.1. In [4], Bjérck and Golub derived the following first order perturba-
tion bound:
e - f,‘”g < €45infmax (A, B) + epsinfmax (A4, B) + 0(6?),
where
A - Allz < eallAlls, 1B — Bll2<esl|Bll2, &= eax(A) + epx(B).

Our result (Theorem 4.1) compares favorably to the above.

The above theorems well the perturbation result in Example 4.1, but they do

not tell the whole story as is demonstrated by the following example. First, let us
consider the following matrix pair

Example 4. 2. Given the matriz pair,

1 1 1
A= ( 0 }],B=( 0101

1 11
The computed Q in the QR decomposition of B is

-0.70710678118655 0. 00000125385069
0 -0.999999999998~3
-0.70710678118655 -0.00000125385069

and the computed canonical correlation is
1.TT3212653097254e-06.
All the computation in this section was carried out on a Sun 3/50 worksta-
tion using MATLAB version 3.5e with machine precision epsa 2.22e-16. Since

cond(B) =~ 10'°, this result coincides with the prediction given by the bounds in
Theorem 4.1. Now let us consider another matrix pair,

Example 4.3. Given the matriz pair

1 1 100
Al = 0 y B, = 4 9 .
-1 1 1010

The matrix Q in the QR decomposition of B is

-0.680~13817~3977 0. 19~5008972988
-0.27216552697591 -0.96225044864938
-0.68041381743977 0.192{5008972987.

We also compute o(A, B) as
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7.654331812{76101e-16.

But since cond(B;) & 10'°, and the machine precision is approximately 10716,
the bounds in the above theorems will predict a perturbation of size

cond(B) x eps &~ 107¢,

which is much larger than the computed result. However, theoreticaly if we scae
the last column of B, we get a well conditioned matrix, and column scaling does not
change the canonical correlations. The perturbation bounds in the above theorems
are not invariant under the column scaling of A and B, therefore we need a refined
version of the perturbation bounds.

Before we proceed, we introduce some more notation. If A = (a;;), then we
write |A| := (laij]); We denote [A| < |B|, if |aij| < |bijl; it is easy to verify that if
A = BC, then |A| < |BJ|C|.

We define the column-scaling independent condition number of A as

rs(4) = ||IRIIR™Y|,,

if the QR decomposition of A is A = QR. Obviously, ks(A) is independent of the
column scaling of A; i.e,
ks(AD) = ks(A)

for dl postive definite diagona matrix D.

Theorem 4.3. Let A and B be of full column rank, A=A+ AAand B = A+ AB
with |AA| < €|A| and |AB| < ¢€|B|, and A and B are also of full column rank.

Then
I1E - £ll2 < V2e(v/p(m = p)ss(4) + Va(m — g)xs(B)).
Proof. From (4.15), we have
Q%Qa = -Q5AARY.
It follows that
1Q%Qal < IQZIIAAIRYY < elQ%1IQallRAl -IRZ'.

I - £l < v2(I1Q%Q.lIF + 11Q5Q5IIF)
< V2¢(]||Q%1IQal| pxs(A4) + [1QFIQBI| prs(B)),
and the result is established. O

5. NuUMERI CAL  ALGORI THMS

In this section, we discuss numerical computation of the canonical correlations
and the corresponding canonical vectrrs. For simplicity, throughout the section we
assume that both A and B are of fu lumn rank, i.e, A € R™*P and B € R™>¢,
and

p = rank(A) > rank(B) = gq.
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5.1. Dense Matrices. The following agorithm based on SVD was proposed by
Bjorck and Golub [4], [7, Chapter 12].

Algorithm 5.1. Given A and B, the following procedure computes the orthonor-
mal matrices U = [uy,--- ,uq] and V = [vy,--- ,v,] and a1(4, B), --- ,04(A, B)
where {ox(A, B)} are the canonical correlations of (A, B) and the u; and v are

the associated canonical vectors.
i) Compute the QR decomposition of A and B:

A=QaRa, where Q5Q4 = I,

B=QpRp, where Q5Qs = I,.
i) Form C = QEQa, and compute the SVD of C: C = PTdiag(ci(4, B))Q.

QaP(l:g)=[uy, - ,ug), QBQ =[v1,--- ,v,].

As discussed in Section 4, there is no need to scale the columns of A and B
before we compute their QR decompositions. Some numerical experiments were
reported in [4], where QR decomposition with column pivoting was used to handle
the rank deficient case.

5.2. Updating Problems. Let B be augmented by a column vector b. We want
to investigate the relation between the canonical correlations of (A, B) and those
of (A,[B,b]). We will develop an agorithm for updating the canonical correlations.
We summarize the result in the following theorem.

Theorem 5.1. Let g be a unit vector that spans R([B, b]) N R(B)* .4 Let Q, be
the orthonormal basis of the subspace R(A)* N R(B)*. Define

1= - Q:Q7)gll2-
Then 3
@ eai(A, [B,b)) =1, I=1..-,i;
(6) 214, B) < oA, [B, b)) < (A, B)VT+ (1= )raucd
=i+ 1,--- i+ |;

where 8; is the I-Jth canonical (principal) angle (see Definition 1.1); and
(c) 0 < at'+j+1(A’ [B, b]) < 1- 7’2v GI(A’ [Bv b]) =0,

l=1434+2,---,i+j+k.

Proof. We consider the case when g # O; the other case when g = O is trivia. Let
the QR decomposition of A and B be

A = QaR4, B = QBRp.
Using Theorem 3.1, we write
Qa=QTAUT, Qp=QEpVT

where Q, U and V are orthogonal, and ¥4 and g are given by (3.6). The QR
decomposition of [B, b] can be written as

[B,b] = (@B, 9]RiB 1)

1 R([B,b))LR(B)*, ie,b €R(B)then we takeg=0.
5The integer indices refer to those in Theorem 3.1.
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with Rygs a nonsingular upper triangular matrix. Let Q = (@i, @2) with Ql
R™*4, then there exists a unit vector § € R™~¢ such that g = Q»§. Hence § = Q7 g.
Let §T = (¢7,97,93)7 with g2 € RF and ga € R*. Using Corollary 3.1, we have
QTg = g1. On the other hand

I;
(5.18) H:= ( Q5 )QA = diag{ V, 1} ¢ 0 U7,
0 925 g3

where V is an orthogonal matrix. Hence the singular values of H are the square
roots of the eigenvalues of

L o . _(C*oO S 0 S 0
(6 %) wx=(56)(57)(57)

where G, = (92 193 )T(gz 193 ) We have

w0 =1-xn-m(( g 9 )a-6a( 5 9)

and
(5.19)

SO0 o), _ PN

2 om-G0 (5 7).

Since the diagonal elements of S are given in non-decreasing order and those of C
are in non-increasing order, and

Cnin((1 = G)3) = 1= (llgall® + ||gal?) = 52,

we have

’\j+k—1+1((g ?)(I-G:)(g ?))2'12012((3 ?))

Hence from 01(A, B) = a; = cos(6;), it follows that

o1(4, (B, b)) < 3/1- B2(1 - (1 - n2))
(5.20) =\/a? + (1= a?)(1-p2)
=01(4, B)y/1+ ( 1-n?) tan’6,

Now we have that X is a rank one update of diag(C2, 0). Hence X has at most
one additional nonzero eigenvalue. O
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Here is how the numerica computation of the updating proceed. Suppose House-
holder transformations or Jacobi rotations are utilized to compute the orthonormal
basis of A and B so that we have [7, Section 5.2.]

B=Q( o )=@eh( ).

Let QTb = (=7, bT)T. Apply a Householder transformation or a sequence of Jacobi

rotations @y, we get
afb= (1), b=qu (M=),

The QR decomposition of [B, b] can be written as

Rp z
[B,b] = [@8, QEQs] ( O ||b]l2 ) .
0] 0

Then [@5, @%(b//18]l2)] is the orthonormal basis of [B, b].

Remark 5.1. We note that the modified Gram-Schmidt agorithm could also be
used to compute the orthonormal basis of A and B. Although it is twice as fast
as the Householder transformation based algorithms, it has the drawback that the
orthonormality of the computed basis depends on the condition numbers x2(A) and
Nz(B).s

For updating the SVD in (5.18), both the secular equation method (or the bisec-
tion method) {7, Section 8.6.3.], or the two-way chasing method [21] can be used.
For a more detailed account of the bisection method the reader is referred to [5).

5.3. Large Sparse or Structured Matrices. If the matrix pair (A, B) is large
sparse or structured, then explicit computation of the orthonormal basis of A and
B will usualy gives rise to a dense matrix or destroys the underlying structure.
The purpose of this subsection is to propose a class of agorithms that will avoid
explicit formation of the orthonormal basis of span(A) and span{ B}. Let us first
consider a simple case: let A consist of one column, say a. Also, let the orthogona
projection onto span(B) be Pg. Then the canonical correlation of the matrix pair
(a, B) is given by
o(a, B) = |(Ppa)”al/||Pgall2|lall2,

and the canonical vectors are a/||a||; and Ppa/||Ppal|2. Since Pga can be obtained
by solving the following least squares problem:

Min lla = Bz||2 := |la = Bzol|2, Psa = Bz,

the sparsity or structure of the matrix B can be fully exploited. For example, if
the LSQR algorithm (cf. [13])is used to solve the above least squares problem, the

81t is our belief that x3 (A) and x2(B) in the error analysis by Bjdrck [3] can be replaced by
the condition numbers defined in Sectionsec: cc4.



16 GENE H. GOLUB AND HONGYUAN ZHA

matrix B is only used to form the matrix products Bx and BTy for given vectors
x and y.7

In the general case, we propose the following alternating least sguares (ALS)
method to compute the largest canonical correlation of the matrix pair (A, B).

Algorithm 5.2. Choose bo € span(B) with ||bol|2 = 1.
For k =0,1,2, - until convergence do

(8) Solve linear least squares problem:

;relg: 16k — Az||2 = ||bx — Azi||2, and form ai = Azi/||Azill2;

(b) Solve linear least squares problem:
;gizn' llar — Byll2 = llax — Byk|l2, and form bryyr - Byr/||Bykll2;
| terate.
Assume convergence in K steps. Now we compute
o1(A, B) = bkax|, u1=ax/llakllz, v1 =bk/llbkll2.
For the convergence criterion, we choose either
|16% 4108 +1] = [6F arll, or min{llar+1 — akllz, [lbesr — bell2}
be below a certain given tolerance.

Remark 5.2. The aternating least squares method is an old and natural idea,
which goes back to J Von Neumann. It has been used extensively in the psycho-
metrics literature, and a recent application can be found in [17].

Convergence analysis of the ALS method. We relate the ALS agorithm
to a- - ant of the power method, and thus derive its convergence rate. First let us

cons -he power method. Since finding the canonical correlations is equivalent
to computing the SVD of QgQA. Let
0  (QFQA)T )
5.21 T= B ,
(-2 ( QEQa 0

then the eigenvalues of T are {£0:(Q5Q4)}. Applying the power method to T, we
have

(5.22) zk4+1 = Tzp, With zp an initital vector.
Let zx = (27,47 )7; equation (5.22) can be written as
Tes1 = QLQBYE, Y+ - Q5Qazk.
We can use the most recent zx4; to compute yx4; SO that
Tegr - QAQBYE, Yet1- QEQaTisr.

For a detailed presentation of fast alge ithms for computing a matrix-vector product with
Hankel or Toepli t z matrices, the reader is reterred to [19].
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It follows that

Qazi+1 = QaQ%QbYr, QBYr+1 = QBQEQazis.

The above two equations are equivalent, since we assume that A and B are of full
column rank. Define

Zy = Qaze, Yr = QBU,
we have the following modified power method.

Algorithm 5.3. Choose yo € span(B) with ||yo|lz = 1.
Fork =0,1,2,... until convergence do

Zit1 - QaQhTk, Zrt1 = Zisr/||Zeill2;

Yig1-  QBQBZes1¥e41-  Yesr/llYeslles

Iterate.

To see-that Algorithm 5.3 is equivalent to the ALS agorithm, we observe that
bo € R(B), and can be written as by = @pgs for some vector s. The solution of the
least squares problem

min [bo ~ Azllz = [1bo ~ Azollz

is given by zo = A'bg. Hence ap = 1,Q4Q%(Qps), where o is the normalization
factor. By induction we can prove

a = 1Qal(Q5Q4)T(QEQAN QAQEs b - 6:Q5[(Q5Q4)(QEQA)T)Es.

where 4. and §; are the normalization factors. Therefore the convergence rate of
the ALS agorithm is dependent on

k. (02(Q5Q4)/01(QEQ4))* - (02(4, B)/o1(4, B))*.

Example 5.1. We consider the matriz pair

1 0 10
A=U|| 0 8 |P, B=U| 0 1 | P,
0 6 0 0

where U is an orthogonal matriz and P; and P, are nonsingular matrices. The
canonical correlations are o3(A4, B) = 1, ¢3(A, B) = 0.8. Therefore the convergence
rate of the ALS algorithm is 0.64. We compute log.(0.64)

log_e(0.64)=-.44628710262842.

We have truncated the data at both ends. The best computed linear polynomial fit
to the computed data gives the slope

=. 44614014758065,

which matches the convergence rate quite well.
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In the literature, various ways to accelerate the power method are given [7,
Chapter 10]. We can adapt these acceleration schemes to the ALS agorithm, but
we will not go into the details here.

The drawback of the ALS algorithm together with its various acceleration schemes
is that only the largest canonical correlation is computed. To compute several
canonical correlations at the same time, we can use certain versions of subspace
iteration and we use various acceleration schemes. We will not discuss these ex-
tensions here, but instead we will show how to adapt the Lanczos method to our
problem by using a similar idea as the ALS method. We apply the Lanczos algo-
rithm [7, Chapter 9] and start with the matrix T defined in (5.21).

Algorithm 5.4. (Lanczos Algorithm)

v; is given with ”01”2 =1

PO = 1)1,60: 11 j‘:OvuO:O

while 8; # 0
vig1 =pj/Bj;i=7+1
ri = QpQavj — Bi-1uj-
aj =||rjllz;  uj =ri/a;
pj = Q4QBY; - a;jv;
B; = llpsll2

end

We observe that the operator ng,, is not available, since we do not explicitly
form the orthonorma bases for span(A) and span{ B}. The device we use is to
make a bases transformation. Let us transform the vectors generated in Algorithm
5.4 to the column spaces of A and B, i.e, span(A) and span(B), and denote

4; = Qpuj, ¥ = Qav; 7 = Qprj, pj = Qap;-
Rewrite Algorithm 5.4 in the new basis, we obtain the following agorithm

Algorithm 5.5. (Modified Lanctos Algorithm)
Choose v = As; set 9 = v/||v]l2
50 = vl)ﬁo = le = O,flo =0

while ﬁ,# 0
vjy1 =P;i/Bj; = it 1
i = QBQEE; — Bj—1iij—
aj = ||Filla; %5 = Fi/a;
Pi = QaQ%d; — a;i;
Bi = |IB;ll2

end

Note that B; and a4 in Algorithm 5.5 is the same as those in Algorithm 5.4. The
computation of QpQ%E9; and QaQ%i; are again carried out by solving the least
squares problems:

(5.23) i 13 — Bull2 = I3 = Byjllz-
Then QsQ%#; = By;. Similarly,

(5.24) min |l#; — Azll2 = lla; — Azjllz,
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and QAQ?;{‘J = Azj.

Remark 5.3. The above agorithm can be easily adapted to computing the canon-
ica correlations between two linear subspaces defined either by the range space or
null space of matrices. If for example, one of the subspace is defined by the null
space of A, then instead of using Q4 Qﬁ in the above, we use | — QAQ}

We have aso tested the Modified Lanczos Algorithm. The matrix pair is given

as follows c
A:U(S>PI, B=U(3)P2,

where U is orthogonal and P, and P, are nonsingular, with

C = diag(0, I/n, 2/n,- .., (n —1)/n), and S = \/(I, - C?).

Therefore the canonical correlations of (A, B) are 0,1/n, 2/n,- . ., (n- 1)/n. For the
particular example in Figure 1, we chose n = 100. We do not solve the least squares
problems in (5.23) and (5.24) exactly, instead we simulate the LSQR agorithm [13]
by first using a direct method to solve the least squares problem and add noise to
the solution. More numerical experiments using the LSQR will be carried out in
the future. In Figure 1, the relative errors of the first three computed canonical
correlations are plotted against the iteration numbers.

There remains a number of problems associated with this technique such as
determining a preconditioner for solving the least squares problem. Nevertheless, we
feel that the approach is of great potential use in computing canonical correlations
of large or sparse matrix pairs and it certainly deserves further investigation.
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Fiaure 1. Convergence behavior of the modified Lanczos method
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