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Abstract.

The dynamics of numerical methods with local error control are studied for three classes of
ordinary differential equations: dissipative, contractive and gradient systems. Dissipative dynamical
systems are characterised by having a bounded absorbing set B which all trajectories eventually enter
and remain inside. The exponentially contractive problems studied have a unique, globally attracting
equilibrium point and thus they are also dissipative since the absorbing set B may be chosen to be a
ball of arbitrarily small radius around the equilibrium point. The gradient systems studied are those
for which the set of equilibria comprises isolated points and all trajectories are bounded so that each
trajectory converges to an equilibrium point as t — co. If the set of equilibria is bounded then the
gradient systems are also dissipative. The aim is to find conditions under which numerical methods
with local error control replicate these large-time dynamical features. The results are proved without
recourse to asymptotic expansions for the truncation error.

Standard embedded Runge-Kutta pairs are analysed together with several non-standard error
control strategies. These non-standard strategies are easy to implement and have desirable properties
within certain of the classes of problems studied. Both error per step and error per unit step strategies
are considered. Certain embedded pairs are identified for which the sequence generated can be
viewed as coming from a small perturbation of an algebraically stable scheme, with the size of the
perturbation proportional to the tolerance 7. Such embedded pairs are defined to be algebraically
stable and explicit algebraically stable pairs are identified. Conditions on the tolerance r are identified
under which appropriate discrete analogues of the properties of the underlying differential equation
may be proved for certain algebraically stable embedded pairs. In particular, it is shown that for
dissipative problems the discrete dynamical system has an absorbing set 8- and is hence dissipative.
For exponentially contractive problems the radius of B+ is proved to be proportional to a positive
power of 7. For gradient systems the numerical solution enters and remains in a small ball about one
of the equilibria and the radius of the ball — 0 as 7 — 0. Thus the local error control mechanisms
confer desirable global properties on the numerical solution. It is shown that for error per unmit
step strategies the conditions on the tolerance r are independent of initial data whilst for error per
step strategies the conditions are initial data dependent. Thus error per unit step strategies are
considerably more robust.
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1. Introduction. In this paper we consider numerical approximation of the ini-
tial value problem

(11) w = f(u), u(0) = U,

where u(t) € IRP for each t > 0, and f: R? — IR? is assumed to be locally Lipschitz.
We study variable time stepping strategies designed to control the local error incurred
at each step. In particular, our interest lies in the effect of the error control mechanism
on the long time dynamics of the problem (1.1) and in assessing whether, and in what
sense, the dynamics are reproduced by the approximation scheme.

Embedded explicit Runge-Kutta schemes are studied. Let t,, denote a sequence of
(unequally spaced) grid points in time and let U, denote an approximation to u(,),
then the embedded Runge-Kutta pair is defined as follows:

k
(1.2) 77i=Un+AtnEaijf(77j), i=1,...,k,

ji=1

k
(1.3) . Ung1 =Un + Aty Y b f(n;), Uo=U,
Jj=1
and
k -
(1.4) Vas1 = Un + Aty Y 5;f(n;)-
j=1

Note that the sequence {V,}22, is introduced only to estimate the error so that the
time-step may be varied accordingly. The sequence {U,}3%, is considered as the
numerical approximation to u(t) and it is the asymptotic features of this sequentce
that we shall study. The time-step At,, is chosen so that either

(1.5) 1Un+1 = Vas1ll < TAt,/leol,
or
(1.6) HUn41 — Vaq1|| £ T3/|60|’

where 7 < 1 is the error tolerance and eg is a scale factor to be specified later. The
strategy (1.5) is known as error per unit step whilst the strategy (1.6) is known as
error per step.

In the following it will be useful to define the matrix A and vectors b, b by

(1.7) {AYsj = aij, b= (b1, ..., b)), b=(bs1,...,08)T.

These matrices and vectors are assumed to be chosen so that the difference of U, and
V., provides an estimate of the error incurred over one-step of the numerical method
(1.2), (1.3) as is standard for embedded Runge-Kutta pairs [3]. We say that the
scheme (1.2),(1.3),(1.4) has order (p, ¢) if A, b is an order p method and A,  an order
g method. In many software codes q = p + 1 and [|[Un41 = Vi, 41 || is an estimate of the
local truncation error for Uy, 4. However, q = p — 1 is sometimes used in codes so that
the solution is advanced using the higher order method, although the error estimate
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is only strictly valid for the lower order scheme — this is known as extrapolation. The
framework also includes methods where the error is estimated by step-halving: in
this case the method for advancing U, — U, is simply to take two half steps of
the method U, — V;4; and then form from this a method of order of accuracy one
greater than that which takes U, to V,41; hence p=q + 1.

In addition to studying these standard methods, we will also introduce some sim-
ple schemes with desirable properties where q = 1; for these methods the construction
of V,41 is computationally inexpensive. Furthermore, we analyse some simple mod-
ifications of standard error control strategies which are tailored to given structural
assumptions about the differential equations.

To study the effect of local error control on large time dynamics it is necessary
to work with particular structural assumptions on the vector field f(e) which defines
the differential equation (1.1). Throughout we assume that || « || denotes a norm
in IR? induced by the appropriate inner product - i.e. one inherited from one of the
assumptions (D), (C) , (E) or (G1-G5) whichve now introduce. Here, and throughout
the remainder of the paper,

(1.8) B(v,6) ={ueRF:|v-ul|<é}:

The four conditions on the vector field f(s) whichwe consider are (D), (C), (E) and
(G1-G5):

(D)3 >0,8>0:(f(u), u) < a~ Bllul?,V u e R

(C)3B>0:(f(u) = f(v), u — v) < —Pllu — v||?, Vu,v € RP and f(0) = 0;

(E) 3r > 0:(f(u), u) <0, Vu € RP satisfying ||u||?> > r;

(G1) f(u) = ~VF(u), where F € C*(R?, R);

(G2) F(u) > 0,Vu € RP and |F(u)| — oo as ||ul| = oco.

(G3) Fu) — F(v) < (f(u), v = u) + cllu = v||?, V u, v € RP.

(G4) Let E = {v € RP : f(v) = 0}. Then E consists of isolated points.

(G5) There exists D > 0 such that | |u — v|| > D for all 4, v € E with u # v. Let

B(8) = | J B(v, 8);
veE

then for any 6 > 0 there exists € > 0 such that

1 >E.
o @l 2 e

See [19] for a review of the relevance of these classes of problems in numerical
analysis and in applications. We now charaterise the behaviour of (1.1) under these
different structural assumptions on f(e); the following definition is fundamental:

DeriniTioN 1.1, The equation (1.1) is said to be dissipative if 3 a bounded
absorbing set B ¢ RP and, for each U € IR?, a time t* = t*(U) such that u(t) €
BVt > t*.

The following properties hold for (1.1):

THeorem ODE



(i) under (D), (1.1) is dissipative with B = B(0, (e + p)/B), any p > 0;

(i1) under (C) every solution of (1.1) satsifies u(t) — 0 ast — oo. Thus (1.1) is
dissipative with B = B(0, p) any p > 0;

(i) under (E), (1.1) is dissipative with B = B(0, r$);

(iv) under (G1-G5), for every U € IRP Jv € E such that the solution of (1.1) satisfies
u(t) - v ast — oo. If, in addition, E is bounded then (1.1) is dissipative with
B ={u€ RF: F(u) < maxyer F(v) + p}, any p > 0.

Proof. The proof of (i) may be found in [19] and underlies much of the work in
[20]. The proof of (ii) is straightforward. The proof of (iii) is similar to the proof of
(1). The proof of (iv) may be found in [8]. O

Throughout this paper our aim is to derive discrete analogues of Theorem ODE
under the weakest possible assumptions on the tolerance r. Note that, in fixed-step
implementation, only implicit methods will replicate the behaviour of the ODE unless
the time-step is restricted in terms of initial data [19]. Thus it is of interest to derive
explicit embedded pairs which yield discrete analogues of Theorem ODE without the
tolerance 7 being restricted in terms of initial data. The key to our analysis is the
observation that, under certain conditions on the underlying Runge-Kutta method,
the local error control ensures that the embedded pair is close to an algebraically
stable Runge-Kutta scheme; the “closeness” is proportional to the error tolerance.
We call such embedded pairs algebraically stable and in section 2 we construct explicit
embedded pairs which are algebraically stable in this sense. Note that fixed step
algebraically stable schemes are necessarily implicit. In addition, we prove an order
barrier min{p, g} < 4 for explicit algebraically stable embedded pairs of order (p, ¢),
with non-negative b; .

In section 3 we conisder the question of whether it is possible to find sequences
{Un}, and {At,}3%, such that the error control schemes (1.2)-(1.4), (1.5) or (1.2)-
(1.4), (1.6) are satisfied. In particular we determine conditions under which schemes
admit sequences satisfying inf,>0 At, > 0 since, without this, the time integration
may terminate at a finite time.

It is known that fixed time-stepping algebraically stable Runge-Kutta methods
define dissipative numerical methods for (D) and (C) respectively - see [1], [12], [19].
In section 4 we show that algebraically stable error per unit step and error per step
embedded pairs also preserve the dissipativity of the underlying system. Under (D)
there is an absorbing set B, centred at the origin and under (C) this set has radius
proportional to a positive power of 7— see Theorems DC1 and DC2 which are discrete
analogues of Theorem ODE(i) and (ii).

For (D) and (C) we consider both error per step and error per unit step strate-
gies. The error per unit step schemes have the advantage that the properties of the
underlying differential equation are inherited for 7 sufficiently small, but independent
of initial data; this means that codes based on such a strategy are extremely robust
since they operate effectively given any initial data. In contrast, the error per step
strategies can only be guaranteed to mimic the differential equation if 7 is bounded
above in terms of the initial data U. In sections 5 and 6 we consider only error per
unit step strategies although it is straightforward to generalise the results to the error
per step case as is done in section 4.

We next consider condition (E); we state and prove a discrete analogue of Theorem
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ODE(iii) in section 5 for the simplified error per unit step strategy (2.30), (2.31), (2.32)
together with (1.5) — see Theorem E.

In section 6 we consider gradient systems under (G1)-(G5). (G1) is the standard
gradient assumption, (G2) ensures global existence, uniqueness and boundedness of
solutions to (1.1) whilst (G3) is equivalent to a one-sided Lipschitz condition [13].
(G4) and (Gb5) are structural stability conditions on the gradient system.

For 7 sufficiently small, but independently of initial data, we prove in Theorem
G1 that the simplified order (p, 1) error control scheme (2.24), (2.27) together with
(1.5) forces the numerical solution to enter and remain in a ball centred on one of the
equilibria in E; the radius of the ball — 0 as 7 — 0. If E is bounded then dissipativity
follows. In addition, a modification of this error control is proposed which actually
ensures that the solution is driven to an equilibrium point as n — oo. This is based
on error per unit step control relative to a discrete time derivative — see Theorem G2.

Finally, in section 7, we present some numerical results to illustrate the theory.

The work contained here is inspired by the papers of [9] and {15] where the dy-
namics of error controlled schemes are studied for linear decay problems; in particular
they show that for such problems standard error control mechanisms drive the numer-
ical solution to a neighbourhood of the origin which scales with the error tolerance.
This motivates the results proved here for contractive and gradient systems.

The work is also an extension of the work of Stetter [18] (see also [11], [17])
where it is shown that, over fixed time intervals 0 < ¢t < T, the error is proportional
to some positive power of the tolerance — essentially a convergence result for error
controlled schemes as 7 — 0; here we show that the “error” in the asymptotic behaviour
(t = o0) is proportional to a positive power of the tolerance, essentially a practical
stability result for error controlled schemes. In our analysis we do not need asymptotic
expansions for the truncation error to prove results; we simply use the closeness of
the scheme to an algebraically stable one.

Recently there has been some interest in the subject of spurious solutions intro-
duced by fixed time step discretisation — see [14] for a summary. One reason these
spurious solutions are of interest is that they can exist for arbitrarily small At and
thereby destroy the large time properties of the underlying differential equation. How-
ever, in [16], a valid criticism of the body of literature on spurious solutions is voiced:
in practice, error control mechanisms will prevent spurious solutions. Our work goes
some way towards substantiating the claim in [16].

Summary

o It is possible to make some progress in the rigorous analysis of error control strategies
without the use of asymptotic error expansions. To this end:

o We have introduced the notion of algebraically stable embedded Runge-Kutta pairs.
These are error control strategies which ensure that the solution is an O(r) pertur-
bation of an algebraically stable scheme, where 7 is the tolerance. It is shown that
explicit algebraically stable embedded pairs exist but an order barrier of min{p, q} <4
is proved for such explicit methods with non-negative weights b;. See Corollary 2.7.

o New simplified and computationally inexpensive embedded pairs are introduced with
order (p, 1), p arbitrarily large, which are algebraically stable and computationally
inexpensive. These embedded pairs may be explicit. See Example 2.9.

o New error control strategies are introduced for gradient systems for which the error
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control is relative to a discrete time-derivative. See section 6.

« For certain algebraically stable embedded pairs applied to dissipative, contractive
and gradient systems we prove that the underlying long time behaviour of the differ-
ential equation is inherited by the error controlled scheme - see Theorems DC1, DC2
(section 4), Theorem E (section 5) and Theorems G1 and G2 (section 6).

o For error per unit step strategies we find that the underlying properties of classes
(D), (C) and (G) are inherited for sufficiently small tolerance, but independent of
initial data. This implies a strong degree of robustness for codes based on such
strategies. The main technical difficulty in the analysis is to obtain results for 7, the
tolerance, independent of initial data. The error per step strategies require initial
data dependent tolerance restrictions and are hence far less robust.

o Nowhere in the analysis do we actually describe how the time-step is chosen to
satisfy the error control criteria. Instead we prove that, at each step, the error control
criteria can be satisfied. Furthermore, under the appropriate structural assumptions
on f () we also show that it is possible to find step size sequences uniformly bounded
from zero. This approach facilitates a straightforward approach to the analysis. To
our knowledge this is the first rigorous treatment of error control strategies over long
time intervals. -

2. Algebraically Stable Embedded Pairs. Given any scalar eg # 0 and any

vector e = (€1, €2,..., ex)? we create a new Runge-Kutta method from the embedded
pair (1.2)~(1.4) by defining

(2.1) b= (1- eo)b+ eod,

and

(2.2) A=A+ ege(b-b)T.

We use the notation
{AYij = aij, b= (by, by, ..., bx)".
From (2.1), (1.4) it follows that

k
1 1.
Vat1 =Un + At, D [(1- oo b+ bl f(nj)-

=1

Thus the error controls (1.5) or (1.6) imply respectively that

(2.3) IEI <7

or

(24) 11l < 57
where

(2.5) E=3 [b—blf (n;)
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Using (2.5), equation (1.3) may be re-written as

k
(2.6) Unt1 =Un+ At b f(n) + At,E.

Jj=1
Furthermore, (1.2), (2.2) gives

k k
T =Un + Atn) ;i f(1;) — eoesAtn [5; — bj]f(n;),
j=1

ji=1

and, by (2.1) we have b — b = eo(b — b) and hence

k
(2.7) 0 =Un + Aty Y a:jf(n) + ;AtoE.

ji=1

Thus (2.6), (2.7)show that, under error control, the Runge-Kutta method (1.2), (1.3)
is a perturbation of the new Runge-Kutta method defined by (2.1) and (2.2); the
perturbation E is small and controlled by (2.3) or (2.4) depending upon the type of
error control used. The basic idea behind this work is that, if the scalar ¢o and the
vector e can be chosen to make the new Runge-Kutta method A, b have desirable
properties then it may be possible to prove that those properties are also shared by
the underlying embedded pair A, b, b. In particular, recalling the definition of algebraic
stability of a fixed-step method A, b from [1] and of DJ-reducibility from [10], we make
the following definition for variable-step embedded pairs:

DeriNITION 2.1. The embedded Runge-Kutta pair (1.2)-(1.4) (briefly A, b, b) is
said to be algebraically stable if there exists e € R* and eg € R such that the Runge-
Kutta method A, b defined by (2.1), (2.2), is algebraically stable.

Note that it is possible that for explicit embedded pairs to be algebraically stable
and we will give examples of such schemes. With this possibility in mind we now
examine in detail the existence of algebraically stable embedded Runge-Kutta pairs.
In the following we shall the need the matrices

B = diag{b},
28) M =BA+ ATB - W7,

M = BA+ ATB - bbT.

We shall denote by | C IR the closed interval for which B is positive semi-definite
if eg € | and also define

S={IER’°_:xT:c=1},
V={zes:(b-b)Tz =0},
Ve={z€sS:|(b-b)Tz|<e}.

LEMMA 2.2. Given e € I\(0) for which B is positive definite, the embedded
pair A, b, b is algebraically stable if M is positive definite on V. Conversdly if for each
eo € | there exists x € V for which 2T Mz < 0 then the embedded Runge-Kutta pair
A, b, b is not algebraically stable.



Proof. The Runge-Kutta method Abis algebraically stable if M, B are positive
semi-definite [ 1]. Now

Mz = zTBAz +2TATBz —Tbb7z

= 2(Bz)T Az — (bTz)?

= 2(Bz)T(Az + eoe(b — b)Tz) — (7 z)?
2(Bz)T Az + 2e0(b — b)Tz(zT Be) — (87 z)?
T Mz + 2eq(b — b)Tz(zT Be).

If M is positive definite on V then, by continuity, for ¢ sufficiently small 36 > 0 such
that

(2.9) zTMz > 6 on V..
Furthermore, since S is a bounded set 3y > 0 :
eTMz > —y on {x € S\V.}.
If we chose A > v/(2e3¢?) and let e to be the solution of
Be = A(b - b)eo
then
(2.10) eTMz = 2T Mz + 2Xe2[(b — b)Tz]* > 0 on {x € S\V:}.

The first part of the result follows since (2.9), (2.10) give lower positive bounds on
zTMz on S.
The second part of the result follows in a straightforward fashion since

Mz = zTMz on V.

This lemma shows that, although there appear to be k + 1 parameters to play
with to ensure that A, b is positive definite in fact there is only one in almost all cases
- this follows since e is the only free parameter in M. Thus we now concentrate on
studying M on V. Notice that if A, b is explicit then, since M is the algebraic stability
matrix for the explicit Runge-Kutta method A, b it cannot be positive definite on Bk .
Furthermore, it is well-known that the extreme values of the quadratic form z7 Mz
on V interleave the eigenvalues of M [21] and so we trivially find from Lemma 2.2
that:

CoroLLAry 2.3. If M has two negative eigenvalues for all eg € | then the
embedded pair A, b,b is not algebraically stable.

Lemma 2.2 and Corollary 2.3 are suggestive of an order barrier for explicit al-
gebraically stable methods and we now prove that if A, b, b has order (p, q) with
min{p, g} > 5 and b; > 0 then it is not algebraically stable. Preceding this theorem
are two lemmas needed in the proof:

LEMMA 2.4. If A, b,b has order (p,q) with min{p, g} > 5 then A, b has order
> 5.

8



Proof. Note that if A, b and A, b have order 5 then so does A, b since b appears
linearly in the order conditions [3]. Thus it is sufficient to show that A, b (and hence
by an identical argument that A, b has order 5. Noting that

k k
(2.11) &= di =Y i+ eoei(bj - bj) = Za,, =¢

ji=1 ji=1 i=1

the result follows from straightforward but tedious manipulations of the order condi-
tions, using (2.2). O

The following definition will be needed:

perinimion 2.5. The embedded pair A, b, b is irreducible if no stages #; can be
simultaneously removed from both the methods A, b and A,% to yield an equivalent
method with fewer stages.

Lemma 2.6. Assume that the embedded pair A, b, b is explicit, irreducible, alge-
braically stable and has order (p, q) with min{p, g} > 5. Let T = {j € 2 : b; = 0}.
Then:

(|)EIJ>3 T=9{j:1<j<J.

(ii) E C_qGijc; = z;_lauc] =c?/2,i¢T.
(iii) b5 # 0, b; # b; Vj € T

(iv) ai; = e,b,,a,, =0,Vi,j:i¢T,jeT,
(v) 35 €T :b; <O.

Proof In the following we define
k 9 k 2

C; 3 N c;
(2.12) di = Za;jcj - ?’, d,‘ = Za,-jc]- - ?

=1 =1

Since fi, 5, A, b and A, b have order at least five, it follows from the proof of Lemma
1V.13.12 in [10] that

(2.13) ibJZ_O Y hid? =0, Ebd—O
i=1 =1

Since A, b is algebraically stable it follows that b; > 0 for all . Let T = {j : 131- =0.}.
Thus

(2.14) d=0i¢T.

Also
k k
> ajci = ) laije; + eoei(; — by)e;]
i=1 j=1

k
ijcj + eoe,(Zch —cjb;) = Ea,—jcj
i=1 i=1 j=1
9
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since the methods A, b and A, b have order greater than 2. Thus, by (2.12) and (2.14),
d; = d; Vi and so

(2.15) di=0VigT.

Equations (2.14), (2.15) establish (ii).
Because the method A, b is algebraically stable it is DJ-reducible [10] to a method
with b; > 0. Thus it follows that

(2.16) aij = a;; + egei(b; — b;) =0,Vig¢ T,j €T
and that
(2.17) bj = b; + eo(bj — b;) =0,¥j €T.

For the purposes of contradiction, let j € T and b; = 0. Then b; = 0 since eo # 0 and
it follows that a;; =0 Vi ¢ T, j € T. But this contradicts the irreducibility of A, b, b.
Thus b; # 0 and then b; # b; by (2.17). Hence

(2.18) b; # 0 and b; # b; Vj € T.
Combining (2.16), (2.17) gives
(2.19) a;j = esb; Vi, j:ig T, jeT.
Equations (2.16)-(2.19) establish (iii) and (iv).
Now we characterise T. Clearly 2 € T for if not we have by (2.15)

(2.20) dy =

Nk

azjc; = —c2/2=0
i=1

which is not possible for an irreducible explicit method. For the purposes of contra-
diction, let 1 ¢ T. Then, since the method is explicit a1 = 0 and (2.19) gives e; = 0
since by # 0, by (2.18). Now e; = 0 implies a,; = a;; = 0 Vj, by (2.2). This gives a
contradiction since d11 = 0 implies

:::TM: = —I;f <0

=(1,0,...,0)7 and since by > 0if 1 ¢ T; this violates the algebraic stability of

o 8

if
A,

Thus 1,2 € T. Assume that j € Tfor 1 < 7 < J and that J + 1 ¢ T. For the
purposes of contradiction, assume that 35* > J + 1: j* € T. Then, since the method
is explicit, ay41,;+ = 0 and so, by (2.19), ey41 = 0, since bj« # 0 by (2.18). Thus, by
(2.2),

aj4+1,; = @r41,5, V5

If the vector z is defined by {z}; = §; ;41 with the usual Kronecker-delta notation
then it follows that Az is orthogonal to Bz :

{Az}i = @i g1, {Bz}i=biiss,
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so that
(Bz)T(Az) = br418741,741 = brp10741,041 = 0,

since a;; = 0 for explicit methods. Hence 7 Mz = —b2 +1 < 0 and the contradiction

follows since 8]+1 >0asJ+1¢T.
Finally, to complete (i), we need to show that J > 3. By (2.12), (2.13) and (2.15)
we deduce that

J
(2.21) > bd?=0.
=1

Note that d; # 0 for an irreducible explicit method by the argument following (2.20).
Since d; = 0 for an explicit method, d; # 0 and b3 # 0 by (iii), we decude that J > 3.

To complete (v), note that since b2, dy # 0 it follows that 35 € T for which b; < 0.
a

It follows automatically from Lemma 2.6(v) that

CoRoOLLARY 2.7. There are no explicit algebraically stable embedded pairs with
non-negative weights b; and order (p, q) satisfying min{p, q} > 5.

Proof. Assume to the contrary that p, g > 5 and the weights b; > 0. By Lemma
2.5(v) we obtain a contradiction. O

REMARK Most standard methods are constructed with the simplifying assumption
that the &; > 0 [3]; thus Corollary 2.7 maybe of interest.

We now proceed to give some examples of algebraically stable embedded pairs.
ExamPLE 2.8.

One of the simplest error control strategies is to take the explicit Euler scheme

(222) Un+1 = Un + Atnf(Un)

and then form the second order accurate approximation
At,

(2.23) Vat1 = Un + —=[f(Un) + f(Uns1)].

This method has order (1,2). In the standard Butcher notation we have that

) (0)()

If we take eo = 2 and e = (0, 1)7 then

H(0) ()

The new method is DJ-reducible [10] to the backward Euler scheme and hence alge-
braically stable. O

O

o=

1



ExampLE 2.9.

As a second example we consider the Fehlberg order (2,3) method given by

771 = Un:

M = Un + Atnf(nl)’

7= U+ SL217(n) + £(r0)

Un+1 =Un + A—;E[f(ﬂl) + f(ﬂz)],

At,
Voss = Un + S52Em) 4 5]+ 252 )

In the standard Butcher notation we have that

000 3 3

A= 1 00 b= % , b= %

2

iz 0 3
If we take eo = 2 and e = (0 0, )T then 0
000 0

A= 1 00 b=\ 0

[em]
o
(S L

1

The new method is DJ-reducible to the implicit mid-point rule and hence algebraically
stable. D

ExampLe 2.10.

Because of the order barrier established in Corollary 2.7, it is not possible to find
explicit algebraically stable embedded pairs with order (p, p + 1), p > 5 and positive

weights b;. However it is possible to seek methods of order (p, 1) for arbitrarily large
p. Let

(2.24) Un41 = Un + Ato f(Un; Aty), Up = U,

denote any Runge-Kutta method where f (Un; Aty) is defined in the natural way from

the internal stages of the Runge-Kutta method by (1.2), (1.3). Thus in the case of
explicit embedded pairs we have

i-1
(2.25) Gi(u, At):= > a;; f(u + Atg;(u, At)), i=1,...k,
j=1
12



k
(2.26) flu, At):="b; f(u + Atg;(u, At)).

=1
Now define, for 8 € (0, 1]
(2.27) Vas1 = Un + Btal(l = 0) f(Un; Atn) + 85(Unsa)]
The error controls (1.5), (1.6) with ep = §~! then imply that
(2.28) 1 (Un; Atn) = fF(Unp)l < 7
or
(2.29) 1 (Un; Atn) = f(Unsr)ll < 73/ Aty

respectively so that the original scheme is close to the backward Euler scheme and
hence the embedded pair is algebraically stable. Notice that whilst this error control
is non-standard, it is cheap to implement since f(Un4+1) must be calculated as the
first function evaluation in the next step of any explicit method. Indeed the error
controls (2.28) or (2.29) can be implemented directly without calculating V,4; and
could be used, for example, in eddition to a standard error control mechanism based
on an order (p, p + 1) pair. This does not greatly increase computational expense.

If (2.24) is the explicit Euler scheme and § = 1/2 then the method is simply the
order (1,2) pair of Example 2.8. However, if the method (2.24) has order p > 1 then
(2.27) has order 1: assume that (2.24) is defined by a (k — 1)-stage Runge-Kutta
method and let { b;, c; }*=}! and {b;, & }%., denote the standard weights for the Runge-
Kutta methods (2.24) and (2.27) respectively. If (2.24) has order p > 1 then, by

[3] bl

The method (2.27) has
I_),- =(1-0)b, ¢ =c;, i=1,..., k-1

and
by =0, ¢ = 1.
Clearly
k -
Z b; =1;
i=1
however

since @ = 0 is not admitted. Thus (2.27) has order 1. O
13



ExampPLE 2.11.

The methods of Example 2.10 can be generalised as follows. Let

(2.30) Uns1 = Un + At, f(Un; Atn), Uo = U,
(2.31) Va+1 = Un + At,[(1 - e)f(Urd Atn) + 0f(n)]
where

(2.32) n= (1 — O)Un + ¢Un 41,

and ¢ € [1, 1]. Equation (2.30) represents any explicit Runge-Kutta method defined
by (1.2),(1.3) and f is therefore defined by (2.25), (2.26). This particular method will
be considered in detail in section 5, with the time-step chosen according to the error
per unit step criteria (1.5) with eg = 6~1. The assumption that ¢ € [%, 1] is necessary
and sufficient for the embedded pair to be algebraically stable. If § = %, ¢ =1 and
f(u; At) = f(u) then the method is the embedded (1,2) pair of Example 2.8. If
= 1,0 = % and f is appropriately chosen then the method is the Fehlberg (2,3) pair
described in Example 2.9.

Notice that the methods of Example 2.9 correspond to choosing ¢ = 1. Setting
¢ # 1 allows higher order error control than is possible with the methods of Example
2.9, but at the cost of introducing an extra stage to the Runge-Kutta method.

The order barrier; min(p, q) < 2 for (2.30)—(2.32) can be established by manipu-
lating the order conditions. It is also easy to see that if p > 2 and ¢ = % then ¢ = 2
and hence that there exist schemes of order (p, 2) for arbitrarily large p. O

3. Satisfaction of Error Control Criteria. The numerical approximation to
(1.1) is given by a sequence { U,}3%, generated by (1.2)—( 1.3). In order to specify
such a sequence, given initial data Uy = U, it is necessary to show that there exists
a sequence {At,}7%, so that the Runge-Kutta equations (1.2) are solvable for every
n > 0 (which is, of course, trivial, if the error control scheme is explicit) and so that
the error control criteria (1.5) or (1.6) is satisfied for every n > 0.

Furthermore, for the kind of problems in which are are interested here, the un-
derlying differential equation has solutions defined for all ¢ > 0. For this reason it
is important to show that the error control criteria may be satisfied for a time-step
sequence {At,}37, uniformly bounded from zero - i.e. inf,>, At, > 0.

In this section we describe a general framework in which we analyse these issues.
Note that the error control criteria (1.5) or (1.6) determine At, implicitly as a function
of Un, once a method has been determined to ensure their satisfaction. Thus we may
think of At, in the following way:

At, = F(Un, T).

We shall not need to specify a particular T in this paper — we shall simply show that,
under suitable conditions, (1.5) or (1.6) can be satisfied. However, it is worth noting
that, in typical impmentations I'(e, 7) is a discontinuous function, since (1.5) or (1.6)
is usually achieved through an iterative procedure in which the prospective time-step
is determined by decreasing the candidate time-step by a constant factor, until (1.5)
or (1.6) is satisfied.

14



We commence by defining appropriate classes of functions and making a definition.

NoTAaTioN 3.1. We denote the class of Lipschitz continuous functions mapping
IR? into RP and satisfying (D), (C), (E) or (GI-G5) by 3(D), 3(C), 3(E) and 3(G),
respectively.

DeriniTIoN 3.2. Given an embedded pair (1.2)<(1.4), (1.5) or (1.2)<(1.4), (1.6)
a sequence {(UT, VT, At,)}3%, with (UT, VT, At,) € R**! satisfying (1.2)«(1.4),
(1.5) or (1.2)«(1.4), (1.6) is admissible If inf,>o At, > 0. An embedded pair is F(e)—
admissible if for every function f € F(e) and all U € RP there ezists 7* = 7*( f, U)
such that the embedded pair has an admissible sequence for each 7 € (0, 7*). The pair
is F(e) — globally admissible if a 7* may be found which is independent of U.

Note that an F(e) — globally admissible embedded pair is considerably more ro-
bust than an F(e)—admissible embedded pair since a suitable 7 can be found which
is independent of initial data U.

‘We now address solvability of the Runge-Kutta equations. In the following it will
be useful to define

= ;| and b= b|.
(3.1) a 1$%k|a"| an 1‘23‘5"1:' il

Lemma 3.3. For any v > 1 let
Q(X) = {u € R : [lu — X|| < Ataky||F(X)]},
L(X) be the Lipschitz constant for f(e) on Q(X) and let K(X) = suPueg(x) lIf(u)ll-
Then, for all At € [0, At (X)), where
(3.2) At(X)—min'At—-l;y—
’ ¢ ate IR akL(X)’
there exists a unique solution {n;}£_,,n: € RP of the equations
k
(3.3) =X+ AtZa,‘jf (T)j)
j=1

satisfying n; € Q(X). Furthermore if {17} f-‘=1, l=1,2 are solutions of (3.3) correspond-
ing to distinct values At = At! and At = At? respectively, At' € [0, At.(X)), 1 =1,2
then

lini = nfll < akvK(X)|At' — AL
and

NUn+1 = Unl| < Atbkrllf (X)].

Proof Note that the construction of At, in (3.2) is slightly non-trivial since L(X)
depends upon At. Nonetheless it is clear that Af, > 0 and that, furthermore,
1 -5t
15



for all At € (0, At,).
The existence of a solution satisfying the appropriate bound on the 7; follows

from a contraction mapping argument, similar to that in [2] and here based on the
iteration scheme

k
€4 = X+ A a FE), i= LK
i=1

If {nl}5.,, 1 =1,2 solve (3.3) then

i=1

k
1;".:X+At’§:a;jf(r]§), i=1,...,k 1=12

ji=1

Hence

k
linf = n?ll =) _as; (AL f (n7) = AL

i=1
k
<ay_[At|f(n}) = FODI + At — A f(n})I]
i=1

< akL(X)At! Dax In} = 2| + akK(X)|At! — At?,

Since this is true for any i and since @akL(X)At! < (1 — y~1) it follows that

1_ 2 ~ 1_ A2l
lrgjasxklln,- il < yakK(X)|At" — At*|

Next we discuss whether it is possible to satisfy (1.5) or (1.6). To this end, define
&, V,W: R x RP — IRP which are functions of At and X satisfying

k
(3.5) &=X+A) aiif(&), i=1,.. k
j=1
k
(3.6) W =X + At b f(&),
ji=1
and
k -
(3.7) V =X+ AtY b f(&).
ji=1

Note that these functions are well-defined by Lemma 3.3 for any X € IRP and any
At € [0, At.(X)). Hence we may define G : [0, At(X)) x R” — R by
W - vi

(3.8) G(at, x) ="

16



and H : [0, At (X)) x RP — R by
(3.9) H(At, X) = AtG(At, X).

The functions G(e, U,) and H (e, U,) must be made sufficiently small in order to sat-
isfy the error controls (1.5) or (1.6) respectively. Thus their properties are important.

LEmMmA 3.4. The functions G(At, X) and H(At, X) satisfy G(0, X) = H(0, X) =
0 VX € IRP and are Lipschitz continuous in At € [0, At.(X)).

Proof. Since Y5_1b; = Yi_;b; =1and & (0, X) = X VX € RP it follows that
G(0, X) = 0. We now show that G(e, X) is Lipschitz continuous in At € [0, At (X)).
Note that

|G(AtY, X) - G(At?, X))

k k
= 1D (b5 = 55) £(&; (X, A = 1365 — b;) £(& (X, AD))]
ji=1 i=1

k
<MD (65 = Bi)IF(& (X, AtY)) = f(& (X, At))]|

i=1

<EL(X) max [b; = b |16 (X, At!) - & (X, Ae%)].

Thus, by Lemma 3.3,
(3.10) |G(At!, X) — G(At?, X)| < CsL(X)K(X)|At! — A7,

with C3 independent of X. Thus G(e, X) is Lipschitz.
The properties of H (s, X) follow immediately from those of G(e, X) since H(At, X) =
AtG(At, X). 0

We can use Lemma 3.4 to establish admissibility.

THEOREM 3.5. Assume that 37* = +*(U) > 0 and a compact set | = I(U) C R?P
such that, for 7 € (0,7*) any solution sequence {U,}3%, satisfying (1.2)-1.4), (1.5)
remains in | Vo > 0. Then 3 an admissible sequence satisfying (1.2)~(1.4), (1.5).

Proof. Let

T

' TlGLDR (X))

(3.11) Ate=inf {At(X)

where Cj is defined in (3.10) and At.(X) in (3.4). Notice that At. > 0 since both the
Lipschitz constant for f and and K(s)are bounded on any compact set. Now consider
(1.2)-(1.5) with At, = At. Yn > 0. Assume, for the purposes of induction, that 3
solution sequences { U, }\_, and {At,}'- satisfying (1.2)~(1.5) forn =0,..., N —1
with At, = At.. Then, by assumption Uy € I(U) and hence, by Lemma 3.3 and

17



(3.11) 3 a solution {n;}¥_; to (1.2) and thus a vector Un4; € IRP satisfying (1.3) with
n = N and Aty = At.. By Lemma 3.4 and (3.11)

|G(Ate,Un)| = |G(0, Un)— G(,At.,Un)|<T/leol.

So, by construction, the error control criteria is satisfied. Thus 3 solution sequences
{U.}V2) and {At, )N, satisfying (1.2)-(1.5) for n =0,..., N with At, = At,. The
inductive hypothesis is true for N = 1 by an identical argument since U € |(U) and
hence an admissible sequence has been constructed satisfying inf,>0 At, = At. > 0.
0

The following Corollary is immediate. Furthermore, Theorem 3.7 and Corollary
3.8 follow similarly for the error control scheme (1.2)-(1.4), (1.6).

CoroLLARY 3.6. Assume that, for every function f € F(e) and all U € R
dr* = *(f,U) > 0 and a compact set | = I(f, U) C IRP such that, for 7 € (0, 7*)
any solution sequence {Un }5%, satisfying (1.2)-(1.4), (1.5) remainsin | Qn > 0. Then
(1.2)«(1.4), (1.5) is F(e)—admissible. If 7* is independent of U then (1.2)«1.4), (1.5)
is F(e) — globally admissible.

THEOREM 3.7. Assume that 37* = r*(U) > 0 and a compact set | = I(U) C IR?
such that, for 7 € (0, 7*) any solution sequence { U,}3%, satisfying (1.2)—(1.4), (1.6)
remains in | ¥ > 0. Then 3 en admissible sequence satisfying (1.2)~(1.4), (1.6).

CoroLLARY 3.8. Assume that, for every function f € F(e) and all U € RP
Ir* = *(f, U) > 0 and a compact set | = I(f, U) C RP such that, for 7 € (0, 7*)
any solution sequence {U, }3%, satisfying (1.2)—(1.4), (1.6) remains in | ¥n > 0. Then
(1.2)«(1.4), (1.6) is F(e)—admissible. If 7* is independent of U then (1.2)~(1.4), (1.6)
is F(e) — globally admissible.

4. Dissipative and Contractive Problems. In this section we analyse error
control schemes under assumptions (D) and (C) respectively. We assume throughout
that there is an upper bound At,.; on the time-step; this need not be small and
can be thought of as an O(1) bound independent of 7. Such an upper bound if often
imposed by an actual implementation of an embedded pair in a software code to
prevent enormous steps from begin taken - see [7] for a discussion of this point.
Furthermore, we make the following assumption, noting that any algebraically stable
method A, b is DJ-reducible to one with positive weights [10]:

(K) For the alg baically stable scheme A, b DJ-reduced so that B is positive definite,
there ezist vectors z = (z1,.. ., zx) and (dy, . . ., di) such that

ATd + M7z = b — diag{e}b
and
wld=1
wherew =(1,...,1)T.

Note that (KYequires that some linear combination of the columns of M and A
is an invertible matrix. The schemes in Examples 2.8 - 2.11 all satisfy this condition.

18
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In order to clearly state the sense in which the numerical method inherits the
properties of the differential equation for problems under (D), (C) and (E) we make
the following definition.

DeriniTion 4.1. The embdedded pair (1.2)<1.4), (1.5) or (1.2)«(1.4), (1.6) s
said to be F(e)— dissipative if it is 3(0)-admissible and if 3 7. = 7(U) and an
absorbing set B, C IRP, independent of U and uniformly bounded us  — 0, such
that, for r € (0,7) and every admissible sequence with inf At, > At > 0 In* =
n*(U, 1, At): U, € B, ¥n > n*. The pair is F(e) — globally dissipative if in
addition, 7. is indepdendent of U.

We prove the following two results which show that the error control enforces
discrete analogues of Theorem ODE(i), (ii). Notice that, for the error per unit step
scheme, the upper bound on the tolerance is independent of initial data. This is not
true for the error per step scheme.

Treorem DC1 Consider (1.2)—(1.4) with error control (1.5). Assume that A, b, b
. is algebraically stable and satisfies condition (K) and that At,, < Atmez Y > 0. Then
the embedded pair is 3(D) — globally dissipative and 3(C) — globally dissipative. In
the second case it follows that ||u||> < ¢r Vu € B, the absorbing set.

THeorem DC2 Consider (1.2)~(1.4) with error control (1.6). Assume that A, b, b
is algebraically stable and satisfies condition (K) and that At, < Atz Yn > 0. Fur-
thermore, ussume that the unique solution of the Runge-Kutta equations (1.2) satisfy-
ing n; € Q(U,) constructed in Lemma 3.3 is used for each n > 0. Then the embedded
pair is 3(D)- dissipative and 3(C)- dissipative. In the second tase it follows that
|u||? < er Vu € B;, the absorbing set.

Noe that Theorem DC1 is considerably stronger than DC2 since global dissipa-
tivity is achieved.

We now derive a preliminary lemma for the scheme (1.2)—( 1.4), using the repre-
sentation (2.6), (2.7). Our approach is motivated by the papers (1] and [12] where
similar manipulations are performed in the case E = 0. Throughout we use the nota-
tion f; = f(n;). o

If A, b, bis algebraically stable then the new Runge-Kutta method A, b is alge-
braically stable by definition. Furthermore A, b is DJ-reducible to a method with B
positive definite [4], [10]. If such a non-trivial reduction is possible then we define a
reduced Runge-Kutta method from A, b by removing 7, § € T, (where T is defined in
Lemma 2.6) from the definition. However we will use the same notation A, b for the
reduced method and the same index k for the number of stages. All subsequent ma-
nipulations of (2.6), (2.7) apply with k, A, b given by reduced method. Notice (from
Examples 2.8 and 2.9 ) that the reducibility of the method A, b does not imply the
reducibility of the method A, b, b.

LEmMA 4.2. Let the embedded pair A, b, b be algebraically stable and satisfy (K).
Then, under the structural assumption (D) on f, solutions of the embedded pair (1.2)-
(1.4) satisfy

(4.1) Un4all? <NUal? + 280 s Biler = Bl
+24At, 35,1 di(E, m) + CAL| | E)%,
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where

(4.2) C= Z | ziz;| + 2Z|d ej|+ 1.

>]—1

Proof. From (2.6) we obtain

U1l =11Un ||2+2Atn26 (U, fj) + A2 Z bibj (i, f5)
ji=1

}J 1

k
+2At,(E, U,) + 2Atf,z;b,- (E. f;) + A2||E|)2.
=

Now, from (2.7) we have that

k
(3, £5) = (Un, £:) + Btnd 85 (Fi, £5) 4 ¢ At (E, ).

j=1

Combining these expressions gives

1Un41ll? = 1012 + 28805, Bi (mi, )
(4.3) —208 57 5 bidis (£, £5) — 2882 TE bies(E, £2)

HAL T abibi (i, i) + 20ta(B, Un) + 2885105 €, £;) + A2||B|P.
Now note that, by assumption (K) on d and by (2.7),

(4.4) Un = Zd U= Zd,n, At Zd Za,, fi - Athd &E

i=1

Recall M defined by (2.8) and let 7i;; = {M};;. By the symmetry of M it follows
that

(45) z: ]—lmU (ft:-fl) Z: J-lm’J (fi zE, fJ - % )
+22. ]_lm‘J Zi (E fj) Zs J= lm'J I;-’L’;”E“z
Noting that
k k
2> biai (£, 19) = Y [baas; + bia50(£:, 1))
ij=1 ij=1

and combining (4.3)—(4.5) gives

IIUn+1u2—|IUn||2+2Athb (mi, ) Atzzm,J —z;E, fj—z; E)~2A¢2 }:mux. E,f;)

i=1 i,7=1 1,7=1
20



k k
+AL Y gz || E|? + 28823 bi(1 - &)(E, f5) + ALZ|EI? + 28t > di(E,m:)

k
i,j=1 ji=1 i=1

k k
—2A82 Y adi(E, f;) — 2082 dies | B,

i,7=1 i=1

Using the structural assumption (D) on f, the positivity of M and condition (K) on
the method we deduce that (4.1), (4.2) hold. This completes the proof. O

4.1 Error Per Unit Step

We now prove Theorem DC1 through a basic lemma on admissibility. Recall that,
for the DJ-reduced method which for simplicity we denote A, b, it is known that b; > 0
for all :. Now, using

2d;(E, m) < |di [|E]| [1 + [|m:l)?]

we obtain from Lemma 4.2, in the error per unit step case (1.5) (which implies (2.3))

k
(4.6) 1Un 1112 <IUA N1° + 2880 _b:[& = Bllmi 1))
i=1
where
- TzCAtmax T |dt| 2 T |dil
(47) a_a+T+§mza‘x I;(, ﬂ_ﬁ_im,a‘x 8;,
and we have assumed that At,, < At,,,. If we define
. 2Bb;
(4.8) 7% = min
i |di

then 8 > 0 provided that 7 < 7*.

LEMMA 4.3. Assume that At, < Atmaz Qn > 0. Then, under the conditions
of Lemma 4.2, the embedded Runge-Kuttu pair (1.2)—(1.4), (1.5) is 3(D) ~ globally
admissible and 3(C) — globally admissible.

Proof. Note that 3(D) global admissibility implies F(C) global admissibility
since assumption (C) implies (D) with & = 0. Let 7* be defined by (4.8), noting that
1t is independent of U. Given any p > 0, define

(4.9) R=Z ; P 4 AtmasC

where

k . \
C = "g}%, 2Zbieij (Th,f(fb)) +Atma.’c E bz” E e’]f(T]])Hz ,
> . i,j:] =1 j:l
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and

G+ p
4.10 2-2TP
(4.10) v, i,
Let

I(U) = {u € RP: ||ul® < max{||U||?, R}} .

We show that any solution sequence must remain in I(U). Noting that Uy € I(U), we

proceed by induction.
Assume that Uy € 1(U). Now, if

k
> hda — Al <0

i=1
then (4.6), which follows from Lemma 4.2, gives
1Un4al? < IUNI? < max{||UJ?, R}
and Unji € 1(U) follows. Alternatively, if

k
> bila - Bllmll2 > 0

i=1
then
= Q 2 _atp
;b;“m”z < F = |Imll* £ W’ p>o0
Now (1.2), (1.3) give
k
Ung1 =i + Atnzeijf(ﬂj)
i=1

and hence

k k
[Uns1l® = ll:ll® + 2880 Y e (mi, £(ny)) + AN esj £(my)II2.
ji=1

ji=1

Noting that

k
Nnsall? = 3 Bill U2
i=1

we obtain Un,41 € I(U) and the inductive step follows. This completes the proof by
Corollary 3.6, since 7* is independent of U. O

Proof of Theorem DC1  The 3(D) and F(C) global admissibility of the scheme
are established in Lemma 4.2. Thus it remains to exhibit an absorbing set B, for
every admissible sequence.
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Let 7. = 7* defined by (4.8) and define
(4.11) B: ={u€ R :|u|> < R}
where R is defined by (4.9). Take any p > 0. Whilst

?

k
(412) > bila - B2 < —p
i=1
we have from (4.6)
(4.13) NUnsall? < US> = 2At0p.
Alternatively, if

k
(4.14) D bild = Blmll’] > —p

i=1

it follows that

k .
N o+
S hilmlf < 252

=]

™

and then, as in the proof of Lemma 4.3, that
(4.15) Vnsall? < B.

Now, if ||Un||? < R and (4.12) holds then, from (4.13) we have that [|[Up 41| <R
On the other hand, if (4.14) holds then [|[U,41]|> < R by (4.15). Hence the set B,
is positively invariant. It remains to show that iterates starting outside B, enter B,
after a finite number of steps n*(U, 7). A simple contradiction argument shows that
this must occur for, if ||Un+1||2 > R Vn > 0, then (4.13) holds for all n > 0 and hence,
since the sequence is admissible, 3At > 0 :

IUNI? < NUI® - 248N, N > 0.

Letting N — oo gives a contradiction. Thus we have 3(D) and F(C) global dissipa-
tivity.

In the second case where (C) holds we have that o = 0 so that &, defined by
(4.7), is O(7). The proof proceeds as for (D) except that now we take p = 7 in the
construction of R given by (4.9). Clearly v; = 0(7”5) and by the Lipschitz continuity
of f it follows that

f* =max max [|f(n:) - f(O)|| < er*
i Imll<y

for some constant ¢ independent of 7. Thus (4.9) shows that R = c¢r, ¢ independent
of T and this completes the proof. 0O
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4.2 Error Per Step

We now extend the analysis of subsection 4.1 to the error per unit step case. We
define R asin (4.9) and set

_ a+T17+4+p
(4.16) R, —max{R, 5= }

We may then define

(4.17) 1U) = {u € R? : ||ul]® < max{||U|]%, R1}}.
Now let
-1
(4.18) 7] = min {T‘,ﬂ,2 (@+b)bk*yL; sup IIf(u)ll] } ‘
uel(U)

where 7 is defined by (4.8), the constants &, b and 7 are as in Lemma 3.3,

Ly = sup L(X)
XeI(U)

and L(X) is the Lipschitz constant for f described in Lemma 3.3.
We now prove Theorem DC2 through a basic lemma on admissibility, paralleling
the proof of Theorem DC1.

LEMVA 4.4. Assume that At, < Atmaer Yn > 0. Furthermore, assume that the
unique solution Of the Runge-Kutta equations (1.2) satisfying 7; € Q(Us) constructed
in Lemma 3.3 is used. Then, under the conditions Of Lemma 4.2, the embedded
Runge-Kuttu pair (1.2)<1.4), (1.6) is 3(D)-admissible and 3(C)- admissible.

Proof Assume for the purposes of induction that
Un € I(U).

Clearly this is true for N = 0. Recall the bound (2.4) for ||E|| under (1.6). Clearly,
if Aty > 72 then ||E|| < 7 and (4.6) follows just as in the error per unit step case.
Thus, if Aty > 72 we deduce that, as in the Proof of Theorem DC1, either

(4.19) NUN4112 < NUNIIP = 2AtNp,
or
(4.20) lUn41l <R:

since R < R; by (4.16).
If Aty < 72 then we may exploit the size of Aty and work with the numerical
method in the original form (1.2)-(1.3). From (1.3) we obtain

k k
UN+1=UN+ Atny b F(Un+1) + AtnS 551f(n5) — f(Uns1)]-
j=1 7=1
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Taking the inner product with Un4; we obtain, from (D) and using L(e) as defined
in Lemma 3.3,

k

1 1
-2'||UN+1||2 < ;llUNllz+AtN[a—ﬂllUN+1II2]+AtNijL(UN)Hm—UN+1H NUN41])-
i=1

Applying Lemma 3.3 we obtain

5 = Unall <linj = Unll + [Uns1 = Un|]

< Ataky||f(Un)|| + Atbkv|| F(U))-

Hence

1 1 .
§||UN+1 I < sIlUNI1? + Atn]a = Bl|Un41 %] + Aty r2abk2 Ly S‘II(PU) F)NNUN4 -
u€

Using 7 < 71 we obtain

1 1
§HUN+1||2 < SIUNIP + Atn[(a +7) = (8 = )IUn41IP]-

Thus, either (4.19) holds, or’

O:+T+p<

g-r =M

NUN+1 11 <

which is equivalent to (4.20).
Hence we have shown that (4.19), (4.20) are true regardless of whether At, < 2
or At, > 72. From these it follows simply that Un4, € 1(U) and the induction is
complete. The proof then follows from Corollary 3.8, noting that 7 depends on U. O

Proof of Theorem DC2 The proof is identical to that of Theorem DC1, noting
that (4.19) and (4.20) form the basis for the induction; we take 7. = ;" and

Br= {u€ RF: lu|’® < Ri}.

Because of the dependency of 77 on U only F(D)— and F(C)— admissibility are
obtained. O

5. Weaker Forms of Dissipativity. In this section we analyse error control
schemes under the assumption (E). As in the previous section, we assume that there
is an upper bound Atp,,, on the time-step, which need not be small. We are unable to
prove results for general algebraically stable Runge-Kutta pairs, and must work in a
restricted class. Throughout this section we consider the explicit methods of Example
2.11 with the time-step chosen according to (1.5) with eq = §71.

We shall prove Theorem E for the error per unit step scheme (2.30), (2.31),
(1.5), a discrete analogue of Theorem ODE(iii). However, the numerical analysis of
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this problem turns out to be more subtle than the analysis under the dissipativity
assumption (D) because it is necessary to choose 7 depending upon initial data. The
discussion in Example 7.2 indicates why this is necessary.

Throughout the remainder of this section the definition of R is given by (5.1)
with r defined as in (E):

2
(5.1) Ry = [r% + Atmaz (1 — @) “Igla<xr NFON + Atmez(1 — ¢)7| .

THEOREM E Consider the embedded pair (2.30), (2.31) with error control (1.5).
Assume that At, < Atmar YV > 0. Then the embedded pair is 3(E)-dissipative.

It is possible to generalise Theorem E to error per step strategies of the form (1.6)
as done in Theorem DC2 for the stronger form of dissipativity. However this is not
particularly illuminating and we omit the details.

We prove Theorem E through a basic lemma on admissibility, again paralleling
the proof of Theorem DC1.

LEMVA 5.1. Assume that At, < Atmez ¥ > 0. Then the pair (2.30), (2.31) and
(1.5) is F(E)-admissible.

Proof Let
IU) ={ue RF:|u* < M}
where
M = max{||U|?, R2}}

and R; is defined by (5.1). Since (2.30), (2.31) is explicit, f is Lipschitz and At, <
At gz there exists M’ > 0 such that if ||Un||? < M then ||Unt1||2 < M. Let

X={xeR:r<|e’ <™}

and note that X is compact. Thus, since (f(u), u) < 0 for all u € X there exists € > 0
such that (f(u),u) < —¢ for all u € X. Now let

2¢

(5.2) r<T(M) = 5

For the purposes of induction, assume that Uy € I|(U) noting that this is true
for n = 0 by construction of 1(U). Note that, by (2.32),

(5.3) lUN+1ll =lIn + (1 = ¢)(Un+1 = UN)I| < Inll + (1 = &)||Un+1 — Unl|,

and that the defining equations (2.30), (2.31) and (1.5) imply that, since eg = 671,
(5.4) £ (Un; Ata) = f()]| S 7

Now using (2.30), (5.3), (5.4) and the fact that At, < At,. it follows that

(5.5) 1Un+1lI* < Rz < max{||U|?, Rz}, if |Inl* < r.
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Now suppose that ||n||? > r. Taking the inner product of (2.30) with n we obtain

(5.6) (Un41 = Un,n) = Atn(f(n), n) + Atn(f(Un; Atw) = f(n), 7)-
Noting that

(Un41=Un,m) = (Uny1 = Un, 1= &)Un + ¢Un41)
1 1
5 (U1 l? = 10NI?] + (& = DINUN41 = UnIP

1 1
§||UN+1||2 - ’2'||UNI|2

v

for ¢ € [, 1], together with (5.4) we see that (5.6) implies

1 1
(5.7) NN+ 17 S SIUNIP — Atne + Atyrin|]
for ||n||> > r. Since, by (2.32)

lInll < (1 = SNUNII + lUN4all;

(5.8)
= |Inll < 3 + 3(1 = SNUNI*+ $|UN-11]
we obtain,
(1= Aty |Un1l* <
(5.9)

(1 + Atyr(1 = S)IUNI? = Atn(2e = 7), 0l > .
Now since 7 < 7(M) and ||Un||2 <||U||? < M by assumption, (5.2) implies that
UNI* <2~ 7,
and thus from (5.9),
(1 - rAtNG)Un+alI* < (1 = TAtNG)||UN,
which implies that

(5.10) 1UN41l? < UNIP < max{JUIP, B2}, if [Inll* > r

Equations (5.5), (5.10) complete the induction. Since 7(M) depends on U, Corollary

3.8 with 7* = (M) gives F(E)—admissibility. O

Proof of Theorem E  The F( E)—admissibility follows from Lemma 5.1. Thus we
need only exhibit an absorbing set for every admissible sequence. Let 7 < 7. = 7(M)

defined by (5.2). Define

(5.11) B, = {u€ RP :|ju|]? < Ry},

where R; is defined by (5.1). We show that B is positive invariant, by an argument
identical to that in the Proof of Theorem DC1, using (5.5) and (5.10); thus if U, € B,
then Un41 € B;. Hence it remains to show that U, enters B, given U € IRP\B;.
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Assume to the contrary and note that this implies that ||U,||?> > R for all n > 0 and
hence that ||9{|> > r Vn > 0 by (5.5). Then, by (5.7) we have

1Un+1l1? S U - 2Atae + 2Atar(inll, for |Inll* >
Using (5.8) and noting that ||Un||, {|{Un+1l] < |{U]| by Lemma 5.1, it follows that
(5.12) 1Unsll2 < Unll? = 2Atne + 2Atarl|U].
Since ||U]|? < M, (5.2) implies that

T< 2e < i
1+(U112 = |lUlf

Hence 3¢’ > 0 such that
T||U]| —e < -¢'.
Thus (5.12) implies that
[1Uns1ll* < [1Uall? - 2At0e"

A contradiction argument as in Theorem DC1 shows that U, enters B, and the result
follows. O

6. Gradient Systems. In this section we consider error control schemes for
gradient systems satisfying (G1)-( G5). We are unable to prove results for arbitrary
algebraically stable embedded pairs, but derive positive results for the order (p, 1)
embedded pair (2.24), (2.27) constructed in Example 2.10. We will impose an upper
bound At,,,, on the time-step. Unlike previous sections, where for dissipative prob-
lems Aty,,, could be taken to be arbirarily large, for gradient systems Atpmqe will be
bounded above in terms of the one-sided Lipschitz constant ¢ appearing in (G3).

Recall that the equation (1.1) has the property that, under (G1-G5) all trajecto-
ries approach equilibria as ¢ — oo. In subsection 6.1, we consider the error per unit
step strategy (1.5) and prove the following result: .

THEOREM G1 Consider (2.24)- (2.27) and (1.5). Assume that At, < Atper <
1/c ¥n > 0. Then the embedded pair is 3(G) — globally admissible; furthermore, for
any d > 0 there #s r*(d) > 0 such that, for any 7 € (0, 7*) and any admissible sequence
N* = N*(U,7,d) >0, and v € E : ||U, — v|| < d Vn > N*. If E is bounded then
(2.24)+2.27) is 3(G) — globally dissipative.

This result is analogous to Theorem ODE(iv), noting that d can be made arbi-
trarily small by choice of 7. It is possible to generalise Theorem G1 to the error per
step case as for the dissipative case in section 3 and also to implicit (2.24) but we do
not give details here.

Note that (G5) is a natural condition to impose, and holds generically within the
set of all gradient systems. For example, if

o inf [l f(2)I] > 0
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then, by continuity of f, (G5) is automatically satisfied for any § > 0.

From a dynamical systems viewpoint (G5) may be considered as a structural
stability condition. If (G5) does not hold for any § > 0 then arbitrarily small per-
turbations of f can introduce new zeros to E, and hence alter the dynamics of the
system. Regarding the numerical solution as a perturbation of the continuous system,
we cannot expect to globally reproduce the dynamics of the underlying system if that
system is not structurally stable.

Theorem G1 ensures that the solution approaches a small neighbourhood of an
equilibrium which scales with the error tolerance. In accordance with the work of Hall
[9] and Griffiths [15] on linear decay problems we know that the numerical solution
may perform small oscillations about an equilibrium and hence that Theorem G1
is best possible for the error control (1.5). If we wish to ensure that the numerical
solutions is actually driven to equilibrium then we must improve (1.5). We consider
a modification of the error control mechanism (1.5) specifically designed for gradient
systems. We replace (1.5) by

(6.1) IUn+1 = Vasall € 07|1Uns1 — Uall-

This is a form of error per unit step error control relative to an approximation of the
time derivative — when the time derivative is small then the time-step is made small
also. It is clear that this should drive the solution to equilibrium and we prove this
in subsection 6.2. Specifically we shall show that:

THEOREM G2 Consider (2.24)- (2.27) and (6.1). Assume that At, < Atmer <
1/¢ ¥n > 0. Then the embedded pair is 3(G) — globally admissible; furthermore, for
any d > 0 there is r*(d) > 0 such that, for any 7 € (0, 7*) and any admissible sequence
veE:

nli1r°1°||U,, -] =0.
If E is bounded, then (2.24)«(2.27) is 3(G) ~ globally dissipative.

Note that, with error control (6.1) in Theorem G2, the structural stability as-
sumption (G5) is not required in the proof and a modified statement could be made
to reflect this fact.

6.1 Gradient Systems; Error Per Unit Step

Under (G4) the equilibria of (1.1) are isolated and hence countable. We label them
v, 1=12,....

The following definitions and lemmas will be needed to prove Theorem G1. Choosing
€ and §é given by (G5) we let

T =T(e) = {z: [If(z)lI<¢e}
and
B: = Bi(e,6) = B(vi, 8)[ | T,
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where B(v, 6) is defined by (1.8). Notice that ||f(z)|| < € if £ € B; for some 7, whilst,
since ¢ is defined from & by (G5), || f(z)|| > € if = € B; for any i.

LEMVA 6.1. Consider (2.24)<2.27) and (1.5) under (G1)-(G5), and assume that
Atp < Atmag < 1/c. Let

1
Ci=Ci(e,6,7)={ue R |lu—u|| <6+ z("' +¢€)}
If Un41 € B; then Un € C;. Furthermore, if u € B; then
|F(u) = F(vi)] < c6?

and if u € C; then

IP(5) = F@)| < ef8 + 7( + )2

Proof. By (2.24)
Un = Unt1 — Atn f(Un; Ats).
Thus, if Up41 € B;,
NUn = vill < WUns1 = vill + Ata||f(Un; Ata)]
6+ = [1FUns2) + Ui Bta) = F(Uns)l]

5+ 2 (I Ul + 1 (Ui Ata) = £(Uns)l]

IA

IA

< 5+%[e+r]

by (2.28), which implies that U, € C; as required.
If u € B; then by (G3)

|F(vi) — F(u)] [(F(v:), u = vs) + elloi — ull?|

<
< c8?
since f (v;) = 0. A similar proof holds foru € C;. 0

For equation (1.1) under (G1) F(u(t)) is a decreasing function of ¢ for all ¢ > 0.
The following result shows that F(U,) is a decreasing function of n outside the union
of all B;.

LEMVA 6.2. Consider (2.24)- (2.27) and (1.5) under (G1)-(G5). Assume that
Aty < Atmaz < 1/c for al n > 0, and that

e(1 —cAtmaz)

(6-2) 2 — ¢Atmaz

Then

(6.3) 1f(Uns)ll > €
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implies that

(6-4)F(Un41) = F(Un) < —Atn [(1 = cAtmas)e - (2= Atmaz)7||F(Un; Aty
Furthermore suppose (6.3) holds for M < n < N —1 then

(6.5)  F(Un) < F(Un) - [(1 — cAtmaz)e — (2~ cAtma,,)‘r] U = Ut

for M +1< n<N.

Proof. Note that (2.24)- (2.27) imply (2.3). By (G3) and using (2.24), (2.28) we
have

F(Un41) = F(Un) < ellUnt1 = Unl® + (f(Un41),Un = Unqi)
= ||Uns1— Unuz + (f(Un; Aty), Un — Un+1)
+ (f(Un41) = f(Un; Atn),Un = Unpa)
(cAtE — Aty)|| f(Un; Atn)||? + T ALl f(Un; Atn)|

~Atal|f(Uni Atn)]|[(1 = AL F (U At)| = 7).

Now note that

e < Unt)ll S F(Un; Ata)ll + 11f(Uns1) = F(Un; Ato)|| < (1 F(Un; At + 7,
by (1.5). Thus

66)  F(Uns1) = F(Un) < ~Atallf(Un; )] [(1 = cta)e = 7) = 7],

By (6.2) 7 < ¢ and hence

(I=cAt ))e=1)—7 > (1—cAtmas)(e—T)—T
= (1= cAtmaz)e = (2 — cAtpmaz)T

and (6.4) follows from (6.6). Summing this forn: M <n < N =1 gives

n-1

(6.7)F(Un) < F(Unm) — [(1 — cAtmar)e — (2 - CAtmaa:)T] A1 F(Us; A,
=M
for M +1 < n < N. Now, by (2.24),

n-l1

Upo=Unm + E Atjf(Uj;Atj),

ji=M

so that
n—1 .

(6.8) 1Un = Unmll < > A411F(U;; AL
ji=M

Combining (6.7) and (6.8) gives (6.5) as required. 0
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We now use Lemma 6.2 to prove the following two lemmas which are fundamental
in the proof of Theorem G1:

LEMMA 6.3. Consider (2.24)<(2.27) and (1.5) under (G1)-(G5). Assume that
At, < Atpar < 1/c for al n > 0 and that (6.2) holds. If U ¢ B; for any j then
either:

(i) 3M, i: Up 41 € Bi, Um € Ci with F(v;) < F(U) + ¢(§ + -i—(—r +¢€))?; or
(i) Un ¢ B;, for any 4, n and then At, — 0 asn — oo and F(U,) < F(U) V n > 0.
Proof. Assume that, for 0 < n < M U, ¢ B; for any j and 3i : Upy; € Bi .
Then, by Lemma 6.1, Uy € C;. By Lemma 6.2 with M = 0 and N — M we have
F(Um) < F(U) - [(1 — cAtmaz)e — (2 — cAtmaz)r] UsM = Ul| < FU).

But, since Ups € C;, by Lemma 5.1

F(Un) 2 F(w) = o(6 + =(r +¢))
so that

Fv;)XF({U)+¢(6 + %(T + €))%

Finally, if U, ¢ B; for any i, n then {|[f(Un41)]| > £,V n > 0. Hence, by (2.28)
and (6.2),

“f(Un;Atn)” >€e -7
€
> 2 — cAtpmaz

for all n > 0. Thus Lemma 6.2 gives

Vo >0

F(Un41) < F(Un) — Atpe [ 2 — cAtpar T1 ’

= F(U,) < F(U) —¢ (1= cAtmas)e n‘jm Yn >0
n - () 2'—CAtmat~ n - ’

j=0

Since F satisfies (G2) and (6.2) holds, we deduce that At, — 0 as n — oo and that
F(U) < F(U), ¥n >.0. 0

Given any d > 0, (G5) implies that there exists £* > 0 such that

inf z)|| > €*.
I O

Now notice that if Atyna, < 1/c, it is possible (since inequalities (6.9) and (6.10) are
strict if € = 6 = 7* = 0) to satisfy

1 d
. —(r* < =
(6.9) (T +e) <3,
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and

1 d
(6.10) 5+ Z(‘r" +e)< \/E [(1 = cAtmaz)e* = (2 = cAtmaz)T*]
with min(e, 6, 7*) > 0, and such that

€(1 — cAtmaz)

(6.11) ™< 5 oAl
and

6.12 inf > e
(6.12) st IF@I 2

Moreover, note that given such ¢, § and 7*, (6.9)~(6.12) also hold if 7* is replaced by
7 where 7 € (0, 7). We now prove

LEMMA 6.4. Consider (2.24)- (2.27) and (1.5) under (GI)-(G5). For any d > 0
let D; = B(v;, d) and assume that At, < Atmez < 1/c for all n > 0. Then there
exists 7* > 0 and § > 0 such that if 7 < r* and Ups € B; then either

(i) Up € D; for @l n > M; or
(i) 3N, j : Un+1 € Bj with F(v;) < F(v;); or
(iii) 3N : Vn > N, Un ¢ B;, for any j and then At, — 0 asn — oo and

F(Up) < F(w)+c8® Vn2N.

Proof. Without loss of generality we supppose 0 < d < D/2. Choose ¢, 6, 7* > 0
such that (6.9)—(6.12) hold. If Uy € B; iterate until U, ¢ B;. (If such an n does not
exist then (i) holds since, by Lemma 6.1 and (6.9), B; C D;.) Re-label (n — 1) — M;
hence Up € B; and Up41 € Bi.

If U, ¢ B;, for any j,V n > M + 1 then, since (6.11) implies (6.2), Lemma 6.3(ii)
implies At, — 0 as n — oo and that

F(U,) < F(Um),¥Yn> M.
Furthermore, by Lemma 6.1,
F(U,) < F(Uym) < F(v;) + cé*

and thus (iii) holds.

Now suppose that 3N > M such that for M < n < N, U, ¢ B; for any j, and
Un € B; for some j. Either j =i or j # i.

Consider j = 1 first; we show that in this case U, € D; for n such that M <n <N.
For contradiction suppose that there exists ny: M < na < N such that Uy, € D;. Let
n; be the largest integer such that M < n; < ny and Uy, € B(v;, d/2). By Lemmas
6.1 and 6.2

(6.13) F(Un,) < F(Up) < F(v;) + ¢6°.
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By Lemma 6.1 Uy- 1 € C; and hence
1
(6.14) F(v) —c(6 + Z(T +€))2 < F(Un=1) < F(Uy,).

Now note by construction of n; and €* that || f(U,)|| > ¢* for n; + 1 < n < ny and
hence by Lemma 6.2

(6.15) F(Un,) < F(Un,) - [(1 — cAtmaz)e” — (2— cAtmaz)r] 1Uns = Unill-
Combining (6.13)-(6.15) and noting that ||U,, — Uy, || > d/2 implies that
82 +c(6 + —i—(r +¢)? > g [(l = cAtpar)e” — (2 - CAtmax)T]
(6 + %(f + 5))2 > % [(1 = cAtmaz)e* = (2 - cAtmu)r]

which contradicts (6.10). Thus U, € D; for M < n < N. We can re-label N — M
and repeat the argument from the beginning of the proof. Either (i) or (iii} holds or
we must consider j # i.

If j # i then, by Lemma 6.1, Uv_, € C;. Let n; be the largest integer such
that M < n; < N and U,, € B(v;, d2). Letny be the smallest integer such that
n; < ny < N — 1 and Up,, ¢ B(vi, d). Note that by (6.9) and since d < D/2 that such
n; and n; exist. Now note that by construction of n; and n, we have that (6.13) and
(6.15) also hold in the case i # j. Also, since Uy-; € C;j, by Lemma 6.1 we have

1
F(v;) = ¢(8 + =(7 +¢))* < F(Un-1) < F(Un,).
Combining (6.13)—(6.15) and noting that ||U,, — Uy, || > d/2 we obtain F(v;) < F(v;)
as required. O
We are now in a position to establish F(G) global admissibility. Let
(6.16) I*(@) = {u € R : F(u) < a}.

By (G2) I(e) is bounded and it is clearly closed since F is continuous, and hence I
is compact. Hence since the equilibria of f are isolated, by (G4), I(e) contains only
finitely many equilibria for any a € IR. To show that all trajectories remain bounded
define

(6.17) (V) = I(F) + 2e(6 + 2(" + ©))?)
where 6, ¢, 7* satisfy (6.9)—(6.12). With this definition we may now show:

LEmMmA 6.5. Consider (2.24)—«2.27) and (1.5) under (GI)-(G5) and assume
that At, < Atper < I/c V. n > 0. Then 37*, 6§ > 0, both independent of U such
that if 7 < 7* then Un € 1(U) V n > 0. Hence the embedded pair (2.24)- (2.27) is
3(G) — globally admissible.

Proof Let M > 0 be the least integer such that Ups € B; for some :. (If there is
no such integer then F(U,) < F(U) Vn > 0 and the result is trivial.) If M > 0 then
by Lemma 6.1 Upr—; € C; and F(Up-1) < F(U). Hence

Fu) < F(U) + (8 +~(r + ¢))
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(for M > 0), and if U, € B; then
1
(6.18) F(U,) < F(U)+c62 < F(U)+2¢(6 + ;(1’+€))2.

If U, € B; for all n > M then the result follows. Otherwise, let N be the least integer
such that Uy ¢ B; and relabel N — M + 1; hence Uy € B; and Upg41 € Bi.
Now if U, ¢ B; for any j and for all n > M then we are in case (iii) of Lemma
5.4 and F(Up) < F(U) + 2¢(8 + 1(r + €))? for all n > M. Otherwise let N' be the
least integer such that N > M and Uy € B; for some j. Either j =i or j # i.
Consider j = i first. Then, by Lemma 6.1, Uy_; € C; and by Lemma 6.2 and
(6.18), since Uy € B;,

F(Un) < F(UM) < Fuy + 2¢(6 + %(‘r ce),n:M<n<N-1
whilst, by (6.18),
F(UN) < F(U) + 2¢(6 + %(f +€))?
since Uy € B;.

Now consider i # j. Then, by Lemma 6.1, Uv_; € C; and by Lemma 6.4
F(v;) < F(vi). By Lemma 6.2 and (6.18), since Uy € B;

F(U,) < F(Up) < F(U)+2¢(6 + %(T+€))2, M<n<N-1,
whilst, since Uy € B; C Cj it follows that
F(Ua) < F(y)+ e6 + (v +))’
< F(vi)+¢(6+ %(T +¢))?
< FU)+c6* +c(6+ %(7’ +¢))?
< F(U)+ 2¢(6 + %(T +¢))2.
Repeating the above arguments inductively implies that
F(Ua) < F(U) +26(6 + (v +2))?

for all n > 0 as required. Since 7* given by (6.11) is independent of U, F(G) global
admissibility follows from Corollary 3.6. 0

Proof of Theorem GI The F(G) global admissibility follows from Lemma 6.5.
Thus we examine the asymptotic behaviour of admissible sequences satisfying At,, >
At, >0 Vn > 0. Since At, > At> 0,V n >0, Lemma 6.3 shows that, without loss of
generality, we may assume that 37 : Uy € B; by re-labelling. By Lemma 6.4 we deduce
that IM, j: U, € D; V n > M since, if not, by (ii) 3 subsequences Ny, jx — oo with
Un, € Bj, and

F(ka+x) < F(ka )
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But U, € I(U) for all n, and I(U) only contains finitely many equilibria so such
sequences cannot exist.
Now, to establish dissipativity, let

B: = {ue R : F(u< gleagF(v) + 3c(6 + —i—(‘r + €))%}
If
F(U) S msxF(0) + o6 + < (r + &))?
then

UneBrVnZO

by Lemma 6.5. Alternatively, if
1
FU)> runeagF(v) +c(6 + ;(T +¢))?

then U ¢ C;, any i, by Lemma 6.1. Hence U ¢ B;, any i since B; C C;. By Lemma
6.3 3M, i : Uy € C;. Hence

F(Um) < T&%‘F(”) + (6 + ;l:-(r-f- €))?

by Lemma 6.1. Letting Upy — U and applying Lemma 6.5 we have
Un € B, Vn > M.

The result follows. O

6.2 Gradient Systems; Relative Error Per Unit Step

We now consider the relative error strategy (2.24)—(2.27) and (6.1). Notice that
(6.1) can be re-written as

(6.19) 1 f(Un; Atn) = f(Unsr)l| < 711 F(Un; Atn)l.

The proof is similar to that for Theorem G1 but simplified because the function F(Uy)
will be shown to be non-increasing for all n > 0. We prove this result, together with

boundedness of the solution sequence in the following Lemma; recall I*(e) defined by
(6.16).

Lema 6.6. Consider (2.24)- (2.27) under (6.1). Assume that (GI)-(G5) hold.
If At, < Atypar <1/c¥n > 0 and 7 < 7* < 1 — cAtpa then there exists e* > 0
such that

F(Un41) = F(Un) £ =" Aty || f(Un; Ato)||12, Y > 0.
Thus

Un € I"(F(U)) V n > 0.
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Proof As in the proof of Lemma 5.2 we have that

F(Un41) = F(Us) < (f(Un; Btn),Un = Unia) + (f (Unt1) = F(Un; AL,), Un = Uny1)
+ cl[Unsr = Unl

Applying (6.19) we obtain

Ups1 — Unll? T
F(Unsr) = POn) < 182200l | Py w2 et - Ol
Thus
1—171—cAt,
F(Un41) = F(Un) < —(—Atn—_)“Un+1 - unf.

If 7 < ™ and At, < At,q- then there exists €* > 0 such that 1 — 7 — cAtpar > £*
and hence it follows that

F(Un+1) - F(Uﬂ) <-

e 2
Atp ”Un+1 Un“ :

By (2.24) the first part of the result follows. Clearly
F(Un) < F), V2 >0

and hence the second part of the result follows automatically. O

Lewa 6.7. Consider (2.24)- (2.27) under (6.1). Assume that (G1)-(G5) hold.
If At < Atpar < 1/c then the embedded pair is 3(G) — globally admissible.

Proof Let ™ = 1 — cAtpnaz Where 7* is given in Lemma 6.6. Thus U, =
I*(F(U)) V. n > 0. The error control (6.1) is to find At = At, such that, given
X = U, we have

W = Vil <or|w - X||
where W and V are defined in (3.5), (3.6) and (3.7). Thus we define the function

Iw - Vi

R(X, At) = Im’

and, letting d; = b; — b; we may write

13552 d; £(&)I

R(X, At) = R
A= S e

Let

d = max |d;|.
1<i<k

In order to show that the error control may be satisfied we show that 3C = C(X)
independent of At such that R(At; X) < C(X)At for At sufficiently small.
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By Lemma 3.3,
ll&: = X[ < Ataky||f (X
for
At < (1 —v7Y)/[akLy),
where

Ly = sup L(X).
XeI(U)

Noting that Z;::dj =0, E;abj =1 by consistency we deduce that

R(X, Al = I Zi=mGlE) = OO
’ 1F(X) + 5185 [ (&) — £ (X

Atadk?yL1||f(X)l]
I (XN~ Atabk2y Ly f (X)]]

~31.2
- AtadkyLr ooy
1 —Atabk?L;

for At sufficiently small. Hence, for any 7 € (0,7*) and any X € I*(F(U)) 3At, =
07 /c such that the error control criteria is satisfied. Since the scheme is explicit,
the existence of a solution sequence is guaranteed. Thus F(G) global admissibility
follows. O

Lemw 6.8. Consider (2.24)—(2.27) under (6.1). Assume that (GI)-(G5) hold.
If At, < Atpar < l/c, and 7 < 7™ <1 — cAtnaz then any admissible sequence
satisfies

lim f(Un; Ats) =0
Nn—00
and

nli{go f(Un41)=0.

Proof. The first result follows directly from Lemma 6.6 since At, is bounded
below by At, > 0 and (G2) holds. Now, from Lemma 6.6 and (6.19) if follows for
some £* > 0 that

F(Un41) = F(Un) £ —€"Ato[|f(Uns1) + F(Un; Ata) = f(Uns)lI?
N 2
e A [ (Uns)ll = 1 F(Un; Atn) = F(Ung)]

< At 1)l = 71 F (U At

IN

IA
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To obtain a contradiction suppose that

lim sup |f(Un)]| = 1> 0,
n—oc

which implies that || f(U,)|| > $1 for infinitely many n. By the first part of the lemma
we know that, for any € > 0 3 N = N(¢) > 0 such that

1f(Un; Ata)]| < €, ¥n > N.

Taking ¢ = % we see that
NNNTIE
F(Un41) — F(Un) < —€" At,, [g]
for infinitely many n > N. But since At > At > 0 and F(Up41) < F(U,n) Vn, this
implies that F( U,) — —00 as N — oo which contradicts (G2). Thus
lim sup || f (Un)[|=0
N =00

as required. O

Proof of Theorem G2 From Lemma 6.8 and (2.24) we know that, for any ad-
missible sequence,

(6.20) 1 Uns1)ll, [Un41 = Unll — 0

as n — oo, since At, > At > 0, Va > 0. Since the sequence {U,}3%, is bounded, by
Lemma 6.6 and (G2), we deduce that it has at least one convergent subsequence and,
by (6.20), that every limit point is contained in E, defined in (G4). Let v € E be
such a limit point. Note further that v € I(F(U)) by Lemma 6.6. Thus all possible
limit points lie in the intersection of E with the compact set I(F(U)). This implies
that there are a finite number of possible limit points, say v;, 7 =1,..., J. Let

1.
6= Zr&l}lllvf - v,
Bj = B(v;, 8), B¥ =J;_, ., Bjand

B~ = C{I(F(U))\B*}.

Notice that B~ is closed and bounded and hence compact. Now consider the given
limit point v;. Either the whole sequence converges to v; and the proof is complete or
3{m;} — oo such that

Umj € B;, Umj+1 ¢ B;.

Since ||{Un+1 — Un|| — 0 as n — oo we can assume, without loss of generality, that
|Un+1 = Unll < 6, Yn > mo. Hence Up, ;41 € Bi(vs,26) and hence Up, 41 € B™. But
B~ is compact and hence the sequence Up,+1 must contain a convergent subsequence
with limit in B~ . This is a contradiction since B~ contains no points in E. The result
follows.

To establish dissipativity, let

B-={u€ R’ : F(u) <maxF(v)}| ] B©O)
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where B(S) is defined in (G5). Since B; is formed as the union of two bounded sets
it too is bounded. By (G5) it follows that

At If (@)l 2 e

Note that, for any admissible sequence JAt, > 0 : At, > At, Vn > 0. Assume for
the purposes of contradiction that B, is not absorbing so that there is a sequence of
integers n; — oo with U, ¢ B,. Then, by Lemma 6.6,

F(Un;41) £ F(Un;) £ —Atne*e.
Since (G2) holds this is a contradiction and dissipativity follows. 0O

Remarc Some of the arguments contained in this proof are similar to those used
by Elliott [6] in the study of discretisations of the Cahn-Hilliard equation.

7. Numerical Results. In this section we describe numerical results which sup-
port our theoretical results. Throughout “energy” refers to the quantity ||u||. In the
Figures E, denotes ||Uy,]||.

ExampLE T.1.
~ Illustrating Theorem DC1 We consider the Lorenz equations

zz = 10y —z),
(7.1) ¥y = 28z— y-—=zz,
— 8
n = —3z+zy,

with initial data
(7.2) z(0) = y(0) = z(0) = 100.

These equations satisfy (D) after translation of the origin; see [20]. For this example,
u=(z,y,2)T.

Figure 7.1 shows the result when applying the explicit Euler scheme to (7.1), (7.2)
with fixed time-step At = 1/200. The energy is plotted and clearly starts to grow very
rapidly; eventually the scheme breaks down after several more steps as the solution
becomes unbounded for computational purposes. This contrasts with the behaviour
of the underlying equation (1.1) for which, under (D), the solution should eventually
lie in a bounded set.

We now apply the variable time-step scheme (2.22), (2.23) and (1.5) with eg = 2.
The step selection mechanism is to choose

(7.3) Aty = (0.8)* Atrmas

where At,,qr = 1/200 and k is the minimum integer for which the error control criteria
(1.5) is satisfied. The tolerance is set at 7 = 0.002. Figure 7.2 shows the behaviour of
the energy and clearly the solution is forced into some bounded set with energy less
than approximately 45, illustrating Theorem DC1. Figure 7.3 shows the time-steps
selected and Figure 7.4 a plot of y against z from which the bounded set property of
Theorem DCI1 is clear.
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ExawpLE  T.2.

— Illustrating Theorem E We start with an example which shows that the de-
pendence of T on initial data is required in Theorem E and is not an artifact of the
analysis. Consider equation (1.1) in dimension p = 1 where

1
f(u) = —Z,|u|>1

and with f constructed on {u : |Ju|| < 1} so that the function is Lipschitz on R. We
apply the scheme from Example 2.8 with error control (1.5) and eq = 6~1. Now let

Un = (-1)"¢, At, = 2¢°
where
(74) q>2/r.

With these choices, the explicit Euler scheme and the error control criteria are both
satisfied. Clearly the solution does not enter a set bounded independently of initial
data since it just oscillates with the amplitude of the initial data; hence no discrete
analogue of the behaviour of (1.1) is possible unless 7 depends on U. Notice that, to
apply Theorem E with U = g would require by (5.2) that 7 < %5 contradicting
(7.4) and thereby ruling out the undesirable periodic solution. O

Now consider the equations

(7.5) Zo= Vg }

nw = —T- TZ4y? "
The initial data is taken to be
(7.6) z(0) = y(0) = 45.

These equations are not defined by a Lipschitz vector-field, but a simple modification
close to the origin can be made to this end; we consider solutions bounded away from
the origin so that explicit description of the modification need not be made. Notice
that
T Yy
z(y — m) +y(—z - m) =-1

so that (f(u),u) < —1 outside a bounded set and (E) is satisfied — the precise value
for r is determined by the modification to make the vector field Lipschitz.

Again (2.22), (2.23) and (1.5) are used to advance the solution. The time-step is
chosen according to (7.3) with At = 0.001. Figure 7.5 shows the behaviour of the
energy for 7 = 0.1 Notice that it is linearly increasing and this trend is continued as
time evolves. The energy for the differential equation should be linearly decreasing.
Figure 7.6 shows the behaviour of the energy in the case 7 = 0.0004 which is beneath
the critical value for T given by Theorem E which, for this initial data, is 0.00049.
As predicted by the theorem, the energy is decreasing. Computational experiments
reveal that the bound (5.2) for the critical value of 7 is overly pessimistic and that the
true critical value is actually close to 0.04. Nonetheless, the discussion at the start of
this example shows that this value must be initial data dependent and our numerical
experiments bear this out.
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ExampLE 7.3.
- Ilustrating Theorems G1 and G2 First consider the scalar equation

u=-u, u0)=U

This is a trivial example of a gradient system. If we apply the numerical scheme
(2.22), (2.23) and (1.5) of Example 2.8 and take the maximum possble time-step (i.e
equality in (1.5)) then

Straightforward analysis shows that
r
IUﬂl > 5 = lUn+1| < |Un|
whilst

,
[Ua] < 5= Untar] < 7.

Thus it may be shown that an absorbing set for this problem is the interval [—7, 7].
Figure 7.7 illustrates the behaviour of a solution sequence for initial data U = 1 and
tolerance 7 = 0.1. This behaviour is essentially what is predicted by the analysis of
Hall [9] and Griffiths [15] - notice that the solutions oscillate in a small neighbourhood
of the (unique) equilibrium of the system. This agrees with Theorem G1.

If instead we apply the error control scheme (2.22), (2.23) and (6.1) with § = 1,
again with the maximum possible time-step (i.e. equality in (6.1)) then we obtain

At,=7, U, :(I—T)"Uo

and the solution converges to the origin as n — oo as predicted by Theorem G2.
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