Message-Passing for the Traveling Salesman Problem

Chang-Dong Wang

Jian-Huang Lai

Wei-Shi Zheng

School of Information Science and Technology, Sun Yat-sen University, Guangzhou, P. R. China.

changdongwang@hotmail.com, stsljh@mail.sysu.edu.cn, wszheng@ieee.org

Abstract

This paper exploits the graphical model with the max-
sum belief propagation to solve the traveling salesman
problem which is commonly solved by heuristic algorithms.
Based on the visiting-ship between each city and step, we
represent the optimal tour search problem by a factor graph
and utilize the max-sum belief propagation algorithm to
achieve the neighborhood optimal solution. By applying
some mathematical tricks to simplify the original messages,
we obtain an efficient message-passing algorithm.

1. Introduction

The traveling salesman problem (TSP) is a classic com-
binatorial optimization problem which is typically solved
by the heuristic methods [7, 12, 10]. The main disad-
vantages of these methods are that they are not theoreti-
cally sound and strongly dependent on the initialization. To
tackle this problem, this paper proposes to use the graph-
ical model with the max-sum belief propagation to effi-
ciently achieve the neighborhood optimal solution. Graphi-
cal model is a well-studied tool to represent structured prob-
ability distributions over large sets of random variables, and
has been widely used in many applications such as data
clustering [ 1], computer vision [5], and graph matching [9].
There are several algorithms for the exact or approximate
inference in various types of graphical models [5, 3, 8, 6].

2. Graphical model and the algorithm
2.1. The factor graph model

Given a similarity matrix [s(4, j)] (nv41)x (nv41) of N +1
cities with s(¢, j) denoting the similarity between city ¢ and
7 (e.g. the maximum Euclidean distance between these
cities minus the Euclidean distance between city ¢ and j),
the goal of TSP is to search for a tour (Hamiltonian circuit)
of the N + 1 cities with the maximum sum of similarities.
Since the sum of similarities is independent of the ending
city, without loss of generality, we fix the ending city to be
the N + 1-th city. Let ¢ = [ey,...,cn] be a vector with

c¢ denoting the id of the city visited in step ¢, the goal is to
search for a visiting vector such that the sum of similarities
Zi\;l s(er,crp1) + s(en, N+ 1)+ s(N + 1, ¢q) is maxi-
mized under the constraint ¢; € {1,..., N}, ¢ # cp, Vit #
t'.

We adopt the binary variable model [2] to construct the
factor graph based representation. Let B = [b;t|nxn be a
binary matrix denoting the visiting-ship between the first N
cities and steps, such that
by = {1 city 4 1s' visited in step ¢ 0

0 otherwise.

The constraint that ¢; € {1,...,N},¢; # cp,Vt # t' is
converted into city constraint and step constraint as follows.
City constraint: Each city ¢ must be visited in exactly one
step, i.e.,

N
0  if Y by=1
Ii(bi1, - . - t; ¢

bin) = 2

—oo otherwise.

Step constraint: Each step ¢ must visit exactly one city, i.e.,

0 if bctt = 1&{)»”5 = O,VZ # Cy

Ei(bit,...,bne, ¢t) = {_oo otherwise

3)

The function S;(ct41|c:) denotes the similarity from city c¢;
to city ¢y 1, 1.€.,

Su(cvinled) = {“ct’ct*“ aTen
—00 Ct = C¢41-
The objective is to maximize the following function,
G(B,c)
N-1
= Silcrsler) + Sn(N + 1len) + Snia(e [N + 1)
t=1
N N
+ > Li(bir, - bin) + > Eilbu, - b ). (5)

i=1 t=1
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Figure 1. The factor graph based representation and BP messages.
The variable nodes are depicted as usual by circles, and the func-
tion nodes are depicted by small squares. The BP messages are
plotted by black arrows.

This objective function is already factorized (in the log do-
main) into 3N + 1 functions. Figure 1 illustrates the factor
graph based representation of (5).

2.2. Messages

To exactly search for the optimal solution for (5) is
NP-hard. Many approaches have been developed to effi-
ciently find good approximate solutions, such as [5, 3, &, 6].
Among them, for arbitrary objective functions (hence arbi-
trary graphical models), message passing algorithms such
as max-product belief propagation are the most popular
ones [5, 4]. The max-sum (the log-domain max-product)
belief propagation is a local-message-passing algorithm
guaranteed to converge to the neighborhood maximum [ 1].
In the max-sum algorithm, the message update involves ei-
ther a message from a variable to each adjacent function or
that from a function to each adjacent variable. The mes-
sage from a variable to a function sums together the mes-
sages from all adjacent functions except the one receiving
the message [4],

foop() = Y

hene(z)\{f}

fh—a(T) ©)

where ne(x) denotes the set of adjacent functions of vari-
able x. The message from a function to a variable involves
a maximization over all arguments of the function except
the variable receiving the message [4],

Hi—a(T) — max [f(XH > My—»f(y)} )
vex\{z}

where X = ne(f) is the set of arguments of the function f.
There are 8 types of belief propagation (BP) messages

passing between variable nodes and function nodes as

shown as the black arrow in Figure 1.

Message Nit © KWI;—bsy (m)a m = Oa 1.

nit(m) = bm%’x . Ii(bih ey sz) + Z Wit! (bit')
it bt At
> wir(0) m=1
it £t
= )]
max |wir (1) + wip(0)| m=0.
thit! #£t vt @ {t, b}
Message w;; : fp,,—1,(m),m =0, 1.
Wit(m) = ¢it(m)~ )]
Message ¢t : ftg,—b,, (M), m =0, 1.
Dit (m)
= E . irt (b
bi/fﬁ%,ct +(b1¢ Jont, ) + Z/%Z Yirt (bire) + G (ct)
> 7irt(0) + G(4) m=1
it i
m%lwAD+QW>% ()| m=0
17 ?é’t 'L’”:’L’”Q{i,i’}
(10)
Message it : b, — g, (m),m =0, 1.
Yit(m) = nit(m). (11)

Message (;,t = 1,...
1 N.

N — 1

PR

_JA(m) +s(N+1,m) t=1,
ﬂt(m)_{kt(m)ﬁ-&ﬂm) t=2,...,N—-1

12)

Message 6;,t = 1,...,N — 1

1 N.

OHS —erqn (m)’ m =

)

yeeey

8¢ (m) = max [Si(ct, m) + Bi(ct)]
= max [s(c;, m) + Fr(cr)] (13)

Message \; : g, —c,(m),m=1,...,N.

N
M(m) = max By (big ..o byeym) + > it (bit)
it t=1,... =1

= Yme (1) + > 7ie(0). (14)

iFEm



Message (; : pie,g,(m),m=1,... N.

s(N +1,m) t=1,

Gi(m) = { 8,_1(m) t=2,. . N—1,
on—1(m)+s(m,N+1) t=N.

15)

2.3. Message simplification

Like in the affinity propagation algorithm [1, 2], we can
simplify the above messages by applying some mathemati-
cal tricks. First of all, for each message associated with the
binary variable, we introduce the difference between those
with argument 1 and 0. That is, sz = 7;¢(1) —7:+(0), ©5 =
wit(1)=wit (0), dit = @it (1) =it (0), Fir = Yie (1) =it (0).
For the remaining messages, they are viewed as the sum of
variable (with respect to the corresponding argument) and
constant. Thatis, 3;(m) = B(m)+5y, 6:(m) = d;(m)+5;,
At(m) = A (m) + Ag, and ¢ (m) = G(m) + G
Message 7);+:

it =Nt (1) — 1:(0)

= Z wir(0) = oy wirr(1) + Z witr (0)

it # et gt}
= — it 1 —_ it 0 = — ~i 1. 16
e, [wie (1) — wir (0)] na, (@] (16)

Message @;;:

Dir = wit(1) = wit(0) = die(1) = ¢ur(0) = i (17)
Message ¢;;:
it = (1) — ¢ir (0)

= ( Z %‘/t(o)+Ct(i)>

i/ i

— max | yi¢(1) + G () + Z Yirrt(0)

e i1 )
= = max [(yr¢(1) = 7 (0)) + Ge(i') — G (9)]
= - max [F + G0 + G0 (s)
Message ;::
Yie = Vit (1) = Y5 (0) = it (1) — 03 (0) = 7jse.~ (19)
Message (3;(m):

@mn:{&ww+&+dN+Lm) t=1,

(20)

;\t(m)+5\t+5t_1(m)—|—5t_1 t=2,7N—1

Message 6;(m):

5¢(m) = max s(eg,m) + Bt(ct)} + BVt =1,...,N —1.
(2D

Message A\;(m):

N
A(m) = Gt + Yme(0) + Y 7it(0) = Fome + Y 7t (0).
iFEm i=1

(22)
Message (:(m):

Ge(m)
s(N+1,m)
= ét—l(m) + 611 .
On—1(m)+dn_1+s(m,N+1) t=N.
(23)

2.4. Message summary

According to the trick used in the binary model of
AP [2], for each message with the binary argument, we only
consider and update its difference denoted using “~”. And
similar to [1], for each message with non-binary argument,
the variable part denoted using “~” is considered and up-
dated. Consequently, we have the following simplified mes-

sages.
Vijt=1,...,N:
G == max [Fon + G0 + GG, @b
—— 2
i = = max [ 25)

Ym=1,....,N,Vi=1,...,N —1:

M(m)+s(N+1,m) t=1,

Br(m) = {

Ae(m) + 8¢_1(m) t=2,...,N—1,
(26)
ot(m) = g;éagl( [s(n, m) + Be(n)] . 27
Vm,t=1,...,N:

A(m) =Yme, (28)
s(N +1,m) t=1,

Ct(m): St—l(m) t:25"'aN717
dn_1(m)+s(m,N+1) t=N.

(29)

In the above simplified messages, the message pair of 7;;
and w;; is eliminated by directly replacing these two mes-
sages with — maxy/.sr£ [(bit'} and ¢, respectively.



2.5. Estimate c

To estimate the value of an element c;, we sum together
all incoming messages to c; and take the value ¢, that max-
imizes the sum. That is,

¢y =arg max
ce=1,...,

[Ai(ct) + 0e—1(ct)]

=arg max [xt(ct) + St_l(ct)} NVt=2,...,N -1,
(30)
¢ =arg max [A1(er) + (N +1,¢1)]
c1=1,...,
=arg max [;\1(01) + s(N + 1,61):| , 31
c1=1,...,

N =arg max [On—1(en) + An(en) + s(en, N + 1))

goaay

=arg max {SN_l(cN) + S\N(CN) +s(en, N+1)].
(32)
2.6. The algorithm

The overall algorithm of the proposed approach is sum-
marized as follows. Given the similarity matrix s and the
dampening factor 6 (e.g. 0.5), we first initialize all mes-
sages qzit, Fit, Be(m), d¢(m), A¢(m) as zeros. Then each
type of these messages are sequentially updated via equa-
tions (24) to (29) with additional dampening, i.e. pu <«
0% + (1 — 0) "V . The message-updating procedure may
be terminated after the local decisions (i.e. the estimate of
c) stay constant for some number of iterations £,y Or after
a fixed number of iterations ¢,,,4z.

3. Empirical results

This section reports some empirical results with the
dampening factor 0 set to 0.5, tcony = 5, and ¢4, = 1000.
We first demonstrate the result on a small city group con-
sisting of 5 cities with the similarity matrix given as follows

0.8 101 12,5 0.1 0.6
09 02 09 04 0.1
s=1 01 05 09 09 08 |. (33)

09 09 05 08 09
0.6 0.009 1.8 09 0.6

The tour produced by the proposed approach is
5—22—-4—-3—>1—>5 (34)

with the tour length being 1.609, which is equal to the over-
all minimum tour length. Our approach only requires 10
iterations to reach this good result; on the other hand the
number of all possible permutations of these 5 cities is 120
which implies that we have to try 120 times for the optimal
solutions using exhaustive search.

On the other synthetic testing set of 100 cities, only
about 1000 iterations are required to reach the optimal so-
lution. Compared to the typically used heuristic algorithms,
the main advantages of the proposed algorithm are that, it
is based on the sound theory of the probabilistic graphical
models with the max-sum belief propagation, and it is de-
terministic without random initialization. Additionally, it is
quite efficient.

4. Conclusions

This paper presents the use of the message-passing al-
gorithm to solve the traveling salesman problem. A new
graphical model based representation is proposed and the
max-sum belief propagation is utilized to generate the
neighborhood optimal solution. In the future work, we will
try the Junction-Tree algorithm for an exact inference in the
derived graphical model.
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