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Abstract

This paper is the final report of an undergraduate honors thesis project advised by Prof.
Dennis Hejhal of the School of Mathematics, University of Minnesota. The main pur-
pose of this project is to examine the analytic properties of certain “quantum-mechanical
particles” in Lobachevsky space. The results were obtained on vectorized CRAY serial
supercomputers, a CRAY 64-CPU T3D massively parallel system, and a 1K-CPU mas-
sively parallel system CM-5 located in University of Minnesota. Using complex arithmetic,
we have successfully determined numerous Fourier coefficients for certain types of holo-
morphic modular forms, including the Ramanujan 7-function. Our experiments involve
both arithmetic and non-arithmetic groups. The treatment of the latter is new. Analyzing
the output data enables us to experimentally justify a number of properties. Finally, a
verification of a Central Limit Theorem for automorphic functions on Hecke Groups was
attempted, and very promising results have been obtained.
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1 Introduction.

We study the group G(2cos £;) of Mébius transformations with two generators:

Tir)y=r + 2cos 3
Lano "

for N > 3.
a b

d ) € SL(2,R) (i.e. ad—bc=1) [4]

It is customary to associate a matrix A = (

with the linear fractional mapping

ar + b
et +d

Ar = (2)
Definition. If G is a subgroup of the group SL(2,R), an open subset R of the upper
half plane H is called a fundamental region for GG if it satisfies the following properties:
(a) No two distinct points of R¢ are equivalent under the group G.
(b) If 7 € H, there is a point 7' € Rg such that 7/ = A7 for A € G. That is, 7' is

equivalent to 7 under (7. (K means the closure of K)

It is not hard to prove that the region Fi : {|Re(7)| < 2cos 57, |7| > 1} is a fundamental
region for the group (:(2cos §7). We shall take (¢ = G/(2cos 7). For N = 3, ¢ reduces to
SL(2,Z). For N # 3,4,6, the group G is non-arithmetic in nature[11].

Definition. A modular form of weight k is a meromorphic function f on H such that

f(AT) = f(r)(er + d)"  for every A = ( Z 2 ) €aG. (3)

Definition. An entire modular form of weight kis an analytic function defined on H
such that

at + b a b
f(cr+d) = f(r)(cr + d)* whenever( . d) cG (4)

and such that f has a Fourier expansion of the form

flr) = Z e, 2™l pith L = 2 cos % ) (5)
n=0
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Figure 1: Fundamental region of the modular group G(

The Ramanujan 7-function is the coefficient function 7,, of a special modular form of

weight 12 defined for N = 3 by the generating function [3]
A(Z) — (27_‘_)12 Z Tne2m'nz _ (27_‘_)1262772'2 H (1 . e27m'mz)24 ) (6)
n=1 m=1
When f has ¢g = 0, we call it a cusp form. The function A(z) is thus a cusp form.
T O(n®) for cusp forms with N = 3 (see [3], section

Deligne proved that |cnn_kT| =
6.15). For general N, |cnn_k2;1| = O(n%)
n <0). Let z = o + iy, and G(u) = us e 2™/E. To

We set ¢, = dnnk2;1 (d, =0 for

obtain the relation
(cz + d)k ikArg(cz+d
U(AZ) = U(Z)m = U(Z)e g( + ) fOT A - G, (7)

we consider

ME

f(Z) — Z cny§€27rinz/L

n=1

u(z) =y
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o0

— Z(d n 2 )y2e—27rny/L627Tinx/L (8)

n=1

= Y doylny) T et/ nine/L
n=1

— Zdn\/yG(ny)e%mnx/L
n=1

We then find the Fourier coefficients|7] are
dnr\/yG(ny) /L/2 _%ml’/Ld:p for n>1, y>0 . 9)
L L/2 -
There are simple formulas for calculating the dimension of the space of cusp forms of
weight k& on G/(2cos 7) (see [10] pp. 485, 494 in volume 2). In many cases, this dimension
is either 0 or 1.

Table 1 shows the dimension of the space of cusp forms in various ranges.

Group | k=4]k=6]k=8]k=10[k=12]k=14 | k=16

N=3 0 0 0 0 1 0 1
N =4 0 0 1 0 1 1 2
N =5 0 0 1 1 1 1 2
N =6 0 0 1 1 2 1 2
N =1 0 0 1 1 2 2 2

Table 1: Dimension of the space of cusp forms for certain groups and weights.

2 Numerically solving for the Fourier coefficients d,,.

In order to numerically solve for the Fourier coefficients, we imagine that our function u

actually satisfies

M
= 3 d Gyt (10)
n=1
for some big M, M = M(y) being determined later to ensure sufficient accuracy. By finite
Fourier series expansion, we easily convert the above equation into
1

Q
dnr\/yG(ny) 2@ > u( Je~rine; /L (11)
7=1-Q

3
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for any Q > M > n > 1, where
_ . . 1N L
zj=x; iy = I3 E—I—zy (12)
forall 1 —Q < j < Q. [ In fact, by linearity in (10) and (11), it suffices to treat the case

where d,, = 0, 1 < k < M. Here 6y, is just the Kronecker ¢. For this choice of d,,, we

have:

Q

Z U(Z])e 2minz; /L

=1
Q . .

— —\/]jG(ky) Z ekaxj/Le—Zmnx]/L
=1

Q ) .
=L Gy Y emtena-bieo) (13)
=1

62772 (k—n)j/(2Q)

Q

= QQfG(kw T p3)
Q

= sgVIGUTe 3 ¢

J Q

where ( = ¥k=7)/(2Q) The number  is a (2Q)-th root of unity. Therefore, automatically,

Q
0 C;él
s o-{n (1)
For ( =1 to hold, we need n = k mod 2@Q). Since > M, and n and k both lie in [1, M],

this is equivalent to saying n = k. In other words:

1 < —2minzy /L __ 07 n 7£ k
3G 2, ") { ViGi(ky), n = k } (15)

Q

exactly as required. |
When y > sin(%), we assume that M can be uniformly replaced by a fixed number M.

Let 2% be the image of z; in Fy. For y < sin(4;), we then get:

N

1 2 '
dn\/ng(ny e @ Z u —ZkATg(C]Z]-I-d ) —27‘r2nxj/L
7=1-Q
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12 )
= @ Z [Z dl y]G Zy]) 2mile] /L:| —ZkATg(C]Z]-I—d) —2minz; /L (16)
J=1-

Q

1 Mo Q . ' '

2_ Z d y]G Zy]) QWZIxJ/Le—zkATg(cJZ]—I—dJ)e—Qrznacj/L
Q =1 j7=1— Q

Moy
- d,(
=1

Let n now go from 1 to My. We clearly obtain a linear system of dimension Mj:

Z y]G ly] 27mlxj/Le—zkATg(chJ-I-d])e—Qrznxj/L)
] 1-Q

do/yG(ny) Zsznz ; (17)

where
n Z y] G ly] 27Tilx;‘/Le—ikATg(cJZ]—|—dj)e—Qrinxj/L‘ (18)
] 1-Q
Moving the left hand side of equation(17) to the right hand side, we get a new linear
system
Mo
OZZdlUnl, 1§n§MO 5 (19)
=1
where
U, Z y]G ly] 27Tilx;‘/Le—ikATg(c]Z]+d])e—ZWinx]/L . 5n1dn\/§G(ny) (20)

] 1-Q
If the space of cusp forms of weight £ has dimension 1, we can presumably normalize

things by setting d; = 1. In that case:

Mo
0= Un,l + ZdlUnl . (21)

(=2

We thus get a My — 1 dimensional linear system

Z Unldl nl ) 2 S n S MO ) (22)
l.e.
U272 U273 ...... U27M0 d2 U271
U372 U373 ...... U37M0 d3 _ U371 (23)
UMo,Q UM073 ...... UM07M0 dMo UMo,l
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The system is solvable numerically using complex Gaussian Elimination. Professor
Hejhal has used symmetry in the y-axis to show that the quantities U,; are actually all
real. (See Figure 1.)

To be successtul in computing d,,, n < My, we should now ensure two concerns:

.

e good conditioning in (23) for each chosen y < sin f;

e a solution vector (d,,) which is stable when y is varied.

The second condition is essential because the coefficients d,, in (8) must not depend on

3 Error analysis.

We first need to determine the appropriate value of My in (16) for certain N and k. Our
goal is to make the error from neglecting n > M; terms small. For CRAY single precision
computation, we wish the error to be less than 1071, Since one expects the coefficients

d, to be bounded by O(y/n) with a modest implied constant, we need to study the size of
Yone g1 /Y G (ny) for y > sin(5).

But,
k—1 2
InG(u) = 5 Inu — fﬂ-u (24)
and Gu) k=1 2
u - T
_ _T 2
Gl(u) 2u L (25)
By setting G'(u) = 0, we conclude that when v = % the maximum of G/(u) is
obtained and . .
k—1)L\"T _sa k—1)L\ "=
mar Gu) = (E8) 7 es - (B0 (26)

Now replace k — 1 by k. To get a steady decay in 307, 1 /nyG(ny) with respect to

n, one should therefore take

T k
(Moy >) My sin N > EL , (27)
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Figure 2: Plots of G(u) = u'7 e~*™/L for k=12 and N=3,5,7

i.e.

B |5

My >

s
WtanN

s

In this case, for y > sin £,

S |daG el (29)
[=My+1
is majorized by the series
0 E
Vs 2 s
Z [sin —) g~imtany (30)
l:M0-|—1< N

For safety in a ratio test of convergence, we can require that

[+1\% . 2
(%) eE < Iz Mot (31)

Table 2 then shows us some appropriate M, values for certain groups and weights.
The determination of an admissible M = M(y) for y < sin  is similar to our treatment

of My. One needs to ensure that

0(1) i VlyG(ly) < 107 . (32)

=M+1



Analytic Number Theory, Complex Variable and Supercomputers

Group ‘ 1< k<12 err. estimation ‘ 14 < k<22  err. estirmmation

N=3| My=9 O)[99107¥]| My=12  O(1)[6.7* 10715]
N = My=20 OMA1x10721]| My=25  O(1)[4.1 %1072
N = My=25 OM[L7x107¥] | My=32  O(1)[2.0 % 107
N = My=30 OM[R27x107] | My=40  O(1)[6.3 % 107'*]
N=T7| My=36 O)[32x107Y]| My=48  O(1)[9.3  10715]

Table 2: M, values and the estimation of series (30)

The implied constant in O(1) is the same as in the relation d, = O(y/n). We have
already assumed that this constant is modest.

As a working hypothesis, it is now reasonable to simply require that:

o0

S (ly)Fe Il < 10716 (33)
=M+1

Here it is also natural to take

kL kL
My>— , ie. M>-— (34)
ir Ay

since this ensures monotonic decay with respect to [. One can then compare things to an

integral. That is, we want:
/M (ty)Fe=2mvllar < 10716 . (35)

This reduces to

1 L §+1 o k
- (2—) / < 10716 . (36)
) n 2nMy

In our work, we shall always keep & < 22. See Table 2. In this k-range, a trivial

calculation shows that

(u+1)ze ( 1)5 L1
~ 7 - —(14+= <= 37
u%e—u + [ ‘ -2 ( )
for w > 40. This ratio suggests that we now take
27 M
T2 S 40 (38)
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in (36). That is,

201
v 2 (39)
Y
Notice incidentally that
20L kL
—>— for k<22 . (40)
Y Ay
To ensure (36), we must now take M big enough so that
k k
2 (LN 2nMyN?
§<§) ( 7TL y) e—QWMy/L < 10—16 7 (41)
ie.
L E _2rMy/L —16
ﬂ_—y(My)’z e < 10 : (42)

But L = 2cos - < 2. It is therefore sufficient to go with the combined restriction
201
(43)

N

i (My) e—27rMy/L < 10-16

in determining the correct value of M = M (y).

4 Deriving the low-index Fourier coefficients.

The idea of Section 2 can now be implemented very easily on the computer.

To obtain optimal accuracy in dj, it is necessary to use y-values in (17) which are less
than sin - but not too small. One needs to avoid excessively large () > M(y) as well as
excessively large errors in V.

A rough indicator of the numerical conditioning in (22) is obtained by looking at the

ratios
norm of right hand side of (23) (44)
norm of " column in (23)
for 2 <[ < My. A cruder indicator would be to simply look at
max G as in (26) (45)

VY min[G(2y), G(Moy)]

9
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be accurate to at most 14 — o decimal places.

Our code for the implementation of (23) always tested two y-values at a time, and
always displayed the values of the above indicators. This made it very easy to gauge the
accuracy of dy, da, ...

The trick, of course, is to test many different sets of y-values, always seeking to keep

, dag, in the examples we tested.

the control ratios as small as possible (or at least below some acceptable limit).

k= 12 (i.e. the Ramanujan 7-function)

We studied:
N=3
N=5 k=8, 10, 12, 14
N=7 k=38, 10

(also see Table 1) and obtained excellent results.

For example, with N =5 and k£ = 12, we got the following table.

n ‘ coefficient d(n) ‘ n ‘ coefficient d(n) ‘ n ‘ coefficient d(n)
1 1.000000000000 | 10 | —0.443170826278 | 19 0.028586186214
2 0.736336215000 | 11 | —0.274712554221 | 20 1.658396083173
3 0.848487667494 | 12 | —0.656350645623 | 21 | —0.238573742440
4 0.395961414268 | 13 0.968514715109 | 22 | —0.081802260909
5 | —0.965816702987 | 14 0.652137510007 | 23 | —0.128175671584
6 | —0.869840448856 | 15 | —0.248097509310 | 24 | —0.423752374537
7 1.702552411952 | 16 | —0.026120840405 | 25 | —0.483905879531
8 | —0.511616761795 | 17 | —0.793461234486

9 0.363297826112 | 18 | —0.562956805635

Table 3: Coefficients d(n) of the modular form with N=5 and k=12

For the full results, see the Appendix.

computed d; for N =5,7.

10

This is the first time that anyone has ever
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5 Generating the high-index Fourier coefficients.

After the first My Fourier coefficients are successfully stabilized, we may proceed to calcu-

late additional d,, by appropriately using the relation

Mo
dy = —1 (

Gl 27Tilx;‘/L —ikArg(c;z;4+d;) —Qrinwj/L) 16
i 1 (7 3, VOt e "

JlQ

for My < n < M(y) < Q. For optimum accuracy, one needs to ensure that the denominator
VYG(ny) is not too small. The basic idea is to run through a succession of n-intervals,
each having its own appropriately chosen y.

If we denote one of these intervals by [N4, Ng|, then the essential thing will be to try
to select y so that on [y N4,y Ng], the function G(u) does not dip too far below max G. Cf
Figure 2.

It is this aspect which determines how big the ratio Ng/N4 can be in practice (i.e. how
big a “step” we can make).

To gauge the accuracy of the resulting d,, it is convenient to retain

max GG max GG

min., \/ng(ny) and avg, \/ng(ny) (47)

as control values. Here n ranges over [N4, Ng].

These values are completely analogous to the earlier control values in Section 4.

In setting up the production runs, we typically used a pre-processor to evaluate (47)
for many different (N4, Np,y) and then sought to optimize things by getting these con-
trol ratios down to something like 100 or so. The pre-processor also produced a ()-value

consistent with (43). The accuracy of d,, will clearly be affected by
e the size of (47)
e the size of ()
e the intrinsic accuracy of dy, da, ... , dp,

e the intrinsic accuracy of V,;

11
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Using the available CRAY computer time, the author and his group were able to gen-
erate 10,000 Fourier coefficients for a variety of modular forms (with N = 3,5) using the
aforementioned iterative scheme. Some results from the production runs can be found in

the Appendix.

6 Verification of certain known properties of the Fourier
coefficients when N=3, k=12.

For the case N = 3, k = 12, we found very good agreement with the known formula

c(p)e(q) = c(pg)  for prime numbers p # q . (48)

We also compared our ¢(n)-values with those produced by the Ramanujan recursion[9]
formula from 7(n).
Definition. Let o,(n) denote the sum of the s;, powers of the divisors of n (including

1 and n). The Ramanujan recursion formula then states that:

24
T(n) = T {o1(L)r(n—=1)+01(2)7(n —2) + ... + o1(n — 1)7(1)} (49)
24 nzl
- X =)
As we set 7, = dnnlz);1 = d,n*®, we may rewrite the recursion formula as
24 n—1 PN
) = = lal(i)d(n i () ] (50)

in order to prevent over-flow errors. See the Appendix for a complete listing of the first
1500 d(n)’s in the case N =3 and k = 12.

As a test, we also calculated the first 1000 d(n)’s using Section 5. The maximum error
between the two methods was found to be 4.18 x 107!, This gives a very good verification
of the accuracy of our programs.

Finally, we also checked the famous result that
|d(p)] < 2 (51)

holds for prime p, at least out to 10000.
Table 4 lists those d(n) with n < 10* whose absolute value exceeds 2.

12
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n ‘ coefficient d(n) ‘ n ‘ coefficient d(n) ‘ n ‘ coefficient d(n)
799 | —2.01622560964 | 1751 2.26352995029 | 2987 | —2.23064957091
3149 | —2.39439922307 | 3713 2.38206562861 | 4841 | —3.27958325463
5321 2.20799919895 | 6157 2.44448162997 | 6283 | —2.02352350833
6901 2.68808923389 | 7003 | —2.12669409509 | 7849 2.80504993524
8137 | —2.67424283678 | 8143 | —2.24617606452 | 8777 | —2.00360358063
8789 | —2.01798559212 | 9071 2.50040320311 | 9077 | —2.17592546769

Table 4: Coefficients d(n) that are greater than 2 in absolute value

7 Other related works in progress.

At the same time this paper is written, we are trying to finish another important experiment
using various supercomputers.

In (8), note that we have the identity

1 9! z+9L > :
T X () = S douvictmet 52

This means that

do\/yGy) /LL//Z [f (H]L)

for y > 0. To analyze the size of dg, it is natural to try to study the size of the square

e 2wl L gy (53)

bracket as exactly as possible.

This size will depend on where the image (in Fy) of the points (z + jL)/Q are located
for y=0,1,2,...,Q — 1.

One is especially interested in cases where y = ~” with a small value of 3.

Figure 3 shows how the set of image points changes for ¢ = 100,000 as J goes from
slightly negative to slightly positive.

Professor Hejhal has conjectured that, for # > 0, a Central Limit Theorem holds for

o= S LA

13
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Figure 3: Mapping of lines parallel to y=0 into the fundamental polygon

14
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over a large family of functions f so long as the group G is non-arithmetic (i.e. N # 3,4,6).

The variance o2 will be a certain multiple of

// ok dx dy ‘ (55)

The conjecture is reasonable because in Lobachevsky space (i.e the upper half-plane
H), two nearby points have distance 5\/(A:1;) + (Ay)? instead of \/(A:L')2 + (Ay)? as in
FEuclidean space. The Lobachevsky distance between successive (z + jL)/Q) thus tends to

infinity whenever # > 0. A random mixing of the image points in Fy is therefore likely.
See Figure 3 (right).

For arithmetic groups, the Central Limit Theorem should not hold (because of hidden
symmetries called Hecke operators).

The classical version of the Central Limit Theorem is as follows.

Theorem (Central Limit Theorem) Let X1,X5,... be independent, identically dis-
tributed random variables having mean g and finite nonzero variance o?. Set S, =

X1 + X2 + ...+ Xn Then

- Sg — Qu _
Jim P (70\/@ < t) = (1) (56)

for —oo <t < co. Here ®(¢) is the standard normal distribution function.
The proof of this theorem is in [13].
In Professor Hejhal’s conjecture, the functions f((z + jL)/Q) play the role of the x;.

Testing Hejhal’s conjecture using a true modular form of weight & would require an

inadmissibly long CPU time — because of the need to find and store many transform
maftrices ( Z 2 ) like those in (16).

For this reason, we tested (54) using a collection of fairly simple, real-valued, functions
first. Here & = 0.

Actual computation showed that Prof. Hejhal’s predictions seem to be correct. The
distribution functions of ug(x,y) for some f’s on Group 3, Group 5 and Group 7 have been
included in Figure 4 — 9.

In the non-arithmetic cases, the value of

e &

15
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was also computed to 3 to 4 places and was found to be within 1 — 2% of the predicted
value (55).

See the Appendix for the density functions of ug(x,y) on Group 5. The job depicted
there requires about 40 hours CPU time on the fastest machines in the world. Jobs with

@ closer to 10° take on the order of 4 hours; we ran many of these less expensive ones.

Vendor ‘ System ‘ # of CPU used ‘ Architecture ‘ Per formance
CRAY 90 1 Vector 1.000
CRAY T3D 64 3D torus 1.098
Connection Machine | CM —5 512 fat tree 0.914
CRAY 11 1 Vector 0.278
Stlicon Graphics Indigo I'1 1 Sertal 0.013

Table 5: Comparison of machine performance
(Based on several jobs ranging from 3.0 minutes to 40 hours C90 CPU time)

For this project, we used several computer systems including the newest available ones:
CRAY (€90, Connection Machine CM-5 and CRAY T3D. The CRAY C90 is the world’s
best sequential vector supercomputer. Our vectorized version code runs at over 50% of the
peak performance of one CRAY (C90 processor. Since our algorithm is ideally suited for
distributed memory multiple instruction multiple data (MIMD) massively parallel process-
ing (MPP) machines, we have also implemented and tested the problem on the 512-CPU
Thinking Machine CM-5 system using CMMD message passing library with both hostless
and host-node programming mode. In order to achieve a 12-places accuracy, we used dou-
ble precision on CM-5. Then we translated our code into Parallel Virtual Machine (PVM)
form for the new CRAY T3D system. PVM is a software system that facilitates the inter-
process communication in UNIX network programming. Figure 10 illustrated the structure
of CRAY-T3D system. On a system having 64 processors like the CRAY T3D, we parti-
tioned the entire z-interval into 64 equal length subintervals and sent them uniformly to
64 processors. Information packages containing the partial computing results, the values of
the selected functions and records on number of iterations, are sent to one master (or host)
processor via the inter-communication network. In the host-node version of the program,
we use the CRAY (€90 as the host. It collects the message packages received from the nodal

processors, distinguishes them by tags and computes the overall statistical tally. After all

16
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Figure 6: NON-GAUSSIAN density for Group 3 (Function 1 and 2)

Q=1000619, 3 = 0.500
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Figure 7: NON-GAUSSIAN distribution for Group 3 (Function 1 and 2)
Q=1000619, 3 = 0.500
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Figure 9: NON-GAUSSIAN distribution for Group 3 (Function 3 and 4)
Q=1000619, 3 = 0.500
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Figure 10: Massive Parallel Machine CRAY-T3D

the nodes finish running, the host starts to process the probability density analysis routine.
Since the nodal operations are perfectly parallel and scalable, it is expected to have a 64
times speed-up. Though processors on a parallel system are only at the workstation level,

real time computations have showed a faster speed than the C90.

8 Acknowledgements.

The author is grateful to his advisor Prof. Dennis Hejhal for his helpful guidance and
unlimited patience for this project. He also wishes to thank the Supercomputer Institute
for offering the opportunity of an internship to support the research work. Furthermore, the
project could not be finished without the generous hardware support from the Minnesota
Supercomputer Center Inc. and the Army High Performance Computing Research Center.

Likewise, Jean Y. Zhu’s help was appreciated by the author as well.

23



Analytic Number Theory, Complex Variable and Supercomputers

References

1]

2]

[10]

[11]

[12]

Lars V. Aurrors, Complex Analysis: An Introduction to the Theory of Analytic Func-
tions of One Complex Variable, 3rd edition, McGraw-Hill, New York, 1979.

Tom A. Aprostor, Introduction to Analytic Number Theory, Undergraduate Texts in
Mathematics, Springer-Verlag, New York, 1976.

Towm A. Apostor, Modular Functions and Dirichlet Series in Number Theory, Graduate
Texts in Mathematics, Springer-Verlag, New York, 1976.

Mricuaer ARTIN, Algebra, Prentice Hall, New York, 1991.
KenpaLn E. Atkinson, Flementary Numerical Analysis, Wiley, New York, 1985.

RueL V. CuurcHiLL, Fourier Series and Boundary Value Problems, McGraw-Hill, New

York, 1987.
GERALD B. Forranp, Fourier Analysis and Its Applications, Pacific Grove, Calif., 1992.

GENE GOLUB AND JAMES M. OrRTEGA, Scientific Computing : an introduction with parallel
computing, Academic Press, Boston, 1993.

G.H. Harpy, P.V. SEsnu Arvar anD B.M. Wirson, Collected Papers of Srinivasa Ra-
manujan Chelsea Publishing Company, New York, 1927, 1962.

Dennis A. Hesuar The Selberg trace formula for PSL(2,R) Vol. 1-2, Lecture Notes in
Math. No. 548, 1001, Springer-Verlag, Berlin, New York, 1976-1983.

Dennis A. Hesuarn “Figenvalues of the Laplacian for Hecke Triangle Groups”, AMS
Memoirs 469, May 1992.

DENNIS A. HEJHAL AND BARRY N. RACKNER, On the Topography of Maass Waveforms for
PSL(2,7): Fxperiments and Heuristics, Experimental Mathematics, Vol. 1, No. 4,
1992, 275-305.

Paur, G. Hogr, SIDNEY C. PorRT AND CHARLES J. STONE, [ntroduction to Probability The-
ory, Houghton Mifflin, Boston, 1971.

SrRINTVASA Ramanuian, “On Certain Arithmetical Functions”, Transactions of the Cam-

bridge Philosophical Society, XXII, No. 9, 1916, 159-184.

24




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


