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Abstract— This paper investigates the connection between
additive fuzzy systems and kernel machines. We prove that,
under quite general conditions, these two seemingly quite
distinct models are essentially equivalent. As a result, algorithms based upon Support Vector (SV) learning are proposed to build fuzzy systems for classification and function
approximation. The performance of the proposed algorithm
is illustrated using extensive experimental results.
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I. Introduction
Since the publication of L.A. Zadeh’s seminal paper on
fuzzy sets [32], fuzzy set theory and fuzzy logic have evolved
into powerful tools for managing uncertainties inherent
in complex systems. In general, building a fuzzy system
consists of three basic steps [29]: structure identification
(variable selection, partitioning input and output spaces,
and choosing membership functions), parameter estimation, and model validation.
Deciding the number of input variables is referred to the
problem of variable selection, i.e., selecting input variables
that are most predictive of a given outcome. Given a set
of input and output variables, a fuzzy partition associates
fuzzy sets with each variable. There are roughly two ways
of doing it: data independent partition and data dependent
partition. The former approach partitions the input space
in a predetermined fashion. One of the commonly used
strategies is to assign fixed number of linguistic labels to
each input variable. The partition of the output space then
follows from supervised learning. Although this scheme is
simple to implement, it has two severe drawbacks:
• The performance of the resulting system may be very
bad if the input space partition is quite distinct from the
distribution of data. Optimizing output space partition
alone is not sufficient.
• It suffers from the curse of dimensionality. If each input
variable is allocated m fuzzy sets, a fuzzy system with n
inputs and one output needs on the order of mn rules.
Various data dependent partition methods have been proposed to alleviate these drawbacks. They are basically
based on data clustering techniques [6], [20], [25].
Although a fuzzy partition can generate fuzzy rules, results are usually very coarse with many parameters needing
to be learned and tuned. Various optimization techniques
are proposed to solve this problem. Genetic algorithms [4]

and artificial neural networks [11] are two of the most popular and effective approaches.
After going through the long journey of structure identification and parameter estimation, can we infer that we
get a good fuzzy model? Conclusions could not be drawn
without answering the following two questions:
• How capable can a fuzzy model be?
• How well can the model, built on finite amount of data,
capture the concept underlying the data?
The first question could be answered from the perspective
of function approximation. Several types of fuzzy models
are proven to be “universal approximators” [18], [31]. The
second question is about the generalization performance,
which is closely related to several well-known problems in
the statistics and machine learning literature, such as the
structural risk minimization (SRM) [26], the bias variance
dilemma [8], and the overfitting phenomena [1]. Loosely
speaking, a model, build on finite amount of training data,
generalizes the best if the right tradeoff is found between
the training accuracy and the “capacity” of the model set
from which the model is chosen. On one hand, a low “capacity” model set may not contain any model that fits the
training data well. On the other hand, too much freedom
may eventually generate a model behaving like a refined
look-up-table: perfect for the training data but (maybe)
poor on generalization.
Researchers in the fuzzy systems community attempt to
tackle this problem with roughly two approaches:(1) use
the idea of cross-validation to select a model that has the
best ability to generalize [24]; (2) focus on model reduction, which is usually achieved by rule base reduction [30],
to simplify the model. In statistical learning literature,
the Vapnik-Chervonenkis (VC) theory [27] provides a general measure of model set complexity, and gives associated
bounds on generalization. However, no efforts have been
made to apply the VC theory and the related techniques
to construct fuzzy systems. The work presented here tries
to bridge this gap.
The remainder of the paper is organized as follows. In
Section II, a brief overview of the VC theory and Support
Vector Machines (SVMs) is presented. Section III describes
the equivalence of kernel machines and a class of additive
fuzzy systems. The SV algorithm is then applied to build
fuzzy classifiers and function approximators in Section IV.
Section V provides the experimental results. And finally,

we conclude in Section VI together with a discussion of
future work.
II. VC Theory and Support Vector Machines
For gentle tutorials, we refer interested readers to
Burges [2] and Smola et al. [22]. More exhaustive treatments can be found in the book by Vapnik [27].

cal hyperplane 1 {~x ∈ Rn : hw,
~ ~xi + b = 0, w
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that maximally separates two classes of training samples.
Here h·, ·i is an inner product in Rn . The corresponding
decision function (or classifier) f : Rn → {+1, −1} is then
given by f (~x) = sgn (hw,
~ ~xi + b). Considering that the
training set may not be linearly separable, the optimal decision function is found by solving the following quadratic
program:

A. VC Theory

l

Let’s consider a two-class classification problem of assigning class label y ∈ {+1, −1} to input feature vector ~x ∈ Rn . We are given a set of training samples
{(~x1 , y1 ), · · · , (~xl , yl )} ⊂ Rn × {+1, −1} that are drawn independently from some unknown cumulative probability
distribution P (~x, y). The learning task is formulated as
finding a machine (a function f : Rn → {+1, −1}) that
“best” approximates the mapping generating the training
set. In order to make learning feasible, we need to specify
a function space, H, from which a machine is chosen.
An ideal measure of generalization performance for
a selected machine f is expected risk (or the probRability of misclassification) defined as RP (~x,y) (f ) =
I x)6=y} (~x, y)dP (~x, y) where IA (z) is an inRn ×{+1,−1} {f (~
dicator function such that IA (z) = 1 for all z ∈ A, and
IA (z) = 0 for all z ∈
/ A. Unfortunately, this is more an
elegant way of writing the error probability than practical
usefulness because P (~x, y) is usually unknown. However,
there is a family of bounds on the expected risk, which
demonstrates fundamental principles of building machines
with good generalization. Here we present one result from
the VC theory due to Vapnik and Chervonenkis [28]: given
a set of l training samples and function space H, with probability 1 − η, for any f ∈ H the expected risk is bounded
above by

RP (~x,y) (f ) ≤ Remp (f ) +

s

η
h(1 + ln 2l
h ) − ln 4
l

(1)

for any distribution P (~x, y) on Rn × {+1, −1}. Here
Remp (f ) is called the empirical risk (or training error), h
is a non-negative integer called the Vapnik Chervonenkis
(VC) dimension. The VC dimension is a measure of the capacity of a {+1, −1}-valued function space. Given a training set of size l, (1) demonstrates a strategy to control expected risk by controlling two quantities: the empirical risk
and the VC dimension. Next we will discuss an application
of this idea: the SVM learning strategy.
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~ +C
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~ ξ)
2
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~ ~xi i + b) ≥ 1 − ξi , ξi ≥ 0, i = 1, · · · , l

where ξ~ = [ξ1 , · · · , ξl ]T are slack variables introduced to allow for the possibility of misclassification of training samples, C > 0 is some constant.
How does minimizing (2) relate to our ultimate goal
of optimizing the generalization? To answer this question, we need to introduce a theorem about the VC dimension of canonical hyperplanes, which is stated as follows. For a given set of l training samples, let R be
the radius of the smallest ball containing all l training samples, and Λ ⊂ Rn × R be the set of coefficients of canonical hyperplanes defined on the training
set. The VC dimension h of the function space H =
{f (~x) = sgn (hw,
~ ~xi + b) : (w,
~¡ b) ∈ Λ, k¢wk
~ ≤ A, ~x ∈ Rn } is
2 2
bounded above by h ≤ min R A , n + 1.
Thus minimizing 21 hw,
~ wi
~ in (2) amounts to minimizing
the VC dimension of the function space H, therefore
Pl the
second term of the bound (1). On the other hand, i=1 ξi
is an upper bound on the number of misclassifications on
the training set, thus controls the empirical risk term in
(1). For an adequate positive constant C, minimizing (2)
can indeed decrease the upper bound on the expected risk.
Applying the Karush-Kuhn-Tucker complementarity
conditions, one can show that a w,
~ which minimizes (2),
Pl
can be written as w
~ = i=1 yi αi ~xi . This is called the dual
representation of w.
~ An ~xj with nonzero αj is called a
support vector. Let S be the index set of support vectors,
then the optimal decision function becomes
Ã
!
X
f (~x) = sgn
yi αi h~x, ~xi i + b
(3)
i∈S

where the coefficients αi can be found by solving the dual
problem of (2):
maximize

W (~
α) =

l
X
i=1

B. Support Vector Machines
We give in this section a brief introduction to SV classification, regression, and function approximation, start with
SV classifiers. Let {(~x1 , y1 ), · · · , (~xl , yl )} ⊂ Rn × {+1, −1}
be a training set. The SV approach tries to find a canoni-

(2)
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C ≥ αi ≥ 0, i = 1, · · · , l, and

l
X

αi yi = 0.

i=1

1 A hyperplane {~
x ∈ Rn : hw,
~ ~
xi + b = 0, w
~ ∈ Rn , b ∈ R} is called
canonical for a given training set if and only if w
~ and b satisfy
mini=1,···,l |hw,
~ ~
xi i + b| = 1.

The decision boundary given by (3) is a hyperplane in
R . More complex decision surfaces can be generated by
employing a nonlinear mapping Φ : Rn → F to map the
data into a new feature space F (usually has dimension
higher than n), and solving the same optimization problem
in F, i.e., find the maximal separating hyperplane in F.
Note that in (4) ~xi never appears isolated but always in
the form of inner product h~xi , ~xj i. This implies that there
is no need to evaluate the nonlinear mapping Φ as long
as we know the inner product in F for any given ~x, ~z ∈
Rn . So for computational purposes, instead of defining
Φ : Rn → F explicitly, a function K : Rn × Rn → R is
introduced to directly define an inner product in F, i.e.,
K(~x, ~z) = hΦ(~x), Φ(~z)iF where h·, ·iF is an inner product
in F, and Φ is a nonlinear mapping induced by K. Such a
function K is also called the Mercer kernel [5]. Substituting
K(~xi , ~xj ) for h~xi , ~xj i in (4) produces a new optimization
problem
n

maximize W (~
α) =

l
X
i=1

αi −

l
1 X
αi αj yi yj K(~xi , ~xj ) (5)
2 i,j=1

subject to C ≥ αi ≥ 0, i = 1, · · · , l, and

l
X

αi yi = 0.

i=1

Solving it for α
~ gives a decision function of the form
Ã l
!
X
f (~x) = sgn
yi αi K(~x, ~xi ) + b
,

(6)

i=1

whose decision boundary is a hyperplane in F, and translates to nonlinear boundaries in the original space.
The SV approach can also be applied to regression
Pl
and function approximation problems by replacing i=1 ξi
Pl
term in (2) with a new loss term i=1 L² (~xi , yi , f ) and adjusting the constraints accordingly. L² (~x, y, f ) is a linear
²-insensitive loss function 2 defined as
L² (~x, y, f ) = (|y − f (~x)| − ²) I{|y−f (~x)|≥²} (~x, y, f ),
i.e., only errors falling outside the interval [−², ²] counts.
It was shown [5] that the function minimizing (2) with the
new loss term has a form
f (~x) =

l
X

αi K(~x, ~xi ) + b .

(7)

i=1

To find the coefficients αi one has to solve the following
quadratic program
max W (~
α) =

l
X
i=1

2 Different

yi αi − ²

l
X
i=1

|αi | −

l
1 X
αi αj K(~xi , ~xj )
2 i,j=1

loss functions can also be used [22].

(8)

subject to C ≥ αi ≥ −C, i = 1, · · · , l, and

l
X

αi = 0.

i=1

A detailed discussion on generalization performance of SV
regression and function approximation can be found in [22],
[5]. Several techniques of solving quadratic programming
problems arising in SV algorithms are described in [13],
[12], [17].
III. Additive Fuzzy Systems and Kernel
Machines
A. Additive Fuzzy Systems
This paper considers additive fuzzy systems (AFS) with
constant THEN-parts. Given m + 1 fuzzy rules of the form
Rule 0 :
Rule j :

IF A10 AND A20 · · · AND An0 THEN b0 (9)
IF A1j AND A2j · · · AND Anj THEN bj(10)

where b0 , bj ∈ R, j = 1, · · · , m, k = 1, · · · , n, Ak0 and
Akj are fuzzy sets with membership functions ak0 (xk ) ≡ 1
and akj : R → [0, 1], respectively, if we choose product as
the fuzzy conjunction operator, addition for fuzzy rule aggregation, and first order moment (FOM) defuzzification 3 ,
then the input-output mapping, F : Rn → R, of the system
becomes
n
m
Y
X
akj (xk )
(11)
F (~x) = b0 +
bj
j=1

k=1

where ~x = [x1 , · · · , xn ]T ∈ Rn is the input. In general, an
AFS can have multiple outputs. Here we focus on singleoutput models. The results derived herein still apply to the
multiple-output models by combining several single-output
models provided that no coupling exists among outputs.
The membership functions above could be any function from R → [0, 1]. However, too much flexibility on
the model could make effective learning unfeasible. So we
narrow our interests to the class of membership functions
that are generated from location transformation of reference functions [7].
Definition III.1: (Reference Function, [7]) A function
µ : R → [0, 1] is a reference function if and only if: 1)
µ(x) = µ(−x); 2) µ(0) = 1; and, 3) µ is non-increasing on
[0, ∞).
Now we can state the relationship between AFS and kernel machines as the following theorem.
Theorem III.2: (AFS and Kernel Machine) Consider
an AFS with m + 1 fuzzy rules of the form (9) and (10).
Assume that for the kth input, k ∈ {1, . . . , n}, the membership functions akj : R → [0, 1], j = 1, · · · , m are generated
3 Here we use the FOM instead of center of area (COA) defuzzification because the FOM provides a way to handle classification and
function approximation in a uniform framework.

from a reference function ak through location transformation, i.e., akj (xk ) = ak (xk − zjk ) for some location parameter zjk ∈ R. Then the input-output mapping of the AFS is
equivalent to that of a kernel machine
F (~x) = b0 +

m
X

bj K(~x, ~zj )

(12)

j=1

where ~x = [x1 , x2 , · · · , xn ]T ∈ Rn , ~zj = [zj1 , zj2 , · · · , zjn ]T ∈
Rn contains the location parameters for akj , i = 1, · · · , n,
K : Rn × Rn → [0, 1] is a translation invariant kernel 4
function defined as
K(~x, ~zj ) =

n
Y

k=1

ak (xk − zjk ) .

(13)

Proof: Using the definition of location transformation,
(11) can be equivalently written as (12) with (13) following
accordingly. 2
B. Positive Definite Fuzzy Systems
Theorem III.2 presents a novel kernel perspective on AFSes. One particular kind of kernel, Mercer kernel, has received considerable attention in the machine learning literature [5], [9], [27] because it is an efficient way of extending
linear learning machines to nonlinear ones. Is the kernel
defined by (13) a Mercer kernel? A kernel satisfying the
Mercer conditions [5] is named a Mercer kernel. An equivalent form of the Mercer condition, which proves most useful in constructing Mercer kernels, is given by the following
lemma [5].
Lemma III.3: (Positivity Condition for Mercer Kernels [5]) A kernel K : Rn × Rn → R is a Mercer kernel
if and only if the matrix [K(~xi , ~xj )] ∈ Rn×n is positive
semi-definite for all choices of points {~x1 , · · · , ~xn } ⊂ X (X
is a compact subset of Rn ) and all n = 1, 2, · · · · · ·.
For most nontrivial kernels, directly checking the positivity condition in Lemma III.3 is not an easy task. Nevertheless, for the class of translation invariant kernels, to
which the kernels defined by (13) belong, there is an equivalent yet practically more powerful criterion based on the
spectral property of the kernel [23].
Lemma III.4: (Positivity Condition for Translation
Invariant Kernels [23]) A translation invariant kernel
K(~x, ~z) = K(~x − ~z) is a Mercer kernel if and only if the
Fourier transform
Z
1
F[K](~
ω) =
K(~x)e−ih~ω,~xi d~x
n
(2π) 2 Rn
is nonnegative.
Kernels defined by (13) do not, in general, have nonnegative Fourier transforms. However, if we assume that the
4 A kernel K(~
x, ~
z ) is translation invariant if K(~
x, ~
z ) = K(~
x−~
z ),
i.e., it depends only on ~
x−~
z , but not on ~
x and ~
z themselves.

reference functions are positive definite functions, which
are defined by the following definition, then we do get a
Mercer kernel (given in Theorem III.7).
Definition III.5: (Positive Definite Function [10]) A
function f : R → R is said to be a positive definite function if the matrix [f (xi − xj )] ∈ Rn×n is positive semidefinite for all choices of points {x1 , · · · , xn } ⊂ R and all
n = 1, 2, · · · · · ·.
Corollary III.6: A function f : R → R is positive definite if and only if the Fourier transform
Z ∞
1
f (x)e−iωx dx
F[f ](ω) = √
2π −∞
is nonnegative.
Proof: Given any function f : R → R, we can define a
translation invariant kernel K : R × R → R as
K(x, z) = f (x − z) .
From Lemma III.4, K is a Mercer kernel if and only if
the Fourier transform of f is nonnegative. Thus from
Lemma III.3 and Definition III.5, we conclude that f is
a positive definite function if and only if its Fourier transform is nonnegative. 2
Theorem III.7: (Positive Definite Fuzzy Systems,
PDFS) The translation invariant kernel (13) is a Mercer kernel if the reference functions, ak : R → [0, 1], k =
1, · · · , n, are positive definite functions. The corresponding
AFS given in Theorem III.2 is named a PDFS.
Proof: From Lemma III.4, it suffices to show that the
translation invariant kernel defined by (13) has nonnegative
Fourier transform. Rewrite (13) as
K(~x, ~z) = K(~u) =

n
Y

ak (uk )

k=1

where ~x = [x1 , · · · , xn ]T , ~z = [z1 , · · · , zn ]T ∈ Rn , ~u =
[u1 , · · · , un ]T = ~x − ~z. Then
F[K](~
ω)

=
=

1
n
(2π) 2
n
Y

Z

e−ih~ω,~ui
Rn

1
√
2π
k=1

Z

n
Y

ak (uk )d~u

k=1

ak (uk )e−iωk uk duk ,
R

which is nonnegative since ak , k = 1, · · · , n, are positive
definite functions. 2
It might seem that the positive definite assumption on
reference functions is quite restrictive. In fact, many commonly used reference functions are indeed positive definite.
An incomplete list includes: 1) µ(x) = max(1 − d |x| , 0)
2
(symmetric triangle); 2) µ(x) = e−dx (Gaussian); 3)
1
−d|x|
µ(x) = 1+dx
(Laplace); 5)
2 (Cauchy); 4) µ(x) = e
2
µ(x) = edx +e−dx (hyperbolic secant), and, 6) µ(x) =

sin2 (dx)
d2 x2

(squared sinc) where d > 0 (note that the Gaussian reference function corresponds to the commonly used
Gaussian kernel). More generally, the weighted summation
(with positive weights) and the product of positive definite functions are still positive definite (a direct conclusion
from the linearity and product/convolution properties of
the Fourier transform). So we can get a class of positive
definite reference functions from those listed above. It is
worthwhile noting that the asymmetric triangle and the
trapezoid reference functions are not positive definite.
Remark III.8: A Mercer kernel implicitly defines a
nonlinear mapping, Φ : X → F, such that the kernel computes the inner product in F, i.e., K(~x, ~z) = hΦ(~x), Φ(~z)iF
where X is the input space, h·, ·iF is an inner product in the
new feature space F (its dimension can be infinite). This
implies that the input-output mapping (12) of a PDFS can
be alternatively viewed as a linear function in the kernel
induced feature space.
IV. Support Vector Learning for PDFS
A PDFS with n inputs is parameterized by n, possibly different, positive definite reference functions (ak :
R → [0, 1], k = 1, ...n), a set of location parameters
({~z1 , · · · , ~zm } ⊂ X) for the membership functions of the IFpart fuzzy rules, and a set of real numbers ({b0 , · · · , bm } ⊂
R) for the constants in the THEN-part fuzzy rules where m
is unknown. Which reference functions to choose is an interesting research topic by itself [15]. Here we assume that
the reference functions ai : R → [0, 1], i = 1, · · · , n are predetermined. Thus the problem is how to extract a set of
fuzzy rules ({~z1 , · · · , ~zm } and {b0 , · · · , bm }) from training
samples so that the PDFS has good generalization ability.
In the previous section, we demonstrate the equivalence
(in terms of input-output mapping) between PDFSes and
kernel machines. So any learning algorithm for kernel machines can potentially be applied to construct PDFSes. As
a universal learning machine for pattern recognition problems, the SV learning method is known to have good generalization ability because it tries to decrease an upper bound
on the expected risk by reducing the empirical risk and, at
the same time, controlling the VC dimension of the model
set [5], [27]. Here we propose using SV learning to build
fuzzy classifiers and function approximators.
As shown in Section III, a PDFS is essentially a mapping
from the input space to some real numbers. For classification purpose, it is desirable to have class labels as the
output. A simple way to extend a PDFS to a binary classifier is to cascade a thresholding stage to the output of the
PDFS. The resulting decision function, f : X → {+1, −1},
then becomes
f (~x) = sgn (F (~x)) .
(14)
where F (~x) is the output of the PDFS given by (12). Substituting (12) into (14) gives us an equation very similar
to the decision function of an SVM defined in (6). This

suggests a connection between support vectors and fuzzy
rules. In fact, a PDFS classifier can be constructed by the
following algorithm.
Algorithm IV.1: Learning PDFS Classifier
Inputs: Positive definite reference functions ak (xk ), k =
1, · · · , n, associated with n input variables, and a set of
training samples {(~x1 , y1 ), · · · , (~xl , yl )} ⊂ X × {+1, −1}
where yi is the class label associated with ~xi .
Outputs: A set of fuzzy rules parameterized by ~zj , bj , and
m. ~zj (j = 1, · · · , m) contains the location parameters of
the IF-part membership functions of the jth fuzzy rule, bj
(j = 0, · · · , m) is the THEN-part constant of the jth fuzzy
rule, and m + 1 is the number of fuzzy rules.
Steps:
1 Construct a Mercer kernel, K, from the given positive
definite reference functions according to (13).
2 Construct an SVM³to get a decision rule of´the form
Pl
xj , ~xi ) + b
y = sign
i=1 yi αi K(~
where αi ≥ 0, i = 1, · · · , l, are obtained by solving the
quadratic program (5).
3 Extract fuzzy rules from the above SVM decision rule:
b0 ← b
j←1
FOR i = 1 TO l
IF αi > 0
~zj ← ~xi
bj ← y i α i
j ←j+1
END IF
END FOR
m←j−1
The above algorithm can be modified to construct function approximators. Instead of (5), the quadratic program
(8) is solved. Using the SV approach to build PDFSes has
several advantages:
The VC theory guarantees that the resulting classifiers
and function approximators can have good generalization.
• The number of fuzzy rules is irrelevant to the dimension
of the input space. It is always less than or equal to the
number of training samples. In this sense, the “curse of
dimensionality” is avoided. In addition, due to the sparsity
of support vectors, the number of fuzzy rule is usually much
less than the number of training samples.
• The global solution for the optimization problem can always be found efficiently because of the convexity of the
objective function and of the feasible region. Techniques
designed specifically for SV algorithms make large-scale
training (for example 200, 000 samples with 40, 000 input
variables) practical [13], [12], [17].
•

V. Experimental Results
This section provides two examples to demonstrate the
performance of PDFSes.

TABLE I
USPS data set. Mean classification rate r ± standard
deviation and mean number of fuzzy rules m (for one PDFS)
using different reference functions.

Reference Function
Gaussian
Cauchy
Laplace
Symmetric Triangle
Hyperbolic Secant
Squared Sinc

r±STD
95.2% ± 0.3%
95.2% ± 0.3%
94.7% ± 0.4%
95.0% ± 0.3%
95.0% ± 0.3%
95.2% ± 0.2%

m
573
567
685
652
468
391

Reference Function
Gaussian
Cauchy
Laplace
Symmetric Triangle
Hyperbolic Secant
Squared Sinc

A. Classification
The USPS data 5 set contains 9298 grayscale images of
handwritten digits. The images are size normalized to fit
in a 16 × 16 pixel box while preserving their aspect ratio.
The data set is divided into a training set of 7291 samples
and a testing set of 2007 samples. For each sample, the
input feature vector consists of 256 grayscale values.
In this experiment, we test the performance of PDFS
classifiers for different choices of reference functions namely
the Gaussian, Cauchy, Laplace, hyperbolic secant, and
squared sinc. For different input variables, the reference
functions are chosen to be identical. Ten PDFS classifiers are designed, each of which separates one digit from
the rest nine digits. The final predicted class label is decided by the PDFS with the maximum output. Based on
the training set, we use 5-fold cross-validation to determine the d parameter of reference functions and the C parameter in SV learning (for each PDFS) where C takes
values from {100, 1000, 10000}, and d takes values from
{ 21n : n = 2, · · · , 10}. For each pair of d and C, the average
cross-validation error is computed. The optimal d and C
are the values that gives the minimal mean cross-validation
error. Based on the selected parameter, the PDFS classifiers are constructed and evaluated on the testing set. The
whole process is repeated 5 times. The mean classification rate (and the standard deviation) on the testing set
and the mean number of fuzzy rules (for one PDFS) are
listed in Table I. For comparison purpose, we also cite the
results from [16]: linear SVM (classification rate 91.3%),
k-nearest neighbor (classification rate 94.3%), and virtual
SVM (classification rate 97.0%).
Note that the Gaussian reference function corresponds to
the Gaussian RBF kernel used in the SVM literature. For
the USPS data, all six reference functions achieve similar
classification rates. The number of fuzzy rules varies significantly. The number of fuzzy rules needed by the squared
sinc reference function is only 68.2% of that needed by
the Gaussian reference function. Compared with the lin5 The
USPS
data
set
http://www.kernel-machines.org/data.

is

available

TABLE II
Function approximation. Average MSE ± standard deviation
and the mean number of fuzzy rules m using different
reference functions.

at

MSE±STD
0.0432 ± 0.0057
0.0442 ± 0.0057
0.0413 ± 0.0044
0.0413 ± 0.0043
0.0426 ± 0.0055
0.0422 ± 0.0056

m
123
122
130
130
117
113

ear SVM and k-nearest neighbor approach [16], the PDFSes achieve a better classification rate. SVMs can be improved by using prior knowledge. For instance the virtual
SVM [16] performs better than current PDFSes. However, same approach can be applied to build PDFSes, i.e.,
PDFCs can also benefit from the same prior knowledge.
B. Function Approximation
Consider the function defined by the following equation
g(x1 , x2 ) =

(5 − x2 )2
3(5 − x1 )2 + (5 − x2 )2

with x1 , x2 ∈ [0, 10]. PDFSes are constructed to approximate the above function using different reference functions.
The training set contains 200 input-output pairs where the
inputs are randomly sampled from [0, 10]×[0, 10] according
to the uniform distribution. A different set of 200 samples
is chosen for testing. For the ²-insensitive loss function,
we let ² = 0.1. Based on the training set, we use 5-fold
cross-validation to determine the d parameter of the reference functions and the C parameter in SV learning where
C takes values from {10, 100}, and d takes values from
{ 21n : n = 1, · · · , 9}. For each pair of d and C, the average
cross-validation mean squared error (MSE) is computed.
The optimal d and C are the values that gives the minimal
mean cross-validation MSE. The whole process is repeated
10 times. The average MSE (and the standard deviation
of MSEs) on the test set and the mean number of fuzzy
rules are given in Table II. As we can see, different reference functions produce similar approximation errors. The
Laplace and symmetric triangle reference functions give
slightly better (not statistically significant) performance for
this experiment.
VI. Conclusions and Future Work
This paper shows that two seemingly unrelated research
areas, fuzzy systems and kernel machines, are closely related. A class of additive fuzzy systems (PDFS) are in
essence kernel machines with kernels defined by positive
definite reference functions (as a by-product we get a class

of Mercer kernels). The SVM learning approach can be
utilized to build PDFSes. This not only avoids the “curse
of dimensionality” that occurs in the ordinary fuzzy modeling approach, but also leads to good generalization. The
results also imply that a class of kernel machines, such as
those using Gaussian kernels, can be interpreted by a set of
fuzzy IF-THEN rules. This opens interesting connections
between fuzzy rule base reduction techniques [21] and the
computational complexity issues in kernel PCA [19] and
SVMs [3].
The requirement that all membership functions associated with an input variable are generated from the same
reference function maybe somewhat restrictive. It looks
like that this constraint can be relaxed. The positivity requirement on reference functions can also be relaxed. In
that case, the kernel in general will not be a Mercer kernel.
But the fuzzy system can still be related to the generalized
support vector machines [14].
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