CS 154 – Introduction to Automata and Complexity Theory

Winter Quarter 2002

2/24/03 – Lecture Notes Part 5

Review

So far we have learned about the classes of decidable, undecidable but Turing-recognizable, and unrecognizable problems. In general the class of decidable problems is the class of problems thought to be solvable by computers. An algorithm is a process for determining membership in a language that can be implemented in a Turing machine that halts on all inputs – a decider.

Now we will focus our attention to the decidable problems, which are in principle solvable. We will ask which problems are solvable in a reasonable amount of time. As we will see, not all decidable problems can be solved in practice. Some are intractable. There are problems that require a lot of time (or space) – more time than plausibly available in practice.

Measuring Complexity

Let’s start with an example:

L = {0n 1n | n ( 0}

Here is a TM accepting this language:

T = “On input w,

1. Scan the input across from left to right, and syntax check.

2. Keep doing:

a. Go back to the first uncrossed 0, and cross it.

b. Go forward to the first uncrossed 1, and cross it.

Until either 0s or 1s run out. 

3. If 0s and 1s run out at the same time, accept. Otherwise reject.”

How many steps does T take, on an input 0i1j of length n = i+j?

· Step 1 takes n steps.

· Step 2 happens at most n/2 times, and each time:

· 2.a. takes about n steps (rough upper bound).

· 2.b. takes about n steps also (rough upper bound).

· Step 3: takes about n steps.

Total: At worst it takes

Now we define a way to talk about the order of magnitude of time a computation takes. For example, 2n2+3n steps is roughly the same as n2 steps because (i) the 3n term is too small compared to 2n2, as n becomes large, and (ii) the 2n2 term is on the order of magnitude of n2, just a multiplicative constant times that. We want to have time estimates of the order of magnitude, so that we don’t bother with too much detail when analyzing an algorithm.

Definition: “Big-O” notation. Let f and g be two functions f, g: N ( N+ = {1, 2, ….}. 

We say that f(n) = O(g(n)) if:

There is a constant c, and a constant n0 such that for every n ( n0, f(n) ( g(n).

That is, there is a constant c such that for n sufficiently large, f is at most as big as c times g. We say that g(n) is an asymptotic upper bound on f(n).

Example. Let f(n) = 5n3 + 2n2 + 2000n +6.


    Then, f(n) = O(n3). So g(n) = n3, and f(n) = O(g(n))

Proof: 
Let c = 6, and n0 = 100.

For any n ( n0, 

cg(n) – f(n) 
= (6-5)n3 – 2n2 – 2000n – 6 

= n3 – 2n2 – 2000n – 6 

( 1003 – 2(1002 – 2000(100 – 6 

> 0.

We can also say that f(n) = O(n4). This is even easier to see because it is a looser statement. However, f(n) is not O(n2). No matter how big a constant c one chooses, one cannot make n2 bigger than f(n) for all n greater than some n0.

Definition. Little-o notation. We say that f(n) = o(g(n)) if:

Example: 100n2 = o(n3)

Proof:

Example: n2 is not o(1000n2 + 100n).

Proof:

Useful O- and o- formulas

1. ak nk + ak-1 nk-1 + …. + a1 n + a0 = O(nk) = o(nk+j) for any j ( 1.

2. nk = o(nk log n)

3. loga n = O(logb n) for any a,b > 1, even for a < b!

4. log log n = O(log n)

5. na = o(nb) if and only if a < b

6. nk = o(cn) for any c>1

7. an = o(bn) for any 1 < a < b

Definition. Given a function t: N(N, define the time complexity class TIME(t(n)) to be:

TIME(t(n)) = { L | L is decided by a TM running in O(t(n)) time }

Note: TIME(t(n)) includes all languages that are decided in much less time than t(n), i.e. in o(t(n)) time. If t1(n) = O(t2(n)), then TIME(t1(n)) ( TIME(t2(n)), because anything decided by a TM running within time t1(n) can also be decided by a TM allowed to run for longer.

Recall the TM for recognizing L = { 0n 1n  | n ( 0 }. This language was decided by a TM running in time n2 + 2n = O(n2), therefore L ( TIME(n2).

However, we can do better for L. Consider the following TM:

M = “On input w,

1. Scan across for syntax check.

2. Keep doing:

a. Scan across the tape to check if the number of 0s + the number of 1s is odd. Reject if it is.

b. Scan across the tape, crossing out every second 0.

c. Scan across the tape, crossing out every second 1.

3. If 0s and 1s run out at the same time, accept. Otherwise reject.”

We will not prove that M works correctly, although it is a relatively easy exercise to show that it does.

Running time:

Step 1: Syntax checking takes n steps.

Step 2: The loop is repeated O(log n) times, because each time the number of uncrossed 0s and 1s is cut in half. In each pass of the loop, at most 2n steps are used.

Total:

Therefore, L ( TIME(n log n).

Fact (we will not prove). Every language decided on a single-tape deterministic TM in time O(n log n) is a regular language.

Now we will define a very important concept in complexity theory, the nondeterministic time.

Definition. Let t: N(N be a function. Define the nondeterministic time complexity class NTIME(t(n)) to be:

NTIME(t(n)) = { L | L is decided by a NTM whose maximum running time of a nondeterministic branch of computation is O(t(n)) }

Deterministic





Nondeterministic

Theorem. Let t(n) be a function where t(n) ( n. Then every t(n) nondeterministic single-tape TM has an equivalent 2O(t(n)) time deterministic single-tape TM.

Proof. Let N be a NTM running in time t(n). We build a deterministic TM D, simulating N by searching through the nondeterministic tree of computation of N. This is similar to the proof that NTMs and TMs are equivalent.

If b is the maximum number of children each node of the tree of nondeterministic computation of N has, then the total number of nodes of the tree is at most O(bt(n)).

D will explore the tree breadth-first, by going from the root of the tree to each node, then back to the root.

Visiting a node and going back to the root takes O(t(n)) time, so the total time is O(t(n)bt(n)) = 2O(t(n)).

The Class P

A problem solved in time O(n2) is easier than one solved in time O(n4), or even worse O(n6). However, all such problems are extremely easy compared to one that requires time 2n. Consider n = 100. Then n6 = 1012 which is a large number of operations, but manageable for modern computers. However, 2100 is somewhat larger than 1030, which is an overwhelming number.

Theorem (we omit the proof). All reasonable deterministic models of computation are polynomially equivalent. That is, any one can simulate the other within a polynomial increase in running time.

Example. One can prove that if a language L is decidable in time O(t(n)), where t(n) > n, on a multitape TM, then L is decided in time O(t(n)2) on a single-tape TM.

Therefore it is reasonable to define the class of problems that are decidable by some deterministic TM in polynomial time:

Definition. The class P. P is the class of languages that are decidable in polynomial time on a deterministic TM:

P = 
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Two observations

· P is the same for all deterministic models of computation that are equivalent to TMs

· P corresponds reasonably well to the class of problems that are realistically solvable on a computer.

Example. PATH

PATH = { (G, s, t) | G is an undirected graph, s and t are nodes of G, and there is a path between s and t in G}

Theorem. PATH ( P.

Proof. We describe an algorithm to find a path s ( t in G, if such a path exists.

M = “On input (G, s, t),

1. Mark node s.

2. Repeat until no additional nodes are marked:

Scan all edges in G. If (u, v) is found, going from some marked node u, to some unmarked node v, mark v.

3. If t is marked, accept. Otherwise reject.”

Step 2 is repeated ( n times, where n = number of nodes + number of edges. Each repetition of step 2 requires ( O(n) work. Therefore the above is an O(n2), therefore a polynomial algorithm.

Note 1: The above algorithm works also if G is a directed graph. Then in step 2, v is marked whenever there is a directed edge (u, v) where u is marked.

Note 2: The above algorithm somewhat modified, can find the SHORTEST-PATH and distance between s and t, where each edge has a distance associated with it. To do this, each node is marked with a number corresponding to a distance estimate from s to that node:

1. Initially all nodes are marked with infinity, except s is marked with 0.

2. Do the following n times where n is the number of nodes:

For each edge (u, v) update the distance associated with v, dv to min(dv, du + weight((u,v)) ).

We will state but not prove that in the end of the algorithm each node v has a distance dv, which is the shortest distance from s to v.

So, finding a path, or indeed a shortest path, between two nodes in a graph is indeed easy (it is in P).

The class NP

Recall our definition of NTIME(f(n)). We will now define the special class of problems solved by a nondeterministic TM in polynomial time.

Definition. The class NP.

NP = 
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Immediately observe P ( NP, because for every k, TIME(nk) ( NTIME(nk).

Example. HAMPATH. A Hamiltonian path in a directed graph is a directed path that goes through each node exactly once. The problem of finding such a path is defined as follows:

HAMPATH = { (G, s, t) | G is a directed graph with a Hamiltonian path from s to t }

Theorem. HAMPATH ( NP.

Proof. “On input (G, s, t),

· Nondeterministically write down all nodes of G except s and t in some order: 

v1 v2 …vn-2.
· Check that there are edges (s, v1), (v1, v2), …, (vn-2, t). If yes, accept. Otherwise reject.”

How fast does the above algorithm run (in nondeterministic time)?

Step 1 is easy to do in O(n2) steps where n is the number of nodes. Say that nodes s and t start as marked and all other nodes as unmarked. The TM can go through all the nodes, nondeterministically picking one of the unmarked ones, writing it down, and marking it. Repeating this n-2 times will provide v1 v2 …vn-2.

Step 2 is easy to do in O(nl) steps where n = number of nodes, and l = number of edges.


One very useful expression of the class NP, is as the class of all problems whose solutions are verifiable in deterministic polynomial time. For instance, given a potential solution to HAMPATH, i.e. given an order of the nodes s, v1, …, vn-2, t, it is possible to check with a deterministic TM in polynomial time whether this is a Hamiltonian path, or not.

It is important to note that the problems in NP are not necessarily solvable in deterministic polynomial time!

Example. CLIQUE. A clique in an undirected graph is a subgraph wherein every two nodes are connected by an edge. A k-clique is a clique with k nodes.

A 5-clique:

CLIQUE = { (G, k) | G is an undirected graph and it has some k-clique }

Theorem. CLIQUE ( NP.

Proof. “On input (G, k),

1. Nondeterministically select a subset C of k nodes of G.

2. Test whether every two nodes in C are connected by an edge. If yes, accept. Otherwise reject.”

Example. COMPOSITES.

COMPOSITES = { w | w is a (binary) integer, and w = xy for some x, y > 1 }

Is COMPOSITES ( P? We don’t currently know how to efficiently factor a number; otherwise certain cryptographic protocols in use now would be easy to break.

Theorem. COMPOSITES ( NP.


Proof. “On input w,

1. Nondeterministically write down a number x < w.

2. Check that x divides w. If yes, accept. Otherwise reject.”

Is COMPOSITES ( P? Well how about the following algorithm:

“On input w, 

For x = 1 to w check if x divides w. If some x does, accept. Otherwise reject.”

The above algorithm runs in time polynomial on w. But it runs in time exponential on |w|, which is the number of digits in the binary representation of w! So the algorithm is not polynomial on the size of the input, where size is taken to be |w| and not w.

P Versus NP

Informally,

· P = Languages for which one can decide membership in polynomial time.

· NP = Languages for which one can verify membership in polynomial time.

The most important open problem of theoretical computer science is perhaps whether these two classes are equal.

P  =?  NP

We don’t know whether we can find polynomial time algorithms for problems in NP. However most people believe that the two classes are different, because many people have invested enormous effort to find polynomial time algorithms for NP problems.

So far the best methods known for solving problems in NP involves exponential searches.

For example:

· COMPOSITES can be solved by checking (x<w whether x divides w.

· CLIQUE can be solved by

(i) Listing all sets of k nodes of the graph, and

(ii) Verifying whether one of them forms a clique.

It is clear that:

NP ( EXPTIME = 
[image: image3.wmf]
But we don’t know if NP is some smaller complexity class than EXPTIME. And we don’t know if NP is some larger complexity class than P. Of course we know that P is a much smaller complexity class than EXPTIME, but we just have no idea where to place NP between P and EXPTIME!

NP-Completeness

Does there exist a problem S ( NP that is “the hardest problem in NP”, 

such that if S ( P, then we know for sure that P = NP?

Such a problem would be called NP-complete. We will see that there are lots of such problems, the NP-complete problems.

Definition. A Boolean formula is an expression involving Boolean variables and operations ⋀ (AND), ⋁ (OR), and ⌝ (NOT).

Example: ( = (
[image: image4.wmf]x
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A Boolean formula ( is satisfiable if some assignment of 0s (false) and 1s (true) to the variables makes ( = 1 (true). Eg. x = 0, y = 1, and z = 0 makes the above formula evaluate to 1.

Now we are going to define a language of formulas, SAT, perhaps the most important theoretical example of a language in NP.

SAT = 

Theorem. (Cook-Levin theorem, 1971). SAT ( P if and only if P = NP.

We will prove this later. We will show in particular that every problem in NP reduces to SAT.

We say that SAT is NP-complete. If SAT is easy enough to solve in polynomial time, then all problems in NP are easy enough to solve in polynomial time.

Polynomial Time Reductions

Now we define a way to formally translate a question about membership in a language A, into a question about membership in a language B. We want the translation to be easy enough to compute, that if we can answer the question about membership in B, then we can solve A by using the translation and then asking about membership in B. 

Definition. Given languages A and B, we say that A is polynomial time reducible to B (denoted A (p B) if there is a function f:(* ( (*  that is computable by a deterministic TM in polynomial time, such that:

( w,  w ( A  (  f(w) ( B

The function f allows conversions of questions about membership in A, to questions about membership in B.

Theorem. If A (p B, then B ( P ( A ( P.

Proof. Let M be a deterministic polynomial time algorithm deciding B, and f be the 

reduction from A to B. We construct D, a deterministic polynomial time algorithm for A:

D = “On input w,

1. Compute f(w)

2. Run M on input f(w). Accept if M accepts, Reject if M rejects.”

(Step 1 can be performed in polynomial time because f is computable in polynomial time.)

We will now give an example of a polynomial time reduction. Before that, we define a special form of the satisfiability problem:

A Boolean formula is in conjunctive normal form (CNF) if it is an AND of ORs:

( = 

A Boolean formula is a 3CNF-formula if all the clauses have exactly 3 literals:

( =

Definition. 3SAT = { ( | ( is a satisfiable 3CNF formula } 

Theorem. 3SAT is polynomial-time reducible to CLIQUE. That is, 3SAT (p CLIQUE.

Proof. The polynomial time function f will convert every formula ( = (a1 ⋁ b1 ⋁ c1) ⋀(a2 ⋁ b2 ⋁ c2) ⋀ …. ⋀ (ak ⋁ bk ⋁ ck) to a graph G, where ( is satisfiable if and only if G has a k-clique:

Reduction f:

1. Associate every triplet (ai ⋁ bi ⋁ ci) in (, with a triplet of nodes in G. Associate each node in the triplet with a literal from the clause.

2. Construct edges between all pairs of nodes in G, except:

a. No edge between nodes in the same triplet.

b. No edge between any node labeled x with a node labeled ⌝x.
Example:

( = 

f(() = G =:

Claim. ( is satisfiable if and only if G has a k-clique.

Proof. We need to prove two directions. 

(1) If ( is satisfiable, then G has a k-clique. 

(2) If G has a k-clique, then ( is satisfiable.

1. Say that ( is satisfiable. We need to prove that G has a k-clique.

If ( is satisfiable, then a satisfying assignment would make true at least one literal per triplet ai ⋁ bi ⋁ ci. Pick those k literals x1 ( { a1, b1, c1 }, x2 ( { a2, b2, c2 }, …., xk ( { ak, bk, ck }.

The nodes corresponding to x1, …, xk form a k-clique: No two xi, xj belong to the same triplet, and no xi = ⌝xj holds because otherwise both xi and xj could not be true. Therefore, there is no reason why an edge between xi and xj is excluded. Therefore all xi, xj have an edge between them, proving they are a clique.

2. Say that G has a k-clique. We need to prove that ( is satisfiable.

Let the clique be x1, …, xk. Notice that no xi ( xj can be in the same clause in (, and no xi can equal ⌝xj. Then, by assigning x1 = x2 = … = xk = 1, all of (’s k clauses become true.

That concludes the proof.

Therefore, if we had a polynomial time algorithm for CLIQUE, we could solve 3SAT in polynomial time by first transforming ( into a graph as we did above, and then solving the CLIQUE on that graph.

Definition. A language S is NP-complete, if the following two conditions hold:

1. S ( NP.

2. ( A ( NP, A (p S.

Therefore, a language L that is NP-complete satisfies: P = NP ( L ( P.

In other words if L is NP-complete, then if L is solvable in polynomial time, then all problems in NP are solvable in polynomial time.

SAT is NP-complete

Theorem. (Cook-Levin) SAT is NP-complete.

Proof. 

1. First of all we need to show that SAT ( NP.

Given a formula (, a nondeterministic TM can guess an assignment to the variables of (, and then in polynomial time evaluate ( under this assignment. If the assignment satisfies (, accept. Otherwise reject.

2. Now we need to show that any language A ( NP reduces to SAT.

How can we show that? What are the characteristics of an arbitrary language in NP?

First of all, if A ( NP then some nondeterministic Turing Machine N accepts every w ( A in ( nk steps, where n = |w|.

Consider all the nk steps of N. At each step, N is at a configuration consisting of a state, a position of the head on the tape, and at most nk tape positions having been “seen” so far.

So we can express a configuration with a string of length nk. For example initially N is at state q0, and has w1…wn in the tape. We can express this as:

#q0w1w2…..wnB…………………………………..…….B#

where we put enough B (blank) symbols to fill the nk-long string. 

At any step t, where say N is at state qt, and the head is at position I, we can express N’s configuration (in one branch of the nondeterministic computation) as:

#x1x2……………….….…….xi-1qtxi……………………xnk#

Notice that the state is always exactly before the tape position where the head lies. In the configuration above, all xi are arbitrary stack symbols.

We can completely describe a nk-long nondeterministic branch of the computation of N, with a nk ( nk table whose rows are the configurations of N as expressed above, and a computation step of N takes each row to the next row.

Definition. A tableau of the nondeterministic Turing Machine N, on input w, is a  nk ( nk table whose rows are a possible sequence of configurations of N on w. Therefore a tableau corresponds to a valid computation of N on w.

An accepting configuration is a row where some accepting state qaccept is seen. Once in an accepting state, N accepts (according to the definition of acceptance of a TM).

An accepting tableau is a tableau where an accepting state qaccept appears in some row.

We will construct (in polynomial time) a formula ( such that every satisfying assignment of ( will correspond to an accepting tableau, and every accepting tableau will correspond to a satisfying assignment of (.

So, if there is a satisfying assignment of (, there will be an accepting tableau and therefore N will nondeterministically accept w. Conversely, if N accepts nondeterministically, there will be an accepting tableau and thus a satisfying assignment of (. So ( will be satisfiable if and only if N accepts w. That will show that the language A reduces to SAT.

Every position (i, j) of the tableau is called a cell. Each cell can have any symbols among the set of “tableau symbols”, Q ( ( ( { # }, where # is a special symbol not in (.

For each cell (i, j), and each tableau symbol s ( Q ( ( ( { # }, we introduce one variable xi,j,s. Then xi,j,s = 1 means that cell (i, j) contains the symbol s.

For example, the statement x1,1,s1 ⋁ x1,1,s2 ⋁ … ⋁ x1,1.sk where {s1, …, sk} = Q ( ( ( { # }, means that cell (1, 1) has some symbol, i.e. cell (1, 1) is not empty.

The formula ( is an AND of four parts:

( = (cell ⋀ (start ⋀ (move ⋀ (accept
Each of these four parts says something about the tableau. That is, each part ensures that an important property of the tableau holds. In particular: (cell ensures that every cell has exactly one tableau symbol in it; (start ensures that the first row of the tableau is the starting configuration of N on input w; (move ensures that every configuration represented in a row j of the tableau, legally follows according to N’s transition function, from the configuration represented in row j-1 of the tableau; finally (accept ensures that the tableau is an accepting tableau, i.e. that some accepting state qaccept appears somewhere in the tableau. 

Now we go ahead and show how each of (’s parts accomplishes its purpose:

(cell = 

It is clear that if (cell = 1, then every cell of the tableau contains exactly one symbol from the tableau symbols Q ( ( ( { # }.

(start = 

So (start simply lists the symbols of the first row of the table, and makes sure that the first row is the unique starting configuration of N.

(accept = 

So (accept simply asserts that the state qaccept appears somewhere in the tableau. This is a sufficient condition for N to accept, because whenever qaccept is visited N accepts. Note that this assumes one only accepting state, but can easily be modified (by adding more ORs eg. xi,j,accept2… of accepting states) to accommodate NTMs with more than one accept state.

The most complicated component of ( is (move, the formula that guarantees that each row of the tableau corresponds to a configuration that legally follows from the preceding one according to N’s transition function. 

The formula (move does so by ensuring that each 2(3 window of the tableau is legal. A window of the tableau is legal if it doesn’t violate the actions specified by (. So saying that a 2(3 window is legal means that it belongs to a set of legal (i.e. plausible) 2(3 windows.

Example of illegal window:

Examples of legal windows.

Say that ((qi, 0) = { (qj, 0, L), (qj, 1, R) }. That is, on state qi and reading symbol 0 on the tape, the machine N has a choice of either leaving the 0 unchanged, entering qj, and going left, or writing 1 on top of the 0, entering qj, and going right.

Here are some legal windows:

Lemma. If every 2(3 window of the tableau is legal according to the rules of N, that is it cannot be proven impossible by the rules of N, then the entire tableau is legal. That is, the entire tableau satisfies the condition that every configuration legally follows from the previous one.

Proof. We will leave this as a useful exercise. What needs to be shown is that the 2(3 cell rules ensure that for every two adjacent rows (configurations of N), the bottom one legally follows from the top one according to (. There are two parts to the argument: (1) that tape symbols “not near” the head will be left unchanged in the bottom row, and (2) that tape symbols “near” the head will be updated according to a legal move by N.

Now we are ready to give (move:

(move =

So recall ( = (cell ⋀ (start ⋀ (move ⋀ (accept.

Clearly if ( is satisfiable, there is a tableau with the following properties:

1. One symbol is assigned to each cell.

2. The first row corresponds to the starting configuration of N on input w.

3. Every row represents a configuration that follows from the configuration represented by the previous row, according to N’s transition function.

4. A final state is reached, therefore N accepts.

Therefore if ( is satisfiable, N accepts w.

Conversely, if N accepts w, then there is a nondeterministic branch of computation of N that accepts w. That nondeterministic branch can be written down as a nk ( nk tableau, which in turn translates into a satisfying assignment for (.

So we have proven that:

( is satisfiable ( N accepts w

Equivalently,

( ( SAT ( w ( A

This is a reduction of the question w ( A, into the question of ( ( SAT. It is not hard to see that the construction of ( can be done in polynomial time. Therefore A (p SAT. Since A is an arbitrary language in NP, it follows that SAT is at least as hard as any problem in NP. SAT is NP-complete! 

Now there is a method at our disposal, for showing that another language L is NP-complete. We can reduce SAT to L. More generally, if B is NP-complete, and B (p A ( NP, then A is NP-complete.

Theorem. 3SAT is NP-complete.

Proof. We could prove this in two ways: either reduce SAT to 3SAT, or modify the above proof to use a formula ( in 3CNF. We will not give details.

NP-Complete Problems

The general method for proving that a language A is NP-complete, involves two steps:

1. Prove that A ( NP.

2. For some NP-complete problem B, show that B (p A.

Now we will examine several examples of NP-complete problems.

Definition. A set of nodes of a graph is independent if no two nodes share an edge.

INDEPENDENT-SET = { (G, k) | G is a graph with an independent set of k nodes}

Theorem. INDEPENDENT-SET is NP-complete.

Proof. We will show that (1) INDEPENDENT-SET ( NP, and (2) 3SAT (p INDEPENDENT-SET.

1. It is easy to show that INDEPENDENT-SET ( NP. Given a graph G, and a number k, guess k nodes of G, and then verify that no two share a node. Clearly this can be done in polynomial time.

2. 3SAT (p INDEPENDENT-SET.

Given a formula ( = (a1 ⋁ b1 ⋁ c1) ⋀ ….. ⋀(ak ⋁ bk ⋁ ck), construct a graph G with 3n nodes. Each node corresponds to a literal a1, b1, c1, …..ak, bk, ck.

First of all, put edges between ai, bi, and ci. So (ai, bi), (bi, ci), and (ai, ci) are edges:

Then, connect every variable and its negation. For example if ai =
[image: image6.wmf]x

and aj = ck = 
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, then put edges (ai, aj), and (ai, ck).

Example:

Let ( = 

Graph G:

If G has an independent set of size k, then ( has a satisfying assignment. This is true because an independent set will have to include one node from each triplet (ai, bi, ci). The satisfying assignment will be simply to make = 1 the literals corresponding to the nodes of the independent set. That would be a valid assignment, because we are guaranteed no two contradictory assignments will be made to a variable, since
[image: image8.wmf]x

and 
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 are always connected with an edge and will never be part of the same independent set. The assignment would satisfy (, because each clause of ( has a true literal from the independent set.

Similarly if ( is satisfiable, by picking a node corresponding to a true literal per clause of (, we can construct an independent set of size k in G.

Definition. If G is an undirected graph, a vertex cover is a subset of the nodes of G, where every edge of G has as at least one of its nodes in the subset.

VERTEX-COVER = { (G, k) | G is an undirected graph that has a k-node vertex cover }

Theorem. VERTEX-COVER is NP-complete.

Proof. We show that VERTEX-COVER ( NP, and that 3SAT (p VERTEX-COVER.

1. VERTEX-COVER ( NP. Like in the other proofs, guess k nodes of G and verify if they are a vertex cover.

2. 3SAT (p VERTEX-COVER.

Let ( be a 3CNF formula ( = (a1 ⋁ b1 ⋁ c1) ⋀ ….. ⋀(al ⋁ bl ⋁ cl).

Let x1, …, xm be the variables in (.

For each xi we create a gadget of two nodes connected by an edge, one node labeled xi and the other labeled 
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:

For each clause (aj ⋁ bj ⋁ cj) of ( create a gadget of 3 nodes connected to each other. For example, for a clause (x1 ⋁
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⋁ x5) create the three nodes:

Then, connect the clause nodes to the variable nodes that have the identical label. For example if 

( = 

create the graph:

Let k = m + 2l, where ( has m variables and l clauses. Then we will show that ( is satisfiable if and only if G has a vertex cover of k nodes.

Let ( be satisfiable. To show that G has a vertex cover of k nodes:

1. Put the nodes of the variable gadgets that are made true by the satisfying assignment, into the vertex cover. That is a total of m nodes.

2. Select 1 true literal in every clause, and put the other two nodes in the vertex cover. That is a total of 2l nodes.

This is a vertex cover of k nodes: every edge is covered. To see that, notice that there are 3 types of edges: (1) edges in variable gadgets which are all covered by the one node per variable gadget; (2) edges in clause gadgets which are all covered by the two nodes per clause gadget; and (3) edges between variable and clause gadgets. Those are either covered by the nodes selected from the clause gadgets, or if they are between the missing clause node and a variable node, they connect to a variable node that is assigned to 1, so they are covered by the nodes selected from the variable gadgets.

Now assume that G has a vertex cover of k nodes. Then notice that every variable gadget must have at least one node, to cover the edge in the gadget. Every clause gadget must have at least two nodes in the cover, to cover the three edges in the gadget. So that is a total of m+2l = k nodes. A satisfying assignment is clearly the one defined by the nodes from the variable gadgets that are in the vertex cover. This is a valid assignment because each variable gets exactly one value 0 or 1. It is a satisfying assignment for (: one node per clause gadget is missing, and that node must be true. Otherwise the edges connecting it to the variable gadgets would not be covered.

Definition. A Hamiltonian path from s to t in a (directed or undirected) graph G is a path from s to t that goes through each node exactly once.

HAMPATH = { (G, s, t) | G is a directed graph with a Hamiltonian path from s to t }

Theorem. HAMPATH is NP-complete.

Proof. We will show that HAMPATH ( NP, and that 3SAT (p HAMPATH.

1. To see that HAMPATH ( NP, choose an ordering of the nodes of G, and verify it is a hampath between s and t.

2. We will show that 3SAT (p HAMPATH.

Given a formula ( = (a1 ⋁ b1 ⋁ c1) ⋀ ….. ⋀(am ⋁ bm ⋁ cm) = (1 ⋀ … ⋀ (m, with variables x1, …, xk, we demonstrate how to construct a graph G where each Hamiltonian path corresponds to a satisfying assignment for (.

[[Room for extensive picture here and on next page]]

Picture of G:

There is one diamond gadget for each variable. In addition to those diamond structures, there is one node per clause (i. 

For every clause (i we have one node. In addition to that, we have two nodes next to each other for (i in each variable gadget.

Therefore each variable xj gadget contains a (2m + 2)-long list of nodes doubly connected to each other.

If (i contains the variable xj not negated, then add the following edges between the variable gadget and the sole node corresponding to (I:

If on the other hand (i contains the variable 
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, then add the following edges between the variable gadget and the sole node corresponding to (I:

A Hamiltonian path enters each variable gadget either from left, or from right, and exits from the other direction. Entering from left corresponds to the variable being true, while entering from the right corresponds to the variable being false.

Claim. ( is satisfiable if and only if G has a hampath from s to t.

Proof of claim. We need to show two directions: (1) If ( is satisfiable, then G has a hampath from s to t. (2) If G has a hampath from s to t, then ( is satisfiable.

1. Assume ( is satisfiable. To show that G has a hampath from s to t.

Fix a satisfying assignment for (. For the moment forget the sole nodes corresponding to the clauses (1, …, (m (outside the variable gadgets). The rest, i.e. the nodes in the variable gadgets, are traversed as follows:

Starting from s, each variable gadget for xi is entered either from left, or right, depending on whether xi is 1 or 0, respectively, in the satisfying assignment. Then, all the nodes of the gadget are traversed in order and the gadget is exited from the other side. Then, the path goes to the single node between the two variables xi and xi+1, and then repeats by entering the xi+1 gadget. This is a path from s to t, that traverses all the variable gadget nodes, each exactly once.

Now we just need to show how to include the nodes for (1, …, (m. Since ( is satisfied, all (i are satisfied. So each (i has at least one literal true. For each (j select an arbitrary literal that is satisfied (some xj or 
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). Detour in the (i-part of that xj’s gadget, to visit the sole node corresponding to (i. Notice that the detour is at the right direction corresponding to whether xj is negated or not in the (i clause. Therefore a detour and return can happen without affecting the rest of the path.

This concludes the construction of a hampath, corresponding to (’s satisfying assignment.

2. Assume that G has a hampath from s to t, to show that ( is satisfiable.

Given a hampath from s to t, we claim that a satisfying assignment is simply to read off the true/false choice made upon entering each variable widget from left or right.

Why is this a satisfying assignment? If true was chosen for xi, then only clauses where xi appears uncomplemented could have been visited. If false was chosen, then only clauses where xi appears complemented could have been visited. Therefore visiting a clause makes that clause true! Since a hampath visits every node, all the clauses of ( are visited, therefore all are satisfied, therefore ( is satisfied.

One last point to show is that the hampath cannot leave the gadget for xi, go to a clause (j, and then go to the middle of a gadget for some variable other than xi. This is not possible because then the second, unvisited node for (j in the gadget xi would never be visited again without revisiting the first, already visited node for (j in that gadget.

That completes the reduction of 3SAT to HAMPATH.

UHAMPATH = {(G, s, t) | Undirected graph G has a Hamiltonian path from s to t }

Theorem. UHAMPATH is NP-complete.

Proof. Clearly UHAMPATH ( NP, just like HAMPATH. We show NP-completeness by reduction from HAMPATH.

HAMPATH (p UHAMPATH:

Transform each node in G:

into three nodes in a new graph, H:

Except: s is transformed to a single node sout (omit any edges coming to s), and t to a single node tin (omit any edges going out of t).

Claim. G has a hampath from s to t if and only if H has a hampath from sout to tin.

Proof. If G has a hampath from s to t, say the hampath s ( v1 ( v2 ( … ( t, then H clearly has the hampath sout ( v1in ( v1mid ( v1out ( v2in ( v2mid ( v2out ( … ( tin.

Now for the other direction, if H has a hampath from sout to tin, then the first step must be sout ( v1in, for some node v1in. The reason is that only in-nodes can have any edges coming to them from the out-node sout. Then v1in has no other place to continue but to v1mid, and then from there to v1out. That out-node v1out in turn will have to go to some node v2in etc. So every triplet vjin, vjmid, vjout will be visited in that order, until tin is hit last. That path can then be translated to a hampath for G.

The Traveling Salesman Problem

A salesman wishes to visit k cities. The road between each pair of cities has a certain cost (distance, means and cost of transportation, etc). The salesman wants to visit all cities in the cheapest total cost.

In one version, repetition is not allowed so that each city has to be visited once. This would ask for the minimum cost Hamiltonian path between the cities.

In another version, cities can repeat, as long as the total cost is lowest. For instance city A may connect very well to all the other cities, so the salesman may wish to go from A to each city and back.

TSP-k = { (G, k) | G is an undirected graph with weighted edges, and there is a path visiting every node of G, with total weight ( k }

Theorem. TSP-k is NP-complete.

Proof. We prove that (1) TSP-k ( NP, and (2) UHAMPATH (p TSP-k.

1. TSP-k ( NP. Nondeterministically select a node v1, then a node v2 for which there is an edge (v1, v2), then v3, etc, with repetitions allowed. Stop adding nodes if (1) weight of path so far is > k, in which case reject, or (2) all nodes of G have been visited and weight of path ( k, in which case accept.

2. UHAMPATH (p TSP-k. Given a instance (G, s, t) of UHAMPATH, first create two auxiliary nodes so connected only to s, and to connected only to t. Let m = number of nodes in G. The new graph has m+2 nodes, so every path visiting all nodes must have at least m+1 edges. Let each edge have weight 1, and ask if there is a tour in this modified graph, of weight ( m+1. If there is, it has to translate to a Hamiltonian path from s to t in the original graph G.
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